
Satellite-based Quantum Communications with Hybrid
Protocols

Author:
Do, Hung

Publication Date:
2022

DOI:
https://doi.org/10.26190/unsworks/24450

License:
https://creativecommons.org/licenses/by/4.0/
Link to license to see what you are allowed to do with this resource.

Downloaded from http://hdl.handle.net/1959.4/100743 in https://
unsworks.unsw.edu.au on 2024-04-25

http://dx.doi.org/https://doi.org/10.26190/unsworks/24450
https://creativecommons.org/licenses/by/4.0/
http://hdl.handle.net/1959.4/100743
https://unsworks.unsw.edu.au
https://unsworks.unsw.edu.au


Satellite-based Quantum

Communications with Hybrid Protocols

Hung Do

A thesis in fulfilment of the requirements for the degree of

Doctor of Philosophy

School of Electrical Engineering and Telecommunications

Faculty of Engineering

The University of New South Wales

May 2022



THE UNIVERSITY OF NEW SOUTH WALES
Thesis/Dissertation Sheet

Surname or Family name: Do
First name: Hung Other name/s:

Abbreviation for degree as given in the University calendar: PhD
School: School of Electrical Engineering and Telecommunications Faculty: Faculty of Engineering
Title: Satellite-based Quantum Communications with Hybrid Protocols

Abstract

In many traditional quantum–information protocols, quantum entanglement is carried by either discrete variables (DV) or contin-
uous variables (CV). In DV mode, the quantum information is usually encoded into the polarization or the number of photons. In
CV mode, the quantum information is encoded into the quadrature of the optical field. Compared to DV protocols, CV protocols
use homodyne (or heterodyne) detectors which are faster and more efficient. In the context of satellite communication, it is
of great interest to interconnect terrestrial devices running on mixed technologies by exploring the use of hybrid teleportation
protocols. As a proof of concept, the Micius experiment has demonstrated an experiment for QKD between a satellite in Low-
Earth-Orbit (LEO), which is about 500km above the ground, and a ground station. However, the engineering and deployment
of quantum satellite payloads are very challenging. Once the satellite is deployed, it is very difficult to modify the payload for
different functionalities. Hybrid technologies, in contrast, can interoperate with both the DV and CV protocols. In this thesis,
I investigate hybrid protocols where the teleportation channel is a CV entangled state (which will henceforth be called the CV
channel) and apply them to different quantum communication protocols over long distances. In these protocols, instead of directly
distributing quantum entanglement from the satellite (direct distribution scheme), where the transmission loss directly affects the
DV modes, the CV channel is pre-distributed from the satellite to teleport different quantum states. As a result, the satellite loss
enters indirectly through the teleportation channel. My first contribution shows that using a CV channel to transfer one mode of
a DV entangled state yields higher entanglement quality than directly distributing the DV entanglement from the satellite. In my
second contribution, by using the CV channel to teleport a Schrödinger’s cat state, I also show that the teleportation protocol
can preserve higher fidelity than a fixed-attenuation channel. In my last contribution, I investigate the teleportation of a hybrid
entangled state over the CV channel. My results show that for the typical loss of the Satellite-Earth channel, teleportation is
always better than direct distribution.

Declaration relating to disposition of project thesis/dissertation

I hereby grant the University of New South Wales or its agents a non-exclusive licence to archive and to make available (including
to members of the public) my thesis or dissertation in whole or part in the University libraries in all forms of media, now or here
after known. I acknowledge that I retain all intellectual property rights which subsist in my thesis or dissertation, such as copyright
and patent rights, subject to applicable law. I also retain the right to use all or part of my thesis or dissertation in future works
(such as articles or books).

For any substantial portions of copyright material used in this thesis, written permission for use has been obtained, or the copyright
material is removed from the final public version of the thesis.

Signature Hung Do Witness Date 31 May, 2022

FOR OFFICE USE ONLY Date of completion of requirements for Award







Acknowledgement

Firstly, I would like to express my sincere gratitude to my supervisors - Prof. Robert
Malaney and Dr. Hendra Nurdin, for their continuous advice and guidance throughout
my PhD candidature. I appreciate how they could inspire and correct my direction while
still giving me enough freedom and flexibility to carry out my own research. I would like
to express my very great appreciation to my collaborator - Dr. Jonathan Green from
the Northrop Grumman Corporation - who provided expertise that greatly assisted the
research and the writing up of the papers. I would also like to thank all the fellow PhD
students - especially Ziqing, Mingjian, Xiaoyu, and Waheeda - for the insightful discussions
and support, without which I would not be able to conceive ideas and solutions for my
research problems.

Secondly, I would like to acknowledge the University International Postgraduate Award
from UNSW, as well as the additional funding from the Northrop Grumman Corporation,
which allowed me to pursue my PhD research and attend conferences in the USA.

Last but not the least, I would like to thank my family, especially my parents and my
sister, for supporting me spiritually through all the ups and downs of these four years.
The PhD was a very long commitment that requires some patience and determination to
complete. The journey was difficult at times, however, at the end, I am very surprised
and in awe of the depth and scale of research that I was able to achieve.

iii



List of Publications

Publications with my major contribution:

• H. Do, R. Malaney and J. Green, “Hybrid Entanglement Swapping for Satellite-
based Quantum Communications”, Proceedings of IEEE Globecom, p. 1, 2019.

• H. Do, R. Malaney and J. Green, “Teleportation of a Schrodinger’s Cat State via
Satellite-based Quantum Communications”, Proceedings of IEEE Globecom Work-
shop, p. 1, 2019.

• H. Do, R. Malaney and J. Green, “Satellite-based distribution of hybrid entangle-
ment”, Quantum Engineering, p. 776, 2021.

Publication not included in this thesis:

• R. Malaney, X. Ai, H. Do, M. He, E. Villasenor, Z. Wang and J. Green, “Quan-
tum Communications: From Space to the Nano”, Proceedings ACM International
Conference on Nanoscale Computing and Communication, p. 1, 2019.

iv



Abstract

In many traditional quantum–information protocols, quantum entanglement is carried by
either discrete variables (DV) or continuous variables (CV). In DV mode, the quantum in-
formation is usually encoded into the polarization or the number of photons. In CV mode,
the quantum information is encoded into the quadrature of the optical field. Compared to
DV protocols, CV protocols use homodyne (or heterodyne) detectors which are faster and
more efficient. In the context of satellite communication, it is of great interest to inter-
connect terrestrial devices running on mixed technologies by exploring the use of hybrid
teleportation protocols. As a proof of concept, the Micius experiment has demonstrated
an experiment for QKD between a satellite in Low-Earth-Orbit (LEO), which is about
500km above the ground, and a ground station. However, the engineering and deploy-
ment of quantum satellite payloads are very challenging. Once the satellite is deployed, it
is very difficult to modify the payload for different functionalities. Hybrid technologies, in
contrast, can interoperate with both the DV and CV protocols. In this thesis, I investi-
gate hybrid protocols where the teleportation channel is a CV entangled state (which will
henceforth be called the CV channel) and apply them to different quantum communication
protocols over long distances. In these protocols, instead of directly distributing quantum
entanglement from the satellite (direct distribution scheme), where the transmission loss
directly affects the DV modes, the CV channel is pre-distributed from the satellite to tele-
port different quantum states. As a result, the satellite loss enters indirectly through the
teleportation channel. My first contribution shows that using a CV channel to transfer one
mode of a DV entangled state yields higher entanglement quality than directly distribut-
ing the DV entanglement from the satellite. In my second contribution, by using the CV
channel to teleport a Schrödinger’s cat state, I also show that the teleportation protocol
can preserve higher fidelity than a fixed-attenuation channel. In my last contribution, I
investigate the teleportation of a hybrid entangled state over the CV channel. My results
show that for the typical loss of the Satellite-Earth channel, teleportation is always better
than direct distribution.
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1.1 Introduction

Chapter 1

Introduction, thesis outlines and

contributions

1.1 Introduction

In quantum communication, the information can be encoded by either discrete variables

(DVs) or continuous variables (CVs), analogous to discrete and analog signals in traditional

electronics. DVs are comprised of discrete degrees of freedom such as the polarization or

the number of the photons, while CVs refer to continuous degrees of freedom like the

quadratures (position and momentum) of the optical field.

In this thesis, I investigate a CV teleportation channel with hybrid protocols to inter-

face two different technologies - DV and CV. I then apply these protocols to quantum

communication over long distances, taking into account the imperfection in the channels.

Specifically, I study the channel loss in the context of a satellite in Low-Earth Orbit (LEO).

The mathematical models in this thesis remain general enough for other applications with

different types of channel loss.

1



1.2 Thesis outlines and contributions

1.2 Thesis outlines and contributions

In chapter 2, I review some basic quantum mechanical concepts relevant to my thesis. In

chapter 3, I study the CV teleportation channel created between two ground receivers via

direct lossy-distribution from a LEO satellite. Such a flexible teleportation protocol has

the potential to interconnect a global array of quantum-enabled devices regardless of the

different intrinsic technology upon which the devices are built. However, past studies of

hybrid entanglement swapping have not accounted for channel transmission loss. Here

I derive the general framework for teleporting an arbitrary input mode over a lossy CV

teleportation channel. I investigate the specific case where the input modes are part of

DV states entangled in the photon number basis, then identify the optimal teleportation

strategy. My results show that, relative to DV photon-number entanglement sourced

directly from the satellite, there are circumstances where my teleported DV states retain

higher entanglement quality. I discuss the implications of my new results in the context of

generating a global network of ultra-secure communications between different quantum-

enabled devices which possess line-of-sight connections to LEO satellites. Specifically, I

illustrate the impact the teleportation process has on the key rates from a Quantum Key

Distribution (QKD) protocol. The main contents of this chapter have resulted in the

following publication:

• H. Do, R. Malaney and J. Green, “Hybrid Entanglement Swapping for Satellite-

based Quantum Communications”, Proceedings of IEEE Globecom, p. 1, 2019.

In chapter 4, I study the CV teleportation of the cat state via a satellite in LEO. Past

studies have shown that the quantum character of the cat state can be preserved after

CV teleportation, even when taking into account the detector efficiency. However, the

channel transmission loss has not been taken into consideration. Traditionally, optical

fibers with fixed attenuation are used as teleportation channels. My results show that in

such a setup, the quantum character of the cat state is lost after 5dB of channel loss. I

then investigate the free-space channel between the Earth and a satellite, where the loss

is caused by atmospheric turbulence. For a down-link channel of less than 500km and

2



1.2 Thesis outlines and contributions

30dB of loss, I find that the teleported state preserves higher fidelity relative to a fixed

attenuation channel. The results in this work will be important for deployments over

Earth-Satellite channels of protocols dependent on cat-state qubits. The main contents of

this chapter have resulted in the following publication:

• H. Do, R. Malaney and J. Green, “Teleportation of a Schrodinger’s Cat State via

Satellite-based Quantum Communications”, Proceedings of IEEE Globecom Work-

shop, p. 1, 2019.

In chapter 5, I explore, for the first time, the use of Two-Mode Squeezed Vacuum (TMSV)

states, distributed from satellites, as a teleportation resource for the re-distribution of my

candidate hybrid entanglement pre-stored within terrestrial quantum networks. I deter-

mine the loss conditions under which teleportation via the TMSV resource outperforms

direct-satellite distribution of the hybrid entanglement, in addition to quantifying the ad-

vantage of teleporting the DV mode relative to the CV mode. My detailed calculations

show that under the loss conditions anticipated from LEO, DV teleportation via the TMSV

resource will always provide for significantly improved outcomes, relative to other means

for distributing hybrid entanglement within heterogeneous quantum networks. The main

contents of this chapter have resulted in the following publication:

• H. Do, R. Malaney and J. Green, “Satellite-based distribution of hybrid entangle-

ment”, Quantum Engineering, p. 776, 2021.

In chapter 6, I will conclude the thesis, identify some general problems, and propose some

potential directions for future work.

For the ease of understanding of the reader, it is important to mention that some variable

names used in each chapter might not correlate to the variables using the same letter or

symbol in other chapters; they are confined to each chapter solely.

3



2.1 Discrete Variable (DV) and Continuous Variable (CV)

Chapter 2

Background

2.1 Discrete Variable (DV) and Continuous Variable (CV)

In quantum physics, information can be encoded in either DV or CV. DV refers to a degree

of freedom with a finite number of discrete values, such as the polarization or number of

photons. On the other hand, CV refers or a continuous degree of freedom, such as the

position or momentum (quadratures) of the optical field. In this section, I will introduce

both types of encoding and discuss the method to measure the quadratures of the state.

2.1.1 DV in the photon number basis

For an optical field with frequency ω, the quantum harmonic oscillator can be expressed

by the Hamiltonian [1, 2]

Ĥ = ℏω
(
n̂+ 1

2

)
, (2.1)

where ℏ is the Plank constant and n̂ is the photon number operator. We have n̂ = â†â,

where â† and â are the creation and annihilation operator, respectively. The solution of

the quantum harmonic oscillator are the Fock states {|n⟩} with n ∈ N, and

â†|n⟩ =
√
n+ 1|n+ 1⟩, â|n⟩ =

√
n|n− 1⟩. (2.2)

4



2.1 Discrete Variable (DV) and Continuous Variable (CV)

The photon number basis is a DV degree of freedom.

2.1.2 CV in the field quadratures

In classical electromagnetism, the CVs are the amplitude and phase of the electric field. In

quantum optics, CVs refer to the quadratures (position and momentum) of the state. The

most basic CV state is the coherent state, which is the eigenstate (|α⟩) of the annihilator

operator â

â|α⟩ = α|α⟩, (2.3)

where α is a complex number analogous to the amplitude of a coherent laser field.

Another type of CV state is the Schrödenger’s cat state, which is a superposition of

coherent states with opposite amplitude

|cat±⟩ = |α⟩ ± | − α⟩
N±

, (2.4)

with N± being the normalization factor

N± =
√

2 ± 2e−2|α|2 . (2.5)

Figure 2.1: Diagram of the homodyne measurement to measure the field quadratures. The input signal (A1) and
the local oscillator (B1) interfere through a balanced beam splitter. The intensity difference (∆I ≡ IA2 − IB2 ) is
measured between the two photodetectors, giving information about the quadratures.

Alternatively, we can express the creation and annihilation operators by the position and

5



2.1 Discrete Variable (DV) and Continuous Variable (CV)

momentum operators [2, 3]

â = 1√
2ℏω

(ωX̂ + jP̂ ), â† = 1√
2ℏω

(ωX̂ − jP̂ ), (2.6)

where j is the imaginary unit. By letting ℏ = 1
2 , we define the dimensionless position and

momentum operators

x̂ = â+ â†

2 , p̂ = â− â†

2j . (2.7)

The generalized quadrature operator is given by

Q̂(θ) = x̂ cosθ + p̂ sinθ

= ejθâ† + e−jθâ

2 . (2.8)

When θ = 0, the quadrature becomes the position (Q̂(0) = x̂), and when θ = π
2 , the

quadrature becomes the momentum (Q̂(π
2 ) = p̂).

The quadratures of the states can be measured by homodyne measurements as in Fig. 2.1.

In the homodyne measurement scheme, the state to be measure |ψ⟩ is sent through mode

A1, and a strong coherent state |α⟩ is sent through mode B1. These two modes are

combined at the beam splitter of phase θ, giving

â†
A2

=
â†

A1
+ ejθâ†

B1√
2

,

â†
B2

=
−â†

A1
+ ejθâ†

B1√
2

. (2.9)

The intensities in modes A2 and B2 are given by

Ii2 = â†
i2
âi2

=
â†

A1
âA1 + â†

B1
âB1

2 ±
ejθâA1 â

†
B1

+ e−jθâ†
A1
âB1

2 , (2.10)

where i2 ∈ {A2, B2}, while the ± sign represents + for mode A2 and − for mode B2. The

difference in intensity is given by

∆I ≡ IA2 − IB2 = ejθâA1 â
†
B1

+ e−jθâ†
A1
âB1 . (2.11)

From the input states, the expectation value of this operator is given by

⟨ψ, α|∆I|ψ, α⟩ = 2α⟨ψ|ejθâA1 + e−jθâ†
B1

|ψ⟩ = 2α⟨Q̂(−θ)⟩. (2.12)

6



2.2 Entanglement

From Eq. (2.8), when θ = 0, ⟨Q̂(−θ)⟩ becomes the expectation value of the position ⟨x̂⟩,

and when θ = π/2, ⟨Q̂(−θ)⟩ becomes the expectation value of the momentum ⟨p̂⟩.

2.2 Entanglement

In this section, I introduce different types of bipartite entanglement between two spatial

modes A and B, and then present how they are generated.

2.2.1 DV entanglement

Figure 2.2: A photon-number-based DV entangled state can be produced by letting a single photon through a beam
splitter.

In this thesis, I use DV entanglement that is based on the photon-number basis, so that it

can interface easily with CV entangled states. Photon-number entanglement can be easily

generated by letting a single photon through a beam splitter as illustrated in Fig. 2.2.

When a single photon in mode B incidents on a beam splitter with transmissivity T , the

transformation can be written as

|1⟩B = â†
B|0⟩B →

(√
T â†

B′ +
√

1 − T â†
A′

)
|0⟩A′ |0⟩B′ . (2.13)

When the beam splitter is balanced, T = 1/
√

2, the resulting entangled state becomes

|ψ⟩ = |0⟩A′ |1⟩B′ + |1⟩A′ |0⟩B′√
2

. (2.14)

Thus, if there is one photon in the spatial mode A′, there must be no photon in the spatial

mode B′, and vice versa.

7



2.2 Entanglement

2.2.2 CV entanglement

Theoretically, the CV entangled state can be described by applying a two-mode squeezing

operator on a two-mode vacuum state, thereby obtaining a TMSV state [1, 2]

|TMSV ⟩ = S(ξ)|0, 0⟩ = exp
(
ξâ†

Aâ
†
B − ξ∗âAâB

)
|0, 0⟩ab, (2.15)

where ξ = reiϕ, with r being the two-mode squeezing parameter (henceforth referred to

as the initial squeezing), and ϕ being the phase. âl and â†
l represent the annihilation and

creation operators of the optical field, respectively, with l ∈ {A,B} denoting the spatial

modes. After expanding the exponential, we have

|TMSV ⟩ = 1
cosh r

∞∑
n=0

ejnϕ(tanh r)n|n⟩A|n⟩B

=
√

1 − q2
∞∑

n=0
qn|n⟩A|n⟩B, (2.16)

where we have defined q = tanh r and set ϕ = 0. Thus, if there are n photons in mode A,

there must be n photons in mode B, and vice versa.

Experimentally, a TMSV state can be generated by letting two single-mode squeezed

vacuum states (SMSV) through a balanced beam splitter (1). Let ĉ and d̂ be the annihilator

operators of the two SMSV input modes

|SMSV ⟩l = exp
(

−ξ

2 l̂
†2 + ξ

2

∗
l̂ 2
)

|0⟩l, (2.17)

where l ∈ {c, d}. The modes after the beam splitter are given by

â = ĉ+ d̂√
2
, b̂ = d̂− ĉ√

2
. (2.18)

We have
d̂2 − ĉ2

2 = âb̂, (2.19)

(1)In this paper, I assume that there is no loss at this beam splitter. When the loss is
taken into account, see [4].

8



2.2 Entanglement

thus

|SMSV ⟩c|SMSV ⟩d

= exp
(

−ξ

2 ĉ
†2 + ξ

2

∗
ĉ2
)

|0⟩c exp
(
ξ

2 d̂
† 2 − ξ

2

∗
d̂ 2
)

|0⟩d

= exp
(
ξâ†b̂† − ξ∗âb̂

)
|0, 0⟩ab

= |TMSV ⟩ab . (2.20)

2.2.3 Hybrid entanglement

Hybrid entanglement is the entanglement between a DV mode and a CV mode. In this

thesis, I focus on the entanglement between cat states and qubit states

|ψ⟩h = |cat−⟩C |0⟩D + |cat+⟩C |1⟩D√
2

, (2.21)

where |0⟩ and |1⟩ are the vacuum state and the single photon state in the photon-number

basis, while the Schrödinger cat states are given by Eq. (2.4).

Hybrid entanglement with large cat states can be deterministically generated by a weak

and dispersive light-matter interaction [5], or by a cross-Kerr nonlinear interaction between

a coherent state and a photon-number qubit state [6, 7]. However, due to experimental

challenges in nonlinear optics, hybrid entanglement with small cat states can be more

easily produced by using linear optics and a probabilistic heralded scheme [8–11]. The

latter setup takes a small cat state (|cat+⟩) as an input, then produces hybrid entanglement

between small cat states and qubit states (see Fig. (2.3)). The advantage of the heralded

scheme is that the loss in the heralding channel only affects the success rate but not the

fidelity of the final entanglement. Such a scheme is particularly beneficial for long-distance

communication [10]. In addition, the heralded setup in [9] has the potential to be extended

for cat states with higher amplitudes.

In the following, I present the mathematical details of the heralded generation of hybrid

entanglement [10] as depicted in Fig. 2.3. A small-amplitude Schrödenger’s cat state is
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2.2 Entanglement

Figure 2.3: The heralded scheme to generate hybrid entanglement probabilistically.

approximated by a squeezed vacuum state

|cat+⟩ ≈ Ŝ|0⟩, (2.22)

and is injected into mode a. A small fraction of light is reflected from mode a with an

amplitude reflectivity of

ra = sin(θ) ≈ θ ≪ 1. (2.23)

Let the beam splitter operator be

B̂(θ) = eθ(âb̂†−â†b̂), (2.24)

the states of mode a and b after the beam splitter is

B̂(θ)|cat+⟩a|0⟩b ≈ (1 + θâb̂†)|cat+⟩a|0⟩b. (2.25)

The input in modes c and d is a TMSV state with a small squeezing factor λ ≪ 1

|TMSV ⟩c,d ≈ |0⟩c|0⟩d + λ|1⟩c|1⟩d = (1 + λĉ†d̂†)|0⟩c|0⟩d . (2.26)

Mode b and c are combined through a beam splitter with the transformations

b̂† → tb̂† + rĉ†, ĉ → rb̂† − tĉ†, (2.27)

resulting in the four-mode state

(
1 + θrâĉ† + θtâb̂†

) (
1 − λtĉ†d̂† + λrb̂†d̂†

)
|cat+⟩a|0, 0, 0⟩bcd . (2.28)

10
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We then place a single-photon detector at mode b, where each detection will herald a

hybrid entangled state on mode a and d. Mathematically, we perform a projection into

the subspace where there is only one photon in mode b, then trace out mode c and keep

only the first-order terms of θ and λ, giving

|ψ⟩ab = θtâ|cat+⟩a|0⟩d + λr|cat+⟩a|1⟩d

= θtαN−|0⟩d|cat−⟩a + λrN+|1⟩d|cat+⟩a

N+
, (2.29)

where we have substituted â|cat+⟩ = αN−
N+

|cat−⟩. By adjusting the transmissivity and

reflectivity of the beam splitter, we achieve a balanced hybrid state

|ψ⟩ab = |0⟩d|cat−⟩a + |1⟩d|cat+⟩a√
2

. (2.30)

2.3 Applications of hybrid entanglement as DV/CV qubit

converter

Hybrid entanglement can be applied to transfer quantum information from DV encoding

to CV encoding [10] and vice versa [12]. In such protocols, the hybrid entangled state acts

as a bi-directional teleportation channel which can teleport information from a DV qubit

to a CV qubit and vice versa.

2.3.1 Conversion from DV to CV qubit

The protocol for converting DV to CV encoding is outlined in Fig. 2.4a. The hybrid

entangled state is first generated from an even cat state and a TMSV state by a heralded

scheme. The DV mode of the hybrid state (mode A) is then combined with the DV qubit

(mode C) through a beam splitter. The detection of a single photon on one of the output

ports of the beam splitter will herald a CV qubit in mode B.

In this setting, the hybrid entangled state is initially in mode A−B, while the single DV

11



2.3 Applications of hybrid entanglement as DV/CV qubit converter

(a) DV to CV

(b) CV to DV

Figure 2.4: The interconversion between DV and CV encoding is assisted by a hybrid entangled state. (a) Conversion
from DV to CV encoding. (b) Conversion from CV to DV encoding.

.

qubit is in mode C

|ϕ⟩C = c0|0⟩C + c1|1⟩C , ρC = |ϕ⟩C⟨ϕ|. (2.31)

The combined state is

1√
2

(|0⟩A|cat−⟩B + |1⟩A|cat+⟩B) ⊗ (c0|0⟩C + c1|1⟩C). (2.32)

After we combine mode A and C through a beam splitter, we have the transformation

|1⟩A = â†|0⟩A → â† + ĉ†
√

2
|0⟩A,

|1⟩C = ĉ†|0⟩C → ĉ† − â†
√

2
|0⟩C , (2.33)

where â† and ĉ† represent the creation operators of modes A and C, respectively. After

projecting onto the subspace where mode C has single photon, the combined state then
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becomes

1
2(c0|cat+⟩B + c1|cat−⟩B) ⊗ |0⟩A. (2.34)

Thus, we have a corresponding DV qubit in mode B.

2.3.2 Conversion from CV to DV qubit

The protocol for converting CV to DV encoding is outlined in Fig. 2.4b. After the prepa-

ration of the hybrid entangled state C −D, the CV mode C is mixed with the input CV

qubit A by a beam splitter. The detection of a single photon on one of the output ports

of the beam splitter will herald a DV qubit in mode D.

The beam splitter perform the following transformations

|α⟩A|α⟩C → |
√

2α⟩A|0⟩C ,

| − α⟩A| − α⟩C → | −
√

2α⟩A|0⟩C ,

|α⟩A| − α⟩C → |0⟩A| −
√

2α⟩C ,

| − α⟩A|α⟩C → |0⟩A|
√

2α⟩C . (2.35)

We can use a photon-number discriminating detector in channel A to detect the Bell state

|α⟩A|α⟩C −|−α⟩A|−α⟩C . As a result, the effective transformation of the CV-DV converter

is

c0|cat+⟩ + c1|cat−⟩ → c0|0⟩ + c1|1⟩
N+N−

√
2
. (2.36)

2.4 Alternative formalisms to describe the quantum states

A quantum state is usually represented by the density matrix formalism. However, due

to the mathematical complexity of the teleportation and error correction protocols, it is
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sometimes helpful to represent the states in other mathematical formalisms instead. In

the following, I will discuss two alternative formalisms - the characteristic function and

the Wigner function.

2.4.1 Characteristic function formalism

For an arbitrary state ρ, the usual characteristic function is defined as

χρ(β) = Tr [ρD(β)] , (2.37)

with complex number β = x + jp and displacement operator D(β) = e−|β|2/2eβâ†
e−β∗â.

For example, for a vacuum state |0⟩, the characteristic function is given by

χvac(β) = exp
[
−|β|2/2

]
. (2.38)

For a SMSV state, let S(ζ) be the single-mode squeezing operator with ζ = sejθ, where

s is the single-mode squeezing parameter (which is different from the two-mode squeezing

parameter r in Eq. (2.16)) and θ is the phase. The characteristic function of the SMSV

state can be written as [13] [14]

χSMSV (β) = exp
(

−1
2 |β cosh s− ejθβ∗ sinh s|2

)
(2.39)

= exp
[
−1

2(x2e−2s + p2e2s)
]
, (2.40)

where the last equality has assumed θ = 0. For a TMSV state given by Eq. (2.16), when

there is no channel loss, the characteristic function is given by [14],

χT MSV (βA, βB)

= exp
[
−1

2
(
|βA cosh r + β∗

Be
jϕ sinh r|2 +|βB cosh r + β∗

Ae
jϕ sinh r|2

) ]
(2.41)

= exp
{

−e2r

4
[
(xA − xB)2 + (pA + pB)2

]
−e−2r

4
[
(xA + xB)2 + (pA − pB)2

]}
, (2.42)

where the last equality has used ϕ = π for optimal teleportation fidelity.
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For a tensor product of arbitrary density matrices, the characteristic function is a product

of individual characteristic functions. For example, for an arbitrary separable state ρ =

ρ1 ⊗ ρ2, we have [15]

χρ(β1, β2) = Tr [ρD(β1)D(β2)] = χρ1(β1)χρ2(β2). (2.43)

The characteristic function is also linear with respect to the density operator, as can be

seen from the linearity of the trace function in Eq. (2.37).

The exact density matrix of the hybrid entangled state is given by Eq. (5.1), in which the

cat state |cat±⟩ has the characteristic function [2]

χcat±(β) =

1
N2

±

{
2e− |β|2

2 cos [2Im (βα∗
0)]

±e− 1
2 |β+2α0|2 ± e− 1

2 |β−2α0|2
}
. (2.44)

An exact calculation can be found in appendix A.1.

2.4.2 Wigner function formalism

The Wigner function represents the probability distribution of a quantum state in the

phase-space (position and momentum). Let α = x+ jp, the Wigner function is calculated

from the density operator by the transformation

W (α) = 1
π2

∫
d2βTr[ρD(β)]e−(βα∗−β∗α), (2.45)

which is clearly a Fourier transform of the characteristic function in Eq. (2.37). We can ver-

ify that W (α) is indeed a probability distribution by checking the condition
∫
W (α)d2α =∫∫

W (x, y)dxdy = 1.

For a coherent state |γ⟩, the Wigner function is given by the Gaussian distribution anal-

ogous to the classical optical field

Wcoh(α) = 2
π

exp(−2|α− γ|2). (2.46)
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For a SMSV state S†(ζ)|0⟩ where ζ = sejθ, we have [2]

WSMSV (α) = 1
π2

∫
d2β⟨0|S†(ζ)D(β)S(ζ)|0⟩]e−(βα∗−β∗α)

= π

2 exp
(
−2|α cosh s− α∗ejθ sinh s|2

)
, (2.47)

where we have applied the well-known relation

S†(ζ)D(β)S(ζ) = D(β′) with β′ = β cosh s− β∗ejθ sinh s. (2.48)

Thus, the Wigner function of an SMSV state is a squeezed Gaussian function. For a

single-mode squeezed coherent state (S(ζ)|β⟩), the Wigner function is displaced from the

center by β

WS(ζ)|β⟩(α) = WSMSV (α− β). (2.49)

For a photon-number state, the Wigner function can be decomposed to the Laguerre

polynomials

Wn(α) = 2
π

(−1)ne−2|α|2Ln(4|α|2). (2.50)

For the photon-number states, the Wigner function can be negative, which signifies the

quantum nature of number states. For example, when α = 0, we haveWn(0) = 2
π (−1)n < 0

for odd values of n.

For a TMSV state with two spatial modes A and B, let us define αi = xi +jpi, x̂i = âi
†+âi
2 ,

and p̂i = j âi
†−âi
2 , where i ∈ {A,B} , the Wigner function is given by [2]

WT MSV (αA, αB) = 4
π2 exp(−2|αA cosh r − α∗

B sinh rejϕ|2

− 2| − α∗
A sinh rejϕ + αB cosh r|2|), (2.51)

which is equivalent to [3]

WT MSV (xA, pA, xB, pB) = 4
π2 exp{

− e−2r
[
(xA + xB)2 + (pA − pB)2

]
− e+2r

[
(xA − xB)2 + (pA + pB)2

]
}. (2.52)
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We can see that when r → ∞, this Wigner function approaches Cδ(xA − xB)δ(pA + pB),

which represents a maximally entangled EPR state: the positions of the two modes are

always equal, while the momentum is always opposite.

For a Schrödinger’s cat state, we have

ρcat+ = N−2
+ (|α0⟩⟨α0| + | − α0⟩⟨−α0| + |α0⟩⟨−α0| + | − α0⟩⟨α0|) (2.53)

The contribution from the terms | ± α0⟩⟨±α0| are identical to the Wigner functions of

coherent states in Eq. (2.46). For the cross terms | ± α0⟩⟨∓α0|, the contribution is [2]
1
π2

∫
d2β| − α0⟩D(β)⟨α0|e−(βα∗−β∗α)

= 1
π2

∫
d2β| − α0⟩ea†βe−aβ∗⟨α0|e−(βα∗−β∗α)

= 1
π2

∫
d2βe− 1

2 |β+2α0|2−βα∗+β∗α

= 2
π
e−2|α|2e2α0α∗−2α∗

0α, (2.54)

where the last step is integrated by apply the well-shown relation
1
π

∫
e−γ|β|2eβ∗α−βα∗

d2β = 1
γ
e−|α|2/γ . (2.55)

As a result, the Wigner function of the cat state is given by

Wcat+(α) = 2
πN2

+
{exp

(
−2|α− α0|2

)
+ exp

(
−2|α+ α0|2

)
+ 2e−2|α|2 cos [ϕ+ 4Im{α∗

0α}]}. (2.56)

2.5 Basic teleportation protocols

Quantum teleportation is the technique to transfer an arbitrary unknown quantum state

from one mode to another mode using a shared entanglement channel together with ad-

ditional classical communication. The teleportation channel can be either DV or CV

channel. DV teleportation is known for being probabilistic, however the teleportation

outcome can retain high fidelity with the input state. In contrast, CV teleportation is

deterministic but the outcome has lower quality [16]. In this section, we will introduce the

mathematical basis of both DV and CV teleportation.
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2.5.1 DV teleportation

In two-mode qubit systems, every state can be decomposed into the Bell states basis:

|Φ0⟩ = I ⊗ σ0|Φ0⟩ = 1√
2

(|11⟩AB + |00⟩AB) ,

|Φ1⟩ = I ⊗ σ1|Φ0⟩ = 1√
2

(|10⟩AB + |01⟩AB) ,

|Φ2⟩ = I ⊗ σ2|Φ0⟩ = j√
2

(|10⟩AB − |01⟩AB) ,

|Φ3⟩ = I ⊗ σ3|Φ0⟩ = 1√
2

(|00⟩AB − |11⟩AB), (2.57)

where σi indicates the Pauli’s matrices

σ0 = I =

 1 0

0 1

 , σ1 =

 0 1

1 0

 , σ2 =

 0 −j

j 0

 , σ3 =

 1 0

0 −1

 . (2.58)

In the DV teleportation protocol, the DV entangled Bell state |Φ0⟩AB is used as the

teleportation channel, where mode A is sent to Alice and mode B is sent to Bob. Alice

then would like to teleport mode C from her side to Bob, where

|Ψ⟩C = c1|1⟩C + c2|0⟩C . (2.59)

Next, Alice performs a Bell State Measurement (BSM) on modes A and C. Mathemati-

cally, a BSM is a projection of the two-mode state onto the Bell-state basis

|Ψ⟩ABC = 1
2 |Φ0⟩AC ⊗ |Ψ⟩B + 1

2 |Φ1⟩AC ⊗ σ1|Ψ⟩B + 1
2 |Φ2⟩AC ⊗ σ2|Ψ⟩B + 1

2 |Φ3⟩AC ⊗ σ3|Ψ⟩B

=
3∑

i=0

1
2 |Φi⟩AC ⊗ σi|Ψ⟩B. (2.60)

After Alice performs BSM, she sends the measurement result, the integer i, to Bob. Bob

then applies σi to his state. Since σ2
i = 1, Bob retrieves the original input state in mode

C.

2.5.2 CV teleportation

The CV teleportation channel is the TMSV state WT MSV (xA, pA, xB, pB) in Eq. (2.52),

where one mode is sent to Alice and the other mode is sent to Bob. The state to be
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teleported has the Wigner function WC(xC , pC). The BSM between mode A and mode

C is realized by a 50:50 beam splitter that output two mode u and v, followed by Alice’s

homodyne measurement on the maximally entangled basis of xu and pv [3]. The beam

splitter transformation is given by

xu = xC − xA√
2

, pu = pC − pA√
2

,

xv = xC + xA√
2

, pv = pC + pA√
2

, (2.61)

thus

xC = xu + xv√
2

, pC = pu + pv√
2

,

xA = xv − xu√
2

, pA = pv − pu√
2

. (2.62)

The three-mode stateW (αu, αv, αB) can be obtained from the original stateW (αC , αA, αB)

by a change-of-variable integration

W (αu, αv, αB) =
∫
dxCdpCWC(xC , pC)

×WT MSV (xv − xu√
2

,
pv − pu√

2
, xB, pB)

× δ

[
xu + xv√

2
− xC

]
δ

[
pu + pv√

2
− pC

]
. (2.63)

Then, the homodyne detection of xu and pv is performed mathematically by tracing out

the modes xv and pu∫
dxvdpuW (αu, αv, αB) = 2

∫
dxdpWC(x, p)

×WT MSV (x−
√
xu,

√
pv − p, xb, pB). (2.64)

Finally, Alice sends her results of xu and pv to Bob, so that Bob can displace his state as

x′
B = xB −

√
2xu, p′

B = pB −
√

2pv. (2.65)

The final ensemble of states is given by integrating the Wigner function over xu and pv,

giving

WB(x′
B, p

′
B) = 1

πe−2r

∫
d2αWC(x, p) exp

(
−|α′

B − α|2

e−2r

)

≡ WC ∗Gσtel
, (2.66)
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where Gσtel
is a Gaussian state with variance σtel

Gσtel
(x, p) ≡ 1

πσ
exp

(
−|x2 + p2|

σtel

)
, (2.67)

with

σtel = e−2r. (2.68)

When the squeezing r tends to infinity, the teleported state becomes identical to the input

state.

2.6 Measures of entanglement

In order to assess the teleportation and entanglement swapping protocols, we need a

method to compare the entangled state before and after the protocols. To quantify the

level of entanglement in a bipartite quantum state (ρAB), different mathematical measures

(E) have been proposed, which must satisfy two important conditions: E should become

zero for separable states and E should not increase under local operations and classical

communication (LOCC) [17–19]. For a pure state, we can simply use the measure of

entanglement entropy as a measure of entanglement

EE(ρAB) = −Tr(ρAB ln ρAB) = −
∑

i

λi lnλi, (2.69)

where {λi} are the eigenvalues of ρAB.

For a mixed state with finite dimension, we can use the measures of distillable entanglement

or the measure of entanglement cost, which quantify operationally how much entanglement

resource is needed to produce ρAB. However, these measures are very difficult to calculate,

so another measure called the "entanglement of formation" is proposed. Let a pure-state

decomposition of ρAB be

ρAB =
∑

i

pi|ψi⟩⟨ψi|, (2.70)

the entanglement of formation is defined as the minimal averaged entanglement over all

possible pure-state decompositions [17]

EF (ρAB) = inf{
∑

i

piE (|ψi⟩⟨ψi|) : ρi = pi|ψi⟩⟨ψi|}, (2.71)
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where the entropy of entanglement E for a pure state |ψ⟩ is defined as

E (|ψ⟩⟨ψ|) = S(TrA [|ψi⟩⟨ψi|]) = S(TrB [|ψi⟩⟨ψi|]), (2.72)

with S denoting the von-Neumann entropy

S(ρ) = −Tr [ρ log2 ρ] , (2.73)

and Tri(ρAB) with i ∈ {A,B} denoting the partial trace over the subspace i.

The regularized (or asymptotic) version of the entanglement of formation was proven to

be equal to the entanglement cost (EC) [17]

E∞
F (ρAB) = lim

n→∞
EF (ρ⊗n

AB)
n

= EC(ρAB). (2.74)

For a CV state, where the dimension is infinite, the entanglement of formation becomes not

well-defined, and can only be calculated analytically for certain types of Gaussian states.

For a general two-mode Gaussian state, the lower bound for entanglement of formation

can be calculated numerically. However, for non-Gaussian states, there is currently no

known method to calculate the entanglement of formation [19].

Even though the measures introduced above are considered more comprehensive, they are

all very hard to compute, especially for the non-Gaussian states that I am going to study

in the following chapters. Thus, in this thesis, I will use the measures of logarithmic neg-

ativity and fidelity. The measure of logarithmic negativity is relatively easy to calculate,

even though this measure does not have strong asymptotic continuity and strong super

additivity. The logarithmic negativity is widely used for all types of entangled state, espe-

cially for mixed states with infinite dimensions like the lossy teleported hybrid entangled

state. To relatively compare the teleported state with the original entangled state, I will

also use the measure of fidelity between the two states. The mathematical details of the

logarithmic negativity and the fidelity are given below.
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2.6.1 The logarithmic negativity

The negativity of an arbitrary state ρ is defined by the sum of the negative eigenvalues [20]

EN (ρ) = 1
2
∑

i

(|λi| − λi) , (2.75)

where λi are the eigenvalues of the partial transpose of the entangled state ρ. The loga-

rithmic negativity is related to the negativity by [20]

ELN (ρ) = log2[1 + 2EN (ρ)]. (2.76)

The logarithmic negativity ELN of a two-mode state ρ is a number between 0 and 1 that

measures the level of entanglement in the state. When ELN > 0, ρ is an entangled state.

When ELN = 1, ρ should be a pure entangled state [4]. For a two-mode state ρAB, the

logarithmic negativity can also be calculated by using the relation

ELN (ρAB) ≡ log2 ||ρTA
AB||, (2.77)

where

||ρAB|| = Tr
[(
ρ†

ABρAB

)1/2
]
, (2.78)

and TA denotes the partial transpose on mode A. For a bi-partie state ρAB, the partial

transpose over the subspace A is defined as TA, such that

ρTA
AB =

∑
j

(
ρAj ⊗ ρBj

)TA =
∑

j

(
ρA

TA
j ⊗ ρBj

)
. (2.79)

2.6.2 The fidelity

The fidelity is a measure of similarity between two quantum mechanical states. For two

general states ρ and ρ′, the fidelity is given by

F (ρ, ρ′) =
[
Tr

(√√
ρ′ρ
√
ρ′
)]2

. (2.80)
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When the states are pure, ρ = |ψ⟩⟨ψ| and ρ′ = |ψ′⟩⟨ψ′|, the fidelity can be simplified to

F (|ψ⟩, |ψ′⟩) = |⟨ψ′|ψ⟩|2. (2.81)

In the characteristic function formalism, the fidelity can be calculated by

F
(
χ(β),χ

′
(β)
)

= 1
π2

∫
dβ2χ(β)χ

′
(−β). (2.82)

2.7 Device-Independent Quantum Key Distribution (DIQKD)

protocol for the photon-number basis

Figure 2.5: The device-independent QKD protocol for entanglement in the photon-number basis.

In this section, we apply a DV entangled state to the DIQKD protocol in Fig. 2.5

|ψmax⟩AB = |0⟩A|1⟩B − |1⟩A|0⟩B√
2

, (2.83)

where A and B denote two spatial modes of the entanglement. The protocol exploits the

CH nonlocality testing for DV entanglement in the photon-number basis. Each spatial

mode of the DV entanglement is mixed with a coherent state |γi⟩, with i ∈ {A,B},

via a beam splitter with transmissivity Ti, then detected by a photon-counter. When

Ti → ∞ and γi → ∞, the effect of the beam-splitter is described by the displacement

operator D̂(αi), where D̂ is the coherent displacement operator and αi =
√

1 − Tiγi . We

assume that the detector is threshold-gated and can only distinguish between vacuum and
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non-vacuum. Mathematically, the measurement is described by a pair of two orthogonal

projection operators

Q̂(αi) = D̂(αi)|0⟩i⟨0|D̂†(αi), (2.84)

P̂ (αi) = D̂(αi)
∞∑

n=1
|n⟩i⟨n|D̂†(αi), (2.85)

such that

Q̂(αi) + P̂ (αi) = 1. (2.86)

In the QKD protocol, mode A is sent to Alice while mode B is sent to Bob. Alice

and Bob randomly choose between two possible measurement settings αA ∈ {0, s} and

αB ∈ {0,−s}. The secret keys are generated by assigning the logical value 0 (or 1) to the

event that only Alice’s (or Bob’s) detector clicks. The probability that each detector does

not click is given by

QA(αA) = ⟨Q̂A(αA) ⊗ 1B⟩,

QB(αB) = ⟨1A ⊗ Q̂B(αB)⟩. (2.87)

The probability that both detectors do not click is given by

QAB(αA, αB) = ⟨Q̂A(αA) ⊗ Q̂B(αB)⟩. (2.88)

Given an arbitrary entangled state, the CH inequality is given by [21]

⟨CH ⟩ =QAB(0, 0) +QAB(s, 0) +QAB(0,−s)

−QAB(s,−s) −QA(0) −QB(0). (2.89)

Let J = |αi|2, we have J ∈ {0, |s|2}. For a general DV entangled state of the form

ρ = a0|0⟩A⟨0| ⊗ |0⟩B⟨0|

+a1|0⟩A⟨0| ⊗ |1⟩B⟨1| + c−1|1⟩A⟨1| ⊗ |0⟩B⟨0|

−b0|1⟩A⟨0| ⊗ |0⟩B⟨1| − b0|0⟩A⟨1| ⊗ |1⟩B⟨0|, (2.90)

24



2.7 Device-Independent Quantum Key Distribution (DIQKD) protocol for the
photon-number basis

we derive the clicking probabilities

QAB(0, 0) = a0,

QAB(s, 0) = e−J(a0 + c−1J),

QAB(0,−s) = e−J(a0 + Ja1),

QAB(s,−s) = e−2J(a0 + Ja1 + Jc−1 + 2Jb0),

QA(0) = a0 + a1,

QB(0) = a0 + c−1. (2.91)

For a vacuum state, we have a0 = 1 while all other coefficients are 0, the CH value is

⟨CHvac⟩ = −e−2J + 2e−J − 1. (2.92)

For the maximally DV-entangled state |ψmax⟩ (Eq. (2.83)), we have a0 = 0 while other

coefficients are 1/2, the CH value is given by

⟨CHmax⟩ = −2Je−2J + Je−J − 1. (2.93)

The security of the DIQKD protocol is analyzed against the individual attack where the

eavesdropper is only constrained by no-signaling theory [21, 22]. The bound on the key

rate is calculated by [21]

K ≥ 1 − 2(⟨CH⟩ + 1.5) − h(pe), (2.94)

where pe is the estimated bit error rate.
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Chapter 3

Hybrid Entanglement Swapping

for Satellite-based Quantum

Communications

In this chapter, I study for the first time the effect of attenuation on the CV teleportation

channel created between two ground stations via a LEO satellite. Firstly, I will derive the

general mathematical model for the teleportation of an arbitrary state through a lossy CV

teleportation channel. Next, I will study the special case where the mode to be teleported

is part of a DV entangled state in the photon number basis. I will present conditions

where the teleported DV states can retain a stronger level of entanglement as compared

to the direct distribution from the satellite. As an application, I will present the key rate

obtained when applying the teleported state to a QKD protocol.

3.1 Introduction

Quantum communication via LEO satellites offers the possibility of an information-theoretically

secure global network [23]. The security of this network is provided by QKD, in which
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secret keys are encoded and distributed between two parties using quantum states of light.

Beyond QKD, other quantum-information protocols will be relayed over this new global

network, with teleportation being one of the most important [24].

Terrestrial quantum communication has been limited to a few hundred kilometers because

of the exponential loss in optical fibers. What is more, according to the no-cloning theorem,

the quantum signal cannot be noiselessly amplified [25–27]. A QKD experiment in 2007

achieved the communication range of 200km, which corresponds to 40dB of loss [28], while

a more recent study in 2015 used ultra-low-loss fiber to achieve a range of 300km with

50dB of total loss [29]. In contrast, the satellite-Earth channel is only affected by a thin

layer of atmospheric turbulence in a zone roughly between the ground level and 12 km

high. For a satellite in LEO (400 to 600km from Earth), the average channel attenuation

is only around 5-10dB for a down-link and 20-30dB for an up-link transmission [30]. Thus,

the satellite works as a relay that can potentially extend quantum communication to a

global scale.

In many traditional quantum-information protocols, quantum entanglement is carried by

either DV or CV. In DV the quantum information is usually encoded into the polarization

or the number of photons. In CV the quantum information is encoded in the quadratures of

the optical field. Compared to DV protocols, CV protocols use homodyne (or heterodyne)

detectors which are faster and more efficient. As a result, it is potentially easier to achieve

higher performance levels for certain CV quantum-information protocols.

In this chapter, I will investigate hybrid teleportation (Fig. 4.1), where the CV entangle-

ment is used as a teleportation channel (A′−B′), while the entangled state to be teleported

(C − D) can be encoded in either DV or CV. Such a hybrid teleportation protocol has

the potential to leverage the versatility of the satellite. The design and implementation

of a quantum satellite-payload often involves a great engineering effort. Once a satellite

is deployed, there is little freedom in altering the payload and its functionality. However,

if we place a source of CV entanglement on the satellite and beam the states down to the

ground, we will have a CV teleportation channel that can teleport both DV and CV entan-

gled states. This, in turn, opens up the possibility of inter-connecting quantum-enabled
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Figure 3.1: In the hybrid scheme, the attenuated CV entanglement A′ − B′ is used as a teleportation channel. The
entangled state to be teleported, C − D, can be encoded in either DV or CV. (Taken from [31].)

devices that may be processing quantum information internally on quite different hard-

ware architectures - conditioned only on the premise that these devices have external laser

links to satellites. In this chapter, I explore this possibility, focussing on the teleportation

of DV states over a CV teleportation channel (CV teleportation via a CV teleportation

channel has been well studied previously [32, 33], however, it usually leads to low-quality

outputs unless the channel is highly squeezed. It will be shown later in chapter 5 that

teleporting the DV mode yields better results for certain input states).

Previous studies of entanglement swapping only focused on the context of local measure-

ments without transmission loss [3, 4, 16, 32–35]. In this chapter, I extend such previous

studies to the more difficult setting of photonic loss. My main contributions and findings

in this paper are:

• I derive a mathematical model for hybrid teleportation over a CV teleportation

channel, taking into account transmission losses, and propose a strategy for gain-

tuning in order to optimize the teleportation outcome.
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• I then perform a comparison between teleported and directly distributed DV entan-

glement (in the photon-number basis), showing that such teleported DV entangle-

ment can retain a higher quality, especially for an optical link loss of about 5 to

10dB.

• I calculate the key rates for a robust form of the device-independent QKD protocol,

showing that key rate reduces to zero at around 2dB of loss. As a result, the

teleported entanglement does not show a higher key rate relative to the directly-

distributed entanglement.

The structure of the remainder of this chapter is as follows. Section 3.2 studies how channel

transmissivities affect the quality of the CV teleportation channel. Section 3.3 studies

hybrid entanglement swapping using an attenuated CV teleportation channel. Section

3.4 studies the effect of channel attenuation on a directly-distributed DV entangled state.

Section 3.6 shows my simulations, while section 3.7 summarizes my findings.

3.2 Attenuation on a CV teleportation channel

This section outlines how channel attenuation(1) affects the quality of the CV teleportation

channel, where the CV channel is given by the TMSV state in Eqs. (2.15) and (2.52). Let

A and B be the two spatial mode of the TMSV state. For each spatial mode let i ∈ {A,B},

the channel attenuation can be modeled by a beam-splitter with transmissivity Ti. The

beam-splitter transformation can then be written as

âi
† →

√
Tiâi

† +
√

1 − Tiâi
†
v, (3.1)

where the subscript v denotes the auxiliary vacuum mode. Let Gσ(x, p) denote a Gaussian

function with variance σ as defined in Eq. (2.67). In the Wigner-function formalism, each

(1)Note, that in the downlink channel from the satellite some fading will exist. How-
ever, this can be mitigated by large receiving telescopes and/or advanced adaptive optical
tracking techniques, and in this exploratory work I will assume the channel loss is fixed
(no fading).
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3.3 Teleportation by an attenuated CV teleportation channel

beam-splitter transformation is equivalent to a convolution between the input and a Gaus-

sian function GσTi
with variance σTi = 2Ti

1−Ti
, followed by a rescaling of 1/

√
Ti in phase

space [4]. For a TMSV state, when the modes are sent through two channels with different

transmissivities TA and TB (see Fig. 4.1), we can perform the beam-splitter transforma-

tion sequentially on each mode: WT MSV (xA, pA, xB, pB) → W
(TA,1)
T MSV (x′

A, p
′
A, xB, pB) →

W
(TA,TB)
T MSV (x′

A, p
′
A, x

′
B, p

′
B). Let ∗ denote the convolution operator, the first transformation

(where xB and pB are taken as constants) is given by

W
(TA,1)
T MSV (x′

A, p
′
A, xB, pB) = 1

TA

[
WT MSV ∗GσTA

] (x′
A, p

′
A√

TA

)
= 1
TA

∫∫
dxA dyAWT MSV (xA, pA, xB, pB) × 1

πσTA

×

exp
{

− 1
σTA

[(
x′

A√
TA

− xA

)2
+
(
p′

A√
TA

− pA

)2]}
, (3.2)

with the second transformation being similar, giving

W
(TA,TB)
T MSV (x′

A, p
′
A, x

′
B, p

′
B) = 4

π2τ
exp{

− e−2r

τ

[(
x′

A

√
TB + x′

B

√
TA

)2
+
(
p′

A

√
TB − p′

B

√
TA

)2
]

− e+2r

τ

[(
x′

A

√
TB − x′

B

√
TA

)2
+
(
p′

A

√
TB + p′

B

√
TA

)2
]

− 2
τ

[
(1 − TB)

(
x′2

A + p′2
A

)
+ (1 − TA)

(
x′2

B + p′2
B

)]
}, (3.3)

where τ is given by

τ = 1 + [cosh(2r) − 1] (TA + TB − 2TATB). (3.4)

3.3 Teleportation by an attenuated CV teleportation chan-

nel

3.3.1 Teleportation of an arbitrary mode with gain tuning

The CV teleportation by a perfect TMSV channel was described in section 2.5.2. To

describe an attenuated CV teleportation channel (A′ − B′ in Fig. 4.1), we use the CV
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3.3 Teleportation by an attenuated CV teleportation channel

state in Eq. (3.3). The channel can teleport any modes, be it DV or CV, from Alice

to Bob. Let αi = xi + jpi where i indicates the mode, the arbitrary input mode to be

teleported (e.g. mode D) can be denoted as Win(αin). The teleportation process starts

with a BSM. [3, 32, 33]. Experimentally, this is done by combining the input mode with

mode A through a 50:50 beam splitter, which results in two new modes u and v such that

x̂u = x̂in − x̂′
A√

2
, p̂u = p̂in − p̂′

A√
2

,

x̂v = x̂in + x̂′
A√

2
, p̂v = p̂in + p̂′

A√
2

. (3.5)

We have α′
A = (αv − αu) /

√
2. After the beam splitter, the three-mode Wigner function

is transformed to [3]

W (αu, αv, α
′
B) =

∫∫
dxindpinWin(αin)

×W
(TA,TB)
T MSV

(
αv − αu√

2
, α′

B

)
× δ

(
xu + xv√

2
− xin

)
δ

(
pu + pv√

2
− pin

)
, (3.6)

and Alice performs homodyne detections for xu and pv. Alice’s measurements of xu and

pv are described by integration over xv and pu, respectively. After a change of variable:

xv → x = (xu + xv)/
√

2 and pu → p = (pu + pv)/
√

2, we have∫∫
dxvdpuW (αu, αv, α

′
B) = 2

∫∫
dxdpWin(x+ jp)

×W
(TA,TB)
T MSV

[
x−

√
2xu + j

(√
2pv − p

)
, α′

B

]
. (3.7)

After the BSM, Alice sends the result of (xu, pv) to Bob who displaces his mode B from

α′
B to α′′

B such that x′
B = (x′′

B −g
√

2xu) and p′
B = (p′′

B −g
√

2pv). The parameter g denotes

the gain during the transformation, which can be experimentally tuned to optimize the

output quality (see section 3.6). When Alice teleports an ensemble of input modes, the

output should be averaged over all possible values of xu and pv. The output of the whole
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teleportation process is

Wout(α′′
B) = 2

∫∫
dxdpWin(x+ jp)

×
∫∫

dxudpvW
(TA,TB)
T MSV [x−

√
2xu + j

(√
2pv − p

)
,

x′′
B − g

√
2xu + j

(
p′′

B − g
√

2pv

)
]. (3.8)

After performing the integration over xu and pv, we find that the output function is a

Gaussian convolution of the input, followed by a rescaling of α′′
B → α′′

B/g in phase space

Wout(α′′
B) = 1

g2 [Win ∗Gσtel
]
(
α′′

B

g

)
= 1
g2

∫∫
dxdpWin(α)Gσtel

(
α′′

B

g
− α

)
. (3.9)

Here Gσtel
is the Gaussian function defined in Eq. (2.67) with variance σtel given by

σtel = 1
4g2 [ e+2r(g

√
TA −

√
TB)2

+ e−2r(g
√
TA +

√
TB)2

+ 2g2 (1 − TA) + 2(1 − TB) ]. (3.10)

Eq. (3.10) agrees with previous findings for simpler scenarios where there is no channel

attenuation [34], or where the gain is set to unity [3]. When there is no channel attenuation,

TA = TB = 1, we have σtel =
[
e2r(1 − g)2 + e−2r(1 + g)2] /(4g2). When the gain is set to

unity, g = 1, the variance is further simplified to σtel = e−2r as in Eq. (2.68).

3.3.2 Teleportation of a DV entangled state

In the previous subsection, I have discussed how to teleport an arbitrary input mode by an

attenuated CV teleportation channel. In this section, I discuss the special case of hybrid

DV-CV entanglement swapping (see Fig. 4.1). In this scenario, the input mode D is part

of the DV entangled pair C−D. The teleportation is carried out by the CV teleportation

channel A−B, which teleports the mode D to B′′. As a result, the teleportation output

ρCB′′ is a DV entangled state. In the Wigner formalism, the transformation of mode D

is described by Eqs. (3.9) to (3.10). Since we are dealing here with a DV input, we will
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convert the above equations to the density matrix representation and provide a measure

to qualify its level of entanglement.

In this chapter, I assume that the state C − D is entangled in the photon-number basis.

Experimentally, ρCD is produced by passing a single photon through a balanced beam

splitter, giving

|ψ⟩CD = (|01⟩ − |10⟩)/
√

2, ρCD = |ψ⟩CD⟨ψ| . (3.11)

In the Wigner-function representation, the teleportation will transform the subspace of

mode D according to [4]:

W
|m⟩D⟨n|
in (αD) → 1

g2

[
W

|m⟩D⟨n|
in (αD) ∗Gσtel

] (α′′
B

g

)
, (3.12)

where m,n ∈ {0, 1} and Gσtel
is the Gaussian function of Eq. (2.67), with variance σtel

defined in Eq. (3.10). In the density-matrix representation, the output state can be

decomposed to [4]

ρCB′′ =
∞∑

k=−1
ρk, where

ρk = ak|0⟩C⟨0| ⊗ |k⟩B′′⟨k|

− bk|1⟩C⟨0| ⊗ |k⟩B′′⟨k + 1| − bk|0⟩C⟨1| ⊗ |k + 1⟩B′′⟨k|

+ ck|1⟩C⟨1| ⊗ |k + 1⟩B′′⟨k + 1|, where (3.13)

ak = 1
2T11→kk (k ≥ 0), or 0 (k = −1),

bk = 1
2T10→k+1 k (k ≥ 0), or 0 (k = −1),

ck = 1
2T00→k+1 k+1 (k ≥ −1), and where (3.14)

T00→kk = 2(γ − 1)k

(γ + 1)k+1 ,

T11→kk = 2(γ − 1)k−1

(γ + 1)k+2

[
(γ − 2g2 + 1)(γ − 1) + 4kg2

]
T10→k+1 k = 4g

√
k + 1(γ − 1)k

(γ + 1)k+2 , (3.15)
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with

γ ≡ g2(2σtel + 1). (3.16)

In the limit where TA = TB = 1, r → ∞ and g = 1 (which leads to γ = 1), we have

a1 = b0 = c−1 = 1/2 while all other coefficients tend to 0. The output state ρCB′′ becomes

the same as ρCD in Eq. (3.11), which is a maximally entangled state.

In order to assess the entanglement in ρCB′′ , we use the logarithmic negativity described

in section 2.6.1. For the teleported state (Eq. 3.13), the logarithmic negativity is [4]

ELN (ρCB′′) = log2

1 +
∞∑

k=−1

(
|λ−

k | − λ−
k

) , (3.17)

where λ±
k are the eigenvalues of ρk

λ±
k = 1

2

[
ak + ck ±

√
(ak − ck)2 + 4b2

k

]
. (3.18)

3.4 Directly distributed DV entangled state

In the last section, I have discussed how to teleport a DV-entangled state by a CV tele-

portation channel. In this section, I study the case when the DV entangled state (A−B)

is directly distributed from the satellite. I also assume that the state is entangled in the

photon-number basis(2), and, for simplicity, that the two down-link channels have equal

transmissivity of TA = TB = T . Let us denote the two modes of the state to be directly

distributed as A and B with corresponding creation operators âA
† and âB

†. The state can

be written as

|ψ⟩AB = 1√
2

(|01⟩AB − |10⟩AB) |00⟩vAvB

= 1√
2

(âA
† − âB

†)|00⟩AB|00⟩vAvB , (3.19)

(2)Please note, conversion from DV-polarization coding to DV-photon-number encoding
is possible, and it is part of my future work to thoroughly study hybrid entanglement
swapping in the context of attenuated CV teleportation when the states to be teleported
are encoded in polarization.
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where vA and vB denotes the auxiliary vacuum modes of mode A and B, respectively. For

each mode of the entanglement, the channel attenuation can be modeled by a beam-splitter

with transmissivity T . In the Heisenberg picture, the beam-splitter transformation can be

written as in Eq. (3.1), which transforms the state to

|ψ′⟩AB =
√

1
2(

√
T âA

† +
√

1 − T âA
†
v

−
√
T âB

† −
√

1 − T âB
†
v)|00⟩AB|00⟩vAvB

=

√
T

2 (|01⟩AB − |10⟩AB) |00⟩vAvB

+

√
1 − T

2 |00⟩AB (|01⟩vAvB − |10⟩vAvB ) . (3.20)

By tracing out the auxiliary vacuum modes, we obtain

ρ′
AB = TρAB + (1 − T )|00⟩AB⟨00|, (3.21)

where ρAB is the corresponding density matrix for the maximally entangled state defined

in Eq. (3.19). The logarithmic negativity of this state is calculated by Eq. (2.77).

3.5 Device-independent QKD protocol

To calculate the lower bound of the secure key rates, I use a device-independent QKD

(DI-QKD) protocol which tests for non-locality using the CH inequality. The protocol

is designed for DV entanglement in the photon-number basis. The security is analyzed

against the individual attack assuming that the eavesdropper is only constrained by the

no-signaling theory [21, 22]. The mathematical model for a general entangled state was

introduced in section 2.7. For the state directly distributed from the satellite (ρ′
AB in

Eq. (3.21)), we have

⟨CHdirect⟩ = T ⟨CHdirect⟩ + (1 − T )⟨CHvac⟩, (3.22)

with ⟨CHdirect⟩ and ⟨CHvac⟩ given in Eqs. (2.92) and (2.93). When the state is teleported

(ρCB′ in Eq. (3.13)) with ak, bk and ck defined in Eq. (3.14), we have
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QAB(0, 0) = a0,

QAB(s, 0) = e−J(a0 + c−1J),

QAB(0,−s) = e−J
∞∑

k=0
ak
Jk

k! ,

QAB(s,−s) = e−2J
∞∑

k=0
Jk

(
ak

k! + Jck−1
k! + 2Jbk√

k!
√

(k + 1)!

)
,

QA(0) = a0 + a1,

QB(0) = a0 + c−1. (3.23)

The corresponding CH value ⟨CHtel⟩ can be calculated by substituting the above relations

into Eq. (2.89). The security key rate can be calculated by Eq. (2.94).

3.6 Simulation results

3.6.1 Logarithmic negativity of teleported DV entanglement

In this subsection, I determine the optimal gain gopt
LN and the corresponding maximal log-

arithmic negativity Emax
LN achieved in different conditions. I simulate the teleportation

process with different values of the squeezing parameter r, gain g and the channel trans-

missivities TA, TB. The logarithmic negativity is calculated based on Eqs. (3.10), (3.14),

(3.15), (3.17) and (3.18). The results are shown in Fig. 5.1. I first vary the squeezing r

while fixing the channel transmissivities at a few example values (Fig. 5.1, left column).

Next, I fix the squeezing at r = 2.395 (so that cosh(2r) ≈ 60) while varying the chan-

nel transmissivities from 0 to 1 (Fig. 5.1, right column). It can be seen that when the

squeezing is high, the optimal gain tends to
√

TB
TA

(Fig. 5.1 (c),(d)). High squeezing also

leads to higher maximum logarithmic negativities. In the case where TA = TB = 1, Emax
LN

approaches 1 (Fig. 5.1 (e), (f)), and the output is a perfect copy of the input, which is a

maximally DV entangled state.
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3.6.2 Comparison between a teleported and a directly distributed DV

entangled state

In this subsection, I compare a teleported DV entangled state with a DV entangled state

directly distributed from a satellite. I assume that both states are encoded in the photon-

number basis and are given by ρCB′′ (Eq. (3.13)) and ρ′
AB (Eq. (3.21)), respectively. The

channel is assumed to be symmetric, (TA = TB = T ) so that the optimal gain is unity.

The total optical link loss in dB is defined by −10 log10(T 2).

The logarithmic negativity is calculated using Eqs. (3.17), (3.18), (2.77) and (2.78). At

first, the squeezing value of the CV teleportation channel is set to a high value of r = 2.395,

so that cosh(2r) = 60. The result is plotted in red in Fig. 3.3, where we can see that the

teleported DV entangled state (solid line) retains higher logarithmic negativity than the

directly-distributed DV entangled state (dashed line). Note that, when the optical link

loss is from 5 to 10dB, the logarithmic negativity of teleported entanglement is more than

double that of directly-distributed entanglement.

Next, I perform a numerical search to find the threshold squeezing rth where teleported

entanglement starts to surpass directly-distributed entanglement. The average channel

attenuation for the Earth-satellite channel is around 5 to 10dB for a down-link transmission

[30]. At this range of loss, as can be seen from Fig. 3.3, the logarithmic negativity of

directly-distributed entanglement is from 0.24 to 0.07. From Fig. 5.1 (e), specifically

from the green dash-dotted line and the red dotted line, we can find that the teleported

entanglement achieves the same level of logarithmic negativity at the threshold squeezing

rth = 0.3 to 0.5, which is achievable experimentally.

To calculate the keyrate, I follow the mathematical model in section 3.5, using the mea-

surement setting of s = 0.5. I assume that the estimated bit error is zero and the squeezing

is r=2.395. The result is plotted in black in Fig. 3.3. The solid line represents the key

rate bound from the teleported entanglement, while the dashed line represents the key rate

bound from the directly-distributed entanglement. At zero loss, my simulations show that

when the squeezing is large (r > 5), the key rate bound derived from the teleported state
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is approximately that of the key rate bound from the directly-distributed state. When the

loss increases, the key rate bounds become zero because the CH inequality is no longer

violated. For my settings, the key rate bounds are reduced below zero before the optical

link loss reaches 1dB. For this low loss, the teleported entanglement produces a lower key

rate bound than the directly-distributed entanglement. However, I do note that this result

is a consequence of the specific QKD protocol used and the fact that entanglement and

CH inequalities are not always directly related. I anticipate the key rate behavior to be

different for other QKD protocols.

3.7 Conclusion

In this chapter, I have studied the effect of channel transmission loss on the creation of

a CV entanglement channel. I then use the CV teleportation channel to teleport DV

entanglement in the photon number basis. My result shows that the entanglement in the

teleportation output is maximized by increasing the squeezing above 2.3, tuning the gain

to gopt
LN =

√
TB
TA

and minimizing channel transmission loss. For my experimental settings, I

find that the teleported DV states can retain a significantly higher entanglement relative

to the same states directly distributed from a satellite, especially for an optical link loss

from 5 to 10dB. For a device-independent QKD protocol, the minimum key rate reduces to

zero at around 1dB of loss, before teleported entanglement shows a significant advantage

over directly-distributed entanglement. Note, DI-QKD protocols are the most secure but

are known to produce low key rates.
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Figure 3.2: The logarithmic negativity ELN of the teleportation-output is plotted versus different values of
squeezing r, channel transmissivities T and teleportation gain g. In the left column (a,c,e), the squeezing ranges
from 0 to 2.5 while the channel transmissivities are fixed at a few example values. It should be noted that when
TA = TB = 0.562 and TA = TB = 0.316, the total channel loss is −10 log10 (TATB) = 5dB and 10dB, respectively,
which is the range of loss for a satellite down-link channel [30]. In the right column (b,d,f), the squeezing is fixed at
r = 2.395 while the transmissivity T ranges from 0 to 1. The first row (a,b) shows the 3D plot of the logarithmic
negativity when the gain g is varied as well. The second row (c,d) shows the optimal gain gopt

LN that maximizes the
logarithmic negativity; while the third row (e,f) shows the corresponding maximal logarithmic negativity ELN . In
general, we can see that ELN reaches its maximum value of 1 when the squeezing is high (r > 2.5), when the gain is

tuned to the optimal value gopt
LN =

√
TB
TA

, and when there is no channel loss, i.e., TA = TB = 1. (Taken from [31].)
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Figure 3.3: A comparison of DV entanglement distributed in two different ways: teleportation by a CV channel
(solid lines) and direct down-link distribution from a satellite (dashed line). Here, the initial CV state (which formed
the teleportation channel) had a squeezing value of r = 2.395. The logarithmic negativity is plotted in red while
the resulting bound on the secure key rate is plotted in black. (Taken from [31].)

40



3.7 Conclusion

Chapter 4

Teleportation of a

Schrödinger’s-Cat State via

Satellite-based Quantum

Communications

In the previous chapter, I have presented the general mathematical framework to teleport

an arbitrary state through an attenuated CV teleportation channel, with the specific

example of teleporting one mode of a DV entangled state. In this chapter, I will study the

case where the teleported state is a Schrödinger’s cat state, whose quantum character is

represented by the negativity of the Wigner function. For a lossless channel, past studies

have shown that the negativity of the cat state can be preserved through teleportation.

For a teleportation channel with fixed-attenuation, such as optical fibers, my result shows

that the negativity of the cat state will disappear after 5dB of loss. I then go further

to investigate the free-space channel between Earth and satellite. Due to atmospheric

turbulence, the channel loss fluctuates following a probabilistic distribution. My result

shows that the free-space channels can better preserve the fidelity of the input state as
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4.1 Introduction

compared to the fix-attenuation channel.

4.1 Introduction

The Schrödinger’s-cat state is of fundamental interest because it represents quantum su-

perposition between two macroscopic states. Experimentally, the cat state can be created

from the macroscopic superposition of coherent states. Such a superposition is known

to be useful for universal quantum computing using CV, where the quantum information

is carried by the quadratures of the optical field [36]. CV protocols use homodyne (or

heterodyne) detectors which are faster and more efficient (as compared to DV protocols,

where the quantum information is carried in the polarization or the photon-number of

single photons).

�
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CV

Entanglement

The CV teleportation 

channel

The state to be 

teleported

Alice Bob

	
��
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�

Figure 4.1: In the hybrid scheme, the CV entanglement A − B is used as a teleportation channel. The channels
have transmissivity TA and TB . The input state Win is teleported from Alice to Bob, resulting in the output Wout.
(Taken from [37].)

Among the different quantum communication protocols, teleportation is one of the most

useful. In many cases, information is transferred through optical fibers, which exhibits

fixed attenuation. Since the loss in optical fiber scales exponentially with distance, ter-
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4.1 Introduction

restrial quantum communication has been limited to a few hundred kilometer. Quantum

signal cannot be further amplified due to the no-cloning theorem [25–27]. In contrast, for

a satellite in low orbit (400 to 600km from Earth), the channel is only affected by atmo-

spheric turbulence. In fact, for a down-link channel of less than 500km above the ground,

the average attenuation was demonstrated to be around 30dB [38]. In this chapter, I use

CV entanglement distributed from a satellite as a CV teleportation channel. I then use

this channel to distribute a Schrödinger-cat state. Such a protocol has the potential to

extend quantum information protocols over a global scale.

The satellite-Earth channel is a free-space fading channel, where the loss is caused by

diffraction, absorption/scattering, and atmospheric turbulence [39]. The most significant

loss comes from the turbulence, which could be characterized by the Rytov parameter σR.

This parameter is a function of the atmospheric refraction index structure constant param-

eter C2
n, which can be calculated from the wind velocity and the altitude. Large turbulent

eddies can cause beam-wandering, while smaller eddies can induce beam broadening. The

channel attenuation has a probabilistic nature and can be simulated by different mathe-

matical models. In the beam-wandering model, the beam profile is modeled by a circular

Gaussian shape. The turbulence causes the beam center to fluctuate around the center of

the receiver aperture, resulting in a misalignment which reduces the transmissivity of the

beam [40]. Recently, a new fading model was introduced taking into account additional

deformation and broadening effects. In this chapter, I call this model the elliptic model.

In the elliptic model, the beam profile at the receiver aperture is broadened and has an

elliptic shape. There is fluctuations not only in the beam center but also in the widths of

the elliptic profile [41].

Past studies have shown that the quantum character of the cat state can be preserved

after CV teleportation [42], however, the channel transmission loss has not been taken

into consideration. Our main contributions in this chapter are:

• I derive a mathematical model detailing how channel attenuation affects the quality

of the CV teleportation channel, as well as the quality of the teleportation outcome.
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channel

• For fixed attenuation I determine the loss conditions under which the cat state can

be preserved.

• I adopt the free-space fading channel between the Earth and a satellite for a typical

down-link channel and determine whether the teleported cat state retains higher

fidelity in such channels relative to a fixed attenuation channel.

The structure of the remainder of this chapter is as follows. Section 4.2 studies the math-

ematical model for CV teleportation. Section 4.3 studies different models of atmospheric

turbulence. Section 4.4 shows my simulation, while section 4.5 summarizes my findings

and discusses future work.

4.2 Teleportation of a Schrödinger’s cat through an atten-

uated CV teleportation channel

In this chapter, an attenuated TMSV state is used as the CV teleportation channel (see

Fig. 4.1). The teleportation through an attenuated TMSV channel has been discussed

in section 3.3. Let Win(α) be the input state (Fig. 4.1) with α = x + jp. After CV

teleportation with gain g, the output Wigner function becomes a Gaussian convolution of

the input, followed by a rescaling of αout → αout/g in phase space.

Wout(αout) = 1
g2 [Win ∗Gσtel

] (αout

g
)

= 1
g2

∫∫
dxdpWin(α)Gσtel

(
ζout

g
− ζ

)
, (4.1)

where the Gaussian function with variance σtel is given by Eqs. (2.67) and (2.68). When

TA = TB = 1, we have [34]

σtel = e2r(1 − g)2 + e−2r(1 + g)2

4g2 . (4.2)

When we further set g = 1, the variance is simplified to σtel = e−2r, so Wout(αout) =

Win ∗Ge−2r (αout) [3, 32,33].
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In this section, I will study the specific case where the input is the odd Schrödinger’s-cat

state |cat+⟩ with the normalization constant N+ given in Eqs. (2.4) and (2.5). The Wigner

function of the cat state (Wc(α)) is given by Eq. (2.56). When Wc(α) is used as the input

state Win(α), the output of the CV teleportation is calculated by Eq. (3.9). When the CV

teleportation channels has transmissivities TA = TB = T and the optimal gain is unity,

the Gaussian variance σtel in Eq. (3.10) becomes

σtel = T e−2r + (1 − T ). (4.3)

When taking into account the detector amplitude-efficiency η, the Gaussian variance is

modified to σtel
′ = σtel + 1−η2

η2 .

In order to quantify the quality of the output state as compared to input state, I use the

entanglement fidelity [43]. For the Schrödinger’s-cat state, the fidelity is given in [33]

F = 1
1 + σtel

′ −
1 + e−4|α0|2 − exp −4σtel

′|α0|2
1+σtel

′ − exp −4|α0|2
1+σtel

′

2(1 + σtel
′)(1 + e−2|α0|2 cosϕ)2 . (4.4)

4.3 Earth-satellite Channel

In this chapter, I will discuss the atmospheric turbulence above the Earth surface, and how

it affects the transmissivity of the Earth-satellite channel. The effects of the turbulence can

be described by two mathematical models: the beam-wandering model studies the beam

displacement from the receiver’s aperture, while the elliptic model studies the broadening

and distortion of the beam profile.

4.3.1 Atmospheric turbulence

The level of atmospheric turbulence is characterized by the Rytov parameter [41]

σ2
R = 1.23C2

nk
7/6L11/6, (4.5)
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where k is the wave number of the light mode and L is the altitude of the satellite. The

refraction index structure constant parameter C2
n can be calculated from the altitude h

and wind velocity v [44]

C2
n(h) = 0.00594(v/27)2(h× 10−5)10e−h/1000

+2.7 × 10−16e−h/1500 +Ae−h/100, (4.6)

where A = C2
n(h = 0) is the refraction index constant structure parameter at ground level,

in units of m−2/3. The mean value of A according to WRF model is 9.6x10−14m−2/3.

4.3.2 Beam-wandering model

Beam wandering causes the beam center to be displaced from the aperture center. On the

aperture plane, the position of the beam centroid relative to the aperture center can be

modeled by two random variables (x, y) following two independent Gaussian probability

distributions with variance σ2

p(x, y) = p(x)p(y) = 1
2πσ2 exp

(
−x2 + y2

2σ2

)
. (4.7)

Thus, the displacement d =
√

(x2 + y2) follows the Rice distribution:

p(d) = d

σ2 exp
(

− d2

2σ2

)
. (4.8)

The Rytov parameter σ2
R is related to the beam-wandering variance σ2 by [41]

σ2 = 0.33W 2
0 σ

2
RΩ−7/6, (4.9)

where

Ω = πW 2
0

Lλ
, (4.10)

and W0 is the beam width at the transmitter plane. Let W be the beam width at the

receiver plane, let a be the aperture radius at the receiver, we define the ratios da = d0/a
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(a) Input cat state.

(b) Teleported cat state, no loss, η2 = 1. (c) Teleported cat state, no loss, η2 = 0.99.

(d) Teleported cat state, 5dB loss, η2 = 1. (e) Teleported cat state, 5dB loss, η2 = 0.99.

Figure 4.2: (a) The Wigner function of a Schrödinger cat state, with α0 = 1.5 and ϕ = π. (b), (c), (d), (e) The
Wigner function of the cat state after CV teleportation (with r=1.15) is plotted for different values of channel loss
and detector amplitude-efficiency (η). (Taken from [37].)

and Wa = W/a. The transmittance of the beam is found by integration to find the fraction

of energy passing through the aperture. Let t be the transmission coefficient, the channel

transmissivity T = t2 can be approximated by

T = T0 exp
[
−
(
da

Ra

)γ]
, (4.11)
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Figure 4.3: For a free-space fading channel, the distribution of channel transmissivity T is plotted with different
ratios of the beam-wandering standard deviation (σ) to the aperture radius (a). The dashed lines represent the
distributions from the beam-wandering model, while the solid lines represent the distributions from the elliptic
model. (Taken from [37].)

where the parameters are defined as

T0 = 1 − exp
(

− 2
W 2

a

)
, (4.12)

λ = 8
W 2

a

×
exp

(
− 4

W 2
a

)
I1
(

4
W 2

a

)
1 −

(
− 4

W 2
a

)
I0
(

4
W 2

a

)
× 1

ln

 2t2
0

1−
(

− 4
W 2

a

)
I0

(
4

W 2
a

) , (4.13)

Ra =

ln

 2t20
1 − exp

(
− 4

W 2
a

)
I0
(

4
W 2

a

)
− 1

λ

, (4.14)

where I0(x) and I1(x) are the modified Bessel functions. By plugging the probability

distribution (Eq. (4.8)) into the transmissivity (Eq. 4.11)), we can derive the probability

distribution of the transmission coefficient t

p(t) = 2R2
a

σ2
aλt

(
2 ln t0

t

)( 2
λ

−1)
exp

[
− R2

a

2σ2
a

(
2 ln t0

t

) 2
λ

]
, (4.15)

where σa = σ/a. Essentially, the distribution of the transmission coefficient t does not

depend on the absolute value of the aperture radius a, but only depends on the ratios of

W and σ to a.
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4.3.3 Elliptic model

The elliptic model takes into account not only the beam-wandering effect, but also beam-

broadening, and the non-circular beam distortions caused by turbulence in the Earth’s

atmosphere [45] [41]. Let x and y be the deviation (on the x- and y-axis, respectively) of

the beam centroid from the aperture center, a be the aperture radius of the detector, and

ϕ be the beam rotation angle, ϕ0 = tan−1 y
x . The effective spot radius of an equivalent

Gaussian beam is modelled as

W 2
eff(ϕ) = 4a2

{
W
(

4a2

W1W2
e(a2/W 2

1 )[1+2 cos2(ϕ)]

× e(a2/W 2
2 )[1+2 sin2(ϕ)])}−1

,
(4.16)

where W(·) is the Lambert W function. The maximal transmissivity at x = y = 0 (i.e. no

deviation) is
TE0 = 1 − I0

(
a2
[

1
W 2

1
− 1

W 2
2

])
e−a2(1/W 2

1 +1/W 2
2 )

−2
[
1 − e−(a2/2[1/W1−1/W2]2)

]

× exp

−

 (W1+W2)2

|W 2
1 −W 2

2 |
R

(
1

W1
− 1

W2

)


λ

(
1

W1
− 1

W2

)
, (4.17)

where R(W ) and λ(W ) are the scaling and shaping functions

R(W ) =

ln

2
1 − exp

[
−1

2a
2W 2

]
1 − exp [−a2W 2] I0(a2W 2)

−λ−1

, (4.18)

λ(W ) = 2a2W 2 exp [−a2W 2]I1(a2W 2)
1−exp[−a2W 2]I0(a2W 2)

×
(

2 1−exp[− 1
2 a2W 2]

1−exp[−a2W 2]I0(a2W 2)

)
,

(4.19)

respectively. Here W1 and W2 are the semi-major and semi-minor axis lengths of the

ellipse, respectively, and Ii(·) is the modified Bessel function of i-th order. The channel

transmissivity TE = t2E is given by

TE = TE0 exp

−

 √
x2 + y2/a

R( 2
Weff (ϕ−ϕ0))

λ(2/Weff (ϕ−ϕ0)) . (4.20)
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When considering isotropic turbulence, the rotation angle ϕ is evenly distributed. The

statistical properties of {x, y, θ1, θ2} are determined by W0, σ2
R, the wavelength of the

beam, and the propagation distance. For more details, see supplementary materials in

reference [41].

4.4 Simulation and results

4.4.1 Fixed attenuation channel

In this subsection, I perform the teleportation of a Schrödinger’s-cat state following Eqs.

(3.9), (2.56) and (4.3). The channels are assumed to be symmetric with fixed attenuation

TA = TB = T . The fixed parameters are the squeezing parameter r = 1.15, ϕ = π

and α0 = 1.5. The detector amplitude-efficiency η and the channel transmissivity T are

varied. Fig. 4.2 shows the Schrödinger cat state before and after teleportation. The

quantum character of the state is manifested in the negative value at the center of the

Wigner function. My results show that when the detector efficiency is taken into account

(η2 = 0.99), the quantum character of the cat state is lost after 5dB of fixed attenuation

(TA = TB = 0.562).

4.4.2 Fading channel

In this subsection, I assume a realistic scenario where the satellite is 500km high, the beam

waist at the transmitter is W0 = 12cm, and the wavelength is 780nm. In this setting, the

beam width at the receiver is around W =1m. The receiver is designed to have an aperture

a = W = 1m. The variance of the beam center (σ2) is the key parameter that influences

the transmissivity of the channel.

In Fig. 4.3, the probability density p(T ) is plotted against T for different values of σ,

where higher σ represents stronger atmospheric disturbance. The dashed lines show the

probability densities generated by the beam-wandering model, while the solid lines show
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Figure 4.4: The fidelity (F ) of the Schrödinger’s-cat state is plotted for different teleportation channels. The blue
line represents the teleportation fidelity of a fixed attenuation channel (plotted against the fixed channel loss). The
other two lines represent a free-space fading channel with atmospheric turbulence (plotted against the mean channel
loss). The attenuation of the free-space channel is generated by different models: the beam-wandering model (in
orange dashed line) and the elliptic model (in green dot-dashed line). (There is a cut-off loss that results from the
cut-off transmissivity defined in Eqs. (4.12) and (4.17)). (Taken from [37].)

the probability densities generated by the elliptic model. In addition, my calculation shows

that, in the beam-wandering model, the mean loss of 50% (3dB) is reached when σ = 0.7a,

where a is the aperture radius. On the other hand, for the elliptical model, the mean loss

of 50% (3dB) is reached earlier, when σ = 0.4a.

4.4.3 Fidelity

The fidelity of the Schrödinger’s-cat state after teleportation is calculated based on Eq.

(4.4) and is plotted in Fig. 4.4. The different lines represent different attenuation models

for the CV teleportation channel. The mean loss (in dB) is calculated by −10 log10(TATB)
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where TA and TB are the channel transmissivities. The fixed parameters are r = 1.15,

α0 = 1.5, ϕ = π and η2 = 0.99.

The solid blue line in Fig. 4.4 represents a fixed attenuation channel. The dashed orange

line and the dash-dotted green line represents free-space channels with atmospheric tur-

bulence described by the beam-wandering and the elliptic model, respectively. TA and TB

are generated by the simulation in subsection 4.4.2, while the teleportation gain is set as

g =
√
TB/TA. The output of the teleportation is calculated and compared to the input

state. Our results show that when the mean loss of the fading channel is less than 30dB,

which is the regime considered applicable for a satellite down-link channel from LEO, the

fidelity of the cat state is higher than that for a cat-state that has passed through fixed

attenuation channel of loss equal to the corresponding mean fading loss.

Furthermore, due to the different distributions of T for the elliptical model and the beam-

wandering model (see Fig. 4.3), these models possess different probability distributions

for the variance σtel used in Eq. (3.9). This has the consequence that for a given mean loss

the elliptical model leads to higher fidelities. I have also carried out additional simulations

for a wide range of parameter settings (r from 0.5 to 3, |α0|2 from 0.1 to 25, and ϕ from

0 to π) and find the main conclusions drawn here remain intact.

4.5 Conclusion

In this chapter, I studied the effect of channel transmission loss on CV entanglement.

Specifically, I used a lossy CV teleportation channel to teleport a Schrödinger’s-cat state.

My results showed that when the channel has fixed attenuation (such as in an optical fiber),

the quantum character of the cat state is lost after 5dB. I then investigated the scenario

of an Earth-satellite channel with transmission loss induced by atmospheric turbulence.

The attenuation in this realistic channel follows a probabilistic distribution which can be

modeled by either the beam-wandering model or the elliptic model. My results showed

that for a down-link channel of less than 500km of length, i.e, less than 30dB of average
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loss, the teleported state attains higher fidelity than in a fixed attenuation channel. In

reality, the beam profile after atmospheric turbulence is a hybrid of the beam-wandering

and the elliptic models. While most past studies are based on the beam-wandering model,

experimentalists should beware that the actual fidelity should be higher according to the

elliptical model.
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Chapter 5

Satellite-based Distribution of

Hybrid Entanglement

Previous chapters have studied the attenuated CV teleportation channel where the input

is a DV entangled state or a Schrödinger ’s cat state. In this chapter, I study for the

first time the teleportation of a hybrid entangled state through such a lossy teleportation

channel. Next, I will determine the conditions where teleportation can retain a higher

level of entanglement as compared to direct distribution from the satellite. In particular,

for the typical loss level of the satellite-to-Earth channel, it is always better to teleport

the DV mode of the hybrid entangled state instead of the CV mode.

5.1 Introduction

The Schrödinger-cat state is of fundamental importance because it represents the super-

position of two macroscopic quantum states. In the optical domain, the cat state can take

the form of a superposition of two coherent states of opposite phase [46]. Such a cat state

finds applications in many areas including universal quantum computing via CV, where

the quantum information is encoded in the quadratures of the optical field [36,47–49]. CV
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protocols can in many instances be more efficient relative to DV versions of the same pro-

tocols, where the quantum information is encoded in the DV properties of single photons

such as polarization or photon-number [8, 16,50].

(a) Direct distribution.

(b) Teleportation.

Figure 5.1: (a) The hybrid entangled state A − B is beamed directly from the satellite down to Earth. (b) The
CV entangled state (TMSV state) A − B is generated on board the satellite and get attenuated after traveling
through atmospheric turbulence. The resulting state A′ − B′ is used as a TMSV teleportation channel. The hybrid
entangled state C − D is comprised of the CV mode C and the DV mode D. Mode D (or C) is teleported through
the teleportation channel, with teleportation gain g, to create the final mode B′′ entangled to C (or D). x̄u and p̄v

stand for the Bell state measurement outputs. In both plots, ϵA and ϵB represent the vacuum contributions, while
TA and TB represent the channel transmissivities. (Taken from [51].)

Hybrid entanglement between quantum states can be considered as the entanglement

between two physically separated modes, one of which is encoded in DV information while

the other is encoded in CV information. An example of such a hybrid state would be

entanglement between the CV Schrödinger-cat states and the DV photon-number states.
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Such a hybrid entangled state has been demonstrated to have applications in quantum

control, specifically for the remote preparation of a CV qubit using a local DV mode

[8,9,52,53]. In quantum communications, hybrid entangled states can lead to the violation

of the steering inequality [54], thus generating a positive key rate for the one-sided device-

independent QKD protocol [55]. Impressively, the hybrid entangled state can be used to

distribute secret keys over 1000km of optical fibre via the coherent-state-based twin-field

QKD protocol [56–58].

In this chapter, I will take the DV component of the hybrid state to be in the number

basis. However, I briefly mention how a DV component encoded in polarization may also be

considered within my framework. For polarization-based entanglement, the teleportation

through a CV teleportation channel was proposed but not yet realized experimentally

[4, 59]. On the other hand, the teleportation of a photon-number state through a CV

teleportation channel can be easier implemented and was already demonstrated in [16,60].

In addition, for hybrid entangled states where the DV mode is encoded in the polarization

basis, each polarization input state can be broken down to two separate photon-number

states in two polarization modes |H⟩in = |1⟩H,in|0⟩V,in and |V ⟩in = |0⟩H,in|1⟩V,in, with

H and V denoting the horizontal and vertical polarizations. The two polarization modes

can be consecutively teleported through the same CV teleportation channel. If the two

teleportation operations are carried out within a short time-period, I can assume that the

CV teleportation channel stays the same, and that the two operations are independent

processes. The overall fidelity is thus a product of each operation’s fidelity [61,62].

Hybrid entanglement may become particularly important for long-distance communication

via satellites, especially as a mechanism to interconnect (via teleportation and entangle-

ment swapping) terrestrial devices operating within heterogeneous (mixed DV and CV)

networks. Connecting such mixed-technology devices through traditional fiber links has

its limitations since the loss in optical fiber scales exponentially with distance.

In contrast, for a satellite in LEO, which is about 500km above the ground, the Micius

experiment has shown that the down-link (satellite to ground) channel is largely affected

by atmospheric turbulence and diffraction [38]. In future systems, this level of loss will
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likely be further mitigated by large receiving telescopes and/or adaptive optical tracking

techniques [63, 64]. It is, therefore, of great interest to explore the use of entanglement

distribution via satellites as a means to interconnect terrestrial devices running on mixed

technologies.

Previous work has studied the scenario where both the state to be teleported and the

teleportation channel are hybrid entangled states [9,65–67]. However, the generation of a

hybrid-entangled teleportation resource channel is experimentally challenging - especially

when the source is placed on board a satellite as in Fig. 5.1a. On the other hand, the

generation of CV entanglement in the form of a TMSV state is relatively easy to achieve

and potentially available as a satellite-based technology [38]. In this chapter, I study, for

the first time, the use of a TMSV channel (as shown in Fig. 5.1b) to teleport a hybrid

entangled state.

The use of the attenuated TMSV channel for teleportation (henceforth simply referred to

as the teleportation) was previously studied using the Wigner function formalism [33], the

P-function formalism [68], and the Fock basis formalism [61]. However, such mathematical

models were limited to the teleportation of common single-mode states, such as the vacuum

state, the single-photon state [61], the coherent state [68], or the Schrödinger’s cat state

[33]. The Wigner function formalism was then extended to describe the teleportation

of one mode in a pure DV entangled state, which takes into consideration the cross-

diagonal matrices of zero and single photon numbers, |0⟩⟨1| and |1⟩⟨0| [4, 31]. Different

from [4,31,33,61,68], in this chapter, I describe the teleportation of either the DV or CV

mode of hybrid entanglement. Since the DV mode is only comprised of zero and single

photon numbers, the DV-mode teleportation can be derived by extending the Wigner-

function formalism in [4, 31]. The CV mode, however, is comprised of cross-diagonal

matrices of multi-photon numbers, where the teleportation is too complex to be described

by the previous formalisms. As a solution, I use the characteristic function formalism to

model the CV-mode teleportation, identifying a new simplification in this formalism that

allows for analytic determination of the teleportation fidelity of a hybrid state.

Hybrid entanglement distribution will be important for the design of future heterogeneous
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quantum networks. My two main novel contributions to this end, relative to the existing

literature, are:

• I determine the teleportation fidelity of a hybrid state when either the DV or CV

mode is passed through a lossy TMSV channel.

• I calculate the fidelity of a hybrid entangled state following a direct distribution of

each mode through a differential lossy channel; using this calculation to then quantify

the difference in performance between the direct and teleported distribution schemes

as a function of loss in the satellite-to-ground channel.

The structure of the remainder of this chapter is as follows. Section 5.2 introduces hybrid

entanglement. Section 5.3 studies the direct distribution of hybrid entanglement, with

transmission loss in both the DV and CV mode. Section 5.4 studies the teleportation of

either mode of the hybrid entanglement via a lossy TMSV channel. Section 5.5 compares

the results between CV/DV-mode teleportation and direct distribution, highlighting the

different advantages of both schemes. Section 5.6 summarizes my findings.

5.2 Hybrid entanglement

Consider the hybrid entanglement between cat states as introduced in Eq. (2.21)

|ψ⟩h = |cat−⟩C |0⟩D + |cat+⟩C |1⟩D√
2

, (5.1)

where for clarity, I have specified the spatial modes as C and D following the setup in

Fig. 5.1b. |0⟩ and |1⟩ are the vacuum state and the single photon state in the photon-

number basis, while the Schrödinger cat states are given by Eq. (2.4), with N± being the

normalization constant given by Eq. (2.5). The corresponding density operator is given

by

ρh =1
2 (|cat−⟩C⟨cat−| ⊗ |0⟩D⟨0| + |cat+⟩C⟨cat+| ⊗ |1⟩D⟨1|

+ |cat−⟩C⟨cat+| ⊗ |0⟩D⟨1| + |cat+⟩C⟨cat−| ⊗ |1⟩D⟨0|) . (5.2)
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Due to the mathematical complexity of the hybrid entangled state in Eq. (5.1), especially

when describing the teleportation of the CV mode in section 5.4.2, we will find it useful

to introduce approximations to such a hybrid entangled state in the cases of large and

small cat states. The mathematical approximations we utilize will have high fidelity with

Eq. (5.1) and will allow for improved analytical insight. Deviation from results produced

using Eq. (5.1) directly will be inconsequential [10, 69, 70]. My main interest will be

large cat states, as they tend to be of wider interest in a range of quantum information

protocols, such as information processing [71]. However, I will still investigate the small

cat-state limit, mainly because the results in this regime provide firm upper bounds on

the teleportation fidelities as the cat states approach the so-called ‘kitten’ states.

Large cat states (|α0| > 1): In order to give an approximation for large cat states, we

first need to rearrange the terms in Eq. (5.1) by substituting

|0⟩ = (|+⟩ + |−⟩) /
√

2, |1⟩ = (|+⟩ − |−⟩) /
√

2, (5.3)

giving

|ψ⟩h = 1√
2

( |cat−⟩C + |cat+⟩C√
2

|+⟩D + |cat−⟩C − |cat+⟩C√
2

|−⟩D

)
. (5.4)

When |α0| > 1, the states in mode C can be approximated by coherent states, and the

hybrid entangled state becomes [10,69]

|ψ⟩(large)
h ≈ |α0⟩C |+⟩D − | − α0⟩C |−⟩D√

2
. (5.5)

The corresponding density matrix is

ρ
(large)
h ≈ 1

2 (| α0⟩C⟨ α0| ⊗ |+⟩D⟨+| + | − α0⟩C⟨−α0| ⊗ |−⟩D⟨−|

− | α0⟩C⟨−α0| ⊗ |+⟩D⟨−| − | − α0⟩C⟨ α0| ⊗ |−⟩D⟨+|) . (5.6)

Eqs. (5.5) and (5.6) will be useful for the calculation of the fidelity of CV-mode telepor-

tation later in section 5.4.2.
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Small cat states (|α0| < 0.5): We can approximate small cat states with the SMSV

state and the Single-Photon Subtracted Squeezed Vacuum (1PS) state [10,70],

|cat+⟩ ≈ |SMSV ⟩ = S(ζ)|0⟩, (5.7)

|cat−⟩ ≈ |1PS⟩ = âS(ζ)|0⟩
sinh ζ = S(ζ)|1⟩, (5.8)

where S(ζ) is the single-mode squeezing operator, and ζ = sejθ with s being the single-

mode squeezing parameter. For an arbitrary value of α0 in Eq. (2.4), the fidelity between

|cat−⟩ and |1PS⟩ becomes maximized when α0 is real and [70]

s =

√
9 + 4α4

0 − 3
2α2

0
. (5.9)

Under these conditions, the fidelity between the SMSV (or 1PS) state and |cat+⟩ (or |cat−⟩)

increases as α0 decreases, and the fidelity approaches unity as α0 approaches 0.5 [70]. For

simplicity, I will henceforth set θ = 0 and write the single-mode squeezing operator as

S(s). The original hybrid entangled state in Eq. (5.1) can therefore be approximated

as [10]

|ψ⟩(small)
h ≈ SC(s)|1⟩C ⊗ |0⟩D + SC(s)|0⟩C ⊗ |1⟩D√

2
. (5.10)

The corresponding density matrix is given by

ρ
(small)
h ≈ 1

2
[
S(s)|1⟩C⟨1|S(s)† ⊗ |0⟩D⟨0| + S(s)|0⟩C⟨0|S(s)† ⊗ |1⟩D⟨1|

+ S(s)|1⟩C⟨0|S(s)† ⊗ |0⟩D⟨1| + S(s)|0⟩C⟨1|S(s)† ⊗ |1⟩D⟨0|
]
. (5.11)

From now on, I will assume that α0 is real in all my calculations. For simplicity, I will also

replace the approximation signs following ρ(large)
h and ρ(small)

h with equalities. Henceforth,

whenever I mention large (small) cat states, or large (small) α0, I am referring to α0 > 1

(α0 < 0.5).

Intermediate cat states (0.5 ≤ α0 ≤ 1): In this case, we use the exact form of the

hybrid entangled state in Eq. (5.1) to carry out my calculations. These lead to relations

that are perhaps less illuminating as the approximate solutions above, and as such relegate

this exposition to appendix A.1. We shall see how the results from this exact solution

match the approximate solutions in the relevant range.
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Hybrid entanglement with large cat states can be deterministically generated by a weak

and dispersive light-matter interaction [5], or by a cross-Kerr nonlinear interaction between

a coherent state and a photon-number qubit state [6, 7]. However, due to experimental

challenges in nonlinear optics, hybrid entanglement with small cat states can be more

easily produced by using linear optics and a probabilistic heralded scheme [8–11]. The

latter setup takes a small cat state (|cat+⟩) as an input, and produces hybrid entanglement

between small cat states and qubit states. The advantage of the heralded scheme is that

the loss in the heralding channel only affects the success rate but not the fidelity of the final

entanglement. Such a scheme is particularly beneficial for long-distance communication

[10]. In addition, the heralded setup in [9] has the potential to be extended for cat states

with higher amplitudes.

5.3 Direct distribution of a hybrid entangled state through

lossy channels

The hybrid entangled state is given in Eq. (5.2), where the cat states have amplitude

α0. I refer to the modes as given in Fig. 5.1a. That is, I denote the two modes of the

entanglement as A and B, where A is the CV mode and B is the DV mode. For each

mode, the channel attenuation can be modeled by a beam splitter with corresponding

transmissivities TA and TB. The photonic loss in either the DV or CV mode has been

studied in previous papers [56, 58, 72, 73]. However, when the loss is present in both

the DV and CV mode, the resulting density matrix becomes complex and has not been

hitherto determined. In this section, I calculate this density matrix and then determine

the resulting fidelity of the hybrid state after direct distribution from the satellite.

At the first beam splitter, the CV mode A is mixed with the auxiliary vacuum mode ϵA
to give the output modes A′ and ϵA′ . For a general bi-coherent input state |α⟩A|αϵ⟩ϵA , the

beam splitter transformation gives

|α⟩A|αϵ⟩ϵA → |
√
TAα−

√
1 − TAαϵ⟩A′ |

√
TAαϵ +

√
1 − TAα⟩ϵA′ . (5.12)
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At the second beam splitter, the DV mode B is mixed with the auxiliary vacuum mode

ϵB, giving the output modes B′ and ϵB′ . Let the creation operators of the four modes be

â†
B, â†

ϵB
,â†

B′ and â†
ϵB′ , the beam splitter transformation can then be written as

â†
B →

√
TB â

†
B′ +

√
1 − TB â

†
ϵB′ , (5.13)

â†
ϵB

→
√
TB â

†
ϵB′ −

√
1 − TB â

†
B′ . (5.14)

After applying the beam splitter transformations, the density matrix of the hybrid entan-

gled state (Eq. (5.2)) becomes ρA′ ϵA′ B
′ ϵB′

. The transmitted state can be found by tracing

out the auxiliary output modes ϵA′ and ϵB′ . Mode ϵB′ can be easily traced out, since it is

a DV mode. The CV mode ϵA′ can be traced out by applying the integration∫
d2β

π
⟨β|ρA′ ϵA′ B

′ ϵB′
|β⟩ϵA′ , (5.15)

where β is a generic complex number. This integration can be calculated by applying the

following well-known identities for a general coherent state |α⟩ϵA′∫
d2β

π
⟨β| ± α⟩ϵA′ ⟨±α|β⟩ϵA′ = 1,∫

d2β

π
⟨β| ± α⟩ϵA′ ⟨∓α|β⟩ϵA′ = exp

(
−2|α|2

)
. (5.16)

After tracing out the auxiliary modes (where the details can be found in appendix A.2),

we find the directly-distributed state

ρA′B′ = TrϵA′ ϵB′ (ρA′ ϵA′ B
′ ϵB′

) =
1
2
{

|
√
TAα0⟩A⟨

√
TAα0| ⊗ [(a1 + a2)|0⟩B⟨0| + a3|1⟩B⟨1| + a4|0⟩B⟨1| + a4|1⟩B⟨0|]

+ | −
√
TAα0⟩A⟨−

√
TAα0| ⊗ [(a1 + a2)|0⟩B⟨0| + a3|1⟩B⟨1| − a4|0⟩B⟨1| − a4|1⟩B⟨0|]

+e−2(1−TA)α2
0 |
√
TAα0⟩A⟨−

√
TAα0| ⊗ [(a1 − a2)|0⟩B⟨0| + a3|1⟩B⟨1| + a4|0⟩B⟨1| − a4|1⟩B⟨0|]

+e−2(1−TA)α2
0 | −

√
TAα0⟩A⟨

√
TAα0| ⊗ [(a1 − a2)|0⟩B⟨0| + a3|1⟩B⟨1| − a4|0⟩B⟨1| + a4|1⟩B⟨0|]

}
,

(5.17)

where

a1 = 1 − TB

N2
+

, a2 = 1
N2

−
, a3 = TB

N2
+
, a4 =

√
TB

N+N−
, (5.18)

with N± defined in Eq. (2.5).
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After calculating the directly-distributed state, I will compare it to the original hybrid

entangled state - using fidelity as the key performance metric. However, since in some

applications the logarithmic negativity of the entangled state is useful, that metric will

also be discussed. The mathematical formulas to calculate the logarithmic negativity and

fidelity were introduced by Eqs. (2.77) and (2.80), respectively.

5.4 Teleportation through a TMSV channel

The CV teleportation through a noiseless TMSV channel has been introduced in section

2.5.2 using both the photon-number basis and the Wigner function-formalism. In this

section, I detail the teleportation through an attenuated TMSV teleportation channel

(Fig. 5.1b), where the input mode is either the DV or the CV mode of the hybrid entangled

state. The CV entangled state A − B is created on the satellite, then transmitted down

to Alice and Bob, with channel transmissivities TA and TB, respectively, resulting in the

attenuated TMSV channel A′−B′. When the input mode is the DV mode (mode D) of the

hybrid entangled pair C−D, the CV teleportation channel teleports D to B′′, resulting in

the entanglement between C and B′′. Otherwise, when the input mode is the CV mode,

C is teleported to B′′, resulting in the entanglement between D and B′′.

When the teleportation involves lossy channels, non-unity teleportation gain, and hybrid

input states, the mathematics become more complex, and I have to use another formalism

such as the Wigner function or the characteristic formalism. In the following two subsec-

tions, I will present the mathematical models that describe the teleportation of either the

DV or CV mode of a hybrid entangled state through an attenuated TMSV channel.(1)

(1)The models developed in this chapter have been verified by teleporting a simple vac-
uum state through a symmetric channel, which produces the same fidelity as the analytical
results in [68] and [61].
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5.4.1 Teleporting the DV mode of hybrid entanglement

In order to describe the teleportation of the DV mode of the hybrid entanglement through

the CV teleportation channel, I will use the Wigner function representation. I first study

a general input state with the Wigner function Win(α), where α = x + jp with non-zero

real values x and p. Let Gσtel
(α) denote a Gaussian function introduced in Eq. (2.67),

with x and p denoting two uncorrelated random variables with equal variance σtel. The

teleported Wigner function after a attenuated TMSV channel is given by Eq. (3.9) with

the Gaussian variance σtel given by Eq. (3.10), where g is the teleportation gain. For fixed

values of TA and TB, the calculation of the logarithmic negativity has shown that the

optimal gain g increases with r, and reaches its maximal value at r ≃ 2.5 [31]. From now

on, for simplicity, whenever I mention the ’optimal gain’, I am referring to the optimal

gain when the initial squeezing satisfies r > 2.5. When TA = TB = 1, the optimal

gain is approximately g ≈ 1, and I have σtel = exp(−2r) [33]. When the channels are

asymmetric, i.e., TA ̸= TB, the teleportation (in terms of logarithmic negativity and

fidelity) is optimized when g ≈
√

TB
TA

[31]. Note that tuning the gain further does not

improve the fidelity much, thus, from now on, I will simply replace the approximation

signs by the equal signs.

When the input mode is the DV mode (D) of a hybrid entangled pair C−D, the subspace

of C stays the same, while the subspace of D is transformed. Mode D can be decomposed

to different terms |m⟩D⟨n| (m,n ∈ {0, 1}), with Wigner functions W |m⟩D⟨n|(αD). The

teleportation of each term is described by Eqs. (2.67), (3.9), (3.10) and (3.12). The

teleportation transformation has been previously calculated for the case where mode D is

part of a Bell state [4,31]. When mode D is part of hybrid entanglement, we recognize that

the initial hybrid entanglement (|ψ⟩h in Eq. (5.2)) has a form that is similar to a Bell state,

where |cat−⟩C corresponds to |1⟩C , and |cat+⟩C corresponds to |0⟩C . By transforming the

subspace of mode D similar to that described in [4, 31], and then converting the Wigner
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formalism to the density-matrix formalism, we find the DV-mode teleported state

ρtel =
∞∑

k=−1
ρk, where

ρ̂k = ak|cat+⟩C⟨cat+| ⊗ |k⟩B′′⟨k| + bk|cat−⟩C⟨cat+| ⊗ |k⟩B′′⟨k + 1|

+ bk|cat+⟩C⟨cat−| ⊗ |k + 1⟩B′′⟨k| + ck|cat−⟩C⟨cat−| ⊗ |k + 1⟩B′′⟨k + 1|, (5.19)

where ak, bk and ck are defined by Eqs. (3.14), (3.15) and (3.16).

In the density matrix representation, the teleported state ρtel can be compared to the per-

fect hybrid entangled state ρh by using the measures of fidelity (Eq. (2.80)) and logarithmic

negativity (Eq. (2.76)). The simulation results are shown in section 5.5.

5.4.2 Teleporting the CV mode of hybrid entanglement

In this section, I will discuss how to teleport the CV mode C of the hybrid entangled state

D−C through the TMSV channel to obtain the final entangled state D−B′′. (Note that,

in this section, I swap the order of modes C and D in Fig. 5.1b). Due to mathematical

complexity, I will rewrite all required states in the characteristic-function formalism and

approximate the hybrid entangled state (D−C) for the limits of large and small cat states

in section 5.2.

The characteristic function has been introduced in section 2.4.1. In the following, I will

describe the characteristic function of the attenuated TMSV channel and the input hybrid

entangled state.

Characteristic function of an attenuated TMSV state

Let us model the two down-link channels by two beam splitters with transmissivities TA

and TB, respectively. At the beam splitters, modes A and B are mixed with the auxiliary

vacuum modes ϵA and ϵB, respectively, giving the output modes {A′, ϵA′}, and {B′, ϵB′},

respectively. Let tl =
√
Tl, rl =

√
1 − Tl with l ∈ {A,B}, the beam splitter transformation
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5.4 Teleportation through a TMSV channel

can be given by

βl′ = tlβl − rlβϵl
, βϵl′ = rlβl + tlβϵl

. (5.20)

The four-mode characteristic equation before the beam splitter is given by multiplying the

characteristic functions of the TMSV state with the vacuum states

χT MSV (βA, βB)χvac(βϵA)χvac(βϵB ). (5.21)

The beam splitter transformation can be performed by substituting βl = tlβl′ + rlβϵl′ and

βϵl
= −rlβl′ + tlβϵl′ into the above equation. It has been shown that the tracing out of

the vacuum modes is equivalent to setting βϵl′ = 0 [74]. The resulting attenuated TMSV

state is given by

χ(TA,TB)
T MSV (βA′ , βB′) = χT MSV (

√
TAβA′ ,

√
TBβB′)χvac(−

√
1 − TAβ

′
A)χvac(−

√
1 − TBβ

′
B).

(5.22)

Characteristic function of a hybrid entangled state

The exact density matrix of the hybrid entangled state is given by Eq. (5.2), in which the

cat state |cat±⟩ has the characteristic function given by Eq. (2.44). Due to the mathe-

matical complexity, especially when calculating the matrix |cat±⟩⟨cat∓| in Eq. (5.2), I will

approximate the hybrid entangled state for the cases of large α0 (Eq. (5.6)) and small α0

(Eq. (5.11)). For hybrid states with intermediate sizes, an exact calculation can be found

in appendix A.1.

When the cat state is large: The hybrid entangled state can be approximated by

ρ
(large)
h in Eq. (5.6). Given the definition of the characteristic function (Eq. (2.37)), and

the form of the density matrix of the approximate hybrid state (in Eq. (5.6)), we will find

it useful to introduce a new function for a general matrix M

XM (β) = Tr [MD(β)] . (5.23)
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From the linearity of the trace function, the above function is also linear with respect to

the matrix M [2]. For a tensor product of the form M = M1 ⊗M2, we have

XM (β1, β2) = Tr [M1 ⊗M2 D1(β1) ⊗D2(β2)] = XM1(β1)XM2(β2), (5.24)

where the last equality makes use of the tensor product property of the trace function.

From the linearity and tensor product property above, the characteristic function of ρ(large)
h

can thus be found by applying Eq. (5.24) to a modified Eq. (5.6) where the order of modes

C and D is swapped (see discussion start of section 5.4.2), giving

χ(large)
h (βD, βC) =1

2
[
X|+⟩⟨+|(βD)X|α0⟩⟨α0|(βC) +X|−⟩⟨−|(βD)X|−α0⟩⟨−α0|(βC)

−X|+⟩⟨−|(βD)X|α0⟩⟨−α0|(βC) − X|−⟩⟨+|(βD)X|−α0⟩⟨α0|(βC)
]
. (5.25)

In the following, we will explicitly calculate the individual terms in the above equation.

From the change of basis in Eq. (5.3), we can show

X|+⟩⟨+|(β) = 1
2
[
X|0⟩⟨0|(β) +X|1⟩⟨1|(β) +X|0⟩⟨1|(β) +X|1⟩⟨0|(β)

]
,

X|−⟩⟨−|(β) = 1
2
[
X|0⟩⟨0|(β) +X|1⟩⟨1|(β) −X|0⟩⟨1|(β) −X|1⟩⟨0|(β)

]
,

X|+⟩⟨−|(β) = 1
2
[
X|0⟩⟨0|(β) −X|1⟩⟨1|(β) −X|0⟩⟨1|(β) +X|1⟩⟨0|(β)

]
,

X|−⟩⟨+|(β) = 1
2
[
X|0⟩⟨0|(β) −X|1⟩⟨1|(β) +X|0⟩⟨1|(β) −X|1⟩⟨0|(β)

]
, (5.26)

where

X|0⟩⟨0|(β) = ⟨0|D(β)|0⟩ = e−|β|2/2,

X|1⟩⟨1|(β) = ⟨1|D(β)|1⟩ = e−|β|2/2(1 − |β|2),

X|0⟩⟨1|(β) = ⟨1|D(β)|0⟩ = βe−|β|2/2,

X|1⟩⟨0|(β) = ⟨0|D(β)|1⟩ =
[
⟨0|D†(−β)

]
|1⟩ = −β∗e−|β|2/2. (5.27)

In Eq. (5.27) we have used the appropriate relation for the displaced number states [75–77].

For the terms | ± α⟩⟨±α| and | ± α⟩⟨∓α| in Eq. (5.6), we have [2]

X|±α0⟩⟨±α0|(β) = e− |β|2
2 e±j2Im[βα∗

0],

X|±α0⟩⟨∓α0|(β) = e− |β±2α0|2
2 . (5.28)
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By substituting Eqs. (5.26), (5.27) and (5.28) into Eq. (5.25), we can find the characteristic

function of the hybrid entangled state with large α0.

When the cat state is small: The hybrid entangled state can be approximated by

ρ
(small)
h . By applying Eqs. (2.37) and (5.24) to Eq. (5.11), the characteristic function of

ρ
(small)
h is given by

χ(small)
h (βD, βC) = 1

2
[
X|0⟩⟨0|(βD)XS(s)|1⟩⟨1|S(s)†(βC) +X|1⟩⟨1|(βD)XS(s)|0⟩⟨0|S(s)†(βC)

+X|0⟩⟨1|(βD)XS(s)|1⟩⟨0|S(s)†(βC) + X|1⟩⟨0|(βD)XS(s)|0⟩⟨1|S(s)†(βC)
]
.

(5.29)

For the matrix S(s)|m⟩⟨n|S(s)† withm,n ∈ {0, 1} and s defined in Eq. (5.9), XS(s)|m⟩⟨n|S(s)†(β)

can be found by applying the relation

S†(s)D(β)S(s) = D(β̃), with β̃ = β cosh s− β∗ sinh s. (5.30)

As a result, XS(s)|0⟩⟨0|S(s)†(β) and XS(s)|1⟩⟨1|S(s)†(β) can be found by substituting β̃ for β

in Eq. (5.27), giving [13,14]

XS(s)|0⟩⟨0|S(s)†(β) = X|0⟩⟨0|(β̃), (5.31)

XS(s)|1⟩⟨1|S(s)†(β) = X|1⟩⟨1|(β̃). (5.32)

Our calculation shows that XS(s)|0⟩⟨1|S(s)†(β) and XS(s)|1⟩⟨0|S(s)†(β) can also be found by

the same substitution

XS(s)|0⟩⟨1|S(s)†(β) = X|0⟩⟨1|(β̃), (5.33)

XS(s)|1⟩⟨0|S(s)†(β) = X|1⟩⟨0|(β̃). (5.34)

(Note that, when s = 0, β̃ becomes β, we have XS(0)|m⟩⟨n|S(0)†(β) = X|m⟩⟨n|(β)). We can

now write

χ(small)
h (βD, βC) =1

2
[
X|0⟩⟨0|(βD)X|1⟩⟨1|(β̃C) +X|1⟩⟨1|(βD)X|0⟩⟨0|(β̃C)

+X|0⟩⟨1|(βD)X|1⟩⟨0|(β̃C) + X|1⟩⟨0|(βD)X|0⟩⟨1|(β̃C)
]
. (5.35)

By substituting Eq. (5.27) into the above equation, we can find the characteristic function

of a hybrid entangled state with small α0.
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5.4.3 Calculate the fidelity

The fidelity between two general states was introduced in section 2.6.2. For two arbitrary

two-mode states, for example, the original hybrid entangled state χh(βD, βC) and the

CV-mode teleported state χtel(βD, βB′′), the fidelity is given by

F =
∫∫

d2βDd
2βB′′

1
π2

χh(βD, βB′′)χtel(−βD,−βB′′). (5.36)

In order to verify my calculations, we check that the fidelity of a state with itself is always

unity. For example, in the limit where the TMSV channel has no loss and has infinite

squeezing, χtel(βD, βB′′) becomes identical to χh(βD, βB′′). For the case of large α0,
χ(large)

h (βD, βB′′) is given by Eq. (5.25). The multiplication

χ(large)
h (βD, βB′′)χ(large)

h (−βD,−βB′′) (5.37)

creates a summation of sixteen different terms. The summation can be simplified by

exploiting the symmetry of the DV mode, which gives∫
d2βD

1
π
X|+⟩⟨+|(βD)X|+⟩⟨+|(−βD) =

∫
d2βD

1
π

|X|+⟩⟨+|(βD)|2 = 1,∫
d2βD

1
π
X|+⟩⟨−|(βD)X|−⟩⟨+|(−βD) = 1,∫

d2βD
1
π
X|−⟩⟨−|(βD)X|−⟩⟨−|(−βD) =

∫
d2βD

1
π

|X|−⟩⟨−|(βD)|2 = 1,∫
d2βD

1
π
X|−⟩⟨+|(βD)X|+⟩⟨−|(−βD) = 1, (5.38)

while the other twelve integrations give zero, for example,∫
d2βD

1
π
X|+⟩⟨+|(βD)X|−⟩⟨−|(−βD) = 0,∫

d2βD
1
π
X|+⟩⟨+|(βD)X|+⟩⟨−|(−βD) = 0,

· · · (5.39)
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The fidelity of a large hybrid entangled state with itself is therefore given by the four

non-zero terms

F
(large)
self = 1

4

[ ∫
d2βD

1
π

|X|+⟩⟨+|(βD)|2 ×
∫
d2βB′′

1
π

|X|α0⟩⟨α0|(βB′′)|2

+
∫
d2βD

1
π

|X|−⟩⟨−|(βD)|2 ×
∫
d2βB′′

1
π

|X|−α0⟩⟨−α0|(βB′′)|2

+
∫
d2βD

1
π
X|+⟩⟨−|(βD)X|−⟩⟨+|(−βD)

×
∫
d2βB′′

1
π
X|α0⟩⟨−α0|(βB′′)X|−α0⟩⟨α0|(−βB′′)

+
∫
d2βD

1
π
X|−⟩⟨+|(βD)X|+⟩⟨−|(−βD)

×
∫
d2βB′′

1
π
X|−α0⟩⟨α0|(βB′′)X|α0⟩⟨−α0|(−βB′′)

]
. (5.40)

All the integrals above are equal to unity, giving F (large)
self = 1. Similarly, for the case of

small α0, χ(small)
h (βD, βB′′) is given by Eq. (5.35). The DV mode in the {|0⟩, |1⟩} basis

also exhibits a symmetry similar to that in Eqs. (5.38) and (5.39). From such a symmetry,

the fidelity of the state to itself can be simplified from sixteen terms to only four non-zero

terms

F
(small)
self = 1

4

[ ∫
d2βD

1
π

|X|0⟩⟨0|(βD)|2 ×
∫
d2βB′′

1
π

|X|1⟩⟨1|(β̃B′′)|2

+
∫
d2βD

1
π

|X|1⟩⟨1|(βD)|2 ×
∫
d2βB′′

1
π

|X|0⟩⟨0|(β̃B′′)|2

+
∫
d2βD

1
π
X|0⟩⟨1|(βD)X|1⟩⟨0|(−βD) ×

∫
d2βB′′

1
π
X|1⟩⟨0|(β̃B′′)X|0⟩⟨1|(−β̃B′′)

+
∫
d2βD

1
π
X|1⟩⟨0|(βD)X|0⟩⟨1|(−βD) ×

∫
d2βB′′

1
π
X|0⟩⟨1|(β̃B′′)X|1⟩⟨0|(−β̃B′′)

]
.

(5.41)

All the integrals above are equal to unity, again giving F (small)
self = 1.

When the CV mode of the hybrid entangled state is teleported, mode C will be teleported

to mode B′′. Assuming a teleportation gain of g = 1,(2) the teleportation output is given

by [13,15]
χtel(βD, βB′′) = χh(βD, βB′′)χ(TA,TB)

T MSV (β∗
B′′ , βB′′), (5.42)

(2)g = 1 was found to be the optimal gain for symmetric channels with regard to the
logarithmic negativity [4, 31].
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where the channel is given by the attenuated TMSV state(3) χ(TA,TB)
T MSV (β∗

B′′ , βB′′) in Eq. (5.22).

The fidelity of a hybrid entangled state after teleportation can be calculated by applying

Eq. (5.36) [13–15]

Ftel =
∫∫

d2βDd
2βB′′

1
π2

χh(βD, βB′′)χh(−βD,−βB′′)χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′), (5.43)

where, by applying Eqs. (2.38), (2.42), and (5.22), we have

χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′) = exp
[
−σtel|βB′′ |2

]
, (5.44)

with σtel defined in Eq. (3.10). When there is no loss (TA = TB = 1), we have σtel =

e−2r, [14] where r is again the initial squeezing. When the two channels are symmetric

(TA = TB = T ), we have σtel = Te−2r + (1 − T ) as in Eq. (4.3). In order to calculate

the fidelity, we perform a summation of integrations similar to that in Eqs. (5.40) and

(5.41). In the following, I will calculate the fidelity for the cases when α0 is large or small,

respectively. For hybrid states with intermediate sizes, the detailed calculations can be

found in appendix A.1.

Large cat state: When calculating the fidelity of the large hybrid state after telepor-

tation, similar to Eqs. (5.38), (5.39), and (5.40), we obtain sixteen terms, which can be

(3)More generally, see [78] for how teleportation can operate under any types of CV
teleportation channel.
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simplified to four non-zero terms by applying the DV-mode symmetry, giving

F
(large)
tel = 1

4

[ ∫
d2βD

1
π

|X|+⟩⟨+|(βD)|2 ×
∫
d2βB′′

1
π

|X|α0⟩⟨α0|(βB′′)|2χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′)

+
∫
d2βD

1
π

|X|−⟩⟨−|(βD)|2 ×
∫
d2βB′′

1
π

|X|−α0⟩⟨−α0|(βB′′)|2χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′)

+
∫
d2βD

1
π
X|+⟩⟨−|(βD)X|−⟩⟨+|(−βD)

×
∫
d2βB′′

1
π
X|α0⟩⟨−α0|(βB′′)X|−α0⟩⟨α0|(−βB′′)χ(TA,TB)

T MSV (−β∗
B′′ ,−βB′′)

+
∫
d2βD

1
π
X|−⟩⟨+|(βD)X|+⟩⟨−|(−βD)

×
∫
d2βB′′

1
π
X|−α0⟩⟨α0|(βB′′)X|α0⟩⟨−α0|(−βB′′) χ(TA,TB)

T MSV (−β∗
B′′ ,−βB′′)

]
.

(5.45)

The integrations over mode D are still equal to unity. For the integrations over mode

B′′, after applying Eq. (5.44), we define the following four terms and calculate them using

Mathematica

f±±α0 =
∫
d2βB′′

1
π

|X|±α0⟩⟨±α0|(βB′′)|2e−σtel|βB′′ |2

=
∫
d2βB′′

1
π
e−|β|2e−σtel|βB′′ |2

= 1
1 + σtel

, (5.46)

f±∓α0 =
∫
d2βB′′

1
π
X|±α0⟩⟨∓α0|(βB′′)X|∓α0⟩⟨±α0|(−βB′′)e−σtel|βB′′ |2

=
∫
d2βB′′

1
π
e−|βB′′ ±2α0|2e−σtel|βB′′ |2

= 1
1 + σtel

exp
(

− 4α2
0σtel

1 + σtel

)
. (5.47)

So the fidelity after teleportation is

F
(large)
tel = 1

4(f++α0 + f−−α0 + f+−α0 + f−+α0) = 1
2(1 + σtel)

[
1 + exp

(
− 4α2

0σtel

1 + σtel

)]
.

(5.48)

Small cat state: When calculating the fidelity of the small hybrid state after CV-mode

teleportation, we arrive at sixteen different terms. Similar to Eq. (5.41), by applying the
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DV-mode symmetry, twelve of these terms become zero, leaving the following four terms

F
(small)
tel = 1

4

[ ∫
d2βD

1
π

|X|0⟩⟨0|(βD)|2 ×
∫
d2βB′′

1
π

|X|1⟩⟨1|(β̃B′′)|2χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′)

+
∫
d2βD

1
π

|X|1⟩⟨1|(βD)|2 ×
∫
d2βB′′

1
π

|X|0⟩⟨0|(β̃B′′)|2χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′)

+
∫
d2βD

1
π
X|0⟩⟨1|(βD)X|1⟩⟨0|(−βD)

×
∫
d2βB′′

1
π
X|1⟩⟨0|(β̃B′′)X|0⟩⟨1|(−β̃B′′)χ(TA,TB)

T MSV (−β∗
B′′ ,−βB′′)

+
∫
d2βD

1
π
X|1⟩⟨0|(βD)X|0⟩⟨1|(−βD)

×
∫
d2βB′′

1
π
X|0⟩⟨1|(β̃B′′)X|1⟩⟨0|(−β̃B′′) χ(TA,TB)

T MSV (−β∗
B′′ ,−βB′′)

]
. (5.49)

The integrations over mode D still give unity, for the integrations over mode B′′, we apply

Eq. (5.44) and define

f00 =
∫
d2βB′′

1
π

|X|0⟩⟨0|(β̃B′′)|2e−σtel|βB′′ |2

= 1√
τ
,

f11 =
∫
d2βB′′

1
π

|X|1⟩⟨1|(β̃B′′)|2e−σtel|βB′′ |2

= 2 + σtel
2 + 2σtel

4 + 4σtel(1 + σtel
2) cosh(2s) + 3σtel

2 cosh(4s)
2
√
e−2s + σtel(e2s + σtel)5/2(e−2s + σtel)2

,

f10 =
∫
d2βB′′

1
π
X|1⟩⟨0|(β̃B′′)X|0⟩⟨1|(β̃B′′)e−σtel|βB′′ |2

= 1 + σtel cosh(2s)
τ3/2 ,

f01 =
∫
d2βB′′

1
π
X|0⟩⟨1|(β̃B′′)X|1⟩⟨0|(−β̃B′′)e−σtel|βB′′ |2

= f10, (5.50)

where τ = 1 + σtel
2 + 2σtel cosh(2s), with s being the single-mode squeezing parameter in

Eq. (5.9). The final fidelity of hybrid entanglement after teleportation is given by

F
(small)
tel = 1

4 (f00 + f11 + f10 + f01) , (5.51)

which tends to unity as the channel loss approaches zero (TA = TB → 1). The detailed

simulation results are presented in the next section.
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5.5 Results
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(a) α0 = 1 → 2, g = 1.
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(b) α0 < 0.5, g = 1.
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(c) α0 = 1 → 2, g is optimized.
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(d) α0 < 0.5, g is optimized.

Figure 5.2: The fidelity is plotted for direct distribution (black), or teleportation of the the DV/CV mode (red-
orange/blue-navy). The channels are assumed to be symmetric (TA = TB), while the initial two-mode squeezing
parameter r is set to either 2.5 or 0.5, and the teleportation gain is set to g = 1. In general, the fidelity of DV-
mode teleportation stays the same regardless of α0. (a,c) For α0 = 1 → 2, the fidelities of direct distribution
and CV-mode teleportation vary in the shaded ranges, with the upper bound corresponding to α0 = 1, and the
lower bound corresponding to α0 = 2. (b,d) For α0 < 0.5, the fidelities of the three schemes stay approximately
unchanged, providing an upper bound for the fidelity with respect to α0. Note that in (a,b), the teleportation gain g
is unity, while in (c,d), the gain is optimized. Gain-tuning only improves the fidelity for the case of r = 0.5. (Taken
from [51].)

In this section, I aim to compare the long-distance distribution of hybrid entanglement

using two different schemes: one scheme (in Fig. 5.1a) uses the direct distribution from

the satellite, with one terrestrial node receiving the DV mode and the other node the

CV mode; and one scheme (in Fig. 5.1b) uses the TMSV channel created by the satellite

to teleport one mode of an initially localised hybrid state from one terrestrial node to

another. I compare the two schemes in terms of the fidelity and logarithmic negativity.
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I simulate the hybrid entangled state in Eq. (5.2) with different real values of α0,(4) es-

pecially in the cases of small cat states (α0 < 0.5) and large cat states (α0 > 1).

For DV-mode teleportation, when calculating the summation in Eq. (5.19), we stop at a

value of k = kmax. Since the averaged photon number is given by α2
0, we see that kmax

should be at least α2
0 [79]. Practically, to find kmax, I start with a high value, then slowly

reduce kmax while checking that Tr (|cat±⟩⟨cat±|) = 1± δ, where δ is the tolerance. In the

following simulations, I use the values of δ = 10−14 and kmax ≈ 30.

In my first simulation, I assume that the two down-link channels are symmetric, i.e.,

TA = TB = T . The total loss of two channels can be calculated by −10 log10(T 2) (dB).

The teleportation gain is set to g = 1, which is the optimal gain when TA = TB [4, 31].

The fidelity is calculated by Eqs. (5.17), (2.80), (5.19), (5.48), and (5.51). Fig. 5.2c

shows the case of large cat states where I selectively adopted values of α0 in the range of

α0 = 1 → 2. I first vary the initial squeezing r of the TMSV channel and find that the

fidelity of teleportation increases as r increases, then saturates to its maximum value when

r ≈ 2.5, which I will refer to as the optimal squeezing parameter. Thus, in this figure, I

plot the fidelity for r = 2.5 and a lower value of r = 0.5. I found that, for higher loss,

the effect of the initial squeezing r on teleportation results becomes less significant. This

implies that for long-distance communications, we need not spend too much experimental

resources on enhancing the channel squeezing.

We can also see from Fig. 5.2c that the fidelity of DV-mode teleportation stays the same

regardless of α0, while the fidelities of CV-mode teleportation and direct distribution

decrease when α0 increases. In particular, for r = 2.5, my simulation shows that when

α0 > 1.2, the fidelity of DV-mode teleportation is always higher than direct distribution,

and the difference further increases with increasing α0 and higher channel loss. When

α0 decreases below 1.2, the fidelity of direct distribution starts to become higher than

DV-mode teleportation at low channel loss. However, as the loss increases, the fidelity of

(4)The same simulation was run with complex values of α0 as well. However, for both
direct distribution and DV-mode teleportation, I found that the fidelity is the highest
when the initial cat states are small and real.
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direct distribution quickly decreases, while the fidelity of DV-mode teleportation decreases

slower then saturates to a higher value. The loss level where the crossover occurs (which

I will henceforth refer to as the ‘crossover loss’) increases as α0 decreases, and varies from

0 dB go 5 dB when α0 varies from 1.2 to 1. This crossover can be explained by how the

channel loss enters the calculations of the direct distribution scheme (via both DV and CV

loss components) as compared to the teleportation channel (via two CV loss components).

Ultimately, my detailed mathematical models offer the explanation of these findings.

In addition, in Fig. 5.2c, under all loss conditions, teleporting the DV mode of the hybrid

entangled state is always better or equal to teleporting the CV mode. The difference

becomes more significant when α0 increases. My results can be explained by the notion

that for a given squeezing level and a given loss level in the CV teleportation channel, the

teleportation of larger Fock states will provide for less fidelity than smaller Fock states.

Only in the limit of zero loss would this not be the case. As such, superpositions of Fock

states weighted to excitations of small photon numbers should be ‘easier’ to teleport. The

DV state can be considered loosely as such a superposition of Fock states.

Fig. 5.2d shows the case of small cat states where I selectively simulated α0 = 0.1 → 0.5. In

this case, we can see that the fidelities of the three schemes all remain almost unchanged,

and the difference cannot be seen from the curves in the plot. For losses below 7dB, we

can also see that direct distribution gives a higher fidelity than teleportation. However,

when the loss increases above 7dB, teleportation is always better. In addition, for all loss

conditions, I find that it does not matter to teleport either the DV or CV mode of hybrid

entanglement, since the output fidelity is the same. This symmetry can be explained by

the fact that when α0 < 0.5, Eq. (5.9) gives s < 0.1, so that the SMSV and 1PS states

in Eq. (5.8) are very lightly squeezed. Intuitively, we can understand that when the cat

states become small, their average photon numbers approach either 0 or 1. As a result, the

cat states approach |0⟩ and |1⟩, and the approximated hybrid entangled state in Eq. (5.10)

approaches a DV entangled state, which is spatially symmetric. In general, we can see

that lower photon-number states, especially qubit states, are less sensitive to channel loss.

Thus, the case of small α0 provides the upper bounds for the fidelities of the three schemes.
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Figure 5.3: The fidelities of direct distribution (a) and DV-mode teleportation (b,c) is plotted where TA and TB

are independently varied. I fixed α0 = 1.5, r = 2.5, and g = 1 (b) or g =
√

TB/TA (c). (Taken from [51].)

For cat states of intermediate sizes where 0.5 < α0 < 1, my simulations show that the

fidelity of DV-mode teleportation still stays unchanged, while the fidelities of direct dis-

tribution and CV-mode teleportation decrease monotonically as α0 increases. For this

intermediate range, the fidelities naturally stay in between the bounds set by large and

small α0.

Next, I investigate the effect of teleportation gain-tuning by varying g in order to find the

maximal fidelity. The results are plotted in Fig. 2c and Fig. 2d. As can be seen, when

r = 2.5, for all loss conditions below 15dB, the optimal gain g is approximately 1, and

tuning the gain further does not improve the fidelity. However, when r = 0.5, gain-tuning
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improves the fidelity of both DV and CV teleportation. Please note that for high loss

conditions, the fidelity of DV-mode teleportation (or CV-mode teleportation with small

α0) can be brought above 0.5 by maintaining a low initial squeezing while optimizing the

teleportation gain.

To study asymmetric channels, I next vary TA and TB independently, while plotting the

3D map for the fidelity. Since large cat states are more useful for quantum computations,

in this simulation, I fix α0 = 1.5 and r = 2.5, respectively. Since my simulations have

shown that DV-mode is always preferable over CV-mode teleportation, especially for large

α0, I will only plot the fidelity for direct distribution and DV-mode teleportation. From

the plot of direct distribution (Fig. 5.3a), we see that the fidelity decreases monotonically

with TA and TB. Especially, the fidelity decreases faster with the loss in the CV mode

(mode B). For DV-mode teleportation, in order to study the effect of gain-tuning, I set

the gain to either g = 1 or g =
√
TB/TA.(5) As can be seen in Fig. 5.3b, when g = 1,

the output attains the highest level of entanglement when the channels are symmetric

TA = TB, but quickly drops to near zero when TA ̸= TB. In Fig. 5.3c, we can see

that tuning the teleportation gain to g =
√
TB/TA significantly improves the fidelity for

asymmetric channels [31]. During gain tuning, it is especially important to maintain a

high transmissivity in Bob’s down-link channel, since when TB is high, the fidelity remains

reasonably high for all different values of TA.

In the next simulation, I use the same parameters as the previous one, but I plot the

logarithmic negativity using Eq. (2.76). From the results in Fig. 5.4, we see that the

logarithmic negativity follows the same trend as the fidelity, however, the former decreases

more sharply with low transmissivities and channel asymmetry as compared to the latter.

We also see that tuning the gain to the optimal value of g =
√
TB/TA significantly improves

the quality of the teleportation outcomes.

I also perform a series of similar simulations where the initial hybrid entangled cat state

(5)This g value was previously found to be optimal with regard to logarithmic negativity
(see section 5.4.1 and [31]).
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Figure 5.4: The logarithmic negativity of direct distribution (a) and DV-mode teleportation (b,c) with α0 = 1.5,

r = 2.5, and g = 1 (b) or
√

TB
TA

(c). (Taken from [51].)

in Eq. (5.1) is replaced by a hybrid coherent state of the form [80,81]

(|α0⟩C |0⟩D + | − α0⟩C |1⟩D)/
√

2. (5.52)

I find that for large α0, all my conclusions found for the cat hybrid state remain intact.

Indeed, the detailed results show trends for both direct and teleported states very similar

to those shown in Fig. 5.2c. For small α0, clear differences in both the direct and teleported

states can be identified relative to Fig. 5.2d. However, again I emphasize that the large α0

states are the states of interest for almost all hybrid DV-CV quantum protocols. States

beyond large cat states remain worthy of study, particularly in regard to upper bounds on

the teleported fidelities.
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5.6 Conclusion

Hybrid technologies play an important role in interfacing mixed quantum protocols, which

will in turn help accelerate the global development of quantum networks. In this chapter,

I studied, for the first time, the teleportation of either mode of a hybrid entangled state

via a lossy TMSV channel, and compared such teleportation to the case where the hybrid

entanglement is generated on board a satellite and directly distributed to Earth. Due to

the complexity of the hybrid entangled state, especially in the cross-diagonal matrices with

multi-photon numbers, I resorted to the characteristic function formalism. By identifying

symmetries within this formalism, I then developed a novel mathematical framework to

calculate the fidelity of the teleported hybrid state. Our results showed that when the

initial cat states have α0 > 1.2, it was always preferable to teleport the DV mode of the

hybrid entangled state. For cat states with α0 < 1.2, direct distribution gave a higher

fidelity than teleportation at low channel loss. However, for losses higher than 7dB, the

teleportation of the DV mode was always better, regardless of α0. Please note, losses above

7dB are expected for satellite-to-Earth channels for transceiver apertures of reasonable

sizes. For all loss conditions, I found CV-mode teleportation always gave a fidelity that

is less than or equal to DV-mode teleportation, where the equality happens when the cat

states become small (α0 < 0.5). Similar results to the above were found for a hybrid state in

which the cat states were replaced by large coherent states of opposite phases. Our results

will be important for next-generation heterogeneous quantum communication networks,

whose teleportation resource is sustained by standard TMSV entanglement distribution

from LEO satellites.
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Chapter 6

Conclusion

Hybrid teleportation protocols provide the interface between DV and CV technologies,

helping to interconnect different elements of the future quantum network. Such a hybrid

protocol has the combined benefits of pure DV and CV teleportation: it yields an en-

hanced success rate while, at the same time, preserving the fidelity of the teleported state.

For long-distance communication, the teleportation channel can be pre-distributed by a

satellite from LEO to two far-apart ground stations, thus expanding the quantum network

to the global scale. In this thesis, I study in detail the CV teleportation channel based on

the TMSV state, taking into account, for the first time, the transmission loss typical for

long-distance communication.

In past studies, the CV teleportation channel has previously been studied in conditions

where there is no transmission loss. In Chapter 2, I studied the effect of channel loss on

such a protocol. I derived for the first time the mathematical model for the attenuated

CV teleportation channel and calculated the output after teleporting an arbitrary input

mode. Specifically, I studied the case where the input mode is part of a DV entangled

state in the photon-number basis. By simulating a wide range of different teleportation

parameters, I showed the conditions where the teleported DV entangled state can achieve

higher entanglement quality as compared to direct distribution from the satellite. To

further compare the teleported and directly-distributed DV entangled state, I applied
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them to a QKD protocol and compare the resulting key rates.

In Chapter 3, I applied the mathematical model from the previous chapter to teleport

a Schrödinger’s cat state. Past studies have shown that CV teleportation can preserve

the quantum character of the cat state. In this chapter, I take into consideration the

effect of channel transmission loss and found that the quantum character is lost after 5dB

of fix-attenuation. In addition, I investigate the free-space channel from a satellite in

LEO down to Earth, with about 500km in height and 30dB of loss. In such a channel,

the transmissivity varies probabilistically following the atmospheric turbulence at around

100km above the Earth’s surface. By using two different mathematical models for the

probability distribution - the beam-wandering model and the elliptic model, I find that

the free-space channel can preserve a higher level of fidelity than the fixed-attenuation

channel of the same averaged loss.

In chapter 4, I studied for the first time the teleportation of a hybrid entangled state

over a lossy CV teleportation channel. For the typical average loss of the satellite-to-

Earth channel, my detailed calculations show that teleporting the DV mode of the hybrid

entanglement is always better than teleporting the CV mode or directly distributing both

modes from the satellite.
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Appendix A

Supplementary Materials for

Satellite-based Distribution of

Hybrid Entanglement

A.1 CV-mode teleportation of an exact hybrid entangled

state

This appendix uses the exact mathematical form of the hybrid entangled state (Eq. (5.2))

to calculate the characteristic function and fidelity after CV-mode teleportation. The

mathematical model below is especially useful for hybrid states with intermediate sizes

(0.5 < α0 < 1), where a simple approximation does not exist.

The characteristic function of the exact hybrid entangled state is found by substituting
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Eq. (5.2) into Eqs. (2.37) and (5.23), giving

χ(exact)
h (βD, βC) = 1

2
[
X|0⟩⟨0|(βD)X|cat−⟩⟨cat−|(βC) +X|1⟩⟨1|(βD)X|cat+⟩⟨cat+|(βC)

+X|0⟩⟨1|(βD)X|cat−⟩⟨cat+|(βC) + X|1⟩⟨0|(βD)X|cat+⟩⟨cat−|(βC)
]
.

(A.1)

To find the fidelity after teleporting the CV mode, we follow the calculations in sec-

tion 5.4.3, giving

F
(exact)
tel = 1

4

[ ∫
d2βD

1
π

|X|0⟩⟨0|(βD)|2 ×
∫
d2βB′′

1
π

|X|cat−⟩⟨cat−|(βB′′)|2χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′)

+
∫
d2βD

1
π

|X|1⟩⟨1|(βD)|2 ×
∫
d2βB′′

1
π

|X|cat+⟩⟨cat+|(βB′′)|2χ(TA,TB)
T MSV (−β∗

B′′ ,−βB′′)

+
∫
d2βD

1
π
X|1⟩⟨0|(βD)X|0⟩⟨1|(−βD)

×
∫
d2βB′′

1
π
X|cat+⟩⟨cat−|(βB′′)X|cat−⟩⟨cat+|(−βB′′)χ(TA,TB)

T MSV (−β∗
B′′ ,−βB′′)

+
∫
d2βD

1
π
X|0⟩⟨1|(βD)X|1⟩⟨0|(−βD)

×
∫
d2βB′′

1
π
X|cat−⟩⟨cat+|(βB′′)X|cat+⟩⟨cat−|(−βB′′) χ(TA,TB)

T MSV (−β∗
B′′ ,−βB′′)

]
.

(A.2)

The integrations over mode D are still giving unity, for the integrations in mode B′′, after

applying Eq. (5.44), the exact fidelity can be given by

F
(exact)
tel = 1

4(f++cat + f−−cat + f+−cat + f−+cat), (A.3)

where

f++cat =
∫
d2βB′′

1
π
X|cat+⟩⟨cat+|(βB′′)X|cat+⟩⟨cat+|(−βB′′)e−σ|βB′′ |2 ,

f−−cat =
∫
d2βB′′

1
π
X|cat−⟩⟨cat−|(βB′′)X|cat−⟩⟨cat−|(−βB′′)e−σ|βB′′ |2 ,

f+−cat =
∫
d2βB′′

1
π
X|cat+⟩⟨cat−|(βB′′)X|cat−⟩⟨cat+|(−βB′′)e−σ|βB′′ |2 ,

f−+cat =
∫
d2βB′′

1
π
X|cat−⟩⟨cat+|(βB′′)X|cat+⟩⟨cat−|(−βB′′)e−σ|βB′′ |2 . (A.4)
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In order to calculate the above integrations, we first apply Eq. (2.4) to find

X|cat+⟩⟨cat+|(β) = 1
N2

+
(X|α0⟩⟨α0| +X|−α0⟩⟨−α0| +X|α0⟩⟨−α0| +X|−α0⟩⟨α0|),

X|cat−⟩⟨cat−|(β) = 1
N2

−
(X|α0⟩⟨α0| +X|−α0⟩⟨−α0| −X|α0⟩⟨−α0| −X|−α0⟩⟨α0|),

X|cat+⟩⟨cat−|(β) = 1
N+N−

(X|α0⟩⟨α0| −X|−α0⟩⟨−α0| −X|α0⟩⟨−α0| +X|−α0⟩⟨α0|),

X|cat−⟩⟨cat+|(β) = 1
N+N−

(X|α0⟩⟨α0| −X|−α0⟩⟨−α0| +X|α0⟩⟨−α0| −X|−α0⟩⟨α0|). (A.5)

We then define the following integrations

fjlmn =
∫
d2βB′′

1
π
X|jα0⟩⟨lα0|(βB′′)X|mα0⟩⟨nα0|(−βB′′)e−σ|βB′′ |2 , (A.6)

where j, l,m, n ∈ {+,−}. By substituting Eq. (5.28) into the above equation and using

Mathematica to calculate, we find

f0 = f±±±± = 1
1 + σ

,

f1 = f±∓∓± = 1
1 + σ

exp
(

−α0
4σ

1 + σ

)
,

f2 = f±±∓∓ = 1
1 + σ

exp
(

−α0
4

1 + σ

)
,

f3 = f±∓±∓ = 1
1 + σ

exp (−4α0) ,

f4 = f±±±∓ = f∓∓±∓ = f±∓±± = f±∓∓∓ = 1
1 + σ

exp (−2α0) . (A.7)

We can then find that

f++cat = 2
N4

+
(f0 + f1 + f2 + f3 + 4f4),

f−−cat = 2
N4

−
(f0 + f1 + f2 + f3 − 4f4),

f+−cat = f−+cat = 2
N2

+N
2
−

(f0 + f1 − f2 − f3). (A.8)

From Eqs. (A.3), (A.7), and (A.8), we can find the exact fidelity of CV-mode teleportation.

From my simulation, I can find that for cat states with intermediate sizes (0.5 < α0 < 1),

the fidelity stays between that of large and small cat states, and decreases monotonically

as α0 increases.

85



A.2 Direct distribution over a lossy channel

A.2 Direct distribution over a lossy channel

This section derives the attenuated hybrid entangled state after the direct distribution in

Fig. 5.1a and section 5.3. The original hybrid entangled state in Eq. (5.1), together with

two auxiliary vacuum modes, can be written together as the four-mode state

|ψAϵABϵB
⟩ = 1√

2

{ |α0⟩A − | − α0⟩A

N−
|0⟩ϵA ⊗ |0⟩B|0⟩ϵB + |α0⟩A + | − α0⟩A

N+
|0⟩ϵA ⊗ â†

B|0⟩B|0⟩ϵB
}
,

(A.9)

where N± is given in Eq. (2.5). The two lossy down-link channels are modeled by two

beam splitters. Let tl =
√
Tl and rl =

√
1 − Tl with l ∈ {A,B}, after the two beam splitter

transformations in Eqs. (5.12) and (5.13), the state becomes

|ψA′ϵA′ B′ϵB′ ⟩ = 1√
2

{
|tAα0⟩A′ |rAα0⟩ϵA′ − | − tAα0⟩A′ | − rAα0⟩ϵA′

N−
⊗ |0⟩B′ |0⟩ϵB′

+
|tAα0⟩A′ |rAα0⟩ϵA′ + | − tAα0⟩A′ | − rAα0⟩ϵA′

N+

⊗
(
tB|1⟩B′ |0⟩ϵB′ + rB|0⟩B′ |1⟩ϵB′

)}
. (A.10)

The corresponding density matrix can be written as

ρA′ϵA′ B′ϵB′ = 1
2

{
|1⟩ϵB′ ⟨1| ⊗

[
r2

B

N2
+

|0⟩B′⟨0| ⊗ (ρ++ + ρ−− + ρ−+ + ρ+−)
]

+|0⟩ϵB′ ⟨0| ⊗
[
t2B
N2

+
|1⟩B′⟨1| ⊗ (ρ++ + ρ−− + ρ−+ + ρ+−)

+ 1
N2

−
|0⟩B′⟨0| ⊗ (ρ++ + ρ−− − ρ−+ − ρ+−)

+ tB
N+N−

|0⟩B′⟨1| ⊗ (ρ++ − ρ−− + ρ−+ − ρ+−)

+ tB
N+N−

|1⟩B′⟨0| ⊗ (ρ++ − ρ−− − ρ−+ + ρ+−)
]

+ |0⟩ϵB′ ⟨1| ⊗ (· · · ) + |1⟩ϵB′ ⟨0| ⊗ (· · · )
}
, (A.11)

where

ρ±± = | ± tAα0⟩A′⟨±tAα0| ⊗ | ± rAα0⟩ϵA′ ⟨±rAα0|,

ρ±∓ = | ± tAα0⟩A′⟨∓tAα0| ⊗ | ± rAα0⟩ϵA′ ⟨∓rAα0|. (A.12)
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The states indicated by the triple dots are not important, because when tracing out the

auxiliary mode ϵB′ from the state ρA′ϵA′ B′ϵB′ , the terms with |0⟩ϵB′ ⟨1| and |1⟩ϵB′ ⟨0| are

removed. The tracing of ϵB′ also equates |1⟩ϵB′ ⟨1| and |0⟩ϵB′ ⟨0| to unity. The tracing of

ϵA′ can be done by applying the integrations in Eq. (5.16), which transforms ρ±± and ρ±∓

to

ρ′
±± = | ± tAα0⟩A′⟨±tAα0|,

ρ′
±∓ = | ± tAα0⟩A′⟨∓tAα0|e−2r2

Aα2
0 , (A.13)

respectively. After tracing out ϵA′ and ϵB′ , we can find the two-mode directly distributed

state

ρA′B′ = TrϵA′ ϵB′

[
ρA′ϵA′ B′ϵB′

]
=1

2

{
r2

B

N2
+

|0⟩B′⟨0| ⊗ (ρ′
++ + ρ′

−− + ρ′
−+ + ρ′

+−)

+ t2B
N2

+
|1⟩B′⟨1| ⊗ (ρ′

++ + ρ′
−− + ρ′

−+ + ρ′
+−)

+ 1
N2

−
|0⟩B′⟨0| ⊗ (ρ′

++ + ρ′
−− − ρ′

−+ − ρ′
+−)

+ tB
N+N−

|0⟩B′⟨1| ⊗ (ρ′
++ − ρ′

−− + ρ′
−+ − ρ′

+−)

+ tB
N+N−

|1⟩B′⟨0| ⊗ (ρ′
++ − ρ′

−− − ρ′
−+ + ρ′

+−)
}
.

(A.14)

By rearranging the terms, we come to the directly-distributed state given by Eq. (5.17).
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