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Simulation of a tractor-implement model under the influenceof lateral
disturbances

Hemanshu Pota, Jayantha Katupitiya, and Ray Eaton

Abstract— This work presents the derivation of a compre-
hensive mathematical model for an off-road vehicle such as an
agricultural tractor that drags behind it a heavy implement. The
models are being developed with the aim of designing robust
controllers that will enable the high precision control of the
implement’s trajectory. The developed model is subjected to real
conditions, such as ground undulation and uncertainty, sloping
terrain, tyre slippage, and constrained steering of the tractor.
The implement is assumed to possess independently steered
wheels for aiding in implement alignment. A complete model is
presented and simulated under varying conditions. Primarily
this work demonstrates and validates the trailed vehicle system
behavior when the trailing implement is subjected to large drag
forces due to ground engagement and the significantly large
lateral disturbances that occur in real life broad acre farming
conditions.

I. INTRODUCTION

Precision farming is aimed at ensuring spatial precision of
on-farm agricultural tasks. The reducing labour availability,
increasing labour costs and the emergence of corporate style
farming has placed a new emphasis on precision farming
with the possibility of fully autonomous farming in the
future. The aim is to minimise the degree of complexity of
mechanical manipulation so that large scale machinery can
be used with cost effectiveness and reliability. It is a well
known fact that, the more structured the environment is, the
easier it is to apply robotic solutions. Given the large scale
nature of agricultural operations, a structured farming system
is extremely desirable.

Structured farming commences at the layout stage of the
farming system. During layout, the traffic directions can
be chosen to minimise undesirable effects of gravitational
forces, maximise straight runs, avoid mixing up different
soil conditions and so forth. In existing farms, the precision
farming effort is largely directed at the seeding stage. If the
crop can be planted at desired locations as determined by a
precision farming data set that ensures optimised machinery
performance, all follow up operations such as weeding and
fertilising becomes simpler and hence easier to automate.

As of today, precision tractor guidance is well established.
Within limited disturbances the tractors can ensure sub-
inch precision. Given this ability, controlled traffic has been
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introduced, in which the tractor wheels are expected to travel
within pre-specified tracks. Tractors traveling outside these
tracks are considered undesirable and cause damage to the
soil structure. Unfortunately, the actual agricultural tasks are
carried out by the implements and not by the tractors. The
precision guidance of the tractor does not directly translate
into the precision guidance of the implement. Unlike the
tractors, the implements, especially the seeding implements,
are subject to significant ground contact forces and hence
there is a large set of disturbance forces that cause the
implements to drift off course. Among these disturbances
are; the uneven ground contact forces due to varying soil
structure across the width of the implement, gravitational
forces on sloping land and the effects of lateral undulations
that may cause some of the seeding tines to dig deeper than
the others thereby generating unbalanced forces.

Almost all research in the area of mobile platforms has
been done for non-holonomic constrained (assuming no side-
slip) systems [1], [2]. This assumption is valid for most
mobile platforms. Most results, for this class of systems,
are available through purely velocity kinematic models [1].
However, the off-axle hitched implement and tractor system
does not satisfy the standard assumptions needed to solve the
non-holonomic constrained velocity kinematics thus special
methods are developed for it [3]. This makes the control
problem with full-dynamics (mass, inertia, etc.) even more
difficult. In the literature, modeling of agricultural vehicles
has been presented [4] and their precision guidance has
been achieved to a great extent [5], [6], [7]. A three-point
mounted implement guidance system has also been tested
for its performance [8], [9]. However, these systems only
guarantee accurate motion of the prime mover. They do not
present a control methodology for precision guidance of the
implements subject to significant disturbance forces while
taking into account the actual tractor-implement dynamics.

In this paper, we present a complete mathematical model
that takes in to account the dynamics of a tractor and an
implement. The paper presents two models; the non-slip
model that represents the ideal performance and the slip
model that represents what may be encountered in practice.
The tractor is modeled as a front wheel steered machine with
either four wheel propulsion or rear wheel propulsion. It has
an off axle hitch point to which the trailing implement is
attached. The implement is subjected to a significant drag
force due to ground contact. The trailing wheels of the
implement can be steered.
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Fig. 1. Tractor Implement set up in a slipping condition subjected to
disturbance forces ofFt andFi

II. DYNAMIC MODEL DEVELOPMENT

Fig. 1 shows an off-axle coupled steerable implement
being pulled by a tractor. For simplicity, all pairs of wheels
are represented by single wheels along the longitudinal axis
of the tractor and the implement. Note that this represents
a lateral slip situation withβtf , βtr and βri being the
three slip angles of the tractor’s front wheels, tractor’s rear
wheels and the implement wheels, respectively. Tractor has
two propulsion forcesTtf and Ttr at the front wheels and
rear wheels, respectively. Tractor’s steering angle isδ1 and
the implement’s steering angle isδ2. All three wheels are
subjected to the three rolling resistancesRtf , Rtr and Ri

as shown in Fig. 1. In addition to these, the implement is
subjected to the implement drag force ofRt acting in the
direction directly opposite to the direction of travel of the
implement. The tractor’s velocities at its centre of mass are
vt in the longitudinal direction andwt in the lateral direction.
Similarly, the velocities of the implement at its centre of mass
are,vi andwi. The inertias of the tractor and the implement,
at their centre’s of mass areIt and Ii, respectively. The
tractor mass ismt and that of the implement ismi. The
angular velocities of the tractor and the implement areΩt

andΩi. RH is the hitch point reaction andφ is the tractor-
implement misalignment.

By equating the velocities at the hitch point, the following
two equations can be written.

vt = vi cosφ − (wi + dΩi) sin φ (1)

wt = (wi + dΩi) cosφ + vi sinφ + (b + c)Ωt (2)

A. Slip Model

Six dynamic equations can be written with three for the
tractor (two translational and one rotational) and three for the
implement. Equations (1) and (2) can be used to eliminate
vt andwt to obtain four equations in the four state variables

{vi, wi, Ωt, Ωi}. These can then be expressed as,
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Equation (3) represents the simulation model. The dynamic
model given below is obtained by ignoring disturbance
forces.
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See Appendix for theD matrix and theG matrices of (3).
A complete set of dynamic equations can be obtained by
appending the following three equations.

φ̇ = Ωi − Ωt (5)

δ̇1 = Fst (6)

δ̇2 = Fsi (7)

whereFst andFsi are the steering inputs of the tractor and
the implement, respectively. Equations (4), (5)-(7) form the
complete set of dynamic equations for the slip model with
the state vector of{vi, wi, Ωt, Ωi, φ, δ1, δ2}

T and a control
input vector of{Ttf , Ttr, Fst, Fsi}

T . The position and ori-
entation of the implement can be obtained by integrating the
following equations.

θ̇i = Ωi (8)

ẋi = vi cos θi − wi sin θi (9)

ẏi = vi sin θi + wi cos θi (10)

For the purpose of simulation, each rolling resistance has
two terms, a viscous type term that is proportional to the
rolling velocity and another term that is proportional to the
normal load on each wheel.

To determine the slip forces, the slip angles must be
calculated. The lateral slip angles are,

βft = tan−1
(wt + aΩt)

vt

+ δ1 (11)

βrt = tan−1
(wt − bΩt)

vt

(12)

βri = δ2 − tan−1
(wi − eΩi)

vi

(13)

The lateral forces{Flf , Flr, Fli}
T can then be calculated

using,

Flf = ksβtf (14)

Flr = ksβtr (15)

Fli = ksβri (16)

whereks is a constant.



B. Non-slip Model

In the non-slip model, theβ’s in equations (11)-(13) must
be zero. Hence we obtain, three new conditions,

tan δ1 = −
(wt + aΩt)

vt

(17)

wt = bΩt (18)

tan δ2 =
(wi − eΩi)

vi

(19)

Equations (1),(2) and (17)-(19) can be solved to obtain a
matrix S such that,

[

vi wi Ωt Ωi

]T
= S vi (20)

By differentiating,
[

v̇i ẇi Ω̇t Ω̇i

]T
= S v̇i + Ṡ vi (21)

Substituting in (4),

DSv̇i + DṠvi + G11
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Flr

Fli



 + G2

[

Ttf

Ttr

]

+ G0 = 0 (22)

Equation (22) represents four equations in{v̇i, Flf , Flr, Fli}.
They can be used to solve forv̇i. The solution can also be
obtained by pre-multiplying (22) byST . This gives,

ST DSv̇i + ST DṠvi + ST G11





Flf

Flr

Fli



 + ST G2

[

Ttf

Ttr

]

+ ST G0 = 0 (23)

It can be shown thatST G11
= 0. Hence, the non-slip

dynamic model is,

v̇i = −(ST DS)−1

(

ST DṠvi + ST G2

[

Ttf

Ttr

]

+ ST G0

)

(24)

Equations (24), (5)-(7) form the complete set of dy-
namic equations for the non-slip model with the state
vector of {vi, φ, δ1, δ2}

T and a control input vector of
{Ttf , Ttr, Fst, Fsi}

T .

III. MODEL SIMULATION

With the model obtained in Section II, the tractor-
implement system is simulated under varying conditions.
The parameters and constants of the model have only been
partially verified, with known parameters based on an exist-
ing John Deere compact agricultural tractor. All remaining
and unknown parameters are believed to be realistic for the
tractor and conditions at hand.

Four simulations of the tractor-implement system are
presented, and show the trajectories of the tractor and/or
implement centre of mass. The results which are outlined fol-
lowing, firstly compare the response of the tractor-implement
system under no-slip and slip conditions. In the no-slip case,
the tractor and implement wheels are constrained to their
intended paths going around bends, not unlike a train which
is constrained to its track. The second comparison is made

under slip conditions, by applying two different magnitude
disturbance forces to both the tractor and implement. Such
disturbances are restricted to point in one direction, and
are meant to mimic the effects of operating the tractor and
implement on sloping ground with differing grades.

In each following simulation, the tractor and implement
are assumed to start at rest, are in alignment with each other,
and have orientations of zero degrees. On the simulation
plots, this corresponds to the combination pointing from left
to right. In each case, the traction, or propulsion forces are
set to constants, withTft = 500, andTrt = 2000. After 15
seconds of motion with the steered wheels pointing directly
ahead, the front wheels of the tractor are actuated resulting
in a wheel displacement of approximately25o (turn to the
right) for 1.5 seconds. At this point the front tractor wheels
are actuated in the reverse direction (left) such that they are
once again pointing straight ahead.

The disturbance forcesFt andFi are applied to the tractor
and implement in the negativey direction, corresponding
from top to bottom on the following simulation plots. In the
dynamic model, the direction of these disturbance forces is
specified with respect to the axes of the tractor and imple-
ment. As the orientation of both the tractor and implement
changes, these force angles are transformed to give a fixed
direction.

The four simulations may be briefly described as follows:

Case 1: Without slip, without lateral disturbances.
Here, the slip angles,βtf , βtr, andβri are identically zero,

and the lateral slip forces have no effect on the model. The
no-slip model derived above is implemented. Fig. 2 shows
the animated trajectory of the tractor and implement as it is
going into, and coming out of, the right hand turn.

Case 2: With slip, without lateral disturbances.
Fig. 3 displays the trajectory of the tractor and implement

for this case. As with the no-slip case, the plot focuses on
the curved part of the trajectory resulting from actuating
the steering. The slip model of Section II is used with the
disturbance forcesFt andFi set to zero.

Case 3: With slip, with small lateral disturbances.
As with Case 2, however each lateral disturbance force

is set such that its effect is equivalent to that obtained by
operating on a sloping ground. The slope is downward in
the negativey direction (top to bottom on the plot) with
a grade of approximately 2%. From the perspective of the
tractor, it effectively starts its operation driving across the
slope and then turns right down the slope.

Case 4: With slip, with large lateral disturbances.
Similar to Case 3, with larger lateral disturbance forces.

Their effect is to simulate a ground slope with a grade of
approximately 10% in the same direction.

The plots of Fig. 4 depict the complete trajectories of the
tractor alone for each of the four cases.
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IV. DISCUSSION

The results shown in Fig. 2, Fig. 3, and Fig. 4, show
some significant and telling differences between the different
simulations. Although these results are not experimentally
verified as yet, they give a quite good account of how the
tractor-implement pair would behave.

When comparing the no-slip and slip simulations, the
trajectories start to diverge as soon as steering actuationis ap-
plied, as would be expected. Differences exist not only in the
final steady-state heading of the tractor and implement, but
also in the curved motion under non-zero steering angle. In
Fig. 2 and Fig. 3, it is seen that the radius of curvature for the
no-slip case is somewhat smaller. In addition, differencescan
be seen between the no-slip tractor and implement responses.
Once steering is commenced, the implement receives a small
“kick” outwards due to the outward reaction of the rear hitch-
point of the tractor. However the implement soon recovers
and finishes the curve with its centre of mass trajectory inside
that of the tractor. This characterisitic would be expected
of a chained system with constrained (no slip) motion. On
the other hand, when the slip model is applied, it can be
seen that the implement center of mass trajectory remains
close to that of the tractor, indicating that the rear of the
implement is sliding outward. Once the steering actuation
has concluded however, and the tractor aligns to a straight
path, the implement also self-aligns to the tractor again.

The lateral slip forces in (14)-(16) suggest a linear re-
lationship between the slip angles and the resulting forces.
In [21], this linear relationship is similarly used. In reality
though, the lateral slip forces tend to saturate above a certain
threshold, which for simulation purposes was taken to be in



the range5o − 10o for this tractor and implement. It was
noted that the inclusion of this saturation in the simulation
had the effect of reducing the slipping of both tractor and
implement. An additional variation between this work and
that of [21] is the value of the slip angle gainks. A smaller
gain is applied here to take into account the extra uncertainty
in ground conditions in an agriculural setting. It was also
noted that uncertainty in the slip angle gain lead to quite
marked changes in the amount of exhibited slip and thus the
trajectories of the tractor and implement. This fact suggests
more comprehensive and experimental modeling of the type
slip will be required.

From Fig. 4, the effect of applying lateral disturbance
forces is seen. It is important to keep in mind that the
simulations undertaken are completely in open-loop, and no
effort is made to correct either the tractor’s or implement’s
trajectory in the event that such forces cause them to stray
from their intended paths. As expected, the larger lateral
force gives rise to more tractor and implement drift on the
first straight. More specifically, both tractor and implement
drift approximately 10m “down” the slope for 100m of
forward motion, as opposed to a 2m drift for the smaller
lateral force. Also, at the conclusion of the turn, when the
tractor and implement are generally pointing in the direction
of the force (down the slope), the larger force results in a
greater speed and hence greater distance travelled.

An important feature of this simulation is the inclusion
of not only the tyre rolling resistance forces, but also an
implement dragging force. The dragging force would be
present on an implement with seeding tines for example,
and cannot be ignored. Without the presence of the rolling
resistance force, the tractor and implement would continue
to accelerate unrealistically.

V. CONCLUSIONS

This paper presents a comprehensive and realistic dynamic
model of a tractor-implement combination. A feature of
the model is that it is subject to real conditions and real
disturbances more applicable in an agricultural setting such
as broad acre cropping. Such real conditions include ground
uncertainty, sloping terrain, type slip, and the existenceof
rolling, or drag, forces, which act against the forward motion
of the tractor.

Highlighted was the derivation of both a slip, and no-
slip model for the purpose of comparison. Application of
the models showed the significant effect that slip has on the
trajectory of both the tractor and implement. The importance
of this phenomenom cannot be understated as it can be a
significant problem in a precision farming setting. On an
implement with seeding tines at its rear, for example, such
sliding motion can result in the tines being applied with
significant error.

In addition, the application of lateral disturbance forces
underlines the requirement that a controller be sufficiently
robust in order to maintain both implement and tractor
on their desired paths. Once again, such lateral forces are
particularly relevant in an agricultural or precision farming

environment, where ground undulation and sloping terrain
may play a role.

Importantly, the models, and the results from the models,
provide a sound basis for which to continue research into
precision implement guidance. It will be necessary to carry
out experimental model validation to confirm these results.
This will be undertaken with an existing John Deere compact
agricultural tractor and an appropriate implement to be
designed and constructed.

In parallel, work can now be undertaken in designing and
testing different advanced, and mostly nonlinear, controllers.
With significant precision required for implement guidance,
and with the demonstrated effects of tyre slip and disturbance
forces, this will be a challenging and non-trivial task.

APPENDIX

D =









mi + mt 0
0 mi + mt

(b + c)mt sinφ (b + c)mt cosφ
0 d mt

(b + c)mt sin φ 0
(b + c)mt cosφ d mt

Jt + (b + c)2mt (b + c)d mt cosφ
(b + c)d mt cosφ Ji + d2mt









(25)

G11
=









sin(φ + δ1) sin φ − sin δ2

cos(φ + δ1) cosφ cos δ2

(a + b + c) cos δ1 c 0
d cos(φ + δ1) d cosφ −e cos δ2









(26)

G12
=









cos(φ + δ1) cosφ
− sin(φ + δ1) − sinφ

−(a + b + c) sin δ1 0
−d sin(φ + δ1) −d sin φ

cos δ2 cos(βri − δ2)
sin δ2 − sin(βri − δ2)

0 0
−e sin δ2 e sin(βri − δ2)









(27)

G2 =









− cos(φ + δ1) − cosφ − cos δ2

sin(φ + δ1) sin φ − sin δ2

(a + b + c) sin δ1 0 0
d sin(φ + δ1) d sin φ e sin δ2









(28)

G3 =









− cosαi − cos(φ + αt)
sin αi sin(φ + αt)

0 (b + c) sin αt

0 d sin(φ + αt)









(29)

G0 =









−(mi + mt)wiΩi − dmtΩ
2

i − (b + c)mt cosφΩ2

t

(mi + mt)viΩi + (b + c)mt sin φΩ2
t

(b + c)mtΩi(vi cosφ − wi sin φ − dΩi sinφ)
dmtviΩi + d(b + c)mt sin φΩ2

t









(30)



The matrixST = {s1, s2, s3, s4} is such that,

s1 = 1

s2 =
c(cosφ tan δ1 − (a + b) sin φ)/s0 + d tan δ2

d + e

s3 =
tan δ1

s0

s4 =
(cosφ tan δ1 − (a + b) sinφ)/s0 + tan δ2

d + e

where
s0 = (a + b) cosφ + c sinφ tan δ1

Note thatST G11
= 0. Hence the third term of (23) will

disappear.
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