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Abstract

The Landau-Lifshitz-Gilbert(LLG) equation is a partial differential equation describing
the motion of magnetic moments in a ferromagnetic material. In the theory of ferro-
magnetism, an important problem is to study noise-induced transitions between different
equilibrium states. Hence, the LLG equation needs to be modified in order to incorpo-
rate random fluctuations into the dynamics of the magnetisation. Including the noise
effects in the theory of evolution of magnetic moments requires a proper study of the
stochastic version of the LLG equation. The aim of this thesis is to lay foundation of
the theory of the stochastic LLG equation for magnetic nanowire of infinite length that
is widely used in physics to study the dynamics of the domain walls. The deterministic
version of this equation has been intensely studied in recent years due its importance for
fabrication of magnetic devices. It is customary to study the nanowire of infinite length.
This approach allows for relatively simple mathematical description and at the same time
provides a useful approximation of the wires of finite length.

Firstly, we propose a semi-discrete finite difference method to find approximate solu-
tions to the stochastic LLG equation on the real line. Then, we transform the discretised
equation into a partial differential equation with random coefficients, without the Ito
term, to prove the convergence of approximate solutions. We deduce the existence and
uniqueness of a global unique strong solution to the stochastic problem on the whole
real line. The main novelty of our approach is that we prove the existence of pathwise
solutions, unique for each given in advance trajectory of the noise.

Secondly, in order to solve numerically the stochastic LLG equation on real line, we

truncate the infinite line into a bounded interval. We consider the stochastic problem



on a bounded interval [—L, L] with physically relevant homogeneous Neumann boundary
conditions and we show that when L tends to infinity, the solution of the problem on a
bounded interval converges to the solution of the original stochastic problem on real line.
We also provide pathwise error estimates depending on L.

Finally, in order to solve the stochastic LLG equation numerically we propose a fully-
discrete finite difference scheme based on the midpoint rule for the stochastic LLG equa-
tion on a bounded interval. We perform first numerical experiments which shows that the
fully-discrete solutions converge to the solution of the stochastic problem on a bounded
interval [—L, L] for vanishing discretisation parameters. Next, we implement a numerical
experiment which validates the convergence of the solution on a bounded interval [—L, ]

to the solution on real line when L is large enough.
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CHAPTER 1

Introduction

1.1 Physical background of the Landau-Lifshitz-Gilbert Equation

Landau and Lifshitz proposed in [37] a model for the dynamics of the magnetisation vector
u € R? of a ferromagnetic material occupying a region D in space at temperatures below
the Curie temperature. According to this model, at every point z € D and every time
t > 0 the vector u(t, x) has constant length and without loss of generality we can assume
that |u(t,z)|] = 1. To every configuration {u(¢,x)} of magnetisation vectors (spins),
Landau and Lifshitz associate the energy £(u) that in general is a rather complicated
expression including the exchange energy, stray energy, anisotropy energy and many
others. If at time ¢ = 0 the energy of the spin configuration ug(z) = u(0,z) does not
minimise the energy functional £(ug) then, again according to Landau and Lifschitz, the

configuration will evolve following the dynamics given by the equation

ou u x o€
o ou’
where u x v stands for the vector product in R3. Let us note here that in physical

literature a different notation is used:

o0&
Hepp=—50

where H, is the so-called effective field, see [16]. Gilbert [24] studied the Landau-Lifshitz

equation with a small dissipative term stabilising the equation. In fact, Gilbert considered



a model that is now widely known as the so-called Landau-Lifshitz-Gilbert(LLG) equation

g—?(t,aj) = pu(t,z) x Hepp(t,x) — Au(t, ) x (u(t,z) x Hepp(t, 2)) (1.1.1)

for t >0, x € D where D C R%(d = 1,2,3),  # 0 and X\ > 0 are constants. In fact, as

du

» 5t > = 0. Geometrically this means that we have

u(t, ) is on the unit sphere, we have <u
a sphere of radius 1 and %—‘; is in the tangent plane. The idea is to choose two orthogonal
vectors ux H s and ux (u x Hgsf) which form an orthogonal basis in the tangent plane.

In this project we follow Stoner and Wohlfarth [47] and consider the energy functional

consisting of the exchange energy only, in which case
1 2
E(u) = 3 |Vu(z)|*dr and H.r; = Au.
D

Then, the LLG equation takes the form

ou

E(t,x) = pu(t,x) x Au(t,z) — Au(t, x) x (u(t,z) x Au(t,z)). (1.1.2)

Following physical considerations, this equation must be supplanted with the homoge-
neous Neumann boundary conditions. We note that the other types of energy contribute
to the H.r; with lower order differential operators (nonlocal in the case of stray energy).
Therefore, evolution of spins driven by the exchange energy only, while relatively simple,
is mathematically the most challenging.

When D C R? is a bounded domain, the existence of weak solutions to (1.1.1) has
been studied by Visintin in [50] where all energy contibutions have been taken into ac-
count. Alouges and Soyeur [3] and Bertsch et.al. [9] have proved the existence of weak
solutions on a bounded three-dimensional domain where the effective field H. ;¢ contains
the exchange energy only. The existence of regular solutions in three-dimensional do-
mains is a challenging problem; the strongest results in this direction can be found in

[41].



When the domain is unbounded, D = R, Zhou Yulin, Guo Boling and Tan Shaobin
[52] have proved global existence and uniqueness of solutions to (1.1.2). Furthermore,
Guo Boling and Min-Chun Hong [26] have proved global existence with small initial data
and uniqueness of solutions to (1.1.2) on R, When D = R? Carbou and Fabrie [15]
established the local in time existence, the global existence for small initial data and
uniqueness of solutions. Fuwa and Tsutsumi [22] have studied the local in time existence,
the global in time existence for small initial data and uniqueness of solutions to (1.1.2) by
a semi-discrete finite difference method. In fact, they extended the approach considered
by P.L. Sulem, C. Sulem and C. Bardos [48], who studied the Heisenberg equation, to
the case of LLG equation.

To solve numerically LLG equation (1.1.2), Weinan E and Xiao-Ping Wang [18] pro-
posed a method which preserves the length |u| = 1 of the numerical solution but there is
no guarantee that the scheme preserves energy bounds (see [21]). The discretisation of
scalar non-linear partial differential equations which preserves energy bounds has been
studied by Furihata [39] who verified the efficacity of this scheme. Based on this study,
Fuwa, Ishiwata and Tsutsumi proposed in [21] a finite difference scheme and established
error estimates for this problem. This scheme satisfies the length preserving property
|lu| = 1 and preserves the energy bounds. A similar scheme has been considered in [4]
and [5] where the authors applied the finite element method to prove weak convergence

of numerical solutions to the LLG equation and studied the stability of this method.

1.2 The Stochastic Landau-Lifshitz-Gilbert Equation

An important problem in the theory of ferromagnetism is to describe noise-induced tran-
sitions between equilibrium states and the associated random movements of the domain
walls. Therefore, we need to include random fluctuations into the effective field and
to adjust correspondingly the LLG equation that will describe random dynamics of the
magnetisation vector u. The program to analyse noise-induced transitions was first for-

mulated by Néel [43] and further developped in [10] and [33]. In this dissertation, we add



noise to the effective field following [6] and [11]. Therefore, the stochastic version of the

LLG equation considered is
du= (pu x Hepp — Mux (u x Hepp))dt + p(u x g) o dW (1), (1.2.1)

where g : D — R3 is a given bounded function, W is a real-valued Wiener process and
odW (t) stands for the Stratonovich differential. We remark that in the stochastic equation
(1.2.1) noise is ignored in the second term on the right hand side of the equation because
of the smallness of the parameter A in physical problems (see [23],[34]). We note that the
stochastic term should be understood in the Stratonovich sense in order to accommodate
for the pathwise sphere constraint |u| =1 (see [10], [35], [8]).

When D C R? is a bounded domain, the existence of a weak martingale solution to
(1.2.1) has been studied in [11] using Faedo-Galerkin approximations. In [12], the authors
considered a similar equation on a bounded interval and proved the existence of a pathwise
unique and regular solution. For bounded domains D C R2?, A. Hocquet proved the
existence of pathwise Struwe solutions in [32]. A convergent finite element discretisation
to (1.2.1) on a bounded domain is considered in [25]. The authors first transformed the
stochastic equation into a partial differential equation without the Ito term and then
proposed a convergent linear scheme to show the existence of weak martingale solutions.
Another finite element scheme has been proposed in [6]. We note that this is a non-
linear fully-discrete scheme based on the midpoint rule to ensure that numerical solutions
satisfy the sphere constraint. They use a different approach that works directly with the
It6 equation to prove convergence of numerical solutions to a weak martingale solution
for vanishing discretisation parameters. A new convergent time semi-discrete scheme for
(1.2.1) is proposed in [2] to prove the existence of a martingale solution. This scheme
is only linearly implicit and does not require the resolution of a non-linear problem at
each time step. In [7], the authors proposed an efficient non-linear solver which makes
the scheme proposed computationally more attractive. We note that other semi-implicit

numerical methods for the stochastic LLG equation have been proposed in [42]. In fact,



there is a vast literature on numerical methods for stochastic linear and non-linear partial
differential equations including [29], [38] and [30].

When the domain is unbounded, D = R? for any d > 0, an equation similar to
(1.2.1) has been studied in [27] using difference method. In this work, a very restrictive
assumption is made that noise is constant in x € D. This assumption corresponds to
a choice of the function g in equation (1.2.1) to be constant across the domain D. The
authors established the existence of global weak solutions to the equation. When D = R,

they show that the Cauchy problem of this equation has a unique global smooth solution.

1.3 Problem at Issue

In recent years, there was an intense study of magnetic nanowires of infinite length,
especially of their travelling wave solutions, see for example [13, 14] and references therein.
Interest in such problems is driven by the desire to understand the dynamics of the domain
walls, the problem of utmost importance for fabrication of magnetic memories. While real
nonowires are of finite length, infinite nanowires offer useful approximation. In particular,
explicit formula for the travelling wave solutions can be found.

In this dissertation, we initiate systematic mathematical and numerical analysis of
the stochastic LLG equation (1.2.1) on the whole real line driven by the noise depending
on space and time. More precisely, the initial value problem with the stochastic Landau-

Lifshitz equation studied in this thesis takes the form

du= (pux Au—Xux (ux Au))dt +p(ux g)odW in RT x R, (1.3.1)
u(0,z) = up(z) = e€R, (1.3.2)

lup(z)| =1 z €R, (1.3.3)

where u : Rt x R — R3 is the magnetisation of a ferromagnetic material, u, A > 0, the
given function g : R — R3 is bounded and W is a Wiener process defined on a certain

probability space. We note that this problem is posed on R with homogeneous Neumann



boundary conditions at infinity. Furthermore, the driving noise can be multi-dimensional
but for simplicity of presentation we assume that it is one-dimensional.

Equation (1.3.1) belongs to a difficult class of the so-called critical problems. The
concept of criticality comes from physics and is not rigorously defined. We will adopt
here the understanding of this concept as introduced in [31]. The main idea is to zoom

in the solution by change of variables
w(t,z) =u (5bt, 5%) ,

where b, ¢ > 0. If, for 6 — 0, the nonlinear part of the equation vanishes, while the linear
part and the noise remain unchanged, then we say that the problem is subcritical. If
the magnitude of the nonlinear part remains the same on small space-time scales, then
we say that the problem is critical, and finally it is supercritical, if the magnitude of the
nonlinear term grows to infinity for § — 0. The subcritical case is the easiest one (that
does not mean that it is easy) and the critical case requires a more delicate analysis.
Differentianting u®(t,r) = u (5bt,(5b/23:) and plugging in equation (1.3.1), it is easy to

check that this equation is critical.

1.3.1 Different Concepts of Solution

In what follows, we define a global strong solution to (1.3.1)- (1.3.3). This solution is the
main object of study in this dissertation. In the literature, there are other concepts of
solution which are used when the strong solution is difficult to prove.

Definition 1.3.1. Let 7" € (0,00) be given. Let (2, F,(F;),P) be a given probability
space endowed with a filtration (F;) on which a one-dimensional Wiener process W
adapted to (F;) is defined. We say that an (F;)-adapted stochastic process u = {u(t); ¢t <
T} taking values in L?, for every m > 0, a strong solution to (3.1.1)-(3.1.3) for the time
interval [0, T, if u satisfies (1)-(4) below:

(1) for every m >0
u(-) € C([0,7),L%), P-as.,



(2) for every t € [0,7] and a.e. x € R
|u(t,x)| =1,

(3)

T
esssup |Vu(t)[2, +/ |Au(t)|5. dt < 0o, P-as.,
te[0,7) 0

(4) for every t € [0, T], the following equation holds in L? P-a.s.:

aft) = uo + /0 uls) x Au(s)ds — A /0 u(s) x (u(s) x Aus))ds

+ ,u/o (u(s) x g) o dW(s). (1.3.4)

Moreover, if u is a strong solution on [0, 7] for all 7" > 0, we say that u is a global strong
solution.
Next, we define a weak martingale solution to (1.3.1)- (1.3.3).

Definition 1.3.2. Given T' € (0,00), we say that a tuple (Q, F, (F;)tcpo,r, P, W, u) is a
weak martingale solution to (1.3.1), for the time interval [0, 7], if there exists:

(a) a filtered probability space (€, F, (F¢)co,r], P) with the filtration satisfying the

usual conditions,

(b) a one-dimensional (F;)-adapted Wiener process W = (W,)icpo,1,

(c) a progressively measurable process u : [0, 7] x Q — L?,
such that

)

2) E| esssup,cpo ]Vu(t)ﬁg} < o0
) Ju(t,z)] =1 for each t € [0,T], a.e.x, and P — a.s.;
)

(u(t), ¥) 2 = <u0,w>L3n—,u/0 <u><Vu,V¢)L3nds—)\/0 (ux Vu,V(ux 1)), ds

o [ gy 0 dW ().



If (c) holds for any given in advance filtered probability space (€2, F, (F)tcpo,r, P) and
any given in advance Wiener process defined on this space then we say that u is a weak
pathwise solution.

We note that a strong solution is a weak martingale solution and a weak pathwise
solution as well.

The definitions of operators, probability spaces, filtration, stochastic processes, Stratonovich
integral and the weighted space L2, related to the stochastic problem above can be found

in Chapter 2.

1.4 Contributions

In this dissertation, we prove the existence and uniqueness of pathwise regular solutions to
the stochastic LLG equation (1.3.1)-(1.3.3) on real line, when the noise is space and time
dependent. We note that during our work on this project a similar result was obtained
by E. Gussetti and A. Hocquet in [28] for the stochastic LLG defined on the circle. They
prove the existence and uniqueness of pathwise solutions using the rough paths theory.
Their argument is much more complicated than ours but allows them to consider a more
general class of noises including fractional Brownian Motion. Our proof is considerably
simpler than all other proofs available in the literature. We directly prove the existence
and uniqueness of pathwise solutions using rather classical arguments and avoid the
arguments based on tightness of approximating measures and the Skorokhod theorem.
To this end we start from a semi-discrete finite difference method to find approximate
solutions to the stochastic problem (1.3.1)-(1.3.3) following the scheme considered in [3].
A modified version of the semi-discrete scheme is considered to show the existence of
approximate solutions. Uniqueness of the semi-discrete solutions is also proved. Then,
we transform the discretised stochastic equation into a partial differential equation with
random coefficients, where the [t0 term vanishes, to prove the strong convergence of
the semi-discrete solution. We follow the paper by Goldys, Le and Tran [25] where the
same idea is used to prove the existence of a weak martingale solution on a bounded

three-dimensional domain. The crucial step in our argument is a new result about the



continuous dependence of solutions to the stochastic LLG equation on the trajectories
of the driving Wiener process. In some sense, it is a counterpart of the rough paths
approach taken in [28]. Then, we derive uniform estimates and use the weak convergence
of approximating equations in the space L*((0,7T) x §; L?)), where L? stands for the
weighted L%-space. Finally, we deduce the existence of a global regular pathwise solution
to the stochastic problem (1.3.1)-(1.3.3) on the whole real line. Let us note that our
approach provides a natural starting point for numerical algorithms. We also note that
differently from [28] we need to choose carefully the functional spaces for the proofs of
uniform estimates and weak convergence because the initial condition is not an element
of L*(R).

Our second contribution in this dissertation is approximating the stochastic problem
(1.3.1)-(1.3.3) on the whole real line. In fact, we truncate the infinite domain R into a
bounded domain [—L, L] for L > 0, consider the stochastic problem (1.3.1)-(1.3.3) on this
bounded interval with physically relevant homogeneous Neumann boundary conditions,
and then show that when L — oo the solution uy, of the stochastic problem on a bounded
domain converges to the solution u of the original problem on R. In the course of
the proof, we also obtain pathwise estimates on the rate of convergence of solutions on
bounded intervals to solution on the whole real line.

Our next contribution is proposing a fully-discrete finite difference scheme for numer-
ical solution of the stochastic problem on a bounded domain [—L, L]. Following Fuwa
[21], we propose the fully-discrete scheme based on the midpoint rule to guarantee that
the numerical solution is always on the unit sphere. First, we carry out numerical ex-
periments to show numerically that the fully-discrete solutions converge to the solution
uy, of the stochastic problem on a bounded interval [—L, L] for vanishing discretisation
parameters. Next, we perform an additional numerical experiment which validates the
convergence of uy, to the solution u of the original problem on R when L — oo.

As a summary, the contributions of this dissertation are:

e Firstly, we prove the existence and uniqueness of a global regular pathwise solution

to the stochastic LLG equation on R by first proposing a semi-discrete finite differ-



ence scheme and then proving the convergence of the finite difference solutions to
a global regular pathwise solution of the problem, Theorem 3.1.3.

e Secondly, we truncate the infinite domain R into a bounded domain [—L, L] and
consider the stochastic problem on this bounded interval with homogeneous Neu-
mann conditions at the boundaries. We show the convergence of the solution on a
bounded domain to the solution of the stochastic problem on R, Theorem 4.1.2.

e Thirdly, we propose a fully-discrete finite difference scheme to solve numerically
the stochastic problem on a bounded interval. We perform numerical experiments
to show convergence of the fully-discrete solutions to the solution of the stochastic

problem on R for vanishing discretisation parameters and a large domain [—L, L].

We note that our results cannot be extended to equations on R?, for d > 2. Indeed,
even the deterministic LLG equation has no H?-valued solutions for d > 2; in fact,
solutions have singularities at which the gradient blows up to infinity. Analysis of such
problems in the stochastic case remains a very challenging open problem.

The dissertation consists of five chapters. Chapter 1 is the introduction. Chapter 2
reviews some important spaces and elementary formulas. The definitions of stochastic
integrals and Stratonovich differentials which are important for the rest of the dissertation
are also discussed in this chapter. It also reviews important function spaces on a lattice
and some discrete functions results which will be frequently used in the following chapters.

Chapter 3 is devoted to our first contribution. In this chapter, we propose a semi-
discrete finite difference scheme to find approximate solutions of (1.3.1)-(1.3.3). We prove
that the finite difference solutions converge to a global regular pathwise solution of the
stochastic LLG problem on the whole real line. Uniqueness of the global regular solution
is also proved.

In Chapter 4, we present our second contribution. For the aim of solving numerically
the stochastic problem (1.3.1)-(1.3.3) on the whole real line, we truncate the infinite do-

main into a bounded domain [—L, L]. We consider the problem on a bounded domain

10



with homogeneous Neumann boundary conditions and prove the convergence of the so-
lution uy, on a bounded domain to the solution u of the original problem on R when L
tends to infinity.

In Chapter 5, we propose a fully-discrete finite difference scheme to solve numerically
the stochastic problem on a bounded domain [—L, L]. We perform numerical experiments
to show convergence of the fully-discrete finite difference solutions to the solution of the

original problem on R for vanishing discretisation parameters and for L large enough.

11






CHAPTER 2

Preliminaries

2.1 Function Spaces

We start with the definition of the operators involved in the stochastic LLG equation.
Let U be an open subset of R and ¢ = (¢1, ¢, ¢3) be an R3-valued function defined on

U. The gradient and Laplace operators acting on ¢ are respectively denoted as

(061 06, 00,
qu'_(&x’ax’@x)’

(PP D¢y s
A= (8x2 T O0x? 7 Ox? )’

if the derivatives exist in the weak sense.

We denote by |- |x the norm in a Banach space X. If X is a Hilbert space, we denote
by (-, -)x the inner product in X. When subscripts are omitted, |- | and (-, -) refer to the
Euclidean norm and inner product in R? respectively.

We also denote some standard spaces of functions defined on U as follows

o [®(U):={v:U—=R3 esssup,y|v(z)| < oo},

o L2(U):={v:U—=R| [, |v(z)lPdr < oo},

o H(U) :={v:U =R [, |v(z)Pds+ [,|Vv(x)Pdr < oo},

o H*(U):={v:U =R [, |v(z)Pde+ [,|Vv(x)Pde+ [, |Av(z)]*dz < co}.

The following well known fact will be important for Chapters 3 and 4.
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Lemma 2.1.1. Let L >0 and ¢ € H'(—L,L). Then

|7 < Klplr2]e|m,

where

k = 2v/2max (1, l) .
L
Proof. Consider first the case when ¢ € H'(—1,1) and ¢(—1) = 0. Then,
2 td o, ’
e = | [ feoa|=| [ 200 Vot < lpluolvels
-1 -1

Hence,

Pt < 20|22 Vep| L2 (2.1.1)

The same result holds if ¢(—1) # 0 but ¢(1) = 0.
Next, we consider the case when ¢ € H'(—1,1) and ¢(£1) # 0. Let

z+1, z € [-1,0],

1, xzel0,1],

and

Using (2.1.1), we get

[mep|] < 2meplrz [V(mep)l 2 < 2V20p]12 ]l

and

m*l} < 2V2|0| 2|l

14



Hence, for = € [0, 1] we have
(@) = mep()* < 2v2/p| 2@l
and for x € [—1,0]

(@) = [m* ()| < 2v2ep] 2| @l

Consequently,
|pl7 < 2V20pl 12|l nn. (2.1.2)

Finally, we consider the case when ¢ € H!(—L, L) for some L > 0. We define

P(y) =w(Lly), yel-11]

Then ¥ € H'(—1,1) and we have

L 21

1 1
1
2= [ |p()Pdy = / o (Ly) 2y = / ()P rdr = L]l
. . ; L L

1 1 L
1
Vol = [ VePdy= [ [VeLyPdy= [ 29 pds = LTeL.
—1 —1 —L

Therefore, using (2.1.2) we get

1 1
@[3 = P70 < 2V200|12]9h] 1 < 2\/§(ﬁ\s@lm> <z|s0|%z + L!VSO\ZLQ)

1 1
<2\/§—max —,\/Z) 2 1
< 22— max (=, VI plileln

1
< 2v2max (1.1 leluslelun

and the lemma follows. O

We define the following weighted spaces

2 ={viv o8 [ Mol <ol
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)= {0 B [ vPonidot [ [9v@pntads <o),

where p,,(x) = e"%, m > 0.
We finish this section by the following compact embedding result.

Lemma 2.1.2. For every m > 0, the embedding

H,,(R) < Ly, ;5(R)

where pp,/2(x) = e s compact.

Proof. The lemma is well known but we were not able to locate a theorem in a suitable

form and we decided to provide an independent proof. Let
I:H! (R) Lfn/Q(R)

be the embedding operator: I = . It is easy to see that I is well defined and bounded.

For every n > 1 we define a bounded operator
L : Hy(R) = L7, 5(R)

by the formula I,,p = ¢I[_ ). By Theorem 6.12 in [44] the lemma will follow if we can

prove that each operator [, is compact and

nlgg(} I, —I]|=0. (2.1.3)
Let B be a unit ball in H! (R). Then the set

B, ={l.¢; ¢ € B}

can be considered as a bounded closed subset of H'(—n,n). Therefore, by the Rellich-

Kondrachov theorem, see Theorem 6.3 in [1] we find that B, is compact in L? (—n,n),
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hence in Lfnﬂ(R) as well. We will show (2.1.3).

we have

Therefore

and the proof is complete.

(I, = 1) g2, = / (02pms2 da

|z|=n

Pm2
=/ P[> py da
|z|>n Pm

Se"/m/ |2 prm de
R

< ein/m|<p’H}n(R) -

| = 1| < e7/™ — 0,

2.2 Elementary Formulas

Denote H = L2

m/2

(R). For ¢ € H (R)

We recall some cross product elementary properties which will be frequently used in the

following chapters. Let a, b and ¢ be vectors in R3. Then

(a,ax b) =0,

(a,(a x b) xb) = —|a x b]?

ax (b xc)=(a,c)b— (a,b)c,

|a x b + (a,b)* = |a*[b]?,

(a,b x c) = (b,c x a) = (c,a x b).

(2.2.1)
(2.2.2)
(2.2.3)
(2.2.4)

(2.2.5)

Next, we state the Young inequality. If a,b > 0 and p,q > 1 are real numbers such

1,1 _
that T =L then

ab? b
ab < — + —.
p q

(2.2.6)

Furthermore, we present the following Gronwall’s inequality which can be found in

[49].
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Lemma 2.2.1. Let «, 8 and u be real-valued positive functions defined on an interval
la,b]. Assume that B and u are continuous. If a is non-decreasing and u satisfies the
integral inequality

u(t) < a(t) +/ B(s)u(s)ds, Vt e la,b],

then
u(t) < a(t)els POt € [a,b]. (2.2.7)

2.3 Stochastic Analysis

We start by recalling the definition of a measurable space and a probability space.
Definition 2.3.1. Let 2 be a nonempty set and F be a collection of subsets of {2. Then,
we call F a o-algebra on (Q if the following properties hold:

o ) cQ,

o If F e F, then F°¢ € F, where F°¢ is the complement of F'in €2,

o If 1,15, I5,... € F, then U, I; € F.
(2, F) is called a measurable space.
Definition 2.3.2. A probability measure P on a measurable space (2, F) is a function
on F taking values in [0, 1] such that

e P(0)=0,P(Q) =1,

o If {I;} C F, then P(UX,I;) <> 7 P(I;),

o If {I;} C Fand [;NI; =0 fori#jthen P(UX,L;) =Y .o P(L;).
(Q, F,P) is called a probability space.
Remark 2.3.3. e Aset A C F is called an event.

e P(A) is the probability of the event A.

e A property which is true except for an event of probability zero is said to hold

almost surely (abbreviated "a.s.”).
We introduce next the Borel-Cantelli lemma which can be found in [20] and will be

used in Chapter 4. We start by the following definition.
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Definition 2.3.4. Let Ay, ...., A,,.... be events in a probability space. Then, the event
N> U A, = {w € Q|w belongs to infinitely many of the A, }

is called “A,, infinitely often” and abbreviated by “A,, 7.0.”.
Lemma 2.3.5. If Y °  P(A,) < oo, then P(A, i.0.) = 0.
Now, we recall the definition of random variables and stochastic processes.

Definition 2.3.6. Let (2, F,P) be a probability space. Let B be a real Banach space
endowed with the Borel g-algebra B. A mapping X : {2 — B is called a B-valued random
variable if for each B € B, we have X *(B) € F.

Notation: We usually write X and not X (w).

Definition 2.3.7. A collection {X(¢),t > 0} of B-valued random variables is called a

B-valued stochastic process.
Definition 2.3.8. An R-valued stochastic process W is called a Wiener process or Brow-
nian motion if

e W(0)=0 a.s.

e W(t) — W(s) has normal distribution N (0,¢ — s) for all t > s > 0.

o forall0 <t <ty <..<t,, therandom variables W (t,), W (ty) =W (t1), ..., W(t,)—

W (t,—1) are independent.

Furthermore, we mention the Chebyshev’s inequality (see [20]) which will be impor-
tant in Chapters 3 and 4.
Lemma 2.3.9. If X is a random variable and 1 < p < oo, then

P(X|>A) <

1
< SEIXP

for all A > 0.
We will recall now the definition of a filtration.

Definition 2.3.10. An increasing family {F;}:>o of o-algebras such that 7, C F,t >0
is called a filtration on (Q2, F,P).
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Definition 2.3.11. Let B be a separable Banach space and X = {X(t),t > 0} be a
B-valued stochastic process. The process X is called adapted to the filtration {F;}i>o if
for any t > 0, the random variable X (t) is F;-measurable.

Furthermore, we recall the general definition of a stopping time.

Definition 2.3.12. A random variable 7 : Q — [0, 400] is called a stopping time with
respect to {F; }i>o provided {T <t} € F; for all t > 0.

We will recall briefly the basic properties of the It6 stochastic integral in the case of
processes taking values in Hilbert spaces in the case of one dimensional Wiener process.
For a more general and more detailed construction see for example [17]. In order to
introduce the It6 integral, we start by defining a step process. Let H be a real separable

Hilbert space.

Definition 2.3.13. Let X be an (.%;)-adapted stochastic process defined on a filtered
probability space (Q, Z, (%) ,P), taking values in H and such that E[| X (¢)|%] < oo for
all t <T. We will say that X is a step process if there exists a partition P = {0 = ¢, <
t1 < ... <ty =T} such that

X(t)EXk for tk§t<tk+1 (k;:O,,m—l)

Then, the Ito integral for a step process X is defined as follows.

Definition 2.3.14. Let X be a step process and let W be a one-dimensional (.%;)-adapted

Wiener process. Then,

/0 XdW = z_: X (W (tggr) — W(ty))

is the It6 stochastic integral of X on the interval [0, 7.

Now, we will define the Ito integral for arbitrary adapted H-valued process such that

E[/OTyX(t)@Hdt

< 0.
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The class of such processes will be denoted by .#2(H). It is known, see [17] (Proposition
4.22), that for every X € .#Z(H) there exists a sequence of bounded step processes X"

such that

E{/OT | X (t) — X”(t)@ﬂdt] —0 asn— oo. (2.3.1)

Theorem 2.3.15. Let X € .#2(H) and let (X™) be a sequence of step processes that
satisfy (2.3.1). Then,

?|

For the L?-limit of stochastic integrals fOT X"dW we will use the notation of the Ito

2 T
}:E{/ |X”—Xm|§ﬂdt}—>0 as m,m — 0o.
H 0

integral:

/ XdW = lim X"dW

n—o0

We will recall the definition of It6 processes.

Definition 2.3.16. Let H be a separable Hilbert space and W be a one-dimensional
Wiener process on (€2, F,P). An H-valued stochastic process {X(¢)}:>o on (2, F,P) is

called an It process if its paths are a.s. continuous and if it is represented as

X(t) :X(O)jt/O y(s)ds+/0 2(s)dW (s) (2.3.2)

where X (0) is Fo-measurable, y and z are (F;)-adapted, y is Bochner integrable and
z € MEM) for all T > 0.
If {X(¢)}i>0 is an Itd process of the form (2.3.2), it can sometimes be written in the

following differential form
dX(t) = y(t)dt + z(t)dW(t).

Throughout this dissertation, we will also use the relation between Stratonovich and

Ito differentials. We will recall this connection in the case of specific processes that are
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important in the dissertation. Let g € L>°(R). Then, the mapping

G : L*(0,T; L2, (R)) — L*(0,T; L% (R))

u—uxg
is well defined and differentiable with
G'(wh = G(h), u,he L*0,T; L% (R)).

In particular, G'(u)[G(u)] = G?*(u). We will use the fact that for every adapted L2 (R)-

valued process u such that

T
E[/ |u(t)|%%L(R) dt} < 00,
0
we have

1

/0 (Gu) o dW(s) = 5/0 G’(u)G(u)(s)der/O G(u)(s)dW(s), aus. (2.3.3)

Now, we state a lemma which will be frequently used in the following chapters.

Lemma 2.3.17. Let {X(t)}+>0 be an It6 process taking values in a Hilbert space H and

satisfying the stochastic differential
dX (t) = y(t)dt + z(t)dW (¢)
where y and z are such that fOT ly(s)|}ds < oo and z € ME(H) for all T > 0. Then,
d(IX (1)) = (20X (0), y(t)u + [2(t) i) dt +2 (X (1), 2(£))y AW (2).

We note that the above lemma is a special case of the Ito formula.
Next, we recall a special case of the Burkholder-Davis-Gundy(BDG) inequality that

will be used in the following chapters.
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Lemma 2.3.18. For every 1 < p < oo, there exists a constant C, > 0 such that for every

(Fi)-adapted stochastic process ¢ taking values in a separable Hilbert space H, we have

H} <cel( [ T|¢<s>\%ﬂds)g].

We finish this section by an important proposition which will be used in Chapter 3.

E[ sup /0 ()W (s)

te[0,7

First, we define the spaces of progressively measurable processes H.,, := L*(Q; L*(0,T; L?)))

<oal,
<o},

and

T
W= {¢6Hm\ EU IV (t)[2.dt
0

T
- {¢ e HL | E{ [ 1860
0

with the corresponding norms

T
o8, = E[ [ st dt] |

r T
02 = [0, +E / Vo(t) 2 d |,

and

0120 = |62 +E / AG(E) 2 dt |

The operator V = I12(9 11xq)®V is well defined on H! and the operator A = Tr2(j0,1)x0)®

A is well defined on H?,. Next, we present the following proposition.

Proposition 2.3.19. If a sequence ¢,, satisfies as n — oo
on—¢ and Vo, =9
weakly in Hy,, for ¢,0 € Hp, then ¢ € HL and = V¢. In addition, if as n — oo

Adn =€
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weakly in Hy,, for € € Hpy, then ¢ € HZ, and £ = Ad¢.

Proof. The spaces H! and H2, with their respective norms are Hilbert spaces that have

continuous embeddings into H,,. Therefore, if a sequence ¢, satisfies as n — oo
o — ¢ and Vo, =Y
in norm in H,,, for ¢, € H,,, then ¢ € H! and 1) = V¢. If additionally
Adn =€

in norm in H,,, for £ € H,,, then, ¢ € H2, and £ = A¢. Since, by the Mazur Theorem,
see Theorem 2.5.16 in [40], convex subsets of the Hilbert space H,,, X H,, are norm closed

if and only if they are weakly closed, the lemma follows. O]

2.4 Function Spaces on a Bounded Lattice

In this section, we consider 0 < L < oo. Given h > 0, let X, be a discretization of [—L, L]

with the vertices z; = ih, i.e.
Xp ={ihli=0,%£1,...,+1},

with A = £. Given k, T > 0, let T}, be a discretisation of [0, T] with the vertices ¢, = nk,
ie.

Ty = {nkln=0,1,..., N},

with k = %

For any v : X;, — R3, we define the functions 7*v : X;, — R? by

tv(z;) =v(z; +h) forall —T<i<I-1,

7 v(z;) :=v(z; —h) forall —(I—-1)<i<I.
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For any v : X;, — R3, we denote by D* and D~ the following finite difference operators

+

v (z;) — v(x;)

Dtv(z;) = 2 Y oforall —I<i<I-—1,
D v(z;) == vizi) _hTV(xi) forall —(I—1)<i<I.

For any v : X;, — R3, we also denote by A the following discretised Laplacian

Av(z;) ;== D*D v(z;) = D" D v ()

ty(z;) — 2v(z) + V(g
_ Thv() V}E;Bz)‘FT v(z;) forall —(I—1)<i<I—1.

We recall below the definitions of some LP-spaces of functions defined on the lattice

Xhi

L?(Xh) = {V : Xh — RB}

with the associated norm |v|e 1= sup,, cx, [V(74)],
o for 1 <p<oo

Lz(Xh) = {V : Xh — RB}

1
with the associated norm |v|zr := (h PO v (z;)[P)” .

e In particular, for p = 2 we obtain a Hilbert space
L3 (Xp) = {v : X, = R?}

with the associated inner product (u,v)rz :==h3y:, v (u(z;), v(z;)).

Furthermore, we present the following discrete Gronwall’s inequality which will be used

in Chapter 5.

Lemma 2.4.1. Let y,, and g, be non-negative sequences and C a non-negative constant.

If

n—1

ynéc_l'zgkyk fOTnZ()»
k=0
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then

Yn < CleXi=0 9 for n > 0.

Proof. The lemma follows immediately from Theorem 5.1 on page 498 of [19]. It is enough

to define a discrete measure p({k}) = gs. O

2.5 Function Spaces on an Unbounded Lattice

In this section, we consider U = R. Given h > 0, let Z;, be a discretization of R with the
vertices x; = ih, i.e.

Zy, = {ih|i =0,+1,..}.

For any v : R — R" (n = 1,3), we define the functions 7¥v : R — R" by
75v(z) :=v(z+h) forallz€R.

For any v : R — R" (n = 1, 3), we denote by DT and D~ the following finite difference

operators

Dtv(z) = v for all z € R,
D v(z) = Y _hT_V(I) for all = € R.

For any v : R — R™ (n = 1,3), we also denote by A the following discretised Laplacian

Av(z) := D*D v(z) = D" D*v(x)
_ 7v(z) — 2v(z) + 77v(x)

2 for all z € R.

We note that all the operators 7=, D and A depend on h but we omit A for simplicity
of notations. We will use the same notations for the restrictions of the operators 7+, D*
and A acting on functions v : Z, — R,

We recall below the definitions of LP-spaces of functions defined on the lattice Zj:
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Ly (Zy) = {V (Zn — R3 sup |v(x)] < oo}

IiGZh
with the associated norm |v|pe := sup,, ez, [V(7:)],

for 1 <p< oo

LP(Zy) == {v Zy = R R () < oo}

$Z‘EZ}L

1
with the associated norm |v|p» = (h D ety lv(z;)[P)” .

In particular, for p = 2 we obtain a Hilbert space

L (Zy,) = {v Z, — R hz [V (z;)| <oo}

T, €L

with the associated inner product (u,v)pz2 :=h>_, ., (u(z;), v(z;)).

HN(Z) = {v Zn = R |Vl + DYV < oo}

with the associated norm [v|p1 = \/|V|2 + | D+ V|L2,

for 1 <p<ooand m >0

2 () = {v Zh BB S D e v P < oo}

. . 2] P
with the associated norm |V’Lfn,h = (h Dowicz, € ™ \v(:ci)|p> "

In particular, for p = 2

L2 ,(Zy) = {v 1 Zyp =R Ry e H

T, €Ly,

viz)? < oo}
is a Hilbert space with the associated inner product

<uVL —hZe 7 u(x;), v(z;)).

Z; EZh
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Furthermore, we will state the following result which will be used in Chapter 3.

Lemma 2.5.1. We define

For sufficiently large m, we have

|G (23)]> = | D™ G (24)[* > 0 (2.5.1)
for every i and h < 1.
Proof. By simple calculation, we get for a := ﬁ

~a(lzi—h|—-lail) _ 1)2
()l = DGl = 721 (1~ SELERLS )

For z; > h, we have
eoh — 1)
R (= Moﬂ).
By taking m sufficiently large, we get

|G (@) [* = [ D™ Cn(@:)|* = €72 (1 — o®) + O(ha)

which implies (2.5.1). For x; < h, we have

h2a2

—ah 1 2
ontel? = DG = e (1= )
By taking m sufficiently large, we get
(G (20)[* = | D™ G (@:)]* = e*** (1 = @*) + O(ha)

which implies (2.5.1).
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Throughout this dissertation, we will frequently use the following result.

Lemma 2.5.2. For any two functions u : Z, — R3 and v : Zy — R , we have

[Tl = [ulp = |77y, (2.5.2)
|D*ulp = [D7ulpy, (2.5.3)
|(D)?ul, = |Auly, (2.5.4)
(o], = Jo(rTw) (2.5.5)
(7" o) Dt |, = [uD gy, (2.5.6)
|DfvD | = [D7vD ™y e (2.5.7)

for1 <p < oo.

Proof. We will prove (2.5.3) and all the other equalities follow in the same manner. For

1 < p < o0, by simple calculations

mru(z;) —u(z;) |’

h

+.,1P + NP —
[D*ul}, = > hDTu()lP = Y h

T, €Lp x, €Ly,

u(z;) — 7 u(z;)|” N _
=> h - = > D u(z)f =D uff,.
T, €Lp z, €Ly,
For p = oo,
Tu(z;) — u(z; u(z;) — 7 u(x _
|D+u|Lﬁ’° = sup ( )h ( ) = sup ( ) - ( ) _ |D uleo‘
T, ELp, T, €Ly,

O

Next, we state some lemmas which will be used throughout the rest of this dissertation.

Lemma 2.5.3. For any two functions u,v : R — R3, we have for every x € R

D*(u(z),v(z)) = (D" u(z), 7"v(x)) + (u(z), D*v(z))

= (D%u(z),v(z)) + (tTu(x), Dtv(z)),
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Dt (ux v)(z) = DM u(x) x 77v(z) + u(z) x DTv(z)
= DT u(z) x v(z) + 77u(z) x DT v(z).

The same equalities hold if we replace 7" and DY by 7= and D~ respectively.

Proof. Simple calculation reveals the following

= (D"u(z), 7"v(2)) + (u(z), D"v(z)).
The remaining equalities can be obtained in the same manner. O]

Lemma 2.5.4. For any two functions u,v : Z, — R® in L7, we have the discrete
integration by parts formula
+ _ —
(0, D7)z = =(D7u,v),

2.
h

Proof. 1t is clear that
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Lemma 2.5.5. For any function u : Z, — R3 such that |u| = 1, we have the following
relation

2(u, Au) + |D*ul? + |[D7u* = 0.
Proof. From Lemma 2.5.3, we get
A(uP) = D* ((D~u,u) + (ru, Du))
= <Au, u> +{(r*D u,D"u) + (D*r"u,D"u) + <u, Au>
=2 <u, Au> + |DTul* 4 |D"ul.
Having [u| = 1, we deduce that A(|u|?) = 0 and the result follows. O

The following lemma can be found in [51] (Inequality (11)).

Lemma 2.5.6. For every p € [2,00|, any integer n > 1 and any non-negative integer
k < n, there exists a constant K = K (p, k,n) independent of h such that for any function

I,IZZ}L—>}R:3

For any f : R — R?, we will denote by f* : Z, — R? the restriction of f to Z,. We
define from f” a piecewise constant function defined on the whole real line as follows. For

each z, let x; be such that = € [z;,x;11). Then,
ruf"(z) = £ (x;).

The following lemma will be frequently used throughout this dissertation.

Lemma 2.5.7. (a) If f : R — R3 is such that f € H'(R) then " € L%(Zy,).

(b) Let f : R — R3 have the property

/ |VE(7)]*dr < .
R
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Then,
lim/ |t (z) — f(a:)|2da: =0.

Proof. We start by proving part (a). Simple calculation reveals

4172 = D Blf(z)

z, €ELp,
= 3 bR = [ f@)fde+ [ 6P
T, ELp
x1+1
:Z/ (If () da:+/|f )|2da
T, ELp
l‘l_‘_l
:—Z/ </V|f |ds)dx+/|f )|2dx
T, €Ly,
Tit1 T
__ Z/ ( / ),Vf(s)>ds)dx+/|f(x)|2dx
T, ELp, R
Tit1 Tit1
<9 Z/ (/ 1£(s)|[VE( )|ds)dm+/|f 24z
x; €Ly ¥ T T
T4 Ti4+1
gZh/ ]ds—l—Zh/ V£ (s \ds+/\f )|2dx
x;€Lp Zi x;,€Lp

h/(|f( )? + | VE(s) ds+/|f )|?dx
R
< hlf3n + [f]32

< oQ.

Next, we prove part (b). We have,

/mf )~ f( {dx—Z/W () — £(x)]* da

T, €Lp

PV AVALDE

T €Ly

< ([ e >|ds) s

T, €Ly,

Ti41
< K Z/ |VE(s)[*ds

T, €Ly,
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< h2/ |VE(s)|*ds.
R

Then, using the assumption on f we get

lim/ {Thfh(x) - f(m)’Qdm =0.
h—0 Jr

]

Throughout the rest of the thesis, we will use the notation C' to refer to a generic
constant which may take different values at different occurences.
Now for v : Z;, — R?, we denote by py, the interpolation operator such that for each

x, let z; be such that x € [x;, ;1) and
v () = v (x;) + DV () (@ — ).
We note that p,v" is continuous in R and that
Vpv" = r, DTV (2.5.8)

We have with these operators the following proposition. We note that a similar proposi-

tion can be found in [36] (see Lemma 3.1, 3.2 (page 224-226)).

Proposition 2.5.8. (a) Assume that
DV <C

where C' is independent of h. If one of the interpolants pyv", r,v" converges strongly in
L2 when h tends to 0, then the other one also converges strongly to the same limit.
(b) Assume that

|Vh|L3n,h + ‘D+Vh|L%L <C
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where C' is independent of h. If one of the interpolants p,v",r,v" converges weakly in

L2 when h tends to 0, then the other one also converges weakly to the same limit.

Proof. First we prove (a). For any x € [x;, z;11), we have
oV (2) — rpv(2) = DTV () (x — ).

Then,

sup  [pev*(2) — v (@)] < KDV ().
T <T<Tit1

Therefore,

v — P2, = / V(@) — v (@) P (@) da

- Z /‘%i“ Ipn v (x) — V" () |? pm () de

T, €Ly
Tit1

< Y D@ [ pula)ds

(EiGZh Ti
< I?|D*V"[7,

< Ch2.

Consequently,

llliir(l] lppv™ — v %%n = 0. (2.5.9)

Now, we assume that there exists v € L2, such that
lim [ppv" — v|2 = 0. (2.5.10)
h—0 m

We have

rpv" — V]2 < rpv" —pth\Lan + |lppv" — v L2,

Hence, from (2.5.9) and (2.5.10) we get
lim |r,v" — v|2 = 0.
h—0 m
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Similarly, if there exists v € L2, such that
lim |rpv" — v|2 =0,
h—0 m

we obtain

li h— = 0.
hlg[l) \pRv V’Lgn

Next, we prove (b). We note that

Tip1
lrpv" %%L = Z / lr v (2)|? pon () da:

T, ELp,

=S V)P [ s

T, €Ly,

< CV"[72

<C.

Similarly,

Tit1
v = 3 / v ()2 (2)dz
z, €ELp, Zi

Tit+1

D) xi+1+h.2_.2
V" () pm(x)dw +2 ) | DTV (i) " x — il () d

x; €2y ¥ T x; €2, %

<Y W@ [ @+ ¢ Y WP [ puonds
;€L Zi ;€L Ti

< C|Vh|%3n

<C.

We consider ¢ € C2°(R). Then,

flliif(l) rng" — |12, = 0.
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Thus, we have

1 h _— h =
’lllir(l) (rav", @ — >L3n 0, (2.5.11)
1 h —_ h pu—
}lll_rf(l) <phv LD — 1 >L$n 0. (2.5.12)

Moreover,

(v — v s = 3 / DV @) @ - 1), @ () pua(@)de

x,EZh
Ti4+1
<1 S DA |6 :m/
T, €L
< h? Z | DV (x;)[|@" (2:) | o (2:)
T, ELp,
2 h 2 h2 h 2
= Y DTV ()] pm(i) + o > (@ (@) pm (x:)
xiEZh xiEZh
h +_h|2 h|2
5 ‘D L2 +|¢ |Lfnyh
h
< (1Dt + 10, )

Hence,

<Thvh - phvh7 Th¢h>L2 S Chv

which implies

ilg% <rhvh — v, rh¢h>L$n =0. (2.5.13)

Now, we assume that there exists v € L2, such that

}lllir(l) (rpv" — v, ¢>L$n 0. (2.5.14)
We have

(pnv" = v, @)z = (ppv" — iV ") 2 + (0pv", @ — rhd") 12 + (rpv", " — D) 12

+ (rpv" — v, )1z,
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Hence, from (2.5.11), (2.5.12), (2.5.13) and (2.5.14) we get

}lliir(l) <phvh -V, ¢>L%n = 0.

Similarly, if there exists v € L2, such that

]lllif(l) <phvh -V, ¢>L%n - Oa

we obtain

}lli_% <rhvh -V, ¢>L%1 =0.
O

In what follows, we denote by H,p, , := L*(Q; L*(0,T; L7, ,,)) the space of progressively
measurable processes taking values in L? ;. The operator D* = I 2o 1)x0) ® D* is well
defined on H,, and the operator A= T2 (o< @ A is well defined on Hon -

For m > 0 and h > 0, we define two operators

IT®ry: Hm,h — Hum,

I®ph : Hm,h — Hmv

which will still be denoted by r, and p; for simplicity and will be used in Chapter 3.
Next, we state that we have the following proposition which can be proved similarly

to Proposition 2.5.8.

Proposition 2.5.9. (a) Assume that ¢" satisfies
T
E{ / 1D+¢h<t>rigdt] <c
0 ,
where C' is independent of h. If one of the interpolants pn¢", r,¢" converges strongly in

H,, when h tends to 0, then the other one also converges strongly to the same limit.
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(b) Assume that ¢" satisfies
T T
B [ oo, ] v [ 107 <o

where C' is independent of h. If one of the interpolants ppd", r,¢" converges weakly in

H.. when h tends to 0, then the other one also converges weakly to the same limit.
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CHAPTER 3

A Semi-Discrete Finite Difference Scheme on Real Line

3.1 Introduction

In this chapter, we employ a semi-discrete finite difference method to derive the existence
of global strong solutions to the stochastic LLG problem (1.3.1)-(1.3.3). We start to prove
the uniqueness of solutions. The proof of existence of solutions is long and complicated
and here we will sketch the main steps and their importance. We start with semi-discrete
finite difference approximations (3.3.1). We prove the existence and uniqueness of semi-
discrete solutions to equation (3.3.1). Then, we transform the discrete stochastic LLG
equation into a partial differential equation with random coefficients (3.6.1) (without the
[t6 term). The resulting equation has time-differentiable solutions. Finally, we prove
uniform estimates which allow us to use the method of compactness in order to get the
limit when the discretisation parameter goes to zero. We emphasis that we apply method
of compactness to the random partial differential equation and therefore we do not have
to use method of martingale solution exploited in other papers ([11],[25]). We note that
the proof can’t be transferred to equations in multidimensional domains because uniform
estimates for Laplacian and fourth power norm of gradient can’t be obtained in higher
dimensions.

Let (2, #,(%#;),P) be a given probability space endowed with a filtration satisfying

the usual assumptions. Invoking the relation between Stratonovich and Ito differentials
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given in (2.3.3), problem (1.3.1)-(1.3.3) can be written as follows

2

du = (uu X Au — Au X (u x Au) + %(u X g) X g) dt + p(u x g)dW, (3.1.1)

u(0,z) = up(z),

up(z)| = 1.

(3.1.2)

(3.1.3)

We assume that A > 0 and p # 0. We recall that a global strong solution of the problem

(3.1.1)-(3.1.3) is defined in Chapter 1.

Remark 3.1.1. (a) Definition 1.3.1 implies that for almost every ¢ < T and almost every

x € R, we have Vu(t, ) well defined. Then, by part (2) of the definition, we have

V(ju(t,z)’) =0, (t,z)-ae.,

which implies

(u(t,x),Vu(t,z)) =0, (t,z)-ae.

In addition, we have
(u(t,z), Au(t,z)) = V( (u(t,z), Vul(t, x)>) — |Vu(t,z)]* = —|Vu(t,z) %

(b) The elementary property (2.2.4) yields

lu(t,z) x Au(t,z)> + (u(t, ), Au(t, 2))* = |u(t, z)[>|Au(t, z)|*.

Then, from Definition 1.3.1 and part (a) of this remark, we get
[u(t,2) x Au(t,a)2 + [Vu(t, o) = |Au(t, 2)[
Integrating with respect to  and ¢, we deduce from the definition

T
/ IVu(t)|14 dt < co.
0
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Lemma 3.1.2. A process u is a strong solution of problem (3.1.1)-(3.1.3) if and only if
it satisfies conditions (1)-(3) of Definition 1.3.1 and

u(t) =up + )\/ Au(s)ds + M/o u(s) x Au(s)ds + )\/0 |Vu(s)[*u(s) ds
+ —/ ) X g) X gds —|—,u/ (u(s) x g)dW(s). (3.1.4)

Proof. Using the elementary property (2.2.3) and Remark 3.1.1 (a) we deduce

u X (ux Au) = (u,Au)u — (u,u) Au

= —|Vu|*u — Au.

Thus (1.3.4) and (3.1.4) are equivalent. O

The main theorem of this chapter is stated as follows.

Theorem 3.1.3. Assume that |ug(z)| =1 for every x € R, Vuy € L? and g € H?. Then

there exists a unique global strong solution u to (3.1.1)-(3.1.3), such that for every p > 1

T P
E {ess sup |Vu(t) i@] +E K/ \Au(t)‘%2dt>
t€[0,7] 0

Corollary 3.1.4. Under assumptions of Theorem 3.1.3, for every t > 0 we have

< 00. (3.1.5)

lim |[Vu(t,z)] =0.

|z|—o00

3.2 Uniqueness of Global Strong Solution

In this section, we prove the uniqueness of solutions to problem (3.1.1)-(3.1.3). We will
start with a more general result.

Theorem 3.2.1. Let uy and ug be two solutions of (3.1.1)-(3.1.3) on [0,T] in the sense
of Definition 1.5.1, starting with uy(0) and uz(0), such that uy(0) — uz(0) € L% Then
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u; (t) —ug(t) € L? P-a.s. for everyt € [0,T] and there exists a random variable Cr such
that
ua (t) = uz(t)[ 2 < Cr[ua(0) —uz(0)[, ¢ <[0,77.

Proof. In order to simplify notations, we will assume in the proof without loss of gener-

ality, that A = p = 1. Setting . = u; — uz and using Lemma 3.1.2, we obtain

di = (At +u; X A+ 1 x Aug + |[Vuy >t + (Vuy + Vug, Vid) uy

1
+ 5(1‘1 X g) x g)dt + (u x g)dW.

||

Multiplying by (,.(z) = \/pm(x) = e 2n and then using Lemma 2.3.17, we get

1 1
glcntlts = 516, < gltadt = ([ (GuGudwde s [ (GG x Auda
R R

+ /R((mﬁ,gmﬁ X Aug)dr + /R<€mﬁa<m|Vu1|2ﬁ)dx

+ / <§mﬁ7 Cmu2> <VL11 + VU2, Vﬁ> dSL'
R

1

+ 3 /R ((mu, (Gru X g) X g) d:c) dt

+ /(gmﬁv Cmﬁ X g)da:dW
R

Using (2.2.1) and (2.2.2), we find that

<Cmﬁ7 Cmﬁ X g> =0

and

1

3 [ Gt (G x ) x g)do = 5 G gl

Therefore, we obtain

3l = [ (G G+ [ (GG x A

+ /R(Cmﬁ, (| Vug|? ) da

42



+ / <Cmfl, gmU2> (Vul + VUQ, Vﬁ> dx. (321)
R
We consider the first term on the right hand side,

/ (Cna, GnAT) do = / (¢2u,Au)de = — / (V(¢iu),Va)dx
R R R

=2 i, V(, V) dr — V|2 dz.

[ (G 96, Vi) do = [ 16, Vaps

For the second term on the right hand side, using (2.2.1) and (2.2.5) we have

/<Cmu7€mu1 X Aﬁ> dx = / <Aﬁa Cmﬁ X Cmu1> dz
R R
= —/ (Vu,V(¢iuxuy))de
R
= -2 [ (Vu,(,V(nu dr — [ (Vu, (Vi d
/R< U, (i V(n X uy) da /R< u, u><u1>x
_/<Vﬁ, G x Vuy)de
R

= —2/R<u1 x V(nVu, (,u) de — /R (Vu; x ¢, Vu, () de.

Consequently, we get from (3.2.1)

1d

§%Kmm; + |Gn Va2 = =2 | (V(nVa, Gpa) do

-2 [ (u; x V(,Vu, () de

S—

R
+ / (Cm, Grug) (Vuy + Vug, Vi) dx
R

+ /IR (G, G| Vug|*a) da.
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Integrating with respect to ¢ and using part (2) of Definition 1.3.1 gives

I 1, ! _ o _
§]Cmu\%g - §]Cmu(0)|iz +/ (o V|F2ds < 4/ |G| 2|V V| 2ds
0 0

t
n / (Gt 2| V0 £ | o V2l
0

t
+/ o]z |V (ty + )], |G V| 20l
0

t
+ / ‘le_l’%g ]Vullioods.
0

Thus we get, using Young’s inequality (2.2.6) for p = ¢ = 2,

1 1 1 [t - Lt 1 [t -
L2 = 216na(0)2 +—/ GV ads < 8/ |gmu|§2ds+-/ Ve ViaZads
2 2 2/, ; 2 J,

t
+ / ](mﬁ\%QWulﬁoods
0

t
& [ Gl (19wl +[9uslt) ds
0

t
+/ G| Vg [2ds.
0

Consequently, we obtain

t t
G2 — G (O) e + / GV 2ads — / V¢ Va2ads
0 0

t
< C’/ G2 (14 Vg2 + [Vusf2) ds.
0

Using the fact that |V(,| = 3= [¢n| a.e. we find that for m > 1

t t t 1
/ |§mVﬁ|%2dS - / |VCmVﬁ|%2dS = / (1 - ﬁ) |§mVﬁ|%2dS Z 0,
0 0 0 m

and therefore

t
[GrlZ> < [Gnur(0)[72 + C/ [GntalZz (14 [V |7 + [Vuglie) ds.
0
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Hence, using Lemma 2.1.1 we have P-a.s.

T
Cr ;:/ (14 |Vus2e + Vs |22 )ds
0
T
S C/ (1 + |V111|12111 + |VUZ|?{1)d8
0
T
S C/ (1 + |V111|%2 + |A111|%2 + |Vu2]2Lz + |A112|%2)d8
0

T T

< CT + CTesssup |[Vuy|3, + C |Auy [32ds + CT esssup |Vug|7. + C |Ausl?.ds
t€[0,T] 0 t€[0,T] 0

< OQ.

Then, using Lemma 2.2.1, we obtain from (3.2.2)

G2 < G (0) 2 HOHTm Pl

< Cr|¢nua(0)[7e. (3.2.3)
Finally, by taking m to co, we deduce using the Monotone Convergence Theorem
2 2
- 2 = - ) ) )
[u(t) —uz(t)[z2 < Cr [ur(0) = u2(0)[72, ¢ €10,7]

and the result follows. O]

Corollary 3.2.2. Let uy and uy be two solutions of (3.1.1)-(3.1.3) on [0,T] in the sense
of Definition 1.3.1, such that uy(0) = ug(0). Then uy(t) = uz(t) in L2, P-a.s. for every
t€0,77].

Proof. The result follows from the theorem above. More precisely, it follows from (3.2.3).

]

3.3 The Semi-Discrete Finite Difference Scheme

In this section, we design a semi-discrete finite difference method to find approximate
solutions to (3.1.1)-(3.1.3). More precisely, we prove in the following sections that the

finite difference solutions converge to a global strong solution of (3.1.1)-(3.1.3).
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We assume that g and u, satisfy the conditions in Theorem 3.1.3. We recall that
gl : Zj, — R3 is the restriction of g to Z;,. Our first aim is to prove the existence and

uniqueness of solution u” : Rt x Z; — R3 to the following problem

) . 2
du” = <,uuh x Au”" — Au” x (u" x Au”) + %(uh x g") x gh) dt + p(u® x g")dw,

(3.3.1)
u’ (0, z;) = ug(;), (3.3.2)
uo ()| = 1. (3.3.3)

A global strong solution of the problem (3.3.1)-(3.3.3) is defined as follows.

Definition 3.3.1. Given T' € (0,00), we call an (F;)-adapted stochastic process u” =

{u"(t);t < T} taking values in L2, , for every m > 0, a strong solution to (3.3.1)-(3.3.3)

for the time interval [0, T, if u” satisfies (1)-(4) below:

(1) for every m >0

u'(-) € C([O,T],L,%%h), P-a.s.,

(2) for every t € [0,T] and z; € Zy,

(3)

E{ sup ‘D’Luh(t)‘;} < 0,
te[0,77] h

(4) the following equation holds P-a.s. for all t € [0, T] in L, ,:

u(t) = up + ,u/ot u"(s) x Au"(s)ds — )\/Ot u”(s) x (uh(s) X Auh(5)> ds

+ %/0 (u"(s) x g") x g"ds + M/o (u"(s) x g") W (s). (3.3.4)

Moreover, if u” is a strong solution on [0,7] for all T > 0, we say that u” is a global

strong solution.
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We note that in equation (3.3.4) the first three integrals are Bochner integrals in the
space L2 m.n and the last one is the Ito integral in L2

Remark 3.3.2. By definition of the discrete Laplacian A, part (3) of Definition 3.3.1

E{/OT‘Auh(t)

3.3.1 Uniqueness of Semi-Discrete Solution

immediately yields

In the subsection, we assume the existence of a global strong solution to (3.3.1)-(3.3.3)

and we prove its uniqueness.

Lemma 3.3.3. Let ul and u be two solutions of (3.3.1)-(3.3.3) on [0, T)] in the sense of

Definition 3.3.1, such that u}(0) = u(0). Then uf(t) = uj(t) in L2, , P-a.s. for every
€ [0,77].

Proof. The proof is similar to the proof of Theorem 3.2.1. In order to simplify notations,
we will assume in the proof without loss of generality, that A = p = 1. Setting u? =
u — ul, then using part (2) of Definition 3.3.1, (2.2.3) and Lemma 2.5.5, one has

—_ (i = — % 1
duh=(Auh+u?xAuh+uthu’;+2|D+ HPuh o (Drul 4 Db, DY) ul

N = Do =

1 — —
—|D_ h2uh 4 5 <D_u1 + D_ug,D_uh> ) 4 ~(uh x g") x gh) dt
+ (uh x g")dW,

uh(0) = 0.

Multiplying by (o (2:) = v/ pm(xi) = e*%, then by using Lemma 2.3.17 and the elemen-

tary property (2.2.1), we obtain

1 S
- 5 ‘Cmuh X gh

2dt ‘Cm
= {(uul, GuAur Y+ (Gpul, Guul x Aub
( JPRX )

h

1 N — 1
+ 9 <Cmuh7 Cmuh’DJru}lll > 5 <Cmuh, Cmuz <D+u1 + D+u2a D+uh>>

Ly h

L2

2
Lh
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<Cmuh G| Dl > %<Cmuh Gt <D +D’u’§,D*m>>

2
Lh

<Cmu (Cnu" x g") x g >L2. (3.3.5)

h

wl»—* l\.’)li—

We consider the first term on the right hand side, using Lemmas 2.5.2, 2.5.3 and 2.5.4

we get

<gmm, gmm>L2 - <ggm m> . <D+<ggﬁ>, D+m>

2 2
h Lh Lh

_ <D+(g§1)ﬁ, D+J> - <T+giD+J, D+J>
L L,

=— <gmm, D+ng+F> — <T+cmﬁ, D+ng+@> — |G D" uk|?,.
12 L2 Li

h

For the second term on the right hand side, using Lemmas 2.5.3, 2.5.4 and properties
(2.2.1), (2.2.5) we have

(G, Gt x Au)

2
Lh

= (A, ¢, x )
L
=~ (D", D (G xu)))
L
DFut, D*(¢2)uh x 7Hu h> - <D+uh T Drul x T u1>
L

h h

Drub, C2uf x Du h>
L,

h h

Drub, (2 Dk x T+u’;> <D+E, 2P % D+u?>
L?

2
h Lh

rHul x D¢, DT, Cmuh> , <7' u’ x DY, Dt uh, +gmﬁ> .
L L

h h

-
-
< Db, (o DF ot X T+u’f>L <D+E, TG DT X T+u’f>
- (P
-
- (P

" x CnD*ul, cmuh> .
Ly
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Consequently, we get from (3.3.5)

2dt

= <Cmuh7 D+CmD+m> 5 <T+Cmm7 D+<mD+m>
L

2
+ ‘(mD*uh
Ly

e

* e

2
h Lh

— (rTa! x D¢, D ul, muh> , <7‘ u? x D*¢.Dtul, JrCmuh> ,
Li L

DHul x (mD+uh,Cmuh> 2
L

h

Then, using (2.2.2)

2dt

1 _
h o~ k| Dt 2 n + + TR
<<mu G| D) 5 (Gt G (Dl D, D))
_ 1 _
< muh7€muh|D h|2>L2 5 <Cmuh Cmu2 <D ul +D 112,D uh>>L2
h h
< " (Grul X g") x gh>
L
‘Cmuh )CmD w|
h
- <Cmuh7D+CmD+uh> - <T+Cmm7 D+<mD+m>
L L
<7‘+u x DT¢,, D+uh,Cmuh> L~ <7‘+u’f x D¥¢, Dt ul, T+§mﬁ> ,
Lh Lh
<D+u’; x (DUl gmm>
L
1< u”, ¢, u?| D u |> 1<C u”, (,,u <D+ + Dtul D+uh>>
3 \Gmt, Gm Lz 2\ e > L
1 1
§<Cmuh Cpul | DU >Lh §<Cmu (ol <D u! + D ul, D Uh>>Lg'

Integrating with respect to ¢, using Lemma 2.5.2, part (2) of Definition 3.3.1 and the fact

that for v : Z;, — R3

we get

1, —
§‘Cmu g+

(PG V]z < Clémvia.

D u"

2 _
D™ u" (pul
L L

ds
2

h
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t
ut +.40 -ut
—|—O/0 (mu Li‘D u1|L;;°‘CmD u L%ds
t
h +(1.P h R
—|—C/0 (nul L,QL‘D (u1+u2)‘L?‘CmD u’ Lids
t =l +.40 |2
+C/O (mu Li‘D u1|Lzods.
Thus, using Young’s inequality (2.2.6) for p = ¢ = 2, we obtain
Ll wl 1tD_h2d Ct_h2d 1tD Dl d
QlcmuLi—i_?/o Cm uLis_ /oguLZS+2/o G u is

o | e | D] ds

o[ e i (Ipudls +[Drudls) ds

2

7 2

+C | [Cuut| | DTl ds.
0 Lj, L

Consequently, we have

)
D= (, D u"
L2

h

(D™ ul ds

2 t
2ds—/
Lh 0

(14 [DHul[. + [DHb];. ) ds.

2 t
‘Cmuh , +/
Lh 0

t
sc/
0

Using Lemma 2.5.1, we have

/

for m sufficiently large. Therefore

2 t
o
Ly 0

Then, using Lemma 2.5.6

) t
sc/
L, 0

_2
CmUh‘L

2
h

_ 2
(D™ uh D= (¢, D u" L ds >0
h

2 t
2ds—/
L, 0

o

Gt (14 [Drulf2 (D2 ) ds.
h

Au” Aul

o

)ds.
Ly

gmm(i (1 + Dt

+ ‘D*ug‘ )
2 2 L
h Ly h
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By Definition 3.3.1 and Remark 3.3.2, we have that

1+ {D+u’f‘Li Au? Aul| e LY0,T)

L " ‘D+ug|L%

2
Lh

P-a.s.. Then, using Gronwall’s inequality (2.2.7), we obtain ‘Cmm(t)

, =0 for every
PR h
t>0asuh:[0,T] — L2, is continuous and the lemma follows. O

3.3.2 A Modified Version of Semi-Discrete Scheme

Let R > 0, we define a cutoff function ¢ € C*(R) such that

1 if rel0,R]
o(r) =
0 if re(—oo,—1JU[R+1,00).

We define the following space

Eh = {V : Zh — R3| |D+V|%}2l + |V|%ZO < OO}:

with the norm |v|g, = \/|D+V]%2 + |V|%Zo. The space Ej, endowed with the norm | - |g,
h
is a Banach space.

We will consider a modified version of problem (3.3.1)-(3.3.3):

dut = (ﬂw <‘uh’R|Eh) uf x Aulf — \y (‘uh’R’Eh> u " x (U x AulF)

2
+ %(uh’R x g) x gh) dt + p(u™f x g"dw, (3.3.6)
uh’R(O, [EZ) = UQ(ZL’Z'), (337)

A global strong solution of problem (3.3.6)-(3.3.8) is defined as follows.

Definition 3.3.4. Given T, R € (0, o), we call an (F;)-adapted stochastic process u# =
{uf(t);t < T} taking values in L2, , for every m > 0, a strong solution to (3.3.6)-(3.3.8)

for the time interval [0, T, if u™ satisfies (1)-(3) below:
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(1) for every m >0

u"f() € C’([O,T];L?mh), P-a.s,

(2) for every t € [0,7] and z; € Zy,
[u" (¢, )| = 1,
(3) for every t € [0,T], the following equation holds in Lfmh P-a.s.:

u" () = ug + ,u/otl/J <|uh’R‘Eh> u"f(s) x Aulf(s)ds
- )\/Otw (!uh’R|Eh) u"(s) x (uh’R(s) X Auh’R(s)> ds

+%2/0 (uth(S) X gh) X ghds +'U“/O (uh’R(S) > gh) dW(S) (339)

Moreover, if u is a strong solution on [0, 7] for all T > 0, we say that u™# is a global

strong solution.

For every h > 0 and v € Ej,, we define the maps

If’l(v) =Y (|v|g,) v X Av,
L2(v) =1 ([V]g,) v x (v x Av),

Ju(v) = (v x g") x g

The next lemma will be used to prove the unique solvability of the semi-discrete scheme

(3.3.6)-(3.3.8).
Lemma 3.3.5. Assume that g" € L?. Then, for every h > 0, the following holds
e the mappings I,If’k By — Ey, k=1,2 are Lipshitz.

e the mapping Jy : E, — Ej, defines a linear bounded operator on Ej,.
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Proof. Let us prove that the map ]f’l is Lipshitz. For vy, v, € E),

2

2 ~ ~
) = 1)) = ol v x v = b vl v x v
h Ep

1
= ‘qul‘Eh v X ﬁ(T—i_Vl — 2V1 + 7 Vl)
2

Ep

— 1 (|valg,) V2 X ﬁ(TJrVg —2Vy + T V3)

Y (Ivilg,) vi X 7TV + 1 ([vilg,) vi X 7T

2

1
Tt

— ¢ ([valg,) va X TFve — 0 (|va|E,) Vo X T~ Vo
E},
2

Y (|vilg,) vi X TV — ¥ (|valg, ) va X TV,
Ep

2
S
2

Y (|[vilg,) vi X 77V =¥ (|valp,) V2 X T vy
Ep

T
We estimate now the first term on the right hand side, the last term follows in the same

way. Since 1 € C?, we can assume without loss of generality that [¢/'(r)] < 1. Elementary

calculations reveal

1. If |vi]g, < R and |va|g, < R, then using Lemmas 2.5.2 and 2.5.3 we get

2

2
71|V (IVle,) vi x Trvi = ([valg,) va X T v
Ej,

2 + v |?
:ﬁ’V1XT Vi — Vo X T V2’E

4 v |2 +
Sﬁ‘Vl—VQ)XT vl‘Eh ‘VgX(T V1—T Vo |E
< h4 {DJ’ — V2>‘L2 |V1|Loo + i [vi — V2|L;° ‘D+V1‘L§ + 7 V1 _V2|L;° |V1|LZ°

8 2 2 4 2 2
+ — ‘DJF vy — V2)|L2 |V2|Loo T Vi — V2|Lzo |D+V2|L% + A Vi — V2|L;° |V2|L;L°°

C
_h4

2
RQ‘DJFV—V } + —R%|lvy—v
1 2 Li A ‘ 1 2|LZO

h
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2. If |vi|p, < Rand R < |va|g, < (R -+ 1) then, by using the same argument as in

case 1., we have

2

Y ([Vilg,) vi X 77V = ([valg,) va X 77 vy

ht 5,
2 2
=11 (¥ (Vi) — ¥ (Ivalg,))vi X 77V + 9 ([valg,) (Vi X 77vy — va X 77 vy)
E
4 2 '
<1 (W (Ivilg,) — ¥ (Ivalg,))vi X 77v4
E
4 ' 2
-+ ﬁ ¢ (’V2|Eh) (Vl X 7'+V1 — Vo X ’7'+V2)
Ep

2

1 2 4
= ﬁ ‘w (|V1|Eh> N w(lv2’Eh) ’2 ‘Vl X T+V1‘Eh + ﬁ ‘V1 X T+V1 — Vg X T+V2 Ep

4 C
< il (vile,) =¥ (Ivale,) PvilieelvalF, + ERQ|V1 — Valg,
4 2
< pR'sup [0/(r)?

C
Vilg, = [Valg,| + HRQ\Vl —valg,

C
S ERQ(R2 + 1)|V1 - V2|2Eh.

3. If [vi|g, < R and |va|g, > (R + 1), then (noting that ¢ (|va|g,) = 0)

2
+

U (|vilg,) vi x 77V — ¥ (|valg,) va X TV,

Tl

Ep
2

F[w

(W (|vilg,) — ¥ (|valg,))vi x T7vy

2
L2
vi X 7hvy|
‘1 1,

Ep

VAN
| vo

b (vile,) = ¢ (Jvalz,)

4

>

2

IA
QI|Q

|V1|Eh - |V2|Eh

R*sup [¢'(r)]*

< —R4’V1 - V2|2Eh'

=9

4. f R <|vilg, <(R+1)and R < |va|g, < (R+ 1), then

2 2
71 U ([vilg,) vi x 77V =¥ ([valg,) va X TV,
)
2 ' 2
71 (¥ (Ivilg,) — ¥ (|valg,))ve X 77V + 90 ([velg,) (Vi X 77V — Vo X 77 vy)

Ep
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2 4 2
VilE,) — Val|E,))V1 T Vi — |V1 T V1 — Vo T Vo
(@ (IVilm) = ¢ (el g ))vi x v, + g [va <77 x 7"

IN

Ep,

IA
| Q[ ]~

C
110 (vils,) =¥ ([Valg,) Plvil e vilg, + (B 1?[vi = val3,

IA
>

(R4 1)+ (R+1)%) v — val3, -

5. If R <|vi|lg, < (R+1)and |va|g, > (R+ 1), then

2 2
71 Y ([vile,) vi X T7ve = ([Va|g,) va X TV
E
2 2 h
=71 (¥ (Ivils,) — ¢ (|valg,))vi X 77v4
Ep
2 4 2
< E(RJF D [ (Ivilg,) — ¥ ([valg, )]
C
< 5B+ D*vi = v,
6. If |vi|g, > (R+1) and |va|g, > (R+ 1), then
2 2
m ¢(’V1|Eh)V1 XT+V1—1/J(|V2|Eh)V2 XT+V2 = 0.
Ep

We deduce that the map I ,f 1 is Lipshitz on E,. The proof for I ff 2 follows in the same

manner.
Next, let us prove that

W), < CIvE,.

In fact, using Lemmas 2.5.2, 2.5.3 and 2.5.6 we obtain

[TV, = (v x g") x g"|E,
= |(vxg") x 8"l + D ((v x g") x 8"}
< ‘ghﬁﬂvﬁ? + C|gh|%;°|D+V|ig + C|gh|if|D+gh’%g’V|i?
< Clg"[721D"g" (2| v[ie + Clg"[7: D &"[7: D vIT2 + Clg"| 12| DT g" [[2|v[ie

< C’|V|%h.
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]

For T' > 0, let £,(T") denote the Banach space of Ej-valued processes v such that the

process v(-, x) is progressively measurable for every = € Z; and

2
|V\gh(T) =K

sup |V(t)\%h] < 00.
te€[0,T]

For every v € &£,(T), we define the process
¢
M(v)(t, ;) ::/ v(s,x;) x g"(z;)dW (s), x; € Zy, t>0.
0

In the sequel, we will use frequently the following obvious fact. Assume that v € &,(T).

Then, P-a.s.
D+( /0 "vs) dW(s)) _ /0 "Div(s)dW(s), t<T. (3.3.10)

The lemma that follows will be used to prove the unique solvability of (3.3.6)-(3.3.8).

Lemma 3.3.6. Let h > 0 be fized. We assume that g" € L2. Then M(v) € E,(T) for

every v € E,(T). Moreover, there exists C'= C(h) > 0 such that for every v € E,(T)

E | sup M),

te[0,T]

< TCWVIZ, r)- (3.3.11)

Hence the mapping M : E,(T) — E,(T) defines a linear bounded operator.

Proof. We first note that, by definition of one-dimensional It6 integrals, the process
M(v)(-,x;) is progressively measurable for every z; € Zj;. Next, we note that Lemma
2.5.6 gives

V| < C|V|H;L for all v € H},
(which implies H} is continuously embedded into Ej,). Thus it suffices to prove (3.3.11).
Using Lemma 2.3.18 we obtain

] sup [M0)0f] 5] s | [ v < grams

t€[0,7) t€[0,T]
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T
< CE[/ lv(s) x g" %st}
0 h

< 0T|gh|izE{ sup [v(s >|L;o]

t€[0,T]

Moreover, using (3.3.10) and Lemmas 2.5.2, 2.5.3, 2.5.6 and 2.3.18, we find that

]E[ sup |D+M(V)(t)|ig}

t€[0,T]

/ D*(v(s) x g")dW (s)

2:|
2
Lh

{ sup
t€[0,T]

< CE[ / D*(v(s) x gh>|i,gds}
0
T T
< QCE[/ |D*v(s) x T+ghliids} + 2CE[/ [v(s) x D*g" %idsl
0 0
T T
<20l | [ 1DVl + 20Dt s ] [ o]
0 ' ' 0
< CT(g" 2 + |D+gh|%2)E[ sup |v<s>|%h]
h h te[0,T]

< CT(8113|D" &1y + D'y | sup [v(o)l
telo,

<C T]V|Z~h(T)
Therefore

2 2 2
E| sup |M(v)(®)|,n| =E| sup |M()(t)|,.| +E| sup |D*M(v)(t)| .
h h h

te[0,7) te[0,T v te[0,7

< CTWIE, i

This completes the proof of the lemma.

Now, we prove the existence of a global unique strong solution to (3.3.6)-(3.3.8).
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Lemma 3.3.7. Let h > 0 and T > 0 be fized and assume that u"(0) € E}, and g" € L2.
Then, for every R > 0, there exists a global unique strong solution u¥ of equation (3.3.6)

belonging to E,(T).

Proof. In order to simplify notations, we assume in the proof without loss of generality

that A = p = 1. For v € &,(T'), we define the mapping H

)0 =+ [0 (¥()ly,) Vo) % Avle)ds

_ /Ot¢ (|V(3)|E;L) v(s) x <V(S) X AV(S)) ds

+%/0 (v(s) x g") x g"ds +/0 v(s) x g" dW(s)

— /0 17 (v(s)) ds — /O If’Q(V(s))ds—l—% /O Ju(v(s)) ds + M(v)(t)

for t € [0,T]. First, we prove that H : E,(T) — Eu(T). Let v € &,(T). Clearly, the

process t — H(v)(t,x) is progressively measurable for every = € Z;. We will prove that

E{ sup |7-[(V)(t)|2Eh} < 00. (3.3.12)
te[0,7)
By Lemma 3.3.5 we have
Rk
)| <Cr+VIg), k=12,
h

and

[ Jh(V)|g, < Clvig, -

Therefore,

H(V)(O)], < |olg, + C/O (L4 [v(s)le,) ds + |M(v)(1)] g,
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hence, invoking Lemma 3.3.6 we obtain

E| sup |H(V)(t>|2Eh <C |u0|§3h +O0T? + C’TQIEC[ sup |V(t)|2Eh:|
t€[0,T ) t€[0,T

and (3.3.12) follows. We deduce that H : E,(T) — En(T).
Next, we prove that the mapping H is a contraction in &,(T") for T' small enough.
More precisely, for a fixed R > |ug| ,» we will prove that for T small enough there exists

C € (0,1) such that for vy, vy € E,(T)
[H(vi) — H(V2>|Zh(T) < Clvi = valg, (1)
In fact, using Lemmas 3.3.5 and 3.3.6 we have

H(v1) — H(V2>|§h(T)

| o) = 1 vl

2 2

<C +C

En(T)

/0 172 (v (5)) — I%%(va(s))ds

En(T)

2 2

+ C‘ /Ot Jn(vi(s)) — Jn(va(s))ds

ol [
+0EUOT

S CT|V1 — V2|§h(T)

) + C‘M(Vl)(t) — M(v2)(t)

En(T

2 T
ds] + CE{/
Ey 0

ds} + C’E{ sup

t€[0,T

En(T)

L (vi(s)) = I, (va(s))

() = )| ds}

2}
Ep

2

In(vi(s)) = Jn(va(s)) M(v1)(t) — M(v2)(t)

E

We deduce that the mapping H is a contraction in &,(7T") for T' small enough.
From Banach fixed point theorem applied to the mapping H : E,(T) — En(T), the
lemma follows for T" small enough and then for any 7" > 0 by standard argument. This

completes the proof of the lemma. O

3.3.8 A Priori Estimates

In this subsection, we introduce and prove some uniform estimates which will be used to

prove the solvability of (3.3.1)-(3.3.3).
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Lemma 3.3.8. Let u™% be the solution of equation (3.3.6). Assume that [u"(0,z;)] =1
for all x; € Zy, D™a"(0) € L} and gh € L2. Then, for every t € [0,T] and all x; € Zy,
we have

lu"R(t, 2;)| = 1. (3.3.13)

Moreover, for 1 < p < oo and T € (0,00), there exists a constant C' which does not

depend on R but may depend on |g|m, p, |Vuo|p2 and T such that

E| sup |[Dtu™B()% | < C. (3.3.14)

L2
t€[0,T h

Proof. In order to simplify notations, we assume in the proof without loss of generality,
that A = p = 1. First, we prove (3.3.13). Using Lemma 2.3.17, (2.2.1) and (2.2.2), we

get from equation (3.3.6)

%d(mhﬁ(m?) - %|uh’R(t) x g"|"dt
= 0 ([ ()], ) (a (), W () x Aut () ) dt
= (R (1)) (u (1), () x (uE(E) x AuPR(2)) ) dt
+ % (u" (1), (W"R(t) x g") x g")dt + (0B (t), (1) x g") dW (1)
= —%|uh’R(t) x gh|’dt
for ¢ € [0, T]. Tt follows that
A(ju(6)?) = 0.

Then, by integrating with respect to ¢, we obtain
[u"(t, 25)] = [uo(z:)] = 1

for every t € [0,7] and all z; € Zj,.
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Next we prove (3.3.14). Applying D7 to the discrete equation (3.3.6), we have

AD R = (ju ) D (' x AuR) dt
— (|uh’R|Eh) DT (uh’R x (u? x Auh’R)> dt

+ %D+ (0" x g") x g") dt + D* (u™" x g") dW.

Then, by using Lemma 2.3.17, we get at every z; € Zj,

d| D uR[2 = 20 (Juh* ) <D+uh’R, D (uR x Auhﬂ)> dt
— 20 (Ju"F| ) <D+uh,R, Dt (uhF x (u x Auh,R))> dt
+(DTu"*, D ((u"* x g") x g")) dt + 2 (D u* D (u™* x g")) aW

+ | DT (u"F x gh)|2dt.

Hence, by taking the summation over x; € Zj, multiplying by h, using (2.2.1), (2.2.2)

and Lemma 2.5.4, we obtain

d|Dtu" i}g =) (|uh’R|Eh) <Auh’R, uf x (uf x Auh’R)>L% dt

+ (D u"® DT ((u"* x g") x gh)>Li dt

F2(DT D x g)) 1+ | x g7, d
h h

2

dt

— %) (|uh,R|Eh) ‘uh,R % Au™F

7
(DR D (g x g"),. di

2
19 <D+uh’R, D+(uh,R 5 gh)>Li dW + ‘DJF(uh’R X gh)‘L% dt.
Then for ¢ € [0, 7],

2
, ds
Lh

DR~ 1Dl +2 () ) [ ) x A
0
= /Ot <D+uh7R(S)’D+((uh,R(S) x g") x gh)>L§ ds

+ 2/; (DTu™*(s), D" (u"F(s) x gh)>L% dW (s)
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N /Ot }D"_(uh’R(s) % gh)ﬁ% ds. (3.3.15)

Since

we get

[DFu"E ()7

t
< |D+U-0|3:2 +/ |D+uh7R<5)|L2 ‘DJr((uh’R(S) x g") x gh)|L2 ds

/‘DJr mR(s) x gh ‘;ds

/<D+ hR( ) D+( hR( Xg >L2dW

< |D*uol7,

t
+C / (|D+uh’R(s)|i% + D (" (s) x g3, + D ((0"(s) x g") x gh)|ii> ds
0

+2 i (D u"(s), D* (u"*(s) x gh)>Li dW(s)|.

(3.3.16)

The middle term in the integrand of the first integral on the right hand side can be

estimated by using the product rule (Lemma 2.5.3), Lemma 2.5.6 and (3.3.13) as follows

‘D-i-(uhﬁ v gh)‘ig < 2|D+uh,R v 7_+gh 2 + 2|uh,R « DT h|%2
< 2[Dtu™f[Z, gt T +2|D"g" 7
< 2K|D+uh’R’%i’gh|Lg|D+gh\L,2b +2|D*g" %2
< K|D* L, |g" ], + KD a1, | D g" [, +2|D*g"|],

< C|D u™ [, +C (3.3.17)
where the constants depend only on |g|;1 but not on R. Similarly, we can show that

2
‘D+((uh’R x g} x gh)}L%z < C’|D+uh’R|%% +C
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Hence, it follows from (3.3.16) that

t
\D*uh’R(t)ﬁ:i < |D+u0|%% +Ct + C/ |D+uh’R(s)]%ids
0

+C /0 (DT u""(s), DF (u(s) x gh)>L% dW (s)].

By raising both sides to the power p and using the following Jensen’s inequality

n q n
(Za) <n®™') al, =1, n=123, .., (3.3.18)
i=1 =1

we deduce

t p
o < e ([ Iora e a)
0
p

+C /Ot (D u"(s), DF (u(s) x gh)>L% dW (s)

¢
<C+ C/ |D+uh’R(s)|iI§ds
0 h

p

+C /0 (DT u"*(s), DF (u™(s) x g;h)>Li dW (s)

where in the last step we used Holder’s inequality. The constants depend on |g|x1, p,

|Vug|zz and T. Therefore,

A
E| sup |D+uh’R(s)|i’§} < C+C/ E |D+uh’R(S)|ilé]d$
h 0 L h

s€0,t]

+ C]E{ sup /08 (D u™* (1), D" (0" (1) x gh)>Li dW (1)

s€[0,t]

|

.
< C’+C'/ E |D+uh’R(s)|i’;]ds
0 L h

[SIS]

)]

where in the last step we used the BDG inequality (Lemma 2.3.18). It follows from

+os|( [ [, 00 < 8)

(3.3.17) that
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E{ sup |DTu%(s) i@}
s€[0,t] h

¢ " t §
<C+ C’/ E |D+uh’R(s)|?fJ2 ds+ CE {(/ <|D+uh’R(s)|2L}21 + |D+uh’R(s)|‘é}2> ds) ]
o L " 0 '

D
2:|

- b
2

t b t
§O+C/ E|[D u™(s)|% ds+C(T)+CIE[</ |D+uh’R(s)|4Lids) } (3.3.19)
o L h] 0

t r b t
< C+C/ E |D+uh’R(S)|ip2 dS+CE{(/ <1+ |D+uh,R<S)|‘zi> d8>
o L h] 0

for p > 2 where in the last step we used Jensen’s inequality (3.3.18). Next, Holder’s

inequality implies

EK/Ot|D+uh:R(s)|§%ds>g] < C(T)E{/Ot \DW’%R(S)@’% ds]

t
gC(T)/ E[\Dmhﬂ(s)\f;]ds. (3.3.20)
0 h
Hence, inequalities (3.3.19) and (3.3.20) yield

t
E| sup |D+uh’R(s)|ig ] <C+ C/ E[|D+uh’R(s) 2 }ds
h 0

12
s€[0,t] h

t
< C+C/ E[ sup | D u™"(7) 2 }ds.
0

L2
7€[0,s] h

Then, by using Gronwall’s inequality (2.2.7), we obtain for p > 2

E[ sup |Dtu"(s) 2 } <C

1.2
s€[0,t] h

where the constant depend on |g|gt, p, |Vug|rz and T but not on R. Finally, the

inequality a < # implies the result for p > 1 and the proof of (3.3.14) is complete. [

Remark 3.3.9. By definition of the discrete Laplacian A Lemma 3.3.8 immediately yields

([l o) s
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where C is independent of R but depends on h, T, p, g" and u"(0).

3.3.4 Fxistence of Semi-Discrete Solutions

In this subsection, we prove the existence of solutions to (3.3.1)-(3.3.3). For fixed h,T > 0

and for every R > 0, we define the stopping time 7% as follows

i=mf{0<t<T| [u™(t)

B, > R}.

We note that if [uf(t)|g, < R for every 0 < ¢ < T, then 7% =T.

In fact, we aim to prove the following lemma.

Lemma 3.3.10. Let h > 0 and T > 0 be fived and assume that [u"(0,z)| = 1 for all
r € Zy, D™u"(0) € L} and g" € L?. Then, there exists a global unique strong solution

u of equation (3.3.1) belonging to &,(T).

Proof. We consider u™ and u™® two elements of the sequence (u™)y such that Ry <

Ry. We denote o := min(7f, 752). For all ¢t < o®, we have that

(& <|uh7R1|Eh> =Y <‘uh’R2‘Eh> =1

hence u®# and u™#2 verify respectively
2
duf = (,uuh’R1 x Au™ — \ufx (uh’R1 X Auh’R1> + % (u™™ x g") x gh) dt
+u (uh’R1 X gh) dw,

2
duf2 = (,uuh’R2 x Auf2 — \uF2 x (uh’R2 X Auh’R2> + % (uh’R2 X gh) X gh) dt

+ (w2 x g") dw.

Using Lemma 3.3.3, we deduce that u™f1 () = u™f2(t) for all ¢ < of. Consequently,
since Ry < Ry we get

T < e (3.3.21)
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which means that o = 7%, Indeed, assume that oft = 772 < 781 By continuity, for ¢

less than o' and sufficiently close to o,
Ry < ’uh’Rl(t)}E} < |uh’R1 (TRQ)‘Eh = }uh’RQ(TRQ)’Eh = R,.

This contradicts the definition of 77,

Since {77} is non-decreasing and bounded above by 7', the stopping time

R

7%= lim 7
R—o0

is well defined. Using Lemma 2.3.9 and (3.3.14), we have

R—o00

P(r® <T) =P ( lim 77 < T) = lim P (rF < T) = lim 1@( sup [u"R(H)2, > R2>
R—o00 R—oo 0<t<T

= lim P( sup |D+uh’R(t)|%i > R? — 1)

R—o0

0<t<T
< i E DruPE ()2
< A {Ozzg' el
, C
< lim

with C' independent of R. Hence, 7°° =T P-a.s.

We define a stochastic process u” = {u"(¢)} such that u”(t) = u™%(¢t) for all t < 7.
Since limp o 7% = T, the process u" = {u"(t);t < T} is well defined. Moreover, by
the definition of 7% and u™®, the process u” satisfies the following equation for every

te|0,7T)]

2

du () = (uuh(t) x Aul(t) — Aut(t) x <uh(t) X Auh(t)) v % (u"(t) x g") x gh) dt
+ p (u(t) x g") aw

and the lemma follows. O
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3.4 A Priori Estimates

In this section, we introduce and prove some uniform estimates which will be used to

prove the main result of this chapter, Theorem 3.1.3.
Lemma 3.4.1. Assume that [u"(0, ;)| = 1 for all ; € Zy,, D*u"(0) € L? and g" € L3.

Then, for every t € [0,T] and all x; € Zy,, we have
lu"(t, z;)| = 1. (3.4.1)

Moreover, for 1 < p < oo and T € (0,00), there exists a constant C' which does not

depend on h but may depend on |g|y1, p, |Vug|r2 and T such that

E{ sup |DFul(¢) 2”} <C, (3.4.2)

te[0,T L
T ~
E K / Au'(1)
0

Proof. The proof for (3.4.1) and (3.4.2) follows in the same manner as proving Lemma

2 p
dt) } <C. (3.4.3)
L

3.3.8 by considering v (‘uth| Eh) = 1 and replacing u™® by u”. In fact, following the
same reasoning, we can see that the constant in (3.3.14) is independent of h. Next, we

prove (3.4.3). By using (3.4.1) and the elementary property (2.2.4), we have
N - - 2
|Au"? = |[u" x Au"]* + <uh,Auh> :
Then, from Lemma 2.5.5 we deduce
Al |2 S ST R SR AVES SN
|Au"]® < Ju”" x Au”| +§|D u”| +§]D u"l®.
Applying summation over x € Zj, multiplying by h and using Lemma 2.5.2 we get

\Auh %i < |u” x Auh\%z + |DTu" iﬁ'
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Integrating with respect to ¢ € [0, T, raising to the power p and applying expectation

; dt)p} < E[(/OT ‘uh(t) x Au”(t) ; dt)p}
+EK/OT\D+uh(t)};L dt)p}

< By + B,. (3.4.4)

In order to estimate Bj, we proceed from (3.3.15) by considering (‘uh7R|Eh) =1
and replacing u®® by u" and write down the same inequalities but with fot lu”(s) x

Au”(s)[2,ds instead of |[D*u(t)]?, on the left hand side. In fact, we have for any
h h

tel0,T]

#|(f

From (3.4.2), we deduce for any t € [0, 7]

#((f

where the constant C' depends on |g|y1, p, |[Vug|r2 and T but not on h. Now, we estimate

u"(s) x Au”(s)

2 p t
ds) } SC—}-C/ ]E{ sup |DTu’(7) ig}ds.
2 0 h

Lj T7€0,s]

u"(s) x Au”(s)

2 p
ds) ] <C (3.4.5)
L

B;. We know that

|D+uh|§2 < |Dtuffe| DT 12 (3.4.6)

From Lemma 2.5.6, for the discrete function Dtu”, we have
D ul| e < K[DFa|7, (D) [, .
From Lemma 2.5.2, we notice that |(D+)2uh]Li = \Auh\Li. Then, from (3.4.6)

3 ~
[DFul(zy < K* [ DFut[, |Au’

6 ~
<C |D+uh‘ ) —}—5\Auh 2,.
£ Lh Lh
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Integrating with respect to time, raising to the power p and using the inequality (a+b)P <
201 (aP + bP), for a,b > 0 and p > 1, we get

T A p T 6 T, 9 p
(/ | DT u(t)|,., dt> < (Cg/ | DT u(t)|, dt—f—s/ ‘Auh(t) . dt)
0 h 0 h 0 A

T B 2 p
< C.T? sup ‘D+uh(t)‘6£ +€(/ ‘Auh(t) L dt) :
h 0 h

te[0,T]

Hence,

E{</0T|D+uh(t)|iﬁ dt)p} < C’ETPE{ sup} \D+uh(t)\%%] +5EK/OT‘Auh(t)

telo, T

2 p

dt) }
Lj,
Consequently, using (3.4.2) and (3.4.5), we deduce from (3.4.4)

EK/OT’Auh(t) ; dt)p] < CEEK/OT’uh(t) x Au(t) ; dt)p]

+ CETP]E[ sup ’D*uh(t)‘ii 1
t€[0,T] h

<C (3.4.7)

where the constant C' may depend on |g|x1, p, |Vug|r2 and T but not on h. Then, the

proof of (3.4.3) is complete. O

3.5 Some Technical Results

In this section, we prove some properties of a transformation which will be used in the
next section to define a new variable m”.

In the following, we define G : L? — L2 by

Gp=dpxg Vel

and since G : L?, — L2 is bounded, we can define the operator e/¢ : L2, — L2 by
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We recall that g" is the restriction of the given function g to Zj,. We note that the first
lemma and parts of the second lemma are proved in [25] but we reproduce the proof for

completeness.

Lemma 3.5.1. Assume that g" € Ly°. We define Gy, : L7, , — L2, by

Ghp:=¢pxg" VopelL,.

Then, Gy, is well defined and for any ¢, € L?

m,h’

G; = -Gy, (3.5.1)

¢ x Gpp = (o,8") ¥ — (¢, %) g", (3.5.2)

¢ x Gip = ($.8") Gpp — G x G, (3.5.3)
Grop x G2p = —Gigp x G, (3.5.4)
G =(-1)"Gpep n>0, (3.5.5)
Gt = (-1)"Gigp n > 0. (3.5.6)

Assume further that |g"| = 1, we have
G x Gptp = (g", ¢ x ¢) g" = Gi¢p x Gj9p. (3.5.7)
Proof. We start by proving (3.5.1). By using (2.2.5), we have for ¢, € Lfn’h

<Gh¢>¢> = <¢ X gha¢> = <gh X ¢7¢> = = <¢7’¢ X gh> - - <¢7 Gh’lp) :

Next, we prove (3.5.2). Using (2.2.3), we get

¢ X Gpp = x (¢ xg") = (g, 8"y — (¢, 9) g".

70



Now, we prove (3.5.3). Using (3.5.2), we obtain
¢ x Gitp = (¢,8") Grip — (¢, Gutp) g". (3.5.8)
We know that, using (2.2.1) and (2.2.3),
Gpp x G = G x (¢ x g") = (Gp1p, g") d— (Gpap, @) 8" = — (Guap, @) g". (3.5.9)
Then, we get from (3.5.8)
¢ x Gip = (¢, 8") Gpp — Grop x Gy,
We continue by proving (3.5.4). From (3.5.3), we have using (2.2.1)
Gro x Gip = (G, 8") G — G x Gt = =G X Gpap.

Let us prove (3.5.5) by induction. it is clear that (3.5.5) is true for n = 0. We assume

that it holds for n and we prove that it holds for n + 1. In fact,
Gin+3¢ — szlG%;H—l(p — (_1)nGi¢ — <_1)n+1Ghd)-

Similarly, we can prove (3.5.6). Finally, we prove (3.5.7). From (3.5.9) and using (2.2.5),

we have

G x G = (G, ) 8" = (Y x g" @) g" = (g", o x ) g". (3.5.10)
Using successfully (2.2.3), (2.2.1) and (2.2.5), we get

Giro x Gl = G¢ x (Gpp x g") = (G}, 8") Grtp — (Gip, Gyp) g"

= — (G x g", Gpyp) g" = (G x Guap,g") g".
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Then from (3.5.10), using the assumption |g"| = 1, we obtain

Giop x Goyp = (g" ¢ x ¥) [g"’g" = (g", ¢ x ) g".

Thus, the proof of (3.5.7) is completed. O

Since Gy, : L2, , — L2, is bounded, we can define the operator e'Gn : L2 | — L2 |

by the formula

Lemma 3.5.2. For anyt € R and ¢, € L?

m,h>

e'Crp = ¢ +sin(t)Gpp + (1 — cos(t)) Gi e, (3.5.11)

e 1CGhelCh () = ¢, (3.5.12)
e!'Cr G = GpelCr o, (3.5.13)
e'Cn(p x 1) = e'Crgp x e'Crap. (3.5.14)

Proof. First, we prove (3.5.11). We get using Taylor’s expansion, (3.5.5) and (3.5.6)

o t” .
e'Crp =" Gl
n=0

- t%—H 2k+1 < t2k+2 2k+2
:¢+k20 (2k+1)!Gh ¢+kzzo(2k+2)'Gh ¢

> t2k+1 > t2k+2
= ¢+ ; ar Y Gt ; @F Ty G

= ¢ +sin(t)Gp + (1 — cos(t))Gr .

Next, we prove (3.5.12). We have from (3.5.11) and (3.5.6)

1% C () — 1O (4 sin(t)Ggp + (1 — cos(t)) GLb)
= ¢ —sin(t)Gpe + (1 — cos(t)) G + sin(t) G — sin®(t)G:

+sin(t) (1 — cos(t)) Gip + (1 — cos(t)) Gip — sin(t) (1 — cos(t)) G} ¢

72



+(1—cos(t)’ Gio
— ¢ +2(1—cos(t) G2 — sin®(t)G2¢p — (1 — cos(t))* G2
= ¢.

We continue by proving (3.5.13). Using (3.5.11), we get

' Gy = Gpp +sin(t)Giep + (1 — cos(t)) Gig

=Gy, (¢ +sin(t)Gpe + (1 — cos(t)) Grgp) = Gpe'S" .

Finally, we prove (3.5.14). if g"(z;) = 0, then using (3.5.11) we get that (3.5.14) holds.

Now, if g"(x;) # 0, we consider

h
h 8 (xz)
810) = Tg(a
Gp1¢ = ¢ X g?,
s = [g"(z))]t.
We start by proving
e5Gn.1 (Q’) % q’[)) = eSGh71¢ X eSGhvl'g/), (3515)

Using (3.5.11), we have

e*Crigp x e*Grinh = ¢ x 1 +sin(s) (¢ x Gp1p + Gpi¢p x 1)
+ (1= cos(s)) (¢ x Gi.19 + Gj, 16 X )
+ sin(s) (1 — cos(s)) (Gn1¢p x Gi 1% + G 10 X Gp19)
+sin?(s)Gi, 1 X G + (1 — cos(s))’ GF 1@ x Gj 19

:¢X¢+N1++N5
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Using (2.2.3), we have that Ny = sin(s)Gp 1 (¢ x ¢). From (3.5.4), we get that N3 = 0.

Finally, using (3.5.3) and (3.5.7) we have

Ny + N4y + Ns
= (1 —cos(s)) ({¢. &) Gr1¥ — Gp1¢ X Gp19p — (. 8}) Gp1¢ + Gp1p X Gp19)

+ 5in2(5)Gp1¢ X Gpith 4 (1 — cos(s))” Gpigp X Gy
= (1= cos(s)) ((¢.81) Gratp — 2Gn16 x Gnatp — (¥, 81) Gn19)
+2Gp1¢ X Gpith — 2c05(5)Gpip X Gy atp
= (1 —cos(s)) ((¢81) Gn1¥ — (¥, 81) Gn19)
— (1 —cos(s)) Gu1 (g1, %) & — (g1, ¢) ¥)
— (1= cos(s)) Gna (81 % (¢ x 1))
= (1 —cos(s)) G 1 (¢ x ¥).

Therefore,
"l x e*irp = ¢ x 9 + sin(s) G (¢ X ) + (1 — cos(s)) G, (¢ x 9).
Using (3.5.11), the proof of (3.5.15) is complete. We know that

|kt’f 1
Gl X V) T

65Gh Z k'G ¢ > ’(,b Z |g

§j<ﬁ¢x¢ e (¢ x 1p).

Similarly, we have

€SGh’l¢ % QSGh’l'l’b — etGhd) % etth'

We deduce that
G x ) = €% x €y

which completes the proof of the lemma.

74



Lemma 3.5.3. For anyt € R and ¢ € L7, ,, we have
eS| = |@). (3.5.16)
Proof. By using (3.5.11) and (3.5.1), we have
€' p]* = (@ + sin(t)Gagp + (1 — cos(t)) Gi, & + sin(t)Gae + (1 — cos(t)) Gio)
= || +2(1 — cos(t)) (¢, Gi o) — sin’(t) (¢, Giep) + (1 — cos(t))’ (¢, G ).
From (3.5.6), we get
" Srpl? = B> + 2 (1 — cos(t)) (¢, Gigp) — (1 — cos’(1)) (¢, Gi9)

— (1 —2cos(t) + COSQ(t)) <qz'), Gi¢>
= [¢f*.

We note that Lemmas 3.5.1, 3.5.2 and 3.5.3 holds for G : L2, — L2, as well.

In the proof of existence of strong solutions, we will use the following results for the
operators Gy, and e!Gn.

Lemma 3.5.4. For any ¢ € L2, ,,, we have

—AG¢ + G,Ap = —Co

with
Cop=0¢xAg"+D ¢ xDgh+D ¢ xD g
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Proof. Simple calculation reveals, using Lemma 2.5.3

~AGuo+ GrAp=—-D D" (¢p x g") +Ap x g"
=-D (D¢ x7'g"+px D'g") + Agp x g"
— —(Apxgh+ Dt xDrg"+ D ¢ x D gh+ ¢ x Agh) + Agp x g"

~ —Co.

Lemma 3.5.5. For anyt € R and ¢ € L? ,, we have

m,h’
é(t, e’tGh(b) = —Ae tGrp + ¢7ICr A

where

C(t, ) = e 1 (sin(t)C + (1 — cos(t)) (G,C + CGy)) ¢
= 7GR Cy(t, @).

The operator C is defined in Lemma 3.5.4.
Proof. We consider ¢ = e 'G¢p and then by using the definition of C, we get
C(t,e %" ¢) = C(t, )
— 716 (sin(t)C + (1 — cos(t)) (GLC + CGy)) é.
Using Lemma 3.5.4, we obtain
C(t, e G ) = sin(t)e 'S AG, ¢ — sin(t)e "¢ G, AP
+ (1 — cos(t))e 6 GLAG P — (1 — cos(t))e 6 G2 Ad
+ (1 —cos(t))e " CrAG2p — (1 — cos(t))e " GLAG ¢

= sin(t)e "G AG ¢ — sin(t)e GG, AP

+ (1 —cos(t))e *CrAG2p — (1 — cos(t))e S G2 Ad.
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By simple calculation, we get

C(t,e "G g) = e "S* A (I +sin(t)Gy, + (1 — cos(t))G}) @

— 7' (T+sin(t)Gy + (1 — cos(t))GE) Ag.
Then, by using (3.5.11) and (3.5.12)

Et, 1) = DA G) - 1O (A
— e—tGhA(etGhe—tGh ¢) _ e—tGh (etGhAe_tGh¢)

= ¢ G Ap — Ae tCGn .

3.6 Equivalence of Approximate Solutions

In this section, we benefit from the operator G;, defined in the above section to define a

new process m" from u”. Let
m"(t) == e WOGu (1) vt e [0,T).

We note that with this new variable, the differential dWW(¢) vanishes in the equation
satisfied by m”". In the following, we introduce the equation satisfied by m” so that u”
is a solution to (3.3.1).

Lemma 3.6.1. If m"(t) satisfies

dm”

= pm” x Am" — dm" x (m" x Am") + F(W,m"), Pa.s. (3.6.1)
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Then, u”(t) = eV®Crm"(t) satisfies (3.3.1) Pa.s. and m"(t) is the unique solution of

equation (3.6.1).

Proof. In order to simplify notations, we will assume in the proof without loss of gener-

ality, that A = p = 1. Using It6 formula for u" = ¢"V®Grm?" (see [17]), we get

t t
u(t) = uh(O)—i-/ GheW(S)Ghmh(s)dW(s)+/ (eW(S)Gh d;r; G (£)Ghmh (s)) ds.
0 0

u"(t) = u"(0) + /t G eV ©Ghmh (s)dW (s) + /t eV ($)Gn <mh(s) X Amh(s)> ds

_ /t W ()G (mh(s) X (mh(s) X Amh(s))) ds —|—/0 VG (W (s), m"(5)) ds
/ G2V Gl (5)ds.

From the definition of F', we obtain
1 t t t
u’'(t) = uh(0)+§/ Giuh(s)der/ Ghuh(s)dW(s)+/ (Ty + Ty + Ty +Ty) ds (3.6.2)
0 0 0

with

where C is defined in Lemma 3.5.5. By using (3.5.12), (3.5.14) and the definition m”(t) =

e~ WtGru" (1), we obtain

T, = V)Gn (e_W(S)G”uh(s) x C (W(s), e_W(S)Ghuh(s))>

= u'(s) x VGG (W(s), e_W(S)G"uh(s)) )
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From Lemma 3.5.5, we get
Ty = u'(s) x eV (©Gn <—A6_W(S)Ghuh(s) + e_W(S)GhAuh(s)> .
Using (3.5.12)

Ty = —ul(s) x V8 (Ae—W<s>Ghuh<s)) +ul(s) x Aul(s)

= —T) +u"(s) x Au"(s).

Consequently,

Ty 4+ Ty = u(s) x Au(s).

Similarly, we have

T+ Ty = —u"(s) x (uh(s) X Auh(s)) .

Finally, we obtain from (3.6.2)

u”(t) = u"(0) + /Ot u"(s) x Au"(s)ds — /Ot u”(s) x (uh(s) X Auh(s)> ds

1 t t
+ 5/ Giuh(s)ds—l—/ Gpu”(s)dW (s).
0 0

In addtition, if we consider two solutions m” and m# to (3.6.1), then since e="®Gn is

an isometry there exist two solutions u? and u? to (3.3.1). In fact, Lemma 3.3.3 implies

the uniqueness of m”" which completes the proof.

3.7 Uniform Estimates

In this section, we introduce and prove some uniform estimates for m” which will be used

to prove the main result of this chapter, Theorem 3.1.3.

Lemma 3.7.1. Assume that [u"(0,z;)| = 1 for all x; € Zy,, D™"(0) € L2 and g" € L3.

For every t € [0,T] and all x; € Zyp,, we have
‘mh(t,wz)‘ =1.
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Moreover, for T € (0,00) there exists a deterministic constant C' which does not depend

on h but which may depend on |g|y2, |Vug|r2 and T' such that P-a.s.

sup |D+mh(7f)‘i2 <C, (3.7.2)
t€[0,7) h

/0 " Am" (1)

Proof. In order to simplify notations, we assume in the proof without loss of generality,

dt < C. (3.7.3)

that A = = 1. We first prove (3.7.1). From (3.4.1), the definition m"(t) = e=W®Gnuh(t)

and using (3.5.12), we obtain

‘eW(t)G’Lmh(t)| =1

Then, using (3.5.16) we get

‘mh<t7 :CZ)‘ = 17

for every t € [0,T] and all z; € Z;, and (3.7.1) follows.
Next we prove (3.7.2). Applying DT to the discrete equation (3.6.1), we have

%D*mh =Dt (mh X Amh> — D" (mh X (mh X Amh))

+ D* <mh x C (W(t),mh)> - D* (mh X (mh x C (W(t),mh))> :
Multiplying by DTm”"
% ’D“Lmh‘2 = <DJr (mh X Amh> ,D+mh> — <DJr <mh X (mh X Amh>) 7DJ“mh>
)), D m

+ <D+ <mh x C (W(t),m" ) D h>

— <DJr (mh X (mh x C (W(t),mh)>> ,D+mh>.

Hence, by taking the summation over x; € Zj,, multiplying by h, using (2.2.1), (2.2.2)

and Lemma 2.5.4, we obtain

2
. + S1+ S, (3.7.4)

h

% |D+mh|2L2 = — ’mh x Am”
h
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with

Using Lemma 2.5.4 and the elementary property (2.2.5)
m" x C (W(t), m") ,Amh> ,
Lh

<
= — <C (W(t),m"), Am" x mh>

2
Lh

2

<C.|C (W(t), m")

L

Similarly, for Sy using (3.7.1) we get

< ‘mh x C (W(t),mh) m" x Am"
Ly Lj,
< ‘C (W(t),m")| |m" x Am"
L, Lj,
. 2
< (. C(W(t),mh)‘ +5‘mh x Am"| .
Lj, L,
Then, from (3.7.4)
Cprmt P, 1 mt < At < 0| (W), m®)|
dt Li 3 L}QL 3 ? Li
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Integrating with respect to t and applying sup fort € [0, T
s€[0,¢]

t
sup |D+mh(s)|i2 + C’E/ m"(s) x Am"(s)
h 0

s€[0,¢]

2
i ds < ‘D”ng‘i%

08/
0

2

C (W(s),m"(s))| _ds.

2
Lh

(3.7.5)

We proceed with the last term on the right hand side. From the definition of C and

property (3.5.16), we obtain

/

_ /0 VIS (sin W (5)C + (1~ cos W(s)) (CGy + GoC)) m'(s)] 7, ds

2

C (W(s),m"(s))| _ds

2
Lh

:/O [(sin W ($)C + (1 — cos W (s)) (GG + GoC)) mi'(s)]}, ds.

From the definition of C in Lemma 3.5.4

t
so/
0

t
+c/
0

t
+c/
0

Consequently, using (3.7.1), the definition of the operator G, and Lemma 2.5.2
L2

/t
0 h

< CT (|Ag"; + 18" + 8" 3 |Ag" 2, + D7 g" 2 [D*g" ;)

. 2
sin W (s) (mh x Ag" + D™m" x D*g" + D™m" x D‘gh> L ds
L

h

. 2
(1 —cosW(s)) (Ghmh x Agh + DTG,m" x DTg" + D~ G;m" x D‘gh> ,
Lh
2
ds.
2

h

ds

(1 —cosW(s)) (Gh (mh x Agh + D*m" x D¥gh + D™ m" x D‘gh>>

2
ds

C (W(s), mh(s))

t
2
v (18D 8 + D) [ Dt ) ds.
0
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From Lemma 2.5.6, we have

2

ds

2
Lh

/Ot )c (W(s), m"(s))

< CT (|Ag"2; + 8" 3 + K211z | D*e" |12 | Ag" 3 + K2|D* 8" |1Ag" 2 )

t
< < 2
+C(K4’gh’L%|D+gh‘%%|Agh‘L%+K2‘D+gh|Lﬁ|Agh‘Li>/ |DFm"(s)[, ds. (3.7.6)
0 1

Then, from (3.7.5) we obtain

2

ds

m”"(s) x Am"(s) L

t
sup !D*mh(s)ﬁi + CE/O

s€[0,t]

t
< |D*m(0)[; + C. (T gl =) + C (Igln2) / sup [Dm"(r)[, ds.  (3.7.7)
0

rel0,s]

Since

2
ds > 0,

m"(s) x Am"(s)

CE/
0

we get by using Gronwall’s inequality (2.2.7)

2
Lh

sup (D (s)[}, < (| D m" (O]}, + Cc (1. [glae) ) = (Ehe)7

s€[0,t]

which completes the proof of (3.7.2).
Finally, we prove (3.7.3). By using (3.7.1) and the elementary property (2.2.4), we

have

- 2 . 2 N 2
)Amh‘ = ‘mh X Amh‘ + <mh,Amh> )
Then, from Lemma 2.5.5 we deduce

‘Amhr < ‘mh X Amhr + % ‘D+mh‘4 + % ‘D*rnh‘4
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Applying summation over x € Z;, multiplying by h, using Lemma 2.5.2 and then inte-

grating with respect to ¢ we get
T ~
/ ‘Amh
0
From (3.7.7) and using (3.7.2), we obtain

T - 2
/ ‘mthmh dtéC(’VUdLQ,‘g’HQ,T)
0 Lj,

2 T -
dt < / ‘mh x Am”
L2 0

h

2 T
dt + / |D*m"|}, dt. (3.7.8)
Li 0 h

Now for the second term on the right hand side of (3.7.8), using Lemma 2.5.6 for the

discrete function D*m” and Lemma 2.5.2, we have

4 2 2
|D*m"|,, < |D*m"|, . |[Dtm"|,
Ly, — Ly Ly

< K2 ’D+mh’iz Am”"
h

2
Lh

< C. }D+mh|i2 + e ’Amh
h

2
.
Lh

Consequently, using (3.7.2) we get from (3.7.8)

T, 2
/ ‘Amh
0

which completes the proof of (3.7.3). O

p dt < C. (|Vug|rz, |g|g2,T)
h

Lemma 3.7.2. Assume that |[u"(0,z;)| = 1 for all x; € Zy,, D™u"(0) € L? and g" €
L2, Let Wi(+), Wy(+) be two trajectories of the Wiener process and let m?, mb be the
corresponding solutions of equation (3.6.1). Then, there exists a constant C' which does

not depend on h but which may depend on |g|y2, |Vug|rz and T such that

sup |mf(t) — mé’(zﬁ)}L2 < C sup |Wi(t) — Wa(t)].
te[0,T] h te[0,1]
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Proof. In order to simplify notations, we assume in the proof without loss of generality,

that A = = 1. Using (2.2.3) and (3.7.1), we have

R

h

dm? b Amb — (m". Am") m" + Am

m- +
+m" x € (W(t), m" (1)) - <mh, C (W (), mh(t))> m" + C (W (t), m" (1))
From Lemma 2.5.5, we get

+ 5 }D+mh|2mh + % ’D_mh‘zmh + Am"

+m" x C (W(t), m" (1)) - <mh, C (W), mh(t))> m" + C (W (t), m" (1)) .

We denote m” := m? — mj}. Substracting equations for m} and m% we obtain

dm”"

1 — 1 —

+ 5 |D+m?|2 m” + 3 <D+mh, D m! + D+m§> m}
1 — 1 —

+3 |D‘m?|2 m" + 3 <D‘mh, D™m! + D‘m3> m/

1 x € (Wi, m?) +m} x (€ (Wi, m}) = € (Wp,m?))

Multiplying by m” and using (2.2.1)

1d|m"|?

4= :<E,AE>+<W,mngE>

11— 2 1 /— —

+3 ’mh‘ ‘D*mi‘ﬁ +3 <mh, mg> <D+mh, D m! + D+m§>

Lt o mt P+ L (wf md) (D wf, Dl + Dl
2 1 2 ? 2 ? 1 2

+ <W mj x (C(Whm?) - C(W%m’f)»
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+ <E (C(Wl, m!) — C(W,, m'f)>> + <W C (WZ,W» . (3.7.9)

Multiplying by h, taking summation over z; € Z; and using Lemma 2.5.4 we get for the

first term on the right hand side

- - 2
<mh, Amh> =— <D+mh,D+mh> =— ‘Derh

2 2
Lh Lh h

For the second term on the right hand side of (3.7.9), using Lemmas 2.5.3, 2.5.4 and the

elementary property (2.2.1) we have

(' m} x Amt) | = (D (m} x D*ur) )
LZ

h

L~ <mh,D*m§ X D*mh>
L
h

- <m D m? x D—W>

2
Lh

— —(D™m" m! x D™m"
1.2

2
h Lh

=— <mh,D_m}2‘ X D_mh> ,
L
h

Then, from (3.7.9)

2

1d

2 _ _
S + )Derh =— <mh,D’mg X D’mh>

L2 2

5 2] Dt

+ % Z h <F, m3> <D+ﬁ, Dtm" + D+m}2‘>
Fo 3w o

1 S S
+ 3 Z h <mh, mg> <D*mh, D m! + D*m§>

"

2
Lh

- (¢ (€O ml) — SV mD)))

+ <E, e <W2,_h>>L2



We integrate with respect to ¢ to obtain

) t
2+/
Ly 0

We will estimate each term 7T; separately. For Tj, using Lemma 2.5.6 and Young’s in-

Dtm"

L ) 13
h — ;

s ‘m b ST (3.7.10)
=1

equality (2.2.6) for p =4 and ¢ = % we have

¢
T, = —/ <mh,D_m’§ X D_mh> ds
0 Lj,

t

g

0

t_

§K/ ‘mh
0

t 2 t 2
—_— 4 —_—
< C’E/ )mh‘ ‘D+m}2“L2 ds—i—e/ ‘D+mh‘ ds.
0 Ly h 0 Ly

D ™m"

mh’ |DTmj|,,
Lge h L2

3
—2
D*m"|" |D*m}|,, ds
L? L

2 :

1

2
2

Ly,

For 75, using Lemma 2.5.6
L[ 512 | D+ | =) +mh|?
ng§ Ozh‘m‘ |D m1| ds < C i ‘m ’L;O‘D ml‘L%ds

t
sc/
0
t
gcs/
0

D m"

mh"

2
L L |D+m?|Li ds
h h
2 14 t 2
mh‘ |D mf|,, d3+e/ ds.
Lj, h 0 L,

D m"
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For T3, using (3.7.1), Lemma 2.5.6 and Young’s inequality (2.2.6) for p =4 and ¢ = %

1 [t _ _
_5/0 Zh<mh,mg> <D+mh,D+m}f+D+m’§> ds
t

W\ |D*m{ + DVmj)|

Lge Ly,

mh( (|D+ + |D* ], ) ds

1]
1 Li

ds.
2

h

t
<C/ ‘mh (I0*m ?‘L%—l—‘Derg‘i%)ds—l—&/o ‘D*FQ

For T, and T5, using the same reasoning we get

ds,
2

h

1 [t A b2 4 t — 2
_5/0 Zh)mh‘ |D m}ffdsg(}’s/o ‘mh)Li|D+m?|Lids+5/o ‘D*mhL

1t _ _
_5/0 Zh<mh,mg> <D’mh,D’m?+D’m§> ds

b2 t 2
< C’a/ ‘mh‘ <‘D+m’f‘; + ‘D+m}2“12> ds—l—s/ ‘D+mh ds.
0 Lj, h h 0 Lj,
We continue by estimating 7§, using (3.7.1) we obtain
t — ~ ~
T = / <mh,mg X (C(Wl,m’f) - C(W2,m’f))> ,ds
0 Ly
t
< / m”| |C(W;,m}) — C(Wy,m?)| ds
0 n L,
t t, B 2
C(Wy,m}) — C(Wy, my)| _ds.
Lh
For T7, using (3.7.1) we have
t L ~ - t,_ ~ -
— D h D h
T7—/0 <m ,mj x C(Wy, m )>L% ds §/0 m " C(W3, mh) 5 ds.

For term Tg, using (3.7.1)

t 2 ~
ng_/ Zh’mh‘ <mf;,C(W1,m’f)>ds
0

S/
0

m” m”

C(le mlf)

, ds.

2
Ly, Ly h
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Using the same resoning, we have for Ty

é(Wl, m’f) ds.

2
h

m” m”

== [ h () (s OO0y s < [

Now, for T3¢ using (3.7.1)

2
Ly, Lye

Tho = — /ch <E, mg> <mg, C(Wy, m?) — C(Ws, mf;)> ds
0

t — ~ ~
S(/‘hnh C(Wy, m") — C(Wy,m})| ds
0

1.2

2
Lh h

t, 9 t N - 2
SC/ ‘mh ds—l—C'/ ‘C(Whm’f)—C(Wg,m’f) ds.
0 Ly 0 L
For 114,
' T nh hoC — ‘|= C mh
_ I h < h h :
T = [0 b () (il OV s < [ [ [Cv )| as
For T},
t o, - -
Tio = [ (. (€% mb) — Sl ) ) ds
t,_ - ~
g/o | OOV mi) — O, mi)| s
t, 9 t B - 2
gc/ m ds+C’/ CWy, ml) — C(Wy,m™)|  ds.
0 L, 0 L

Finally, for T73 we get

If_~ - t
T :/ m”, C(IW;, mh) dsg/
o [ 0 o) o |

h

| |Cw, mh)

, ds.

h

2
Lh

Combining all the above and applying sup,¢(o 4 for ¢ € [0, 7], we obtain from (3.7.10)

2 t
+CE/
Ly 0

sup |m” D m"

s€[0,¢]

2 t___ 2
ds < C. m” |D+m}f|42 + |D+mh|42 +1)ds
Li 0 Li Lh 2 Lh

+C(S) + Sy + Sy) (3.7.11)
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with

by - 2

$ :/ (W, ml) — C(Wy,mi)| ds
Ot - ) - h

Sy = / m”" C (Wg, mh> ds
0 L L
t

— mh mhr C h
Ss —/0 m 5 m L C(W1, my) 5 ds.

We proceed by estimating S;(i = 1,2, 3). For S;, we have

t
Sl = / C(Wl,m?) — C(Wg,ml) ) ds
0 h
t
:/ }G_WlGhC (Wlam}f) e WQG}LC (W2>m1)‘i}2 ds
0 3

with Cg defined in Lemma 3.5.5 and
t 2
S, = / | (e7W1Gn — e7W2GR) Cy (W, m{)|, ds
0 h

t
Ss = / |e”"1Gn (Co(Wy, m}) — Co(W2, m})) ‘ig ds.
0

We have from (3.5.11) and the definition of the operator Gy,

t
54:/
0

t
so/
0

t
+c/
0

t
2
< C sup Wy — Wi *(|g" %z@ + ’gh’%go)/ |CO<W2’m?)‘L? ds.
0 v

s€[0,t]

(sin W — sin W) Gy, (Co(Wa, m})) + (cos Wa — cos W1)Gi, (Co(Wa, mY)) | ds

2

ds

2
Lh

(sin W — sin W) Gy, (Co(Wa, m}))

2

(cos Wy — cos W1)G}, (Co(Wa,m})) | ds

2
Lh
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We estimate f; |Co(W2, m})|2,ds in the same resoning as (3.7.6) is done, then by using
h

(3.7.2) and Lemma 2.5.6 we get

Sy < C sup [Wy — W1|2(K2|gh|Lg|D+gh|L§ + K4|gh|ii]D+gh|%i)0(|Vuo|L2,T, |8 #r2)

s€[0,t]
< C(|Vug|r2, T, |g|m2) sup |[Ws — W1|2.

s€[0,t]

Now, using (3.5.16) we obtain for S;

t
55 = / €7W1Gh (Co(Wl, m?) — CQ(WQ, m}f))
0

t 2
—/ Co(W1, m}) — Co(Ws, m})
0

2
Lh

¢
= / (sin Wy — sin W,)Cm” + (cos W, — cos W,)(CGy, + G, C)m”
0

t
SC/
0

t
+c/
0

t
SOwMWrwW/
0

s€[0,¢]

2

ds

2
Lh

(sin W, — sin W,)Cm

2
ds
L2

h

t
ds + C sup |W2—W1|2/
2 0

s€[0,t]

(cos Wy — cos W;)(CGy, + G, C)m?

2
ds
L2

h

Cm? (CGj + G,C)m”

2
L

h
< C(|Vuglre, T, |glgz) sup |W; — Wg\z
s€[0,¢]
where the last inequality is obtained in the same reasoning as (3.7.6) is done. Combining

the above, we get

S1 < C(|Vuglrz, T, |g|u2) sup] Wy — Wg]z.

s€[0,t

Using (3.5.16) and Lemma 2.5.2, we continue by estimating Ss

52 = /Ot _Lg C (WQ’F) 12

h

t
_/ m e "2y <W2,W> 2d3
0

h h

ds

ED“

D“‘

ds
2

h

t
:/ m"| |(sinWoC + (1 — cos W2)(CGy, + G1,C))m”
0
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m” m”

t
< 0/
0
t
< 0/
0
t
+c/
0
t
+c/
0 L,
t
< (18153 + 18"z Bz + D"z D€ ) [
0

t
+ C(|D+gh|Lz° + |gh|L,;°°|D+gh|L;°) /
0

- t
Cm'| ds+C /
h L}Q‘L 0

2
LL

12 (CGh + GhC)F ) ds

h Lh

m"| |m" x Agh+ DTm" x D¥g" + D m" x D~ g"

, , ds
Lh Lh

m"| |G,m" x Ag"+ DTG,m" x D*g" + D~G,m" x D~ g"

, ds
Lh

, ds
Lh

ds

Ly

2
Lh

mh"

G (E x Ag' + D mP x D*gh + D~ mP x D_gh>

m” m”

2
Lh

m" D m"

ds.
L2

2
L h

h

Then, using Lemma 2.5.6 and Young’s inequality (2.2.6) for p = 4 and ¢ = 3 we get

t, 3 1 t,_ 92 t 2
Sy < CE(|g|Hz)/ m"|° | D*m?|” ds+ C. (|g|H2)/ m” ds+€/ D*mh| ds
0 Lj, Lj, 0 Lj, 0 Lj,
b2 t 2
< C’E(|g|Hz)/ m”" ds—l—s/ D m"| ds.
0 L, 0 Ly
For S5, using (3.5.16) and (3.7.1) we have
t — —
— h h e h
53—/0 m 5 m L C(Wy,my) Lids
t
_ | | h
_/; mh Li mh LZO|CQ(W1,m1)‘L%L ds
t
= / m” o m" B |(sin W1 C + (1 — cos W1)(CGy, + G, C)) mﬂLg ds
0 h h h
t
< C/ m"| |m" |m!xAg'+D™m! x DTg"+ D m! x D7g"| ds
0 Lj, Ly L
t
+ C’/ m"| |m”" Gym! x Ag" + D"G,m! x DYg" + D"G,m" x D~g"| ds
0 L Ly L
t
+ C’/ m"| |mh| |Gy (m? x Agh+ D ™m! x DTg" + D m! x D’gh> ds
0 L Ly L3,

ds

Ly

m” m”

t
< c(mgmg + g Az + \D*ghugw*gmf) /
0

t
+ C(!D+gh|Lz° + |gh!L;:°|D+gh\Lz°> /
0

2
Lh

m” m”

ik
, ‘D m; ‘LQ ds.
Lz Ly h
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Then, using (3.7.2), Lemma 2.5.6 and Young’s inequality (2.2.6) for p =4 and ¢ = % we

deduce
ds

Ly

m”

m”

t
Ss < O(|Vuglz2, T, |g|H2)/ 2

0 Ly,
3 1
m’|’ |DTmt|” ds
L2 L

2 t
ds+5/
Ly 0

Finally, combining all the estimates for S;(i = 1,2,3) and using (3.7.2), we get from

t
< C(Vuale. T [glie) |
0

2
, ds.
Lh

m” D m"

t
< C(|Vug| e, T, ’g‘HQ)/
0

(3.7.11)

2

ds

2
Lh

D m"

sup |m”

2 t
e /
s€[0,4] L 0

t
< CL(Vul2, T, g 2) /
0

2
. ds + C(|Vug|z2, T, |g|z2) sup |[Wy — Wa|?
h

s€[0,t]

mh"

t —
< C(Vulie, T, glae) / sup o (r)
0

rel0,s]

2
) ds + C(|Vug|p2, T, |g|g2) sup |[Wy — W2
h

s€[0,t]

From the fact that
2

DtmP| ds >0,
Ly

t
c. [
0

we obtain using Gronwall’s inequality (2.2.7)

2
sup m”(s)| < C(|Vuolre, T, |g|p2)eC= Vol Tleli2) gup (W — Wy ?
s€[0,t] L s€[0,t]

and the proof is now complete. O

3.8 Proof of the Main Theorem

In this section, we will prove the main theorem of this chapter, Theorem 3.1.3. We recall
that the operators r;, and p;, are defined in Chapter 2. In what follows, we will repeatedly

use the simple fact that for any functions v, w" : Z;, — R3

Ty (VhXWh) :Tth XT’hWh.
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We start by proving the following lemmas.

Lemma 3.8.1. Assume that |ug| = 1, Vug € L? and g € H%. Then, for T € (0,00),

there exists a constant C' which does not depend on h but may depend on |g|y2, |Vug|L2

and T such that P-a.s.

T
/ e (1)|, dt < C,
0 .

T
A|WMM@@ﬁga

/

2

d

—prm”(t)

dt < C.
dt -

(3.8.1)
(3.8.2)

(3.8.3)

Proof. In order to simplify notations, we assume in the proof without loss of generality,

that A\ = = 1. First we prove (3.8.1). Using (3.7.1), we have

1'2+1
/ |phm ’LQ dt = / Z/ "t x;) + DTm" (t, z) (z — ‘ Pm(x

T, €Ly,
Z'1+1
<C/ Z/ txl|pm Ydxdt
T, €Ly,
CL‘Z+1
+C/ Z/ m" (¢, z41) — t:cl| Pm(x)dxdt
T, €Ly
< C'/ /pm Ydxdt
<C(T

Next, we prove (3.8.2). Using property (2.5.8), we get

T T T
/waM@@ﬁ:/'mnmmm;ﬁ:/|nmmm%ﬁ
0 0 0

<T sup |D'm"(t 2
te[0,7

C(|Vuglre, T, |g|a2)

where the last step follows from (3.7.2).
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2

Finally, we prove (3.8.3). Using (3.7.1), we have
d
—thh(t)

;i
e /W

T, €L

SC/

0
T

sc/
0

+ m" x C(W,mh) —m" x (mh XC(W',mh)>

T 5 T
gc/ h dt+C/
0 Ly 0

< O(|Vuglr2, T, g 2)

dt

2

"t 2;) + DYm"(t, 2)(z — x;))| dedt

dt

2
Lh

d h
PTA (t)

m"” x Am"” — m" x (m" x Am")

2
dt
12

h

where the last step follows from (3.7.6), (3.7.2) and (3.7.3). The proof is now complete.
[l

Lemma 3.8.2. There exists a sequence (hy),>0 and m € L*(0,T;L2) such that as
h, — 0,

T
/ |7y, m" (t,w) — m(zﬁ,w)}i2 dt — 0
0 m
for every w.

Proof. Using Lemmas 2.1.2 and 3.8.1, we get that for every fixed w there exists h,(w)
and m" € L*(0,7; L?,) such that as h, — 0

T
/ }phnmh" (t,w) — mo(t,w)‘iz dt — 0
0 m!

where m’ = . In what follows, m’ will be denoted by m. Using Proposition 2.5.8, we

obtain that for every fixed w and the corresponding trajectory of the Wiener process
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W (w), there exists h,(w) and m°® € L*(0,T; L?,) such that as h, — 0
4 2
/ |rhnmh" (t,w) — m0(75,cu)|L2 dt — 0.
O m

Since Cy([0,T]) is a separable Banach space and P(W(-) € B) = 1 for every ball B in
Co([0,T7), see for example the seminal work [46], we can find a countable set {wy, k > 1}
such that the corresponding trajectories t — W (t,wy) form a dense set in Cy([0, 7).
Then, for every fixed {wy} and the corresponding trajectory of the Wiener process W (wy),

there exists h* := h,(wy) and m® € L2(0,T; L?,) such that as hX — 0

T 2
/ ‘rhﬁmhﬁ (t,wy) — m°(t, wy) , dt—0
0 L

m

for every £ > 1. From the diagonal procedure, we can find a subsequence h,, independent
of k such that for every k > 1
lim A, (wg) =0

n—oo

and

T
/ |rp, m" (¢, wy) — mo(t,wk)‘iz dt — 0. (3.8.4)
0 m

Next, we fix w and a sequence wy, such that when £ — oo,

sup |[W(t,w) — W (t,w)| — 0.

te[0,7

Then, for n,l >0

T
/ |Thnmh”(t,w) — rhlm}” (t,w)‘iz dt
0 m
g hn hn 2 g hn hl 2
< |T,Mm (t,w) — rp, m (t,wk)‘L2 dt + !Thnm (t,wy) — rp,m (t,wk)‘LQ dt
0 m 0 m

T
-l—/ ‘Thlmhl (t,wp) — rp,m™ (t,w)|i2 dt. (3.8.5)
0 m
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Using Lemma 3.7.2, we have that for ¢ > 0 there exists fy > 0 such that for n,l > fy

dt <T sup |rp,m" (t,w) —rj,m" (t,w |L2
L t€[0,7] m

T

/ |rp,m" (t,w) — ry,m (¢, wk)
0
<CT sup |W<t7w) - W(t7wk)|2
te(0,7)

€
< By
-2

and

T
/ |7“hlmhz (t,CU) — ’I“hlmhz (t,wk)‘iQ dt < TtS[lé};] |7“hl t w) Thlmhl(t7wk) ign
0 €

< CT sup |W(t,w) —W(t,w)|

te[0,7)

<

l\Dlm

Therefore, from (3.8.5) and using (3.8.4), we obtain

T
limsup/ |rh m"" (t,w) — Thlmhl (t,w)’iz dt
b =0 Jo "

T
< e+ lim sup/ |rhnmh” (t,wr) — Thlmhl(t,wk)’iz dt
B by —0 "

<e.

Since ¢ is arbitrary, we get

T

. h h 2
lim |rp,m" (t,w) — rym ’(t,w)|L2 dt = 0.
hn,h;—0 0 m

Consequently, {r,, m"} is a Cauchy sequence in a complete space L?(0,T; L?). Hence,

there exists m € L?(0,T; L?)) such that

T
2

li hn(t,w) — mi(t dt =0
hil_l}o 0 |rhnm ( ,UJ) 1’1’1( 70‘}) L2,
for every w and the result follows. O
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Lemma 3.8.3. There exists a sequence (hy)n>0 and u € H,, such that as h, — 0,

T
]E[/ |7y, u (t) —u(t)|i2 dt| — 0
0 m

where u(t) = eV OGmmln (1) and u(t) = eV DSm(t). We note that u"(t) satisfies
(3.3.1). In addition,
lu(w,t,z)| =1 dPdtdza.e.

Proof. We have that, using Lemma 3.5.3 applied on G : L2, — L2,

T T
15:[ / |rp, u" (t) —u(t)‘iz dt} :E{ / |, €7V O mPn () — eW(t)Gm@)\; dt]
0 m 0

T
< CE| [ e Ot 1) = O, i 0,
0 m
T 2
+ CE{ / |V DG, m" () — eV ICSm(t)], dt}
0 m
T 2
< C’E{/ ’rhnew(t)c'hn mh"(t) - eW(t)Grhnmh” (t){L2 dt}
0 m

+ CE[ /0 ' 7, 00 () = m(t)] dt]

< A+ A, (3.8.6)
For Ay, by using (3.5.11) we get

A = E[/T ‘ sin W(t) (ry, Gp,m" (t) — Gry,, m"" (t))
0
+ (1 = cos W (1)) (rp, Gy, m" (t) — G’ry,m" (t)) ;ﬂdt]
T \ N
< C]E{ /O |71, G, " () = Gy, m"™ (1)[ ., dt}
T 2
HeE {/0 |74, G}, m"" (t)) — G?ry,,m" ()|, dt}

T
< C]E{ / [rn,m® (£) % (18" —g)|} dt}
O m

T
+ CE{/ ’ (Thnmh"(t) X rhnghn) % (rp.g" — g)
0
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2
+ (rn,m" (t) x (18" — g)) x g, dt}
g 2
< C’]E[/ |rhnmh" (t) x (rp, g™ — g)‘L2 dt}
O m
g 2
+ CE| [ rmm0) % rg™) (" - o)l ]
0 2
g 2
+ CE[/ | (rp,m" (t) x (ry, 8" —g)) x g‘LQ dt}_
0 m
Then, using (3.7.1) we obtain
Ay < CTlry, g™ — gl72 + CTlry, 8" [T rn, g™ — gl72 + CTg|7~|rn, 8" — gl7-.

From the assumption g € H!, we get using Lemma 2.5.7

hn—0

On the other hand, we have from Lemma 3.8.2

hp—0
Then, (3.8.6) implies
T 2
lim EU |ra,u (1) —u(t)|,, dt| = 0. (3.8.7)

Furthermore, from Lemma 3.6.1 we get that u» satisfies (3.3.1). Next, using (3.8.7), we

can find a sequence (ry,,u) such that as h,, — 0,

rpou™ > u in H,,

n

rp, " (w, b ) = u(w, t,z) dPdtdra.e.

Since |rp, u (w,t,2)| = Ju(w,t,z)| dPdt dz a.e. and from (3.4.1) the lemma follows. [J
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Lemma 3.8.4. There exists a sequence (hy)n>0 and u € H,, such that as h, — 0,

rp,u™ —u  strongly in H,, and dPdt dz-a.e., (3.8.8)

o, AU — Au  weakly in H,y,. (3.8.9)

Proof. The first convergence (3.8.8) follows from Lemma 3.8.3 and the existence of an
a.e. converging subsequence follows. Next we prove (3.8.9). From (3.8.8) and Proposition

2.5.9, we get that as h,, — 0
pp, 0" — u  strongly in H,,.
From Lemma 3.4.1, we also find that there exists v € H,, such that as h,, — 0
rh, DTU™ = Vp, u™ — v weakly in H,,. (3.8.10)
Therefore, from Proposition 2.3.19
ucH, and v=Vu
Next, we have from Lemma 3.4.1 that there exists w € H,, such that as h,, — 0
rp, Au =1, (DTD7") = V(p,, D"u") - w  weakly in H,,.
It follows from (3.8.10) that as h,, — 0
r,, D7u™ — v weakly in H,,,
then using Proposition 2.5.9, we have as h,, — 0

pr, DU — v =Vu weakly in H,,.
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Therefore, from Proposition 2.3.19
ucH:, and w=Au

then the lemma follows. O

Lemma 3.8.5. There exists a sequence (hy)n>o such that we have as h, — 0,

t t
/ vt () X 1. Aul (s)ds — / u(s) x Au(s)ds, (3.8.11)
0 0

/Ot T, u" () x (rhnuh"(s) X rhnAuhn(3)> ds — /Otu(s) X (u(s) x Au(s))ds (3.8.12)

weakly in H,y,.

Proof. First, we prove (3.8.11). We have for ¢ € H,,, using (2.2.5)

<rhnuh” X rhnﬁuh", ¢>H = <(rhnuh" —u) X rhnﬁuh", gz5> + <u X ThnAuh”, gb>

m m m

= <¢ x (rp,u"™ — U—)arhnAuhn>Hm + <g25 % u,rhnﬁuh”>7{m

- Il —|— IQ.
For I, we have

T T
hn A 117
L <E _/0 ‘¢ X (rp,u' — u)‘L% T, Au L dt}

i T L 9 3 T 2 3
SE_(/O ]gbx (rp,u" —u) Lidt) </0 L%Ldt) ]

[ I TR
S E / / |¢’2|Thnuhn — u‘medCCdt] E |:/ ’trhnAuhn dt:|
LJO R 0 2

Using Lemma 3.4.1, we get that

rh"Auh"

N |=

r !
L < C]E[/ /|¢|2|rhnuh” - u[2pmdxdt} |
0 R
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By Lemma 3.8.3, we can find a sequence (rj, u™) such that as h,, — 0

rhnuh" —u in H,

rpu"(w, t, r) = u(w, t,z) dPdtdxa.e.

Since |rp, u(w,t,z)| = |u(w,t,z)|dPdtdza.e., the dominated convergence theorem
yields
Il — 0.

For I, as ¢ x u € H,, and using (3.8.9) we obtain as h,, — 0
Iy = (¢ x u,Auy,, .
We deduce using (2.2.5) that as h, — 0
<7“hnuh" X rp, Au, ¢>H — (ux Au, ¢),, (3.8.13)

m

which implies (3.8.11). Next, we prove (3.8.12). Let Y, := r, u x 75, Au and Y :=
u X Au. We have for ¢ € H,,, using (2.2.5)

<rhnuhn X an ¢>'Hm = <(rhnuhn - I,I) X YTm ¢>Hm + <u X Y?"m ¢>’Hm
= (¢ x (rp,u" —u), Y”>Hm + (P xu, o)y

= Ji+ Jo.
For Ji, following the same resoning as I; and using Lemma 3.4.1, we get
Jip — 0.
For Jy, as ¢ x u € H,,, using (3.8.13) and (2.2.5) we obtain as h,, — 0
Jo = (u x (u x Au), ¢),,

m
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which implies (3.8.12). O

Lemma 3.8.6. Assume g € H'. We have as h,, — 0,

t t
/ (rp,a™ x ry, ghm) x ry, ghmrds — / (u(s) x g) x gds (3.8.14)
0 0

/0 rh,u" () x 1, g dW (s) — /0 u(s) x gdW(s) (3.8.15)

strongly in H,,.

Proof. First we prove (3.8.14). We have

[

T
< TE[/ ‘(Thnuh”(s) X Thngh”) X rh, 8" — (u(s) x g) x g’; ds}
O m

2
LQ}

m

/0 ((rhnuh’”(s) X 1, g") X g™ — (u(s) x g) x g) ds

T
< CT]E[/ |(rp,u" (s) X (rp, 8" — g)) x Thngh"ﬁz dS]
0 m
T
+ (JTE[ / [ (ra, 0" (s) x g) x (ra, g™ —g)];, ds}
0 m

T
+ CTIE[/ |((ra,u" (s) —u(s)) x g) x g|i2 ds}
0 8
Then, using Lemma 3.4.1

[

< OT?|rn, 8" — g7z |rn,&" 7o + CT?|rn, 8" — gl7: |gli~

T
+CTE[/ /]rhnuh" —u|g|*pmdzds|.
o Jr

2
L2:|

m

t
/ ((rhnuh"(s) X Thngh”) X rhngh" — (u(s) x g) x g) ds
0

Hence, by Lemma 2.5.7 and from Lemma 3.8.4 the dominated convergence theorem yields
as h, — 0,

[

/0 ((rhnuh”(s) X rhngh”) x 1, g" — (u(s) x g) x g) ds

| o

L2

m
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Next, we prove (3.8.15). Using Lemma 3.4.1, we have

i

T
< CTE / |rp, 0 () X 7, 8" — u(s) x g‘i? ds}
0 m

2
L2:|

m

/0 (Thnuhn(s) X rp,8" — u(s) x g) dW (s)

T
< OTE / [, 0 (5) X (7, g™ — &) + (r,u(s) —u(s)) x g|7, dS]
0 m

T
< CTE / [, (5) X (r, 8" — )]0, dS}
0 m

+ CTEUOT [ (rn, 0" (s) = u(s)) x g}, ds}

T
< CT?ry, g — g‘%% + CTE{/ / |rp, u" — u|2]g\2pmdxd51.
o Jr

Then, using Lemma 2.5.7 and from Lemma 3.8.4 the dominated convergence theorem
yields that as h,, — 0,

[

2

[

| o

L2

m

Now, we are ready to prove the main result of this chapter, Theorem 3.1.3.

Proof of Theorem 3.1.3: We have for ¢ € H,,

t
<Thnuhn7 ¢>Hm = <1107 gb)Hm + ) </ rhnuhn X ThnAuhndS, ¢>
0 Hm

t
- A </ rp, " X <rhnuh" X rhnAuh") ds,¢>
0
2

t
+ % </ (rp, 0" X ry,g") x 1y, g ds, ¢>
0

+ i </0 (rp,u™ x ), gh™)dW (s), gz5>

Hm

Hm

Hm
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Taking the limit when h,, — 0, we obtain from Lemmas 3.8.3, 3.8.5 and 3.8.6 that for

every ¢ € H,,

(W, ¢),, = (u0,¢>Hm—|—,u</tu><Auds,¢> —/\</tu>< (uxAu)ds,¢>
0 Hom 0

Equivalently, we have dP dt dx — a.e.

HTY]

u(t) =ug + M/o u(s) x Au(s)ds — )\/0 u(s) x (u(s) x Au(s)) ds

1 [ ) xg) < gds | sy s g aws) (3:8.16)

0

By (3.8.11), we have

T
E[/ lu x Aul?, dt] < 00
0 m

then the process

t
t—>/u><Auds
0

taking values in L?, is continuous P-a.s. Using (3.8.12) and (3.8.14) we show by similar

arguments, that the L2 -valued processes

t t
t%/ux(uxAu)ds and t—>/(u><g)><gds
0 0

are continuous P-a.s. The L2 -valued process

M, = /0 (% @) dIV(s)

is by (3.8.15) a square-integrable martingale hence has a continuous modification by
Theorem 4.27 in [17]. Therefore, there exists an L2 -continuous version of the process
u” and the property (1) of Definition 1.3.1 holds. Next, property (2) of Definition 1.3.1

follows from Lemma 3.4.1 and (3.8.8). Furthermore, from Lemma 3.4.1 we can find that
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there exists v € L*(Q; L>(0,T; L?)) such that as h,, — 0
rp, DU — v weak® in L?(Q; L(0,T; L?)), (3.8.17)

hence (for a subsequence still denoted as h,,)

rh, DTu™ — v weakly in H,,.
Therefore, there exists v € H,, such that as h,, — 0

rhnD+uh" — v weakly in H,,.
From the proof of Lemma 3.8.4, we have that v = Vu. Then, (3.8.17) implies

E[ sup |Vu(t)|ig} < 0.

te[0,7

Similarly, using Lemma 3.4.1 we can find that there exists w € L*(Q; L*(0,T'; L?)) such
that as h,, — 0

rh, Aut — w weak* in L2(Q; L*(0,T; L?)). (3.8.18)

Hence, there exists w € H,, such that as h,, — 0
rhnﬁuh” —w  weakly in H,,.
From Lemma 3.8.4, we have that w = Au. Then, (3.8.18) implies

EUOTmu(t)@z dt} < 00

and property (3) of Definition 1.3.1 is satisfied. Finally, property (4) follows from (3.8.16)

and the fact that each term of the equation is in LZ,.
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Remark 3.8.7. In fact, inspection of the proof of the theorem shows that the process

u — u has a continuous modification in L*(R).
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CHAPTER 4

Reduction of the Whole Real Line to a Bounded Interval

4.1 Introduction

Throughout the rest of this dissertation, we aim to solve numerically the one-dimensional
stochastic problem (3.1.1)-(3.1.3). We recall that this problem is posed on R with ho-
mogeneous Neumann boundary conditions at infinity. In order to solve (3.1.1)-(3.1.3)
numerically, a truncation of the domain R to some bounded domain is necessary. This
also requires boundary conditions for u. In this chapter, we truncate the infinite domain
to a bounded domain [—L, L] and we employ physically relevant Neumann boundary con-
ditions for u. Then, we prove that when the domain [—L, L] is large enough the solution
uy, of the problem on this bounded domain approximates the solution u of the original
problem on R.

We truncate the domain R into a bounded domain [—L, L] and impose homogeneous

Neumann boundary conditions. In this case, the stochastic LLG equation takes the form

2
duy = (,uuL x Auy, — A\uy, X (uL X AuL) + %(uL X g) X g> dt

+ p(ug x g)dw on (0,T) x (—=L,L),  (4.1.1)

uz(0,2) =uk(z), z¢€[-L, L], (4.1.2)

luf(z)| =1, z¢€[-L, L] (4.1.3)
duy,

——(tEL) =0, t€(0,T], (4.1.4)
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where uy, : [0, 7] x [-L, L] — R3.
The existence and uniqueness of solutions to this equation and their regularity was

proved in [12]. The folowing result summarises Theorems 3.1, 4.1 and 5.2 in [12].

Theorem 4.1.1. Let ul denote the function ug restricted to the interval [—L, L]. Assume
that |[ug(z)] = 1 for x € R, Vug € L*(R) and g € WH*(R). Then equation (4.1.1) has

a unique strong solution ur, such that
lug(t,z)| =1 (4.1.5)
for allt € [0,T) and x € [—L, L]. Moreover, for every p > 1

T p
E| sup |VuL(t)|i’;(L7L)] +E{ (/0 |A11L(t)|iz(_L,L) dt) } < 00. (4.1.6)

te[0,7

We note that (3.1.5) where the whole real line is considered confer estimate (4.1.6)
obtained in [12].
The main theorem of this chapter is stated as follows.

Theorem 4.1.2. Let u:[0,T] x R — R? be the unique global strong solution to (3.1.1)-
(3.1.3). Assume that |ug(x)| =1 for allz € R, Vuy € L*(R) and g € WH>(R) N H*(R).

Then, for every sequence (Ly)n>o such that

=1
Y < (4.1.7)
n=1 Ln

for 1 < p < oo, we have for every m > 1

L
lim (sup / lu(t, z) —uyg, (t,2)]* pm(z) dm) =0 P-as.

for every L > 0. Moreover, for a fired o > 0 small enough and every m > 1, there exists

a random variable C independent of n and such that

L
Sup / lu(t,z) —ug, (t, 2)|*pm(2)dz < Ce~ 52
tel0,T]J —-L
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4.2 A Priori Estimates

In this section, we will improve a priori estimates in (4.1.6). They will be used in the
next section to prove Theorem 4.1.2. In the following, we denote D; := (—I,[) for any

{>0.

Lemma 4.2.1. Let uy and g satisfy the assumptions of Theorem 4.1.2. Suppose that
L > 1 and let uy be the corresponding solution to equation (4.1.1). Then, for every

T>0andp>1

]E[ sup |VuL|i’;(DL)1 <C, (4.2.1)
t€[0,T]

T p
EK / |AuL|§2(DL)ds) ] <c (4.2.2)
0

with C depending only on |Vug|rz, |g|m, T and p but not on L.

Proof. We assume in the proof, without loss of generality, that A = u = 1. First, we
prove (4.2.1). Applying V to (4.1.1), we get

1
dVuy = V(ug x Aug)dt — V (up x (up x Auy))dt + EV ((up x g) x g)dt

+ V(uy x g)dW.
Then, by using Lemma 2.3.17, we obtain for every = € Dy,

d|VuL’2 =2 <VUL, V(uL X AUL)> dt — 2 <V11L,V(UL X (uL X AUL))> dt

+(Vug, V((ug x g) x g))dt +2(Vuy, V(ug x g))dWV + |V (uy, x g)|’dt.

Integrating with respect to x € Dy, we obtain

L
4 (VL)) = <2 /_L (Vuy, V(uy AuL)>da:> dt

_ (2 /LL (Vug, V(ug x (ug x AuL))w) it

111



' (/L (Vur, V((us x g) x g)>dx) at

L

L
; <2/ (Vuy, ¥ (ug x g)>dm> AW+ [ (g % g) [y,
L

Using integration by parts and the elementary properties (2.2.1) and (2.2.2), we get

a(IVusfiap,,) = (2 /LL (Aug,up x (ug x Aug)) dx) dt
; (/LL (Vg V((us x g) x g))daz) it
+ (2 /_LL (Vug, V(uy x g)>d:c) AW + |V (g x g) |52, dt

= -2 |L1L X AuL|iQ(DL) dt + (/

L

; (Vur, V((ug x g) x g)>dm) dt

L
+ (2/ (Vur, V(uy x g)>dx) AW + |V (ur, % g)}iQ(DL)dt.
-L
We obtain for all ¢ € [0, T,

t
|VuL(t)}ig(DL) — |VUO|12(DL) + 2/0 ‘UL X AuLliQ(DL)dS

— /Ot /_LL (Vur, V((uy x g) x g)) dzds +2/0t /_LL (Vug,V(ug x g)) dedW(s)

t
—l—/() ‘V(uL X g)‘iQ(DL)ds. (4.2.3)

Since

t
2
2/ ’uL X AuLlLQ(DL)dS Z O,
0

L2(Dyp)

t
< {Vll()‘LQ(DL) +/ |VuL|Lz(DL)|V((uL X g) X g)|L2(DL)d3
0
t L t
/0 /_L<VuL,v(uL x g)) dzdW (s) +/0 1V (uy, x g)‘iz(DL)ds

t
< |Vuolpap,, + C/O <|V“L|%2<DL> |V (ur < &) 13, + 1V (ur x 2) % g)&Q(DL)) ds

+2
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+2

/Ot /_i(VuL,V(uL x g)) dzdW (s)]. (4.2.4)

The middle term in the integrand of the first integral on the right hand side can be

estimated by using (4.1.5) as follows

[V (ur % &) |, < 21V % 8la,, + 2100 X Vel 2,
< 2W“L|i2<m)’g‘%°°<m> + Q‘Vg‘iwm

2
< C|Vur|pp,, +C (4.2.5)
where the constants depend only on |g|g1. Similarly, we can show that
2 2
V((ur x g) x g) ‘LQ(DL) < C|VuL’L2(DL) +C.
Hence, it follows from (4.2.4) that

t
2 2
|VuL(t)|L2(DL) S |V110|L2(DL) + Ct + C/O |VuL|%2(DL)ds

+C /Ot /_LL (Vur,V(u, x g)) dedW (s)

By raising both sides to the power p and using Jensen’s inequality (3.3.18), we deduce

t p
0020 =€ 5 ([ 0 )
0
t L
/ / (Vur,V(ug x g)) dedW (s)
0 —L

t
§C+C/ \VuLlipg(DL)ds
0

/0 t /_ LL (Vup, V(ug, x g)) dedW (s)

p

+C

p

+C

where in the last step we used Holder’s inequality. The constants depend on |Vug| 2, |g|#1,

T and p. Therefore,
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¢
E| sup }VuL(s)EZ(DL)} < O+C/0 |VuL( )% }ds

s€[0,¢]

|

i CIE{ sup /0 / (Vus(r), V() x g)) drdW (7)
<C+ C/Ot]E :|VuL(s>|i€(DL)] ds

s€[0,¢]
. 2 5
+ CE[ (/ ds) }
0

where in the last step we used the BDG inequality (Lemma 2.3.18). It follows from (4.2.5)

/_ (Vur(s), V(ur(s) x g)) dx

L

that

E{ sup |Vuy(s) y

2o
s€[0,¢] L2(Dr)

tor 1 t £
<C+ C/o E|[|Vu(s) i’;(DL) ds + CE[ (/0 (]VuL(s)ﬁz(DL) + |VuL(s)|‘i2(DL)> ds) }

las + OE[ (/Ot (1 + |VuL(s)|‘;2(DL)> ds> g}

- t %
<C+C | E |VuL(s) iZ(DL) ds+ C(T) + C’E[ (/ |VuL(s)|i2(DL)ds) } (4.2.6)
I | 0

~

t
§O+0/ E |VuL( )LQ(DL
0

for p > 2 where in the last step we used Jensen’s inequality (3.3.18). Next, Holder’s

inequality implies

B ([ I9unoltm, 5

[4S]

}<c [/wuL e, ]

< () /O [|VuL( )|L2(DL)}ds. (4.2.7)

Hence, inequalities (4.2.6) and (4.2.7) yield

E| sup [Vug(s) \LQD )} <C+C/ [|VuL( )% ]ds

s€[0,t]

< C+C/ { sup |Vur(r )’ig(DL)} ds.

T€[0,s]
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Then, by using Gronwall’s inequality (2.2.7), we obtain for p > 2

2
E| sup ‘VuL(s)‘Lg(DL) <C
s€[0,t]

where the constant depends on |Vug|r2, |g|m, T and p but not on L. Finally, the in-

equality a < # implies the result for p > 1 and the proof of (4.2.1) is complete.
Next, we prove (4.2.2). By using the elementary property (2.2.4) and from (4.1.5),
we have

|Aug)? = |up x Aug)? + (ug, Aug)?.

2
, we deduce

Then, by using (ur, Auy) = —|VuL
|Aug|* = [up x Aug|® + ‘VuL}4.
Integrating with respect to x € Dy, we get
|AuL‘i,2(DL) = ‘uL X AULEQ(DL) + ‘vuL|4L4(DL)'

Integrating with respect to t € [0, T, raising to the power p and applying expectation we

obtain

T 9 p T 4 p
< CJEK/ lug x AuL|L2(DL)ds) } +OIEK/ ]vuL\L4(DL)ds> }
0 0

< S+ 5 (4.2.8)

where the constants depend only on p. In order to estimate S;, we proceed from
(4.2.3) and write down the same inequalities but with fot lug, x AuL@Q(DL)ds instead

of |VuL(t)]2L2(DL) on the left hand side. In fact, we have

t p t
E[(/ ‘uL X AuL{iQ(DL)ds) } < C’—l—C/ ]E[ sup ’VUL(T) in(DL) ds.
0 0

rel0,s]

115



From (4.2.1), we deduce

t p
]E|:(/ ‘UL X AuLEQ(DL)ds) :| < C (429)
0

where the constant C' depends only on |Vug|r2, |g|m, T and p but not on L. Now, we

estimate S,. We know that
4 2 2
|VuL]L4(DL) < ]vuL\Lm(DL)]VuL\LQ(DL). (4.2.10)
Since L > 1, Lemma 2.1.1 yields

1/2
’vuL‘iw(DL) < 2\/§|VUL’L2(DL) (lvuL’iZ(DL) + |AuL’iQ(DL))
< 2\/§|VUL’L2(DL) (|VuL’L2(DL) + |AuL’L2(DL)> :
Then, from (4.2.10) we get

’VUL}4L4(DL) < 2\/§|VUL’12(DL) + 2\/§{VUL‘?;2(DL)|AUL’L2(DL)

< 2ﬂ|vuL‘iQ(DL) + CE|VU‘L‘6L2(DL) + €|AuL‘iQ(DL)'

Integrating with respect to time, raising to the power p and using Jensen’s inequality

(3.3.18), we get for e € (0,1)

T p T T
< /0 |VuLyj;(DL)ds) g(m /O Vugf,, ds + C. /0 Tul, ds

T ) P
+ 5/0 ’AuL‘LQ(DL)ds>

4 6
< C sup |Vur(t)] )+ Ce sup [Vur(t)[ 5,
tE[O,T] tE[(LT]

T 9 p
+g< / |AuL\L2(DL)ds) .
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Hence,

T P
4 4 6
E[(/O ‘VuL‘L4(DL)ds> } < C’E[ sup |VuL(t)|LpQ(DL)} +C’5E[ sup |VuL(t)}LZ(DL)

te[0,7T) t€[0,T

T 9 p
+5E{< / |AuL\L2(DL)ds) }

T p
< O+6E[(/ |AuL‘iQ(DL)ds> } (4.2.11)
0

where in the last step we used (4.2.1). Then, inequalities (4.2.8), (4.2.9) and (4.2.11)
yield (4.2.2) where the constant C' depends only on |Vug|2, |g|g1, T and p but not on

L. This completes the proof of the lemma. O

4.3 Proof of the Main Theorem

We are ready now to prove the main result of this chapter, Theorem 4.1.2. We assume
in the proof without loss of generality, that A = u = 1. We consider a sequence (Ly,),>0
verifying assumption (4.1.7) and denote L := L,, + 1. We consider ¢,, : R — [0, 1] such
that ¢, € C2°(R) and

1 CL'EDLH,
On(z) =
0 x> (L,+1)oraz<—(L,+1).

We multiply (3.1.1) by ¢, use the elementary property (2.2.3) and property (2) in Defi-

nition 1.3.1 to get
1
d(ug,) = (d)nu X Au — ¢, (u, Au)u + ¢,Au + §¢n(u X g) X g) dt + ¢n(u X g)dW.
Furthermore, by using (2.2.3) and (4.1.5), we obtain from equation (4.1.1) on D+

1
du; = (um X Aupy = (upg Augg)ugy + Augy + 5 (ugy X g) g) dt

+ (uLx X g)dW
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In the following, we denote

u:i=u¢, —up:.

Substracting the two equations above and using (u, Au) = —‘Vu|2, we get

du = <u X Au+ug s x A+ ugs x A(u—ug,) + |Vul'a
+(Va,Vu+ Vu s )u  +(V(u—ug,), Va+ Vu,: ) u, -

+ (¢ — 1)Au+ A(u —ug,) + Au+ %((u X g) X g))dt

+ (l_l X g)dW, YV € DLX'

||

Multiplying both sides by (,,(x) = e~ 2=, using Lemma 2.3.17 and the elementary prop-

erty (2.2.1) we get

Ld

1
=12 __— — 2

+ (Gn L, GnAT) + (Gl (¢n — 1)¢mAu) + (Gn i, GnA(u — ug,))

+ (G, G+ X AT 4 (G, e X A(u—ugy,))

+ (G, Go) [V 4 (G, (Y, Vu + V) Goug )

+ (G, (V(u = ud,), Vu+ Vu 1) Guu ) + % (Gt (Gl X 8) X 8) .
(4.3.1)

For the second term on the right hand side of (4.3.1), using the fact that Va(xL}) = 0,

we obtain
Lt L L
/ (G, (AT do = (¢hu, Au)de = — (V(¢iu), Vu) dx
-t —Lt —Lt

L LY
= —2/ ((mu, VG, V) dr — / |CmV1_1|2 dx. (4.3.2)
+

—Lt —L
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For the fifth term on the right hand side of (4.3.1), using elementary properties (2.2.1),
(2.2.5) and the fact that Va(£L}) = 0 we get

L
L+@ﬁﬁ@ﬁumg<Aﬁﬁm

L
= / . <Aﬁ, (m X CmuL¢> dx
~L

n

LY

_ —/ (Va, V(Ca x uyy)) de
—Li "

L

L
:—2/‘ @hhgﬁmmuxuﬁ>mwi/ (Vu, (e va x u+)de
L " L "
L
_ /_ B (Vi 20 x Vu,s ) de

Lt Lt
= —2/ <uL:lr x V.V, (mﬁ> dr — / <VuL¢ X (nV, (mﬁ> dz. (4.3.3)
~L ~Ly

Integrating both sides of (4.3.1) with respect to x € D+, using (4.3.2) and (4.3.3) we

get

1d, . _ 5 2
§E|Cmu|L2(DL;L’) + }Cmvu‘LQ(DLi)

1 e Ly Li
= _/ N |Cmﬁ X g|2dl’ - 2/ <Cmﬁ7 VCMVﬁ> de —2 N <uLi X VCmVﬁ, Cmﬁ> dx
_ o

2 Lt —Lt
L LY

— / <VuL+ x (nVu, le_l> dx + / (Cm, (o — 1)(nAu) da
_L " _L
L LY

<<m1—17 CmA(u - u¢n)> dx + <<mﬁ7 CmuL;*[ X A(u - u‘lﬁn)> dx
—L ~L
¥ Lt

/
+ / ; (G, Gutt) [Vu|*da + /
/

?K@ﬁ&VmVu+vuw>%uw>M
Ln

Lt 1 LY
<Cm1_1, <V(u —u¢,), Vu + VuL¢> CmuLﬁ dr + —/ X (Cmu, ((nu X g) X g) dx.

Lt 2 —L}

(4.3.4)

We integrate with respect to ¢ to obtain

11

1. "l ol L a0
§|§mu|L2(DLi)+/O ‘Cmvu‘Lz(DLg)dSZ§|Cmu(0>|L2(DLi)+;Nk'
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We note first that, using the elementary property (2.2.2), we have Ny + N3 = 0. We will

estimate each term Ni(k = 2,...,10) separately. For N,

t LY
No(t) = —2/0 /L+ ((ma, V(,, V) dzds
t
< 2/ |Gl r2(p, ) VGVl L2(p . )ds
0 n n

n

t 1 t
— 12 =2
< C/O |Cmu|L2(DL7+l)d5 + Z/O' |V<mvu‘L2(DL+)dS.

For N3, using (4.1.5) we obtain

t pLE
Ns(t) = —2/0 /L+ <uLz x V(,Vu, Cmﬁ> dxds
t
S 2/ ‘Cmﬁ’LQ(DL+)’vcmVﬁ‘LQ(DLJr)dS
O n n

t 1 t
—12 — 2
< CA |Cmu|L2(DL;"L‘)dS + 1/0 |VCmVU|L2(DL;t)dS.

For N4, using Lemma 2.1.1 we get

t pLf
Ny(t) = —/0 /L+ <VuL¢ X (nV, () dzds

t
S/O |Cmﬁ|L°°(DL7+Z)‘CmVﬁ’LZ(Dﬁ)lvuLﬂL?(Dﬁ)ds

1
1

t 1 B B B
< C/O |Cmﬁ|22(DL+) (‘CmuE?(DLH + |vau + Cmvu‘%%DLJr))

+)

n

|CmVﬁ|L2(DLT+L)‘vuLf{‘L2(DL ds
Lo 1 _ 1 1
S C/O |<mu|L2(DL$) <|Cmu’L2(DL,+L) + |chU|L2(DLz) + |Cmvu‘L2(DL¢))

|CmVﬁ|L2(DL7+L)WuL${ ‘L2(DL+)dS‘

n

Let us recall that |[V(,| = 5 |(nl|. Then, using Young’s inequality (2.2.6) for p = 4 and

q= % we obtain

t
Ny < Om/O |Cmﬁ|L2(DL¢)’CWVﬁ{L2(DL+)|VuLi}L2(DL+)dS
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t 1 3
‘|‘C/ |Cmﬁ|22 D, )|Cmvu‘i2(DL+)’VUL$|L2(DL+)dS

<C / |Cmu|L2 (’vuL+|L2(DL+) + |VuLi‘i2(DL+)> ds

+5 [ 1aVal

For Nj,
t Lt
Ny = [ [ Gt (60 = 1w s
o J-rLt
t
</ |<ma|Lz<DL+>|<¢ ><mAurL2<D ds
_2// |Cnt|*dads + = // —I)QCmAufdxds
< C/ |§mﬁ|i2(D +)d3+0/ / (an — 1)2C%‘Au|2dl‘d$
0 En 0 J-L
t pLE )
+C/ / (¢ — 1)2C | Aul dads.
0 n
For Ng,

t pLE
— [ (G Gutu o) deds
0 J-L}
t
< [ et lGn = w6 i, s
0 n

t t _Ln
< C/ |Cmﬁ\%2(DL+)ds + C/ / (ﬁl}Au — Aug,, —2VuVo, — uA¢n|2da:ds
0 n 0 J-L}

t pLE
+C / / 2| Au— Aug, — 2VuVe, — ule, | dzds.
0 n

Now we estimate N7, using (4.1.5) we get

t oL
N(t) = /0 . (G, Guur X A(u—ug,)) dads

t
< [ 1ot lGn = w6 o
0 n

t t —Lp
< C/ |§mﬁ|%2(D Hds + C/ / Cfn}Au — Aug,, —2VuVo, — uA¢n|2d$ds
0 Ln o J-L}
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t pLE
+C / / 2| Au— Aug, — 2VuVe, — ule, | dzds.
0 n

For Ng, using Lemma 2.1.1 and the same resoning as Ny, we get

t LY 9
/ / (G, Guua) [Vl dads
o J-L}
t
o 2
S/O ‘Cmu|L°°(DLI)|VU‘L2(DLI)dS
t 2 % 2
_ _ 19 = i
S 2\/5/0' |Cmu‘L2(DLj;) (lcmu|L2(DLI) -+ {ngu + Cmvu’L2(DL¢)) ’vu‘[g(DLi)dS
t 2
t
— 12 2 T 11 2
S Om\/ov |Cmu|L2(DL¢)’vu‘Iﬂ(DLi)ds + O/O |CmU|L2(DL¢){Cmvu|L2(DL7JLr)|vu{L2(DLi)d8

¢ t
2 2 4 1 —12
S CYTn/Ov ’Cmu‘LZ(DL;t) (‘VH‘LQ(DLH + ‘VU‘LQ(DL+)> dS + g/o ’Cmvu’LQ(DLj;)dS

For Ny, using (4.1.5) we get following the same reasoning as N,

L+
/ <Cmu (Vu,Vu+ Vu,+) Guu+ ) deds
/ |Gnt| Lo (p ;)|Cmvﬁ|L2(DL;,L_) }Vu +Vug: |L2(DLI)dS

S Om A |Cmﬁ|L2(DL74{) ’CmVﬁ|L2(DL+)|Vu + VuLi ’LZ(DLJr)dS

t 1 B
+0/0 |§mu|22(DL:)|(mVu}22(DL+)‘Vu+VuLﬂLZ(Dﬁ)ds

t
< Cm/o Kmﬁ'%z(DL;) (\Vu\izwq) + ‘vu‘;(’:’q) + ‘VuLi‘iﬂDLi) + ‘VuLﬂiz(Dq)) ds

1 [ ~
+Z/0 G V|72

Finally we estimate Njg, using (4.1.5) we obtain

LI

S/o |Cmu|L2 DL;Q{ ‘<Cm (u_u¢n)vvu+vuLi>’L2(DL+)dS
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1 t L 1 t Lt ) )
< [ [ttt 3 [ [ U= uo) f[Vu+ Vg fdeds

2Jo Jory 2 Jo Jory "

t
S C/ |<mﬁ|%2(DL+)d8
0 n
t —Ly ) )
+C/ / ¢ |Vu — Vug, —uVe,| |[Vu+ Vu, | "deds
0 J-Lf

t pLt
w0 [ [T GIvu = Tuo, —uve,[[Vu+ Vuy, [dads.
0 n
Then, combining all the above and applying sup( 4 for any ¢ € [0, 7] we obtain

t t
_ _12 _ 12
Sil&)li} |<mu<5)|%2(DLi) + /0 |Cmvu}L2(Dq)dS o /0 }VCmVub(DLi)ds
< |§mﬁ<0)|%2(DL+)
t p—Ln ) t pLE )
+ C/ / (¢n — 1) |Aul dxds+C/ / (¢n — 1)2C, | Aul dads
0 J-L} 0 JL,
t —Ln, 9
+C / / ¢ |Au — Aug, — 2VuVe, — ul¢,| dzds
0 J-L}
t Lt )
+C / / (2 |Au — Aug, — 2VuVe, — ul¢,| dzds
0 n
bophn 2 2 2
+C/ / G |Vu = Vug, — uve,|” |Vl + [V, [*) deds
0o J-L}

t pLY
co [ [ @Ivu-vus, —uva ! (|9uf’ + [Vuy ) drds
0 Ly,

t
19
+O/0 |Cmu|L2(DL;,l.)

(1 + |Vu’i2(DL¢) + ’vu‘;(Dq) + ‘vuLﬂiﬂ(Dw) + |VUL$E,2(DL7+I)) ds. (4.3.5)
Since, for m > 1,

t t t
2 2 1 2
/O |CmVu|L2(DL¢)ds — /0 |VCmVu]L2(DL¢)d3 = /O (1 — —4m2> (Vi LQ(DLx)dS > 0,

(4.3.5) and Gronwall’s inequality (2.2.7) yield

— 2
sup |Gpu(s
S€[07t}| ( )|L2(DLI)
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Ln
< ('Cmu< )NZ20 +C// 1)2C31‘Au|2dwds
1N\2,2 2
+C/0 /L (¢n — 1)°Ca|Aul dads

t p—Ln
+C / / 2| Au — Aug, — 2VuVe, — ule, | drds
0 J-LF
t Lt )
+C / / ¢h|Au — Aug, — 2VuVe, — ule,| drds
Ot EL" 2 2 2
+C/ / (2| Vu = Vug, — uVe,| (\vu| + | Vu| )da:ds
0o J-L}
t Lﬁ{ 2 2 2
+C/ / §i|Vu—Vu¢n—uV¢n| (‘Vu‘ + |VuLﬂ )d:cds>e“n(t)
0 JL,

t
with iz, (t) :C/O <1+‘Vu|i2(DLi)+|Vu‘i2(DLi)+\VuLﬂiQ(Dq)HVuL;‘;(Dﬁl)>d5.

Consequently, we have

Ln L
sup |Cmﬁ|%2(D ) < <C/ |G dm—i—C/ |G |2dz
s€[0,t] Ln
+C/ / C2|Au‘ d:vds+C/ / C2|Au‘ dxds
L+
Ln Ln
+C/ / ¢ |[VuVe,| dxderC/ / cE,JAqﬁn\ dxds
o J-Lt o J-Lt
t pLb ) t pLb )
+C/ / (2| VuVe,| dacds—l—C’/ / G| Ady| drds
0 JL, 0 JL,
t —Lny 4 t —Ly 4
+C/ / ¢ | Vu| dmds—l—C/ / G| Vuyy | deds
0o J-Lf 0 J-Lt "

t —Ly
+0/ / V|’ |V [ deds
0 J-Lf

t pLY A t pLY A
+0// ¢ |Vl da:ds+0// ¢2 |V | duds
0 Ly, 0 Ly

t pLb
+ C/ / Ci‘V¢n|2‘VuLﬂ2d:vds) eHent), (4.3.6)
0o JL,
Then, as e < e for —Lf <z <-L,and L, <z <L}, we obtain

Sl[lp] |Cmu‘L2 D,y) <e %XLneuL"(t) (4.3.7)
s€|0,t
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with

t p—Ln t pL )
Xz, :(J+O/ / \Au|2d:cds+c/ / | Aul|’dads
0 J-Lf 0 JL,
t —Ln ) t —Ln )
+C’/ / !VquzSn‘ da:ds+(]/ / ‘Aqbn‘ dxds
0o J-Lf 0 J-Lf
t pLb ) t pLY )
+C/ / |VuVe,| dxderC/ / |A¢,| duds
0 JL, 0 JL,
t p—Ln A t p—Ln A
—i—C’/ / |Vu| d:cds—l—C’/ / ‘VuLﬂ dxds
o J-L} 0 J-Ly

t —Ln
+C/ / V|’ |V [ deds
0 J-L}f

t pLY A t Lt A
+0/ / |Vu| dxds+0/ / |Vu, +| dads
0 n 0 JLn

ok 2 2
—I—C’/ / }V(bn‘ ‘VuLﬂ dxds.
0 JL,

Next, for a € (0,1) and 3 = 1 — §, we denote A, := e’ﬂzLTnXLn and B,, = e~ T ehin (),

Then, from (4.3.7) we get

) _aln
sup [Gntlrzp ) <€ 2m A, B,
s€[0,t] In

We have, for ¢ > 0

S P4, >e) =Y P(Xg, > eem),

Using Lemma 2.3.9, we get for 1 < p < oo

Y PA,>e) <) Eipe—*@é’i"E (X7 ].
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From Theorem 3.1.3 and Lemma 4.2.1 we obtain
SOP(A, > ) < O= SR
1 1 P
<cly (_)
- BLn
NI
om\? 1
<C|— —.
<o(%) Sg

Then, from condition (4.1.7)

ZP(An > ) < 0.

n

Consequently, Lemma 2.3.5 gives
P({A, >¢c}i0.)=0, foreverye>0

which means that

lim A, =0, P-as. (4.3.9)

n—oo

On the other hand, using Lemma 2.3.9, Theorem 3.1.3 and Lemma 4.2.1 we have for any

e>0and 1 <p< o

L, 1
;P(;ﬂ >5) gzmﬂi (1 ]

C 1
>~ g_p _ L_;Z < 00,
hence, by Lemma 2.3.5 again we obtain
lim ko — 0, P-as..
n—oo n
We deduce that
— _Ln(L_L#L )
sup B, =sup |e "2 Il < oo, P-as.. (4.3.10)
n>1 n>1
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Finally, we deduce from (4.3.8), (4.3.9) and (4.3.10) that there exists a finite random

variable C', such that

alLp

sup |Gnii7s < (Ce 2m .
s€0,t] v (DLi)

In particular,

lim ( sup ’Cmﬁ‘%2(DL+)) =0 P-as..

n=0 \ sel0,t] n

Then, we obtain

alLn

Ly
sup / |Cm<u¢n - uL:{)|2d$ < Ce™ 2m

sef0,4] J—LF

and
Ly
lim ( sup / |G (1py, — uL+)|2dx) =0 P-as.
N0\ sef0,t] J — L "

Therefore, we get

Ly
sup / lu—u;+|*pm(2)dz < Ce™
s€l0,] J Ly, "

and

Ly
lim ( sup / lu — uLﬂme(:c)dx) =0 P-as..

=0 \ s€(0,t] J —Ln

Consequently, we conclude that

L
lim (sup/ lu(s, x) —uLn(s,x)|2pm(x)dx> =0 P-as.
=00 \ 5[0,

—L

for any L > 0. Moreover, for a fixed o > 0 small enough, there exists a random variable

C independent of n and such that

L
sup / lu(s,z) — ur, (s, 2)|*pm(z)dr < C’e—%7
s€[0,t] J —L

completing the proof of Theorem 4.1.2.

Corollary 4.3.1. Assume that for a certain 1 < p < oo,
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Then, for every L >0 and r > 2

lim E| sup |u(t) —ug, (t)]; }:0.
Jim B sup fu(t) = ()0,

Proof. For every r > 2, we have

L 5
(t,) = s, (0.2) P (o)
L

)

L3
2m — 2me m

lt) = . O0, =

<2

3r
2

(N1

< 22m2.

Hence, the corollary follows from Theorem 4.1.2 and the Dominated Convergence Theo-

rem. O
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CHAPTER 5

A Fully-Discrete Finite Difference Scheme on a Bounded Domain

5.1 Introduction

In this chapter, we solve numerically the reduced problem (4.1.1)-(4.1.4). In fact, we
design a fully-discrete finite difference scheme to find approximate solutions and we carry
out numerical experiments supporting the conjecture that the finite difference solutions
converge to the solution of the reduced problem (4.1.1)-(4.1.4) for vanishing discretisa-
tion parameters. In addition, we perform a numerical experiment which validate the
theoretical result in the previous chapter.

In the following, we recall that T, and X, are defined in Chapter 2 (section 2.4). For

any v : Tj, x X;, — R3, we denote

E]

:V(tnygjz)a _ISZSIa OSTZSN,

vt oy
itz Vit Vi p i g<n<N-1,

! 2
v i=v(ty,:), 0<n<N,
n+1 n
V”+1/2::%, 0<n<N-—-1.

Let UM . T, x X, — R? and g" : X, — R3 such that

g"(z;) = gla;), —(I-1)<i<I-1,
g"(z_1) = g"(z_111),

g"(zr) = g"(z1-1).
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Note that in this case we have

D g"(z;) = Dg"(z_;) = 0.

Let ul : X;, — R3 be defined by

w(z;) =u0,2;), —(I—-1)<i<IlI—1,

ug(z-r) = ug(v-141),

ug (a7) = ug(wr-1).

In what follows, we denote

(5.1.1)
(5.1.2)

(5.1.3)

We propose the following fully-discrete finite difference scheme for problem (4.1.1)-

(4.1.4):

UMt — U7 = pkUPH2 5 AUPH - MUY o (U2 AUt

K3 2

)

+ (U2 gy (Wt W), —(I-1)<i<(I-1),0<n<N-1,

U? = ul(ih), —1<i<lI,
D~U} =D*U", =0, 0<n<N,

lul(ih)| =1, —I<i<I

(5.1.4)
(5.1.5)
(5.1.6)

(5.1.7)

We note that we consider the average U?H/ ® in the fully-discrete equation (5.1.4) to

guarantee that the sphere restriction |U}| =1 is preserved.

In the deterministic case, this type of scheme was studied by Fuwa, Ishiwata and

Tsutsumi in [21] . In our case, where the stochastic term appears, modifications in the
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scheme are needed and they are similar to the modifications made for the finite element

method considered in [6].

5.2 The Fully-Discrete Finite Difference Scheme

In this section, we prove the unique solvability of the fully-discrete scheme (5.1.4)-(5.1.7).

We note that (5.1.4) is equivalent to

UM = uf 4k S U AUPH - AR YUY (U AT

m=0 m=0

+ m Z m+1/2 h) (Wm+1 o Wm)
We define the following space
Epp={v: Ty xX, = R*| D vi=D"v", =0, VO<n<N},

with the norm

|V|Eth: sup  sup |v(t,,x;)|
: 0<n<N —I<i<I

The space Ej . endowed with the norm |- |g, , is a Banach space.
For every h,k > 0, we define the maps Iyt Eng — Epg, s =1,2 and Jyp 0 Epp —

Ej 1 by
(]hk< )) _ ,uk: va+1/2 X A m+1
([}Zlk _ )\kZ m+1/2 Zm+1/2 5 AV?LJFI),

(V)] = uZ (Vi gh) (Wt — ),

foralli = {—1,....,1},n={0,...N} and for all v € E}, ;. For completness of the definition

of these maps, for every v € L}, ;,, we extend the function v as follows

n ) n o on
Vipp =V , Vi, =vl, 0<n<N,



vVl N T 1 <i<T+1,

7 1)

and we extend W as follows

WA = W,

It is clear that I}, (v) and I}, (v) belongs to Ej if v belongs to Ej . The same property
also holds for J, ; due to the fact that D=g"(x;) = D¥g"(z_;) = 0.

The next lemma will be used to prove the unique solvability of the fully-discrete
scheme (5.1.4)-(5.1.7).
Lemma 5.2.1. Assume g € L>®(R). For every h,k € [0, 1], the following holds

e the mappings I, ;. : Eny — Eny, s = 1,2 are locally Lipshitz.

o the mapping Jny : Enr — Eny ts Lipshitz in the following sense: there exists a

random variable C := C(T') > 0 such that E[C?] < oo for every p > 0 and
[k (V) = Tnp(W)lg, < Clv=wlg , v,W€E Ep.

Proof. Consider v,w € Bpg, a ball centered at 0 having radius R in Ej . Let us prove

that the map I }Lk is locally Lipshitz. We have

’I}ll7k(v) — Ii,k(W”Eh,k = sup sup |uk Z ( m+1/2 x Avmtl — W?H/Q X Awﬁ"“)

0<n<N —I<i<I

1/2 1/2 It
m+/ < Av m+1 W;n—&-/ X AWZm'H

< pk sup
0<n<N —I<Z<I

<2uT sup sup
0<n<N —I<i<I

Vi

KARTERN AV?H — W?—H/z X Awf“‘ )
(5.2.1)

We know that

12 _ A 12 _ &
v 2 % Avitt — Wit 2 % Awlt!
L
+1/2 n+1 n+1 n+1 n+1/2 n+1 n+1 n+1
= 73| Vi x (v = 2vith v — wy x (Wi — 2wt witl
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1
2

1 1 1 1
n+1 % Vn+1 4+ v x Vn+1 o V % Vn+1 + Vn+1 % Vn+l 4+ vt x Vn+l
2 Vi i+1 i+1
n+1 1 n+1 +1 1 n+1 1

2 2" 2"
1
n+1 n n+1 n
—2W XWH_1—§W XWH_I—i—W X W, 2W X w, —§W X w,”

1)1 1
I n+l _ on+l n+1 Tt n+l . n+l
~ 1209 (Vz‘ w; ) X Vi + 2Wi X (VH-I Wz—i—l)

+1

1
(Vi = wi) x VIR wi o (Vi = Wit

—w') X V?—H —w X (VZ-hLl

_ W;H—l)

(V7P = wi) sV (v i)

1
o W) XV ng‘ x (Vi = wi)

n+1 n+1’ ’Vn-ﬁ—l} R

n+1 n+1 n+1
- W i+1 ’ ’V

it1 — Wit

- 2h2 |V 2h2 |W

1
+ 53 212 ’V - Wn| |V:L-:r11‘ + 532 2h2 ’Wn‘ ‘V?jll - W?—ill
— ‘Vn _ W:L’ ‘V;H*l‘ + |Wn’ ‘VTL+1 W?+1}

n+1 n—‘rlH n+1’ N n—&-l} ‘Vn—i-l Wzr_z_—f—ll

2h2 ‘ 2h2 ’W

1
+ 272 v —w?| |V"+1‘ +— 577 w!| ‘v"“ witl .

Then, from (5.2.1) we deduce

CuTR
|Ii1,k(v) - Ié (

KW |Ehk <0 v —W|Eh7k. (5.2.2)

Similarly, we can prove that

CATR?
|2 (V) = I i —5

w(w ‘Eh,k <=3 |v — W|Eh7k . (5.2.3)

Finally, let us prove that J,j is Lipshitz. We have

[ Tao(V) = Tn (W)l g, , = sup  sup “Z < M2 /) gh> (W gpm

0<n<N —I<:<I

<pu sup sup Z‘ m+1/2 W:nﬂ/z) X gh‘ Wt — |
0<n<N —I<i<I
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< (N +1)|glroem sup sup [viTE— w2 sup (2w
0<n<N —I<i<I 0<n<N
1
< SH(N + D)lglrm) sup sup Vi - wit sup (2(W7)
0<n<N —I<:i<I 0<n<N
1
+ 5u(N + Dlgliw sup sup v —wi| sup (2]W")

0<n<N —I<i<I 0<n<N

< u(N + 1)lgliem sup  sup v - wE| sup (2IV7))
0 0<n<N

<n<N —I<i<I

(5.2.4)

We will use the Law of Iterated Logarithm for Brownian motion (see Theorem 1.9 on p.
56 of [45]),

= 1.

Wit
lim sup Wl
=0 2tloglog ()

Equivalently, for ¢ sufficiently small, there exists a random variable C' such that

W(6) < ¢y f2rloglos ()

P-a.s. Then, from (5.2.4) we get

1
|Jh7k(V) — thk(w)|Eh,k S CIM(N + 1)|g|Loo(R) Tlog log <T) |V — W|Eh,k (525)

P-a.s. OJ

In the next lemma, we prove the existence of a global solution to (5.1.4)-(5.1.7).

Lemma 5.2.2. Assume g € L®(R). Let R > 1 be fized and let Br be a ball centered at
0 having radius R in Ep,j. Then, for every h,k € [0,1] and T > 0, there exists a unique
solution (U?),0 <n < N,—1 <i <1 to (5.1.4)-(5.1.7) in Bg P-a.s..

Proof. In order to simplify notations, we assume in the proof without loss of generality,

that A = = 1. We consider the mapping H : Ej, , — Ej, defined by

H(v) =uj + Iflb,k(v) - I}%,k(V) + Jhi(v), VveEE,,.
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It is clear that H : Ej, — Ejy due to (5.1.2)-(5.1.3) .
First, we prove that H : Bg — Bg. For v € Bg, we deduce from (5.2.2), (5.2.3) and
(5.2.5) that

HV) g, < |HV) =HO)|s,, +H(0)]s,,

< |ug

Ep i + ’[i%,k(v) Ep k + ‘I]%,k‘<v)|Eh,k + ’Jh7k<v)|E}L,k
S 1A (V) = L (0) |+ k) = ()], A+ 1I0a(V) = Tas(0) 5, ,

CTR(R+1 1
<14+ (2—2) + C(N +1)|g|r~m) |/ T loglog (f)) VI,

CTR(R+ 1 1

Hence, for T sufficiently small (recalling R > 1)

Next, we prove that H is a contraction in By for T" sufficiently small. For any v, w € Bp,

we have

[H(v) = H(W)[g,,

< D) = L), A ROV = (W), 4 1nr (V) = Tk (W), |

CR(R+1 1
< (%T + C(N +1)|g|r~(m)y/ T loglog (f)) v —wlg,,

<clv-wlg,,
with ¢ € (0,1) if T is sufficiently small. We deduce that the mapping H is a contraction
in By for T sufficiently small. From Banach fixed point theorem, we obtain that for every

h,k € [0, 1], there exists a unique solution (U?),0 <n < N,—I <i <[ to (5.1.4)-(5.1.7)

in By P-a.s., for T sufficiently small.
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Next, multiplying (5.1.4) by (U;ZJrl +U?) and by using the elementary property
(2.2.1), we obtain

(urtt —ur,urtt+ Uy =0,  Vie{-(I-1),..,1 -1}, Vne{0,..,N —1},
with ty =T where T is sufficiently small, which means that
urtt =|uy|, Vvie{-(I-1),.,I—1} Vne{0,.,N—1}

Consequently,
U2 =1, Vie{-1,...,I}, Vne{l,.., N},

for every t,, € [0, T] with T sufficiently small and all z; € [—L, L]. Then, since |[U*"(T,ih)| =
1 for every —I < i < I, we can repeat the same calculation as above with initial condi-
tion U%"(T) where T is sufficiently small. Then, we obtain that for each h, k € [0, 1] and

T > 0, there exists a unique solution U} in Bg P-a.s. and the lemma follows. O

5.3 A Priori Estimates

In this section, we introduce and prove some uniform estimates which are important to
prove order of convergence of the fully-discrete solutions to the solution of the reduced
problem (4.1.1)-(4.1.4). We note that the proof of convergence order is subject to further
study. In fact, the analysis using Taylor’s expansion requires some estimates of higher
order derivatives of the solution. These estimates should be uniform with respect to the

discretisation parameters and this couldn’t be achieved at this stage.

S0,V S

is the solution to (5.1.4)-(5.1.7) then
(1) [U?| =1 forall -1 <i<ITandalll <n <N,
(2)

N-1
- 2
E| sup \D*U"EQ] +/\E{k§ :‘U“H/? x AU
h
n=0

1<n<N

<
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where C' is a constant which does not depend on h and k but may depend on |Vug|r2,

|g| g2 and T

Proof. In order to simplify notations, we assume in the proof without loss of generality,
that A = = 1. We note that in this proof, (-, -)Li and HL%L are the inner product and
norm in L?(X}). The corresponding inner product and norm in LZ(Zj) will be clearly
written with Z,.

First, part (1) is proved above in Lemma 5.2.2.

Next, we prove part (2). We multiply (5.1.4) by —AU?,

— (Ut - U AUty = (U2 x Aurt Aot
+ kR (UPT s (U AU, AU

_ <U’;“/2 x gh AU?+1> (Wt —my, (5.3.1)
We extend the grid X, to Z;, and, for all n =0, ..., N, extend U" to Z;, by
U!=U} and U",=U", foralli>I.

This yields
DYU" =D U =AU" =0 for all |i| > I. (5.3.2)

By multiplying both sides of (5.3.1) by A, summing over ¢ from —1 to I and using (2.2.1),

we obtain

_ <Un+1 _ Un,AUn+1> .y <Un+1/2 x (U2 % AUn+1),AUn+1>
L2

2
h L h

T

2
Lh
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For the term on the left hand side, using (5.3.2), Lemma 2.5.4 and the equality 2(a, a—b) =

la|? — |b|*> + |a — b|* for a,b € R3, we derive

- (U —un AUt
h

=~ (Ut U AUt

L2 (Zn)

o +171n+1 +11n +1ntl
= (DU - DYUT, DU,

— <D+Un+1 _ D+Un, D+Un+1>Li

I
1
=5 2 h(IDTUF P = [DYUL P + (DT - DYURP)
i=—1
1
= <|D+U”+1 2, — |DYU"2, + [DFU™ - D*U”|2Li) .

For the first term on the right hand side of (5.3.3), we have using (2.2.2)

k <U”+1/2 X (U”H/? X AU”H) 7AUn+1> " ‘U"“/? « AU 2

h

)
L L?

Combining and taking summation over m from 0 to n, we obtain from (5.3.3)

2

2
Lh

1 " " -
5 <|D+U"“|ii — DTl + ) IDTUT - D+Um!iz> FRY [Ur Ay
m=0 m=0

_ Z <Um+1/2 > gh7 AUm+1>L2 (Wm+1 _ Wm) (534)
m=0 h

We proceed with the term on the right hand side. Using (5.3.2), Lemmas 2.5.4, 2.5.3 and

the elementary property (2.2.1) we get

_ i <'[Jm‘"1/2 % gh7 AUm+1>L (Wm—H . Wm)
m=0

2
h
_ Zn: <Um+1/2 % gh’AUm+1> (Wm+1 . Wm)
m=0

L2(Zy)

_ Z <D+ (Um+1/2 % gh) ’D+Um+1> (Wm+1 _ Wm)

m=0

L2 (Zn)
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_ Z <D+ (Um+1/2 % gh) ’D+Um+1>L2 (Wm—H o Wm)

m=0

_ Z <D+Um+1/2 % 7_+gh7D+Um+1>L% (Wm+1 _ Wm)
m=0

+ Z <Um+1/2 > D+gh, D+Um+1>Li (Wm+1 _ Wm)

m=0

_ % Z <D+Um % 7_-i-gh7 D+Um+1>L% (Wm-‘rl _ Wm)
m=0

+ Z <Um+1/2 % D+gh, D+Um+1>Li (Wm+1 _ Wm)

m=0

— M + M, (5.3.5)

Now, we estimate M;. Using the elementary property (2.2.1), we obtain

n

1
M =5 > (DrUm x gl D+Um+1>L% (W™ —wm)

m=0

1 n
=3 > (DTUT x7tg" DYUT - DYUT) L (W - W),
m=0

Then,

M| < éz |DYU™H — D*Um\ii + %|gh e Y ]D*Um\ii (W™ —Ww™)2. (5.3.6)

Furthermore, for the term M, we get
My = 1 - Um+1 um™ D+ h D+Um+1 Wm+1 —Wwm
2= 3 D (U U x DY ) )
m=0
1 n
_ 5 Z:O <(Um+1 o Um) « D+gh, D+Um+1>L% (Wm-i-l . Wm)
+ Z <Um > D+gh, D+{Jm+1>L}21 (Wm+l _ Wm)
m=0
_ 1 Z <(Um+1 i Um) % D+gh D+(Um+1 . Um)> (Wm—H . Wm)
2 m=0 , L%L
1 - m m m m m
+§Z<(U U x DT, DU, (W W
m=0

139



+ Z_O <Um > D+gh7 D+(Um+1 _ Um)>L% (Wm—l—l _ Wm)

+ Z <Um % D+gh,D+Um>L2 (Wm—H _ Wm)

m=0

Then, using part (1) of the lemma

1 - +11m+1 +r1m|2 - m—+1 m\2 + . h|2 m—+1 m|2
M| < 75 §_O|D Ut — DU, + E_O(W — W™ DFg" |7, U — U™ |1
1 - m m 1 - m m m
# g D (UM = U g D0 WD g DU

m=0

1 n
+ 15 Z_O DUt - D+Um‘ii 44 Z_O(Wmﬂ — W ptgh ii
+ 77;}<[Jm > D+gh’ D+Um>Li (Werl _ Wm)

1< I
<3 Z |Drumtt - D+Um‘ii +3 Z iyt Umﬁ%

m + P +1T1m m—+1 m
+ Z:O<U x Dtgh, DTU™) L, (W — W)
+0 YW gy (uﬁgh 2, + |D+ghy§?\D+Umy§i) . (5.3.7)
m=0

We need to control [U”*! —U™| 2. We multiply (5.1.4) by U™*! — U™ to obtain

ot —urf

— k(UM AU U - o

— k(U (U Aup) ot - oy

)

+ (U gh U - Uy (W -,

7

Multiplying by A and taking summation over ¢ from —/ to I, we obtain

Um+1 i Um‘i2 —k <Um+1/2 % AUm—Q—l?Um—&—l . Um>
h

2
Lh

—k <Um+1/2 X (Um+1/2 X AUm“) Ut Um>

2
Lh
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+ <Um+1/2 % gh7 Um+1 . Um>Li (Werl . Wm)

3

1 m—+1 m|2 2 2
<glumt-u PREL

Um+1/2 % AUm-i-l

2
Lh

um™t/2 x AUt ’

1 ml2 3 m 2
+6|U U ]Li+§k2\u +1/2|L;;° y

+ % |Um+1 . Um‘ii 4 ; }Um+1/2 % gh’ii (Wm+1 . Wm)z_

Then, we get using part (1) of the lemma

2

umtl _ Um‘i2 < Ok2 lum+ti/2 « Aum™t!
h

2
. +C |Um+1/2 % gh‘L% (Wm+1 _ Wm)Z
h

This inequality, (5.3.7) and part (1) of the lemma yield

2

| M| < % > [DrUmH — DYUT|L, + OK ‘Um“” x AU
h
m=0 m=0

L
> (U™ x Dtgh DUy, (W - W)
h

m=0

_|_

- m m 2 m
+OY (Wt W )2<‘gh|L%+|D+gh 72 +|DY " 1| DTU |ii>' (5.3.8)

m=0

It follows from (5.3.4), (5.3.5), (5.3.6) and (5.3.8),

1 n41)2 1 02 1 ¢ +yrm+l +ym|?
S DU, — S|DTU Li+ZZ|DU - DU,

m=0

2

2
Lh

+(1-CRkY. ’Um“/? x AUt
m=0

n

<C <|gh|2Li i ‘D+gh|ig> Z(Wm+l _ Wm)Q

m=0
n

+ O (Ig" + 1D g 3 ) Yo — w2 | prun
m=0
> (Umx Dtg", D+Um>L% (Wm+t —m)

m=0

+
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Applying supy.,<y_; and expectation, we get

N-—1
5112{ sup  |[DHU +1|ii} + ZE[ IDHUm — U )|L3}

0<n<N—1 —
n=0
2 }
2
Ly

N-—1
< DU, + (I8t + D) B (v -]

N-1
+ (1 - Ck)E { >k (U”“/? x AU
n=0

n=0
N-1
n n n 2
v O (17 + 18 B[ St - wr o
n=0
+E| su U™ x Dtgh DYU™) , (WmH —wm } 5.3.9
L [ D DU ) (539

We proceed with the last term. We define from U™, 0 < n < N, a piecewise constant

function defined on [0, 7] as follows. For each ¢, let t,, be such that ¢ € [t,,t,.1). Then,
riU(t,-) = U(t,, ) = U".
Consequently, we have
(U™ x D*g", D*Um>L% = (ryU(t) x D*gh,rkDJrU(t»Li
for t € [tm,tmy1). Then,

> (U™ x D¥g". DYU™) , (W — ™)

m=0

n tm+1
— Z/t (U™ x D*g", DYU™) . AW (1)

tn+1
= / (rU(t) x D*g", rDYU(t)) . AW ().
0 h

Using Lemma 2.3.18 and part (1) of this lemma, we get

m + o h +1T1m m+1 m
d (U ng,DU}Li(W wm)

m=0

E{ sup

0<n<N-—1

|
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:E[ sup /0 o <rkU(t)><D+gh,rkD+U(t)>Li dW(t)H

0<n<N-1

2 \?
)|
2
4

= CE[ </T (rU(t) x D*g" reD U(),,

< celi+ [ [(nU < D*g D U0,

§C+OE[/ |D'g h\L2 IrDTU(t \LQ }

§C+C\D+gh\L% /|rkD+U |L2 }

[N—1 totl
§C+C\D+gh\iz Z/ ) |D+U"\izdt]
n=0 7 In

N-1
<c+C|ptg"LE|Y k|DrU ]
h

We deduce from (5.3.9) that, for &k sufficiently small so that (1 — Ck) > 0

N-1
1 1 ,
—E D+Un+1 22 “E D+ Un+1 _ur
2 [0<222—1| 7 3 ;l ( )|Lg
2
"

N-1
< C+CID*U%E, +C <|gh|ii +|Dtg" i) E { > oWt — W")Q]

n=0

N—-1
+(1—Ck)E { >k ‘U”“/Q x AU™!

N-1
+ N2 h|2 n+1 n\2 +y1n|2
+C (108" + el B[ v —wep oo, |

n=0

+0|D+gh\L2 kZE { sup |DTU"[2, (5.3.10)

0<r<n :|

We know that

E (Wn+1 . Wn)2 ’D+Un}i2 } E [E |:(Wn+1 o Wn)2 ‘D+Un|i%
h

gl

E[(W" —W™)?| R, ] }

|L%

E[\DW” ;
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:kE{\D*U"!ii},

and for k sufficiently small so that (1 — Ck) >0

— n+1/2 n+1
(1— CK)E [Zk‘U « AU LQ}ZO,

consequently, we deduce from (5.3.10)

B[ sup 107U | <0 CIDTUR, ¢ (' + 107 ) T

1<n<N

N-1
+C (|D+g , +|Dtg"2 oo + |gh|izo) k ZE{ sup |D+UT|L2}
n=0

0<r<n

Finally, using Lemma 2.4.1 we obtain

E| sup |D+U”|L
1<n<N
|Dtg"?, +|D+g 12 oo'Hg h)

(C + DU, + CT (yghyiz +|Drgh? )) K

= O (|Vuglr2, g|a2, T)

where in the last step we used Theorem 2 on page 6 of [51].

We note that from (5.3.10), for k sufficiently small so that (1 — Ck) > 0, we deduce

L2
n=0 h

N-1
[Zk ’U”“/Z x AU } < C(|Vuglpe, |g|me, T)

and the lemma follows. O

5.4 Numerical Experiments

In this section, we carry out numerical experiments to solve the one-dimensional stochastic
problem (3.1.1)-(3.1.3).
In the first two experiments, we show convergence of the solution of (5.1.4)-(5.1.7)

to the solution of (4.1.1)-(4.1.4) when h and k tends to zero. We solve an example of
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the stochastic LLG equation (4.1.1) on the domain D = [—1,1]. We consider the initial
condition ug = (sin(e"“),cos(e"‘”‘),O) and the function g is given by g = (717, 0,0).
: _ 1 1
We set the values for the parameters in (5.1.4) as A = 35 and p = .
In the following experiments, we consider 7" = 1 and we generate for each time step

k a discrete Brownian path by:
Wi(tni1) — Wi(t,) ~ N(0, k) foraln=0,..,N —1.

We approximate any expected value by the average of A discrete Brownian paths. In our
experiments, we choose A = 50.

We compute U7 by using the following algorithm:

1. Set n = 0. Choose UY = ul(ih).

2. Find U7 satisfying the stochastic equation (5.1.4).

3. Set n =n+ 1, and return to step 2if n < N — 1. Stop if n = N.

We note that the procedure of calculating U™*! from U” is implicit and nonlinear. We
employ a fixed point algorithm in the experiments and choose the tolerance to be 1076.

Experiment 1: To observe convergence of the numerical method when h tends to
zero, we solve with N = 8000 and h = % where I = 5,10,20,40,80. Since the exact
solution of problem (3.1.1)-(3.1.3) is unknown, we compute a reference solution U(t, z)
by solving this problem when L = 1 but with a finer mesh size by considering I = 160
and N = 16000. For each value of h, the domain D is uniformly partitioned into intervals

of size h. We note that

n n|2
5,37,1 =E| sup |U"-U ’Li(fl,l) )

0<n<N

We plot in Figure 5.1 the error S,ih for different values of h. The figure shows a clear
convergence of the method when A tends to zero. In Figure 5.2, we plot the logarithm
of the error £, with respect to the logarithm of different values of h. The figure shows

that the rate of convergence with respect to h is 2.
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Experiment 2: We observe convergence of the numerical method when k tends to
zero. In fact, we solve with h = % where I = 20 and N = 500, 1000, 2000, 4000, 8000.
We choose h that big because we assume that we have the condition on the parameters h
and k considered in the deterministic case (see [21]) since we still do not have the study
for the stochastic case. We note that the reference solution U(t, x) is the one considered
in the first experiment. For each value of k, the domain [0, 7] is uniformly partitioned
into intervals of size k. We plot in Figure 5.3 the error £, for different values of k. The
figure shows convergence of the numerical method when £ tends to zero. We note that
the value of the error for the smallest £ is 0.0001329. In Figure 5.4, we plot the logarithm
of the error £, with respect to the logarithm of different values of k and the figure shows
that the rate of convergence with respect to k is the same as the rate for h and is equal
to 2. In fact, our numerical results are consistent with the analytical results proved in
[21] for the deterministic case. We note that the stochastic case is still under study.

In the last two experiments, we show convergence of the solution of (4.1.1)-(4.1.4) on
a bounded domain [—L, L] to the solution of (3.1.1)-(3.1.3) on the whole real line when
L is large enough. The function g is considered as above and the initial condition is
uy = (sin(x),cos(x),0). We note that uy should satisfy the conditions in Lemma 4.2.1
on R but in the experiments it is enough that it satisfies the conditions on a bounded
domain. We set the values for the parameters A\ and p as previously. We note that we
choose the tolerance to be 107'2. In the following experiments, we compute a reference
solution U(t, z) by solving this problem when L = 100 but with a finer mesh size by
considering k£ = 0.0005 and A = 0.025.

Experiment 3: To observe convergence when L — oo, we fix k and h to be equal to

0.001 and 0.05 respectively. We note that

2 n n|2
Ei,=E| sup u" —-u |L%(—20,20) :
0<n<N

We solve with L = 5,10, 20,40, 80 and compute the error in the interval [—20,20]. Tt is

clear that when L increases, the errors decrease. However, we observe that the difference
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Figure 5.1: Plot of error £,

in errors between L = 40 and L = 80 is not clear. Indeed, the error for L = 80 does
not reduce much because of large h. This is confirmed when we compute the error with
L =80 and h = 0.025. We present in Table 5.1, the error Ef;, for different values of L.

We note that, when necessary, we extend the solutions by their values at the endpoints.

The error values show a clear convergence of the method.

Experiment 4: To observe more data, we fix again k£ and h to be equal to 0.001 and

0.05 respectively. We solve with L = 73,73.5,74,74.5,...,79,79.5. We note that

2 n __ 7/m|2
0<n<N

We present in Table 5.2, the error Ei’h for different values of L. The table shows conver-
gence of the method.
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Figure 5.3: Plot of error S,f,h.
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Table 5.1: Error E,ih
L Error

5 6.0699¢101
10 4.5071et01
20 1.0522¢701
40 3.9200e~%
80 (h=0.05) 3.9199¢~%
80 (h=0.025) 4.3412¢10
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Table 5.2: Error Ez’h

L Error

74 7.2135
745 4.0969

75 1.8761
75.5 0.6051

76 0.1052
76.5 0.0097

77 0.0005
77.5 1.2952¢9%
78 1.5951e~07
78.5 2.6251e%
79 2.6243¢™%
79.5 2.6241e"
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