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Abstract

Under a class of one dimensional local volatility models, this thesis establishes closed
form small time asymptotic formulae for the gradient of the implied volatility, whether
or not the options are at the money, and for the at the money Hessian of the implied
volatility. Along the way it also partially verifies the statement by Berestycki, Busca and
Florent (2004) that the implied volatility admits higher order Taylor series expansions
in time near expiry. Both as a prelude to the presentation of these main results and
as a highlight of the importance of the no arbitrage condition, this thesis shows in
its beginning a Cox-Ingersoll-Ross type stock model where an equivalent martingale

measure does not always exist.
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ODE: ordinary differential equation

PDE: partial differential equation

¢(s,7):  implied volatility in the (s,7) coordinates

R, Ry, Ry, : real, nonnegative, and strictly positive real numbers, respectively
SDE: stochastic (ordinary) differential equation

(St):  stock price process

(s — k)4 = max(s — k,0)

o(z,7):  implied volatility in the (x,7) coordinates

Z ~N(0,1): Zis astandard normal random variable
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Chapter 1

Introduction

As natural extensions of the Black—Scholes model, local volatility models aim to build
an arbitrage free pricing framework that can account for implied volatility smiles
(/skews/surfaces). By allowing the volatility of the stock to depend on stock price and
time, instead of setting it constant, local volatility models can explain implied volatili-
ties in terms of local volatilities, and vice versa. This is demonstrated by Berestycki et
al. [4], who have extended the poineering work of Dupire [22] and Derman and Kani
[20].

Unlike the Dupire formula, which connects local volatilities with European option
prices, the PDE of Berestycki et al. [4, Eq. 15] links local and implied volatilities
directly. In theory, this link affords a rationale for the use of implied smiles; in practice,
it makes possible a theory of implied local volatility models, according to which exotic
derivatives can be priced, without arbitrage, through knowledge of the implied smiles.

However, practicable numerical implementation of such a theory still faces three
long standing hurdles: (i) the lack of understanding about the small time asymptotics
of gradients and Hessians of implied volatilities, (ii) the ill posed inverse problem of
inferring local volatilities from sparse real world implied volatility data, and (iii) the
nonexistence of a martingale measure in real world markets.

Because overcoming the first hurdle will give a fuller picture of the implied-local
volatility relation and help to overcome the other two hurdles, it is the design of this
thesis to study, under a class of local volatility models, the small time asymptotics of
gradients and Hessians of implied volatilities.

Except in Chapter 3, which is independent of the other chapters, we shall, for clarity,
assume a zero risk-free interest rate in this thesis. This zero interest rate assumption
allows us to focus on the main task in hand, which is the derivation of asymptotics for

the implied volatility.
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It is well known that by using forward prices or risk-free bonds as numeraire we can
generalize the asymptotic results of this thesis to models with nonzero and deterministic
interest rates. Yet, as shown in Chapter 3, care must be taken when imposing conditons
on the local volatility function and the deterministic risk-free interest rate, because an
equivalent martingale measure may not exist to ensure no arbitrage.

The organisation of this introduction is as follows. Section 1.1 introduces the con-
cepts of implied and local volatilities. Section 1.2 presents some previous results on local
volatility models. Section 1.3 lists for completeness some extensions of local volatility
models and briefly reviews the related literature. Section 1.4 outlines the orgainisa-
tion of this thesis and its results. Section 1.5 explains some common notation and

definitions.

1.1 Implied and local volatilities

The Black—Scholes model [7] assumes that in a frictionless one stock economy, the price

(St) of the non-dividend paying stock follows the diffusion
dsS; = ,uSt dt + vSy dW4, (11)

where the volatility v > 0 of the stock is assumed to be constant. Here, ¢ denotes time,
w some constant appreciation rate, and (W;) a standard Wiener process.
Assuming (1.1), the time t arbitrage free price of a European call option with stock

price s, strike k, and expiry 7T, is given by the Black—Scholes formula
B(s,T;k;v) = sN(01) — kN (02), (1.2)

where

N(©) = /_ n(z) dz, n(z) = %6_22/2’

In(s/k) + v27/2
v\ T ’

with 7 = T' — ¢ being the (remaining) time to expiry.

(1.3)

01(87T;k;y): DQ(S,T;]{T;V):Dl—V\/’F,

Except v, the volatility of the stock, all other parameters of the Black—Scholes
formula can be directly observed in or substituted by observables of the market. Hence,
having observed a call option price C* and the values of s, 7, and k, one can find a
unique number v# such that C* = B(s,T;k; I/ﬁ), as if the underlying price process is
given by dS; = uS; dt + v4S, dW,. Tt is in this sense that the volatility # is implied by

the call price C* and the parameters s, 7, and k.
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More precisely, given a European call option price C'(s, 7; k) with stock price s, strike
k, and time to expiry 7, the (Black—Scholes) implied volatility ¢(s,7;k) is defined as
the unique solution to
C(s,m;k) = B(s,; k; 0(s, 73 k)).

Contrary to the constant volatility assumption of the Black—Scholes model, empir-
ical evidence has shown that as a function of k and 7, implied volatilities do fluctuate
and persistently exhibit smile/skew patterns (U/L shapes). Motivated by these smile
phenomena are local volatility models, under which the volatility v of the stock be-
comes a deterministic function of the stock price level and time, ie. v = v(s,t) :
(0,00) x [0,T] — (0,00). With this modification, fluctuations in implied volatilities are
explained by fluctuations in v(s,t), and vice versa. To distinguish this price and time
dependent volatility from the constant and the implied volatilities, v(s,t) is called the

local volatility of the stock.

1.2 Previous local volatility results

Local volatility models generally assume for the stock price process (S;) the stochastic
differential equation
dSt = ,uSt dt + V(St, t)St th,

where, as already mentioned, the local volatility v is a deterministic function of (s, ).

Under such a model, Dupire [22] and Derman and Kani [20] derived the Dupire formula

2C; (s, 13 k)

2 _
vik,T) = k2Cyi(s, k)’

(1.4)

with C; = 0,C and so on.

However, as outlined in Berestycki et al. [4], pricing via the Dupire formula has
two related shortcomings. Firstly, the Dupire formula lacks robustness. The limited
number of option prices demands interpolation of the data. Consequently, numerical
differentiations of C, for C, and Cpyi, are extremely sensitive to the choice of the
interpolation. Secondly, adding to the instability of the numerical differentiation is the
indeterminacy of the formula (1.4) in the regions {T" — ¢ < 1}, {|In(s/k)| > 1}, and
{T —t > 1}, where it assumes the form 0/0.

Alert to these shortcomings of the Dupire approach, Berestycki et al. [4] opted
for a different track. Under some mild conditions on the local volatility v(s,t), they
derived a direct link between implied and local volatilities. In the local Sobolev space
W2ELP((0,00)2), 1 < p < 0o — see (1.17) below for the definition — they showed that

loc
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for each k € (0,00), the implied volatility function ¢(s,7) = ¢(s,7;k) uniquely solves

the time degenerate quasilinear parabolic PDE

ﬂ) . <1 _ sréds

2
& + 21¢¢, — v2(s, T) [(1— slin( ; > +1+s27¢¢ss] =0,

in (0,00)2, with the initial condition

dz

-1
m) , s€(0,00). (1.6)

lim ¢(s,7) = [In(s/k
tim (s, 7) = /] [
Moreover, Berestycki et al. [4] proves the zero order Taylor expansion

B(s,7) = ¢°(s) + O(7), as 7 \,0, (1.7)

where the order O depends on the local volatility but is independent of s and 7. The
significance of this result rests with (1.6) and (1.7), which prove for the first time
that at expiry, implied volatility exists as a limit and how fast it converges. In this
thesis we will extend this result and go one step further to characterize the small time

asymptotics of the gradient ¢5 and Hessian ¢4 of the implied volatility ¢.

1.3 Other extensions of local volatility models

For completeness we remark that apart from local volatility models, there are more
complex stochastic volatility or stochastic volatility and jump diffusion models that
can be used to produce implied volatility smiles. Some of these models can be found in
Durrleman [23, 24], Fouque et al. [28], Gatheral [34], Hafner [39], Hagan et al. [40], Lee
[59], and Lewis [60], Medvedev [65], Medvedev and Scaillet [66], Musiela and Rutkowski
[67], to name a few references. Gatheral [34] in particular provides a comprehensive
and practical discussion on both asymptotics and calibrations of the implied volatility
surface under Heston type stochastic volatility models. On the other hand, Hagan et
al. [40] have derived a small time series expansion for the implied volatility under the
so-called SABR stochastic volatility model. The results in Hagan et al. [40] extend
that of Hagan and Woodward [41], which is concerned with Black’s (local volatility)
model. Although Gatheral [34] gives small time asymptotic results for the gradient of
the implied volatility, his derivations seem formal. While not as formal in their works,
Durrleman [23, 24], Medvedev [65, Equation (10)], and Medvedev and Scaillet [66, see
e.g. Proposition 1] all seem to suffer from the same shortcoming of making additional

assumptions on assumptions that are already made. Alds et al. [1] appears to be the
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only work giving a rigorous proof of the small time asymptotics for the at the money
gradient of the implied volatility. Their result was obtained under a fairly general
stochastic volatility model, which presently we shall say a little more.

In general diffusion type stochastic volatility models, the stock price (X;) and its
volatility process (Y;) typically follow SDEs of the form

dX, = u(X,, Y, ) dt + vV (X, Y, 6 dw + dJ,
dY; = 0(Y;, t) dt + v (v;, 1) dW,?,

where 1, 8, v and v are real valued functions, (Wt(l)) and (Wt(Q)) are correlated
standard Wiener processes, and (.J;) is some jump process. Here the process (Y;) drives
the volatility of (X;). The processes (X;) and (Y;) can be R"™ valued for any finite
integer n > 1, provided that the corresponding drift and diffusion coefficient functions,
the Wiener processes, and the jumps have suitable dimensions. An example of such a
model without jumps can be found in Berestycki et al. [5], where the small time limit
of the implield volatility under the stochastic volatilities is proved.

In more general stochastic volatility models, u, v and 6 can themselves be stochastic
processes, instead of being (deterministic) functions. See e.g. Alds et al. [1] for a one
dimensional example with jumps.

Analogous to the modelling of yield curve term structure, Schénbucher [73], Brace
et al. [9], and Schweizer and Wissel [75] directly model the implied volatility surface.
In these works HJM type consistence results are discussed and small time asymptotics
of the implied volatility are investigated within the framework of the market model.

Apart from the small time asymptotics, large time behaviour of the implied volatil-
ity has been studied by Rogers and Tehranchi [70]. Under some weak assumptions, they
have found that the implied volatility surface flattens at long maturities. Complement-
ing this large time result, Benaim and Friz [3, 2] have derived large strike asymptotics

for implied volatilities.

1.4 Thesis outline

While Chapter 3 of this thesis deals with the existence of equivalent martingale mea-
sures, all other chapters are devoted to the main task of deriving small time asymptotics
for the gradients and Hessians of implied volatility under a class of one dimensional
local volatility models.

Subject to the smoothness assumptions on the local volatility ¥ = v(s) that are

detailed in Chapter 2, we have found that the implied volatility ¢ can belong to
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C?1((0,00) x [0,T]), and together with its gradient ¢ and Hessian ¢, it possesses the
properties that for s, k € (0, 00),

lim 6(s,7) = ¢°(s), (1.8)
lim 6, (s, 7) = o{)(s), (1.9)
lim {Gssls=r} = lim dus (k. 7) = 9L (), (1.10)
71_{1}]7’(]585(8,7') =0, (1.11)

where

) = o0(ei) = It ([ 7 )_1. (1.12)

2v(2)
Note that (1.10) holds for at the money options only, i.e., when s = k. In the process
of deriving these results, we also partially verify the statement by Berestycki et al. [5,
pp. 1356, 1370, cf. Equation (6.8)] that subject to certain regularity conditions on the
diffusion coefficient of the underlying stock process, implied volatilities admit Taylor
series expansions in time near expiry in arbitrary orders. We will demonstrate that the

following first order Taylor expansion is valid:
o(s,7) = ¢(5,0) + 79, (5,0) + O(1%), as 7 \,0, (1.13)
where
¢(s,0) = ¢°(s),
¢-(5,0) = ¢°(s) [

In(s/k)

¢0(s)rln v (k) (s) (1.14)
°(s) )

The result in (1.8) and that ¢ € C*'((0,00) x (0,7]) are straightforward extensions
of Theorem 1 in Berestycki et al. [4]. However, the new result in (1.9) requires some
work. Once (1.9) is obtained, (1.10)—(1.11) follow easily.

The organization of the thesis is as follows:

In Chapter 2, we will set up the local volatility model and state the main results of
this thesis.

In Chapter 3, we will divert our attention to highlight the importance of imposing
appropriate conditions on the stock process to ensure no arbitrage in local volatility
models with nonzero interest rates. We will show that in a model where the stock price
follows a Cox-Ingersoll-Ross process, an equivalent martingale measure does not always

exist. Probabilistic in nature, the proof partly relies on the relationship between the
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CIR and Bessel processes. A version of this chapter has been published as a note in
[37].

Returning to our main task in Chapter 4, we will present some preliminary results
about call option prices under the local volatility model, in particular, the convexity
of the call price C(s,7) in s, which is a well known fact. Moreover, we will modify
the result of Berestycki et al. [4, Equations (15), (16)] and show that depending on
the regularity of the local volatility v, the implied volatility ¥ (s,7) can belong to
C%1((0,00) x [0,T]) and satisfy (1.5) and (1.6), with v(s,t) in (1.5) and v(s,0) in (1.6)
respectively replaced by v(s) and v(z).

In Chapters 5 and 6, we adapt the method of Berestycki et al. [4] to derive a zero
and a first order Taylor expansion in time for the implied volatility. Although we work
along the lines of Berestycki et al. [4, Theorem 1], we need stronger assumptions on the
local volatility v to derive the Taylor expansions, as now the implied volatility belongs
C?1((0,00) x [0,T7]).

In Chapter 7, we apply probabilistic methods to prove a small time limit for the at
the money gradient of the implied volatility, that is, to prove

y{%{%(s,ﬂ!s:k} = lm gu(k.7) = va(R)/2. k€ (0,00). (1.15)

Central to the proof is a representation formula for the gradient of call option prices,
which is a consequence of the Bismut—Elworthy formula. The asymptotic formula
obtained here for the at the money gradient of implied volatility is not new, although
it is independently obtained by us under weaker conditions. Assuming different, and in
some sense stronger regularity assumptions, Alos et al. [1, Theorem 6.3] have proved

(1.15) for more general stochastic volatility models with jumps.

In Chapter 8, we derive a small time asymptotic formula for the gradient of the
implied volatility, whether or not the option is at the money. Playing a key role in
the derivation is a series representation formula for solutions of second order parabolic
equations. Coupled with the PDE characterization of the implied volatility, this gradi-
ent asymptotic result also sheds light on the asymptotics of the Hessian of the implied
volatility. Represented by (1.9)—(1.11), the main results of this chapter are new and

the proofs are mostly analytic.

In Chapter 9, we prove a technical theorem of Chapter 8, and in Chapter 10, we

conclude the thesis with a list of future research directions.



8 CHAPTER 1. INTRODUCTION

1.5 Notation and definitions

In this thesis the standard notation and definitions for stochastic calculus can be found
e.g. in Friedman [32], Karatzas and Shreve [53], or Revue and Yor [69]. We will use
some PDE material from Krzyzanski [57] and Friedman [30]. Regarding solutions of
PDEs, the definition below is standard, although there are other definitions requiring
continuity of the solution at the boundary.

Let D =R or (0,00). Consider the differential equation

Lu = a(z, t)ugy + b(x, t)ug + c(z,t)u —uy =0, (z,t) € D x (0,T],
u(z,0) = p(z), ze€D.

where the coefficients a, b, and ¢ are defined in D x [0, 7.

Definition 1.1. A function u = u(x,t) is a solution of Lu = 0in D x [0, 7] if

(i) all the derivatives of u that occur in Lu (i.e., uy, Uz, uy) are continuous functions
in D x (0,77,

(ii) Lu(z,t) = 0 at each point (z,t) € D x (0,77,
(iii) u(z,0) = p(x) for all z € D.

According to this definition, a solution of the PDE does not need to be be continuous
at the boundary D x {0}.

We will let Ny denote the set of all nonnegative integers and N the strictly positive
ones. In this thesis, {2 stands for the sample space, whereas {2 denotes a domain
(bounded or unbounded) in R%, with d € N.

Let & = (ov, ..., o) be a multiindex and |a| = ;" | ;. For any function f : R" —

R, define dom(f) to be the domain of f. Define the supremum norm ||-||,, by

Il =D sup [D*f(z)], a€R"meN. (1.16)

la|<m zedom(f)

We generally use “const” to denote a generic positive constant, whose value may
depend on certain parameters, e.g. const = const(T).
Let Q = (0,00)2. Then the Sobolev spaces W21P(Q), 1 < p < 0o, are defined by

W2Lr(Q) = {w , / lWag|P + [wr P + |w[P < oo}, 1 <p<oo, (1.17)
Q
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where ||-||, denotes the essential supremum norm. The spaces W1P(Q) are endowed
with their natural norms and I/Vli’cl’p () are their local versions. In this thesis we do
not use these Sobolev spaces to obtain our results. They are included here to explain
the results of Berestycki et al. [4].

We will use the symbol ~ in Z ~ N(0,1) to signal that Z is a standard normal
random variable. However, we will also use it in expressions for asymptotics like the

following:

) ~gt) (t—0) = limi_q

The meaning of the symbol ~ will be clear from the context.

The big O and the little o denote respectively

B 1
fH)=0Gt) (-0 < ln ﬁ' < const,
ft)=o0(g(t)) (t—0) <= lim () =0.

=0 g(t)

J()=0(1) (t—0) <« lim|f(1)] < const,

() =o(l) (t—0) < lmf(t)=0.

In this thesis ¢, 7, and T" all denote time and are nonnegative real numbers. So in

the rest of this thesis we shall mostly simply write
t—0, 7—0, T-—0,
in lieu of the technically correct expressions

t— 04+, t\,0, or t]O0,
T— 04+, 7,0, or 7]0,
T—0+, T\0, or T]O0.

Occasionally we will use the following equivalent expressions interchangeably:

0 .
X, T <= lmX,=ux

T—0



Chapter 2
Model setup and main results

In this chapter, we will set up the local volatility model of this thesis, state our main

results as theorems, and comment on their extensions.

2.1 The local volatility model of this thesis

We assume a frictionless one stock economy in which the risk-free interest rate is zero
and the price of the nondividend paying stock, denoted by (S;), is governed by the

stochastic (ordinary) differential equation
dSt = V(St)St th, S() > O, 0<t<T < o0, (21)

where (W) is a standard Wiener process with respect to a complete filtered probability
space (£2,F,F,P), with F = (F;)o<t<7 denoting the filtration generated by (S;). This is
the local volatility model of this thesis, where the local volatility v(s) : (0,00) — (0, 00)
is always assumed to satisfy (Ag) of the list of assumptions below. Further assumptions,

selected from (A1)—(A4), will be imposed to obtain different results in this thesis.

List of assumptions on the local volatility
(Ap) The local volatility v(-) is locally Lipschitz continuous in (0, 00), and there exists
a constant vy > 1 such that

1
Yo

0<v

<v(s)<w=v<o0, Vse(0 0); (2.2)
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(A1) the first derivative vg(-) is locally Lipschitz continuous in (0, c0) and

vy = sup |svs(s)] < oo; (2.3)
s€(0,00)

(Ag) the second derivative vgs(+) exists and is continuous in (0, 00) and

vy i= sup |32V58(3)| < 005 (2.4)
s€(0,00)

(A3) the third derivative vgss(-) exists and is continuous in (0, 00) and

V3= sup |33V585(3)| < 00; (2.5)
s€(0,00)

(A4) the forth derivative vgss5(-) exists and is continuous in (0, c0) and

Vg = sup ‘S4V5858(S)| < 0. (2.6)
s€(0,00)

For ease of notation, we define V; to be the set
Vi = A{w,v1,...,vi}, 1=0,1,2,34, (2.7)
with Vy = {VO}.

Remark 2.1. The assumptions above will be used selectively for different results.
We shall see in Theorems 2.5-2.8 below that if we want to know more about the
implied volatility, we need to impose more assumptions on the local volatility, starting
from (Ag)-(Az2) and then increasing to (Ag)—(A4). Note however that under weaker
assumptions, results similar to that of Theorem 2.5 have been obtained in the Sobolev
space W2LP(Q), 1 < p < 0o, by Berestycki et al. [4]. Without (As), Goldys and Roper
[36] have also proved the small time limit of the implied volatility in (2.9), although
they have not investigated whether (2.11) holds under their weaker assumptions. Note
also that the local Lipschitz property in (A;) is needed for the well-definedness of the
first variation process of (S); see (7.14) and Protter [68, Theorem 49, p. 320].

Remark 2.2. In our model, the existence of an equivalent martingale measure is
guaranteed by the assumptions of zero risk-free interest rate and zero diffusion drift
in (2.1). It is none other than the probability measure P itself. Hence arbitrage is

excluded by the fundamental theorem of asset pricing.
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2.2 Call option price and implied volatility under the model

It is well known that if (Ag) and (A;) hold, then the time ¢ arbitrage free price of a
European call option (s, t; k,T'), with stock price s, strike k and expiry T, is given by

c(s,t:k, T) = B 1[(ST — k)4 ] = E[(ST — k) 1[5 = ],

for (s,t;k,T) € (0,00) x [0,T] x (0,00) x (0, 00).
Equivalently, using the time to expiry 7 = T — ¢, and the Markov property of (.S¢),
the arbitrage free price of a European call option C(s,7;k), with stock price s, strike

k and time to expiry 7, is given by
C(s, 11 k) = Es[(Sr — k)+] = E[(S7 — k)+[So = s,

for (s,7;k) € (0,00) x [0,7] x (0,00). The above call price formulas are proved in

Lemma 4.2 below. We are now ready to rigorously define implied volatility.

Definition 2.3 (Implied volatility). For each fixed T' € (0,00), the unique function
é(s,7;k) : (0,00)x (0,T]x (0,00) — (0, 00) satisfying ¢ € C%12((0, 00) x (0,T]x (0, 00))
and

C(s,1;k) = B(s, 15 k; 0(s, 73 k),  (s,73k) € (0,00) x (0,T] x (0,00),

is called the (Black—Scholes) implied volatility.

Remark 2.4. We will prove in Chapter 4 the existence and uniqueness of ¢. Unless
explicitly stated to the contrary, throughout the thesis we will treat k,T € (0,00) as

parameters and define

c(s,t) :==c(s,t;k,T), C(s,7):=0C(s,7;k), o(s,7):=¢(s,7;k).

2.3 Main results of the thesis

The following theorems are the main results of the thesis.

Theorem 2.5. Let (2.1), (Ag)—(A2) hold. Then for each k € (0,00), the implied
volatility ¢ belongs to C*1((0,00) x (0,T)]) and satisfies the time degenerate quasilinear

parabolic equation

[1n<s/k>]¢s>2 (1o

2
$2 + 27, — v2(s) [(1 _ 2 . > F14 327'(;5(;585] =0, (2.8)
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in (0,00) x (0,T], with the initial condition

#(s,0) := ;1_)11% B(s,7) = ¢"(s), s€(0,00), (2.9)
where ‘g .
O(s) = ¢%(s; k) := [In(s i s 00). )
P = k) =] ([ 5) - seeo. o)

Further, ¢(s,T) admits the zero order Taylor expansion in time
o(s,7) = ¢°(s) +O(1) as T —0, (2.11)

where O = O(Vs).

Theorem 2.6 (First order Taylor expansion in time). Let (2.1), (Ag)—(Ay4) hold. Then

as T — 0,

— (s _9%s,0) | [ Vr(k)r(s) 2
¢(s,7) = ¢(s,0) (1 + [ln(s/k)]Ql ( 5(5.0) ) + O( )) : (2.12)
with O = O(V4)

Theorem 2.7 (At the money gradient asymptotic). Let (2.1), (Ag)—(A2) hold. Then

lim {gbs(s, ¢)|8:k} = lim &, (k,7) = v/ (k)/2. (2.13)

Theorem 2.8 (Gradient and Hessian asymptotics). Let (2.1), (Ag)—~(A4) hold. Then
the implied volatility ¢ has the following properties:
(i) For each s € (0,00),
lirr%) bs(s,7) = ¢2(s). (2.14)

(ii) For each k € (0, 00),

limn {oslomi} = lim 6o (b, 7) = 9%, (k) = 257 - Bl D (2.15)

(iii) For every s € (0,00),
lim 7¢ss(s,7) = 0. (2.16)

T—0

Respectively, Theorems 2.5, 2.6, 2.7, and 2.8 will be proved in Chapters 5, 6, 7, and

8. However, before presenting the preliminary results and the proofs of these theorems,
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we shall in the next chapter divert our attention to the existence and nonexistence of

equivalent martingale measures in CIR type local volatility models.

2.4 Comments on extensions of the main results

For a more direct illustration of the ideas we have set the local volatility v = v(S;) in
(2.1). Nevertheless, the main results of this thesis can be extended to local volatility
models where the local volatility depends on both space and time, i.e., v = v(Sy,t) in
(2.1). The caveat is that v(S,t) and its derivatives must be regular enough. In fact,
Alos et al. [1, Theorem 6.3] have proved more general results than Theorem 2.7, not
only for smooth enough deterministic local volatility v = v(S;, t) but also for general
square integrable processes such as v = v(S¢(w), t,w).

Now with v = v(S;,t) in (2.1), we make the following hypotheses:

(Ho) v(s,t) is locally Lipschitz in (0,00) x [0,7], and for some constant vy > 1

<wv(s,t) <vy=v<o00, V(st)e(0,00)x][0,T]; (2.17)

(H1) vs(s,t) and (s, t) are locally Lipschitz continuous in (0,00) x [0, 7] and

vii= s s, )] s Dl Jsvs(s, O] Jsmls D]} < o0r (2.18)
(5,6)€(0,00)x[0,T]
(Hg) vss(s,t) is continuous in (0, 00) and sup ‘821/33(8,15)‘ < 00;
(5,6)€(0,00)x[0,T]

(Hs3) vsss(s,t) is continuous in (0,00) x [0,7] and sup |831/sss(8,t)| < 005
s€(0,00)%[0,T]

(Hy) vssss(s,t) is continuous in (0, 00) x [0,7] and sup ‘841/3333(3,15)‘ < 00.
5€(0,00) %[0,

Under (Hg)—(Hy), we conjecture that Theorems 2.5, 2.6, 2.7, and 2.8 all hold, with the
following changes: in the theorems, (A;) — (H;), i = 0,...,4; in (2.8) v(s) — v(s,t);
in (2.10) v(z) — v(z,0); in (2.12) v(k) — v(k,0), v(s) — v(s,0); in (2.13) v'(k) —
Vs(8,0)|s=k; in (2.15) vs(k) — vs(8,0)|s=k, vss(k) — vss(8,0)|s=k-

Once this conjecture is proven, then the short time asymptotic results of this thesis
can be further generalized to stochastic volatility models. This can be achieved because
by Gyogy’s theorem [38, Theorem 4.6], every stock price under a suitable stochastic
model has the same marginal distribution as the stock price under the corresponding

local volatility model.



Chapter 3

On the CIR Process and

existence of equivalent

martingale measures

3.1 Introduction

Published in Statistics and Probability Letters [37], this self-contained chapter shows
that in a model where historical stock price follows a Cox—Ingersoll-Ross process, an
equivalent martingale measure does not exist except when kf = 0. The symbols used
in this chapter may differ in meaning from the same symbols appearing elsewhere in
this thesis.

In the Cox—Ingersoll-Ross (CIR) interest rate model [16, 1985], instantaneous spot

interest rates are modeled by the diffusion process (R;),
dR; = k(0 — R) dt + o+/ Ry AW, Ry >0,

where the constants k,0 > 0, 0 € R\{0}, and (W;) is a standard Wiener process. In
finance such a locally bounded semimartingale is called a CIR process; in mathematics,
a square root process. Original studies of the CIR process can be traced back to Feller
25, 1951].

Well-known properties of the CIR process include that it is nonnegative and mean
reverting. It can be reflective with respect to, absorbed by, or strictly away from the
lower boundary point 0, depending on the values of the parameters k, # and o. Also
well known is the fact that it is a space-time changed squared Bessel process, and as a

result there are explicit formulas for its transition density, and for moments and various

15
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functionals of the process. See e.g. [35] or [52] and the references therein.

Although historically and still popularly associated with interest rate models, these
known properties of the CIR process make it well suited for the modeling of stock price
movements that display similar characteristics.

Indeed, for certain choices of the parameters, e.g. k¥ < 0 and 8 = 0, the CIR process
becomes a special case of the generalized Constant Elasticity of Variance (CEV) process
that has been widely used to model stock prices (see e.g. [15], [17], [19], [63], [74] and
Remark 3.8 below).

In most option pricing models, including those where the CIR process is used to
model interest rates, stock prices, stochastic volatilities [48], or default times [11], it
is crucial to ensure the existence of an Equivalent Martingale Measure (EMM) —
see Definition 3.1 below. According to the (First) Fundamental Theorem of Asset
Pricing, if the underlying interest rate or stock process is a locally bounded real-valued
semimartingale, then the existence of an EMM is both necessary and sufficient to ensure
that there is no arbitrage (see [18, Corollary 9.1.2]; cf. [77, p. 651; Theorem 1, p. 655;
Corollary to Theorem 2, p. 657], [43, 44]).

Moreover, the existence of an EMM allows the fair, arbitrage-free price of the option
to be represented by, and in many cases be simply calculated as, an expected value or
a functional of the expected value under the EMM (see e.g. [18, p. 8|, [77, Chapters
VII & VIII], [43, 44]).

Nevertheless, the original CIR interest rate model [16] was essentially built on equi-
librium arguments of economics, while more generalized versions of the fundamental
theorem of asset pricing and the notion of no arbitrage were still taking shape with
increasing mathematical rigor. See [18] for a summary of the development of the theo-
rem.

For CIR-type interest rate models, the EMM question has been dealt with by Heath,
Jarrow and Morton [45], Maghsoodi [64] and Shirakawa [76]. However, these studies
do not investigate the question for CIR-type stock models.

On the other hand, Delbaen and Shirakawa [19] are concerned with CEV stock
models, even though their result implies the existence of an EMM for a special case of
our CIR stock model (see Remark 3.8 below).

In a different context, Wong and Heyde [79] discussed the martingale properties of
stochastic exponentials and their relations to EMMs. Yet no CIR-type stock models
were analyzed.

So far as we are aware, there is no published result directly dealing with the EMM
question for CIR-type stock models. To fill this gap, we have studied a stock model in

which the stock price follows a CIR process with a full range of parameters that are



3.2. EQUIVALENT MARTINGALE MEASURES UNDER THE CIR MODEL 17

relevant to financial applications. We have found that except when k6 = 0, an EMM
does not exist.

Our main result, Theorem 3.3, differs from the work of Cherny and Urusov [14]
in two important respects. Firstly, their work delineates the absolute continuity and
singularity of measures for standard (squared) Bessel processes [14, Theorem 4.1, Corol-
lary 4.1]. In contrast, our theorem answers the EMM question for CIR processes, which
are space-time changed squared Bessel processes. Secondly, their theory about separat-
ing times for solutions of Stochastic Differential Equations is based on the assumption
that the diffusion coefficients of the SDEs are never zero [14, Section 5; Equation (5.2)].
However our result also includes the situation where the diffusion coefficient in the SDE
for the CIR process may become zero, because in our model the CIR process may hit
0 (see (3.1) and Lemma 3.4 below).

Similarly, the fact that the CIR process in our model may hit 0 distinguishes our
result from that of Cheridito, Filipovic and Yor [13, Section 6], which examines equiva-
lent and absolutely continuous measure changes for a class of extended, strictly positive

CIR processes with jumps.

3.2 Equivalent martingale measures under the CIR model

The security market is assumed to consist of one risky stock and one risk-free bond.
Without loss of generality, we will consider the model for the unit time interval [0, 1],

and let the stochastic stock price (X;) and deterministic bond price B; be given by

Xt = 7t/\7'7
{ 61)

By =¢", 0<t<1,
where

e t A7 =min(t,7);

t t
Y:x+/k(6—78) ds+/0\/1751 dWg, 0<t<1;
' 0 0

x, k, 0, 0 and r are real constants with x > 0, o # 0 and r > 0;

(W) is a standard Wiener process defined on a complete filtered probability space
(02, F,F,P), with F = (F;)o<t<1 denoting the filtration generated by (X;);

T = 19 A 1, with 79 being the first hitting time of 0 by the process (X;), namely,

0 =To(w) :=inf{0 <t <1: Xy(w) =0}, infd = oo.
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The stopped CIR process (X;) is well defined (see e.g. [35, p. 313]) and by definition
nonnegative. Further, since rarely in real life can share prices decrease to 0 and return
to a positive value, the assumption that (X;) remains at 0 once it hits 0 is economically

sound.

Let G := (Gt)o<t<1 be the filtration such that G, = Fiar. Then for the CIR model
(3.1), we have the following definition.

Definitions 3.1 (Equivalent Martingale Measure). A probability measure P is an
EMM of P with respect to the CIR process (X;), denoted P~ P, if

(a) on the stopping-time sigma field F, Iﬁ’T ~ P,, i.e. the measures ]?’T and P are

equivalent, and
(b) the discounted stock price process (e~ X;) is a (P;, G)-martingale.
Note that P, denotes the restriction of P to F.

Remark 3.2. Our definition of an EMM is nonstandard. When the parameters are
set in such a way that (X;) cannot hit 0, our EMM is the usual EMM, see e.g. [77,
p. 652] and cf. [18, Theorem 8.2.1; Introduction, p. 207]. When (X}) can hit 0, our
EMM, strictly speaking, should be called ELMM, which is the usual Equivalent Local
Martingale Measure with respect to 7 (cf. [18, Theorem 8.2.1; Introduction, p. 207],
[77, p. 652]). We include these two possibilities in our definition to streamline the

proofs.
The following theorem constitutes the main result of this note.
Theorem 3.3. For the CIR model (3.1), an EMM exists if and only if k6 = 0.
The proof of this theorem comprises four cases:
(I) if 0% < 2k0,0 < k6, then an EMM does not exist;
(IT) if k6 = 0, then an EMM exists;
(ITI) if 0 > 2kO > 0, then an EMM does not exist;
(IV) if k0 < 0, then an EMM does not exist.

To simplify the proof, we will present the preliminary results in the next section.
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3.3 Preliminary results

Below are the preliminary results needed for the proof of Theorem 3.3.

Lemma 3.4 (Behaviour at 0). The CIR process (X;) has the following boundary prop-

erties:

(P1) if 0? < 2k0, then Py < o] = 0;

(P2) if 0% > 2k0 >0 and k > 0, then P[ry < o] = 1 and Py < 1] > 0;
(P3) if 0® > 2k0 > 0 and k < 0, then P[ry < oo] € (0,1) and P[ry < 1] > 0.

Proof. All the facts can be directly found in [35, p. 315] or shown by using Feller’s test
for nonexplosion, except the claim in (P2) and (P3) that P[rp < 1] > 0. That can be
proved by noting that (X;) is a space-time changed squared Bessel process (see e.g. [35,
Equation (4)]). Under the conditions of (P2) or (P3), such a squared Bessel process
admits a transition density for its first hitting time of zero, 7y, like its corresponding
Bessel process, meaning that Py < T] > 0 for any 0 < T' < oo (see [56], [35], and [8,
Section 1V-44, p. 75]). O

The following lemma is also required.

Lemma 3.5. For the CIR model (3.1), assume that there exists an EMM P. Then
there exists a unique G-adapted stopped process () such that

(i) (v?) is bounded P-a.s., i.e.
IP’[/ o dt<oo}:1, (3.2)
0
and the density (Zy) of P with respect to P is given by

t 1 t
Zt:exp</73dWs—§/7§ds>, 0<t<T; (3.3)
0 0

(ii) the process
N t
Wt:Wt—/ vs ds, 0<t <,
0

s a stopped standard P- Wiener process;

(iii) for allt, 0 <t <T,

—rX+ k(0 —Xy) +ovV Xy =0, P-as. (3.4)
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Proof. Before proceeding, let us note that if statement (iii) holds for some (%51))7 then

uniqueness follows from the observation that any two (%(1)) and (7,52)) satisfying (3.4)
will be indistinguishable for all ¢ < 7. Now let us prove that statements (i) and (ii)

hold for some G-adapted ().
Since by assumption P ~ P, the density (Z), defined by

gt] 9

is a strictly positive, continuous, uniformly integrable (P,G)-martingale such that
Ep[Zi] = 1 for all 0 < t < 7. Thus, statement (i) results from Proposition 1.5.1 of
[78] and the integral representation theorem for local martingales [69, Theorem 3.5, p.
201].

dP,
dP,

Zt = E]}D

Statement (ii) is a direct consequence of the Girsanov theorem, see e.g. [53, Theorem
5.1, p. 191].

Statement (iii) is proved by noting that by (ii), the discounted process (e~"*X;) can
be expanded as, for 0 <t < 7,

dle™X,) =e (—rXt +k(0—Xy)+o Xt’Yt> dt +e "o/ X, ;.

By the definition of P ~ P, the discounted process (e "X;) is a (P;,G)-martingale;
and it is also continuous and nonnegative. So its drift must vanish P-a.s.., implying
that forall 0 <t <7,

—r Xy + k(0 — X)) +ovXi =0, Pas.

The proof is thus complete. O

The following lemma will be needed to prove Case (III) of the main theorem. Let
Nyt =N\ {0}.

Lemma 3.6 ([62, Lemma 4.7 and its corollary p. 111]). Let f = f(t,w),t > 0, be an
adapted process relative to (Q, F,G,P). Let (Tp)nen, . be a nondecreasing sequence of

Markov times with T = liTm Tn and such that for each n € Ny,
n|oo

P[/OTnf2(s,w) ds <oo| =1.
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e
A:{w: /07f2(8,w) d8<oo}.

3.4 Proof of the main theorem of the chapter

Then
P

/0 " fsw) aw,

neNy 4

Aﬁ{w: sup

where

We are now ready to present the proof of Theorem 3.3.

Proof. (I):  Suppose that there exists a probability measure P such that P ~ P. Then
by Lemma 3.5, there exists a G-adapted process (7;) such that (3.2)—(3.4) are satisfied.
In particular, since by (P1) of Lemma 3.4, (X;) does not reach 0, P-a.s.., (3.4) gives for

all 0 <t <,
TXt —k(Q—Xt)

M= o /—Xt )

Hence, under ﬁ, the transformed CIR process is represented by

]?’—a.s.

dXt = k(@ — Xt) dt + a4/ Xt th
= TXt dt + a4/ Xt th

By (P3) of Lemma 3.4, (X;) hits 0 with a positive probability under IF’; yet under P it
does not hit 0 a.s. This shows that P and P cannot be equivalent measures.

(IT):  Let (Z;) be the Doléans exponential given by

o t 1 t
Zt:exp</78dWS—§/7§ds>, 0<t<1,
0 0

where 5, = (r + k)v/X;/o, 0 < t < 1. Then by Shirakawa [76, Theorem 3.2, (Z;)
is a continuous, uniformly integrable (P,F)-martingale, i.e., E[Z1] = 1. As 7 is an
F-stopping time and Z; = Ziar, (Z;) is a (P,F)- and (P, G)-martingale by Doob’s
optional sampling theorem (see e.g. [69, Theorem 3.2, p. 69; Corollary 3.6, p. 71]).
In particular, E[Z,] = 1. Let P[A] = P[Z,14], A € F,. Then P and P are equivalent
measures on F.

Further, by appealing to the Girsanov theorem (see e.g. [53, Theorem 5.1, p. 191]),
as in the proof of Lemma 3.5, it can be shown that the discounted stock price (e™"*X;)
is a (P,G)-martingale. Hence P is an EMM with respect to (X;).

(III):  That in this case no EMM exists will be proved by contradiction. Suppose
that an EMM P exists. Then by Lemma 3.5, there exists a G-adapted process (y¢)
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such that (3.2) and (3.4) are satisfied. Since X; > 0 for each ¢t < 7, (3.4) gives, on the

random time interval [0, 7),

X — - X ~
Ve = rX, — k(0 t), P-a.s. and P-a.s.
o/ Xt
By (3.2), this implies
1

Let

A:={w: m(w) <1}m{ /—ds<oo}

By (P3) of Lemma 3.4, the condition 0 > 2kf > 0 guarantees that P[ry < 1] > 0;
consequently we have P[A] > 0.

Put 7,(w) :=inf{0 <t < 1: Xy(w) = 1/n}. Then (7,)nen,, is a nondecreasing
sequence of Markov times such that 7 = lim,,1o, 7,. Clearly, In X, | —oo asn T oo on

A; and we have

P [Aﬂ {w : liTm In X, # —ooH =0. (3.6)

On the other hand, by the It6 formula, on the set A and for each n € N, |

Tn 1
InX, =lnz—kr, + /<;9—— / — ds+a/ dWs. 3.7
< ) 0 \/Xs ( )

As (X}) is nonnegative and 7, is nondecreasing and 7,, T 7, (3.5) gives,

Tn 1
IP’[/ —d8<00:|:1, for each n € N .
0o X

s

Since the conditions of Lemma 3.6 are satisfied, we have

= ooH = 0. (3.8)

P [A n {w : limIn X, = —ooH = 0. (3.9)

nfoo

/Tn 1
neNy 4 [JO \% Xs

P Aﬂ{w: sup

And by (3.5), (3.7), and (3.8), we must also have

However, (3.6) and (3.9) together imply that P[A] = 0, which is a contradiction to
P[A] > 0. Hence P cannot be equivalent to P, and so an EMM does not exist in this

case.
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(IV): In this case (X;) is a squared Bessel process with negative dimension
§ = 4kf/0? < 0 under P, meaning that 0 is reached in finite time and P[rg < 1] > 0
[35, pp. 329-330]. Hence by the same arguments used in Case (III) above, we conclude
that an EMM does not exist in this case either.

And this completes the proof. O

The following corollary follows immediately from the proofs of Cases (III) and (IV):

Corollary 3.7. For the CIR process (X;) defined in (3.1), if 0> > 2kf > 0 or k6 < 0,

then .-
P/—dt:oo]>0.
[0 Xy

Remark 3.8. The proof of Case (I) was inspired by Delbaen and Shirakawa [19, The-
orem 4.2]. In Case (II), when k£ < 0 and 6 = 0, the CIR model (3.1) becomes a special

case of a generalized CEV model, which is proved to have an EMM by Delbaen and
Shirakawa [19, Equations (1.1) and (1.2) and Theorem 2.3].



Chapter 4

Preliminary results for the

asymptotics

In this chapter, we will return to our main task of implied volatility asymptotics and
prepare the ground for the proofs of the main results of this thesis, i.e. the theorems
listed in Chapter 2. We will modify the results of Berestycki et al. [4, Equations (15),
(16)], to show that under some further regularity assumptions on the local volatility
v, the implied volatility ¢ can belong to C*'((0,00) x [0,7]) and it satisfies a similar
time degenerate quasilinear parabolic equations.

This chapter is organised as follows. In Sections 4.1 and 4.2, we present some
preliminary results about call option prices under the local volatility models and the
convexity of the call price C(s,7) in s. In Section 4.3, we prove the existence and
uniqueness of the implied volatility. In Section 4.4, we derive the PDE for the implied
volatility.

4.1 Properties of the stock price under the local model

Recall that under the local volatility model of this thesis, the stock price (S;) is assumed

to be governed by the stochastic differential equation
dSt = I/(St)st th, S() > 0, 0<t<T < o0, (41)

where (1) is a standard Wiener process with respect to a complete filtered probability
space (£2, F,F,P), with F = (F;)o<t<7 denoting the filtration generated by (S;). Recall
also that the local volatility v(-) is always assumed to satisfy (Ag).

Under these conditions, it is implicitly assumed that (4.1) has a unique (strong)

24
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solution. That this is indeed true is proved in the following Lemma.

Lemma 4.1. Let (Ag) hold. Then (4.1) has a unique strong solution. Moreover, (S)
is a continuous Markov process with transition density, a diffusion, a P-martingale,
and P[0 < S; < o0, 0<t<T <oo0|Sy>0]=1.

Proof. A definition of a strong solution can be found in e.g. Karatzas and Shreve [53, p.
285]. By (Ayp), the coefficient v(s)s is locally Lipschitz and grows linearly in s. Hence
(4.1) admits a unique strong solution (S;); see e.g., Friedman [32, Theorem 2.2, p. 104].
The same local Lipschitz and linear growth properties of v(s)s also ensure that (S;) is a
continuous Markov process and in fact a diffusion; see e.g. Friedman [32, Theorem 4.2,
p. 115]. By Friedman [32, Theorem 5.4, p. 149], (S;) has a (differentiable) transition
density.

It can be checked by applying 1t6’s lemma that the solution of (4.1) can be written

as

S; = Spexp </0t v(S,) dW, — %/Ot v2(S,) dr) . (4.2)

Since v(-) is bounded, the Novikov condition is satisfied. So (S;) is a P-martingale;
see e.g. Karatzas and Shreve [53, Corollary 5.13, p. 199]. From (4.2) we can infer
that P[0 < Sy < o0, 0 <t < T < oo | Sy > 0] = 1. However, this can also be
directly verified by using the scale function and speed measure to show that 0 and oo
are natural boundaries. In other words, Plrg < 00|Sy > 0] = P10 < 0 |Sg > 0] = 0,
where 79 and 7, denote respectively the first hitting time of 0 and oo by (Sy), i.e.,
T, :=inf{t € [0,00] : Sy = 2}, 2 € [0,00], inf ) = 0. See e.g. Karatzas and Shreve [53,
p. 342 ff] or Karlin and Taylor [54, Chapter 15, p. 235]. O

We are now ready to present some PDE and convexity results for call option prices

under the local volatility model.

4.2 PDE and convexity results for the call option price

Since the risk-free interest rate is zero, trivially the discounted stock price (S;) is again
(St). By Lemma 4.1, (S;) is a strictly positive exponential P-martingale and P is the
martingale measure of the local volatility model, since (Ag) is always assumed to hold.
Hence, the local volatility model, with the fulfillment of (Ag), is complete, meaning
that any P-integrable contingent claim that is bounded from below is attainable. See
e.g. Definition 10.2.1 and Proposition 10.2.1 of Musiela and Rutkowski [67].

As a result, under the local volatility model (and the martingale measure P), the

time t price of a call option option with stock price s, strike k, and expiry T is given
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by
c(s,t) = c(s,t;k,T) = Eg 1[(ST — k)+] = E[(ST — k)+|S: = 5], (4.3)

where (s,t;k,T) € (0,00) x [0,T] x (0,00) x (0,00). See e.g. Musiela and Rutkowski
[67, Proposition 10.1.2].

Equivalently, using the time to expiry 7 = T — ¢, and the Markov property of (.S¢),
the arbitrage price of a European call option C(s,7; k), with stock price s, strike k& and

time to expiry 7, is given by
O(s,7) = Cls, k) = Bal(S, — K)4] = EI(S; — k)41 = s], (4.4)
where (s,7;k) € (0,00) x [0,7] x (0,00). This gives the identity
C(s,1;k) =c(s,T — 13k, T). (4.5)

By Lemma 4.1, (S;) is a diffusion process and admits a transition density. This implies
that

0(877-; k) = /(y - k)+p(8, 0; y7T) dy
R (4.6)

= /k (y - k:)p(s, 0) Y, T) dy7

where p(s, 0;y, 7) denotes the transition density of (S£°). Differentiating C' with respect

to k gives the following well known results of Breeden and Litzenberger [10]:
Ck(S,T; k) = _/ p(370;y77—) dy7 Ckk(37T; k) :p(370;k77)7 (47)
k

where (s,t; k) € (0,00) x (0,7 x (0, 00).

On the other hand, if k£ € (0,00) is treated as a parameter, then by the reverse
Feynman—Kac result of Janson and Tysk [51, Theorem 5.5], ¢(s,t) uniquely solves the

backward Kolmogorove equation

1, 9 .
¢+ =vo(s)s“css = 0, in Rx|0,T),
i 2 () 58 [ ) (4.8)

c(s,T)=(s—k)y, se€(0,00).
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By identity (4.5), C'(s, 7; k) uniquely solves the Cauchy problem

O — 12020, =0, mRx(0,1],
2 (4.9)

C(s,0)=(s—k)y, se€(0,00).

In this thesis, derivatives valued at boundary points, e.g. C;(s,T;k) at 7 =T, are
one sided derivatives. We now summarize the above PDE results for the call option

price C' in the following lemma, whose proof is given by the discussion above.
Lemma 4.2. Let (4.1) and (Ag) hold. Then
(i) the call price c is given by (4.3) and it solves (4.8);

(i3) the call price C(s,;k) is given by (4.4), it belongs to C*L2((0,00) x [0,T) x
(0,00)), and satisfies (4.6), (4.7), and (4.9).

Remark 4.3. The standard Feynman—Kac formula, see e.g. Friedman [32, Equations
(5.22), Theorem 5.3, p. 148], does not seem to justify the stochastic representation for-
mula (4.3) for the solution of (4.8). While there are equivalence results for martingales
and PDEs, see e.g. Heath and Schweizer [46], it is more convenient to apply the reverse

Feynman-Kac result of Janson and Tysk [51, Theorem 5.5].

Apart from satisfying the PDE (4.8), the call option price ¢ is convex in the stock
price s. That is, css(s,t) > 0, for (s,t) € (0,00) x [0,7]. By (4.8), this convexity
property is equivalent to the time decaying property of the call option price, as t tends
to T, i.e., ¢i(s,t) <0 for (s,t) € (0,00) x [0,T]. By (4.5) and (4.9), the convexity of
¢(s,t) in s implies the convexity of C(s,7) in s, namely, Css(s,7) > 0 and Cr(s,7) > 0,

for (s,7) € (0,00) x (0,T]. These convexity results are stated in the following lemma.

Lemma 4.4 (Convexity of call prices). Let (4.1) and (Ag) hold. Then ¢i(s,t) < 0,
(s,t) € (0,00) x [0, T], and Cr(s,7) >0, (s,7) € (0,00) x [0,7T].

Proof. By (Ay), v(s)s is locally Holder continuous in s € (0,00) with exponent 1/2.
That is, for every N > 0, there exists a consty > 0 such that

|v(s1)s1 — v(s2)s2| < consty |s1 — 52|1/2 Y s1,89 < N.

Hence by Theorem 4 of Janson and Tysk [49], ¢(s,t1) > c(s,t2) for all s € (0,00) and
0 < t; <ty <T. This shows ¢(s,t) < 0 for all (s,t) € (0,00) x [0,T]. Noting that
T7=T—tand C(s,7) = c(s,t), we also have C(s,7) >0, (s,7) € (0,00) x [0,T]. O
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Remark 4.5. The convexity properties of option prices have been investigated by many
authors, including Bergman et al. [6], El Karoui et al. [55], Janson and Tysk [49, 50],
and Lions and Musiela [61]. For uniformity of presentation, the result of Janson and
Tysk [49] seems to fit our theorem best; it even allows (S;) to hit and to be absorbed by
the lower boundary point {0}. However, it is possible to prove the convexity property

of ¢ and C under weaker conditions.

Having shown the well definedness of the stock price process (S;) and the PDE and
convexity properties of the call option prices, we are ready to present the existence,
uniqueness, and PDE results for the implied volatility.

Since we have presented the main results of this thesis in the (s, 7) coordinates, we
will from now on use C(s, 7; k) rather than c(s,t;k,T) to prove the existence, unique-

ness, and PDE results for the implied volatility.

4.3 Implied volatility: existence and uniqueness

We will show the existence and uniqueness of the implied volatility.

Let us recall that, for a constant ¢, the Black—Scholes pricing functional in the

(s, 7; k) coordinates is given by
B(S7T; k; (b) :SN(al) _kN(02)7 (410)

where

N(©) = /_ n(z) dz, n(z) = %6—22/27
n(s 2r
o (5,73 i ) = ( //f(;:;zﬁ /2 (4.11)

L 02(s,t5k;¢) =01 — OVT.

Bearing in mind the Black—Scholes functional, we have the following existence and

uniqueness result.

Proposition 4.6 (Existence and uniqueness of the implied volatility). Let (4.1) and
(Ag) hold. Then there exists a unique function ¢(s,7;k) : (0,00) x (0,7] x (0,00) —
(0,00) such that it belongs to C*42((0,00) x (0,T] x (0,00)) and satisfies

C(s,m;k) = B(s,m;k; ¢(s, 73 k), (s,7;k) € (0,00) x (0,T] x (0,00), (4.12)
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and

0< Vi < ¢(s,mk) <wvp < oo, (s,75k) € (0,00) x (0,77 x (0, 00). (4.13)
0

Proof. We will use the implicit function theorem to prove the existence and uniqueness
of the implied volatility. Define F : (0,00) x (0,7] x (0,00)?> — R by

F(s,7,kv) = B(s, 1 k;¢) — C(s, 73 k),

where B is the Black—Scholes price functional defined in (1.2). The Jacobian determi-
nant |J(F )| is given by

T(F)| = 1Fyl = Bu(s, k) = sv/mn (01 (s, miki 1)) > 0, (4.14)

in (0,00) x (0,7] x (0,00)%. By definition, B is infinitely differentiable in all of its
arguments in (0,00) x (0,7] x (0,00)?. By Lemma 4.2, C € C*2((0,00) x (0,T] x

(0,00)). Hence, by the implicit function theorem, there exists a unique function
65 (0,50) x (0,T] x (0,00) — (0, )

and ¢ € C%12((0,00) x (0,T] x (0,00)) such that (4.12) holds.

To show (4.13) and that ¢ maps (0,00) x (0,7 x (0,00) to (1/vp,1p), rather than
(0,00), we put

dgt:ﬁgtth, §0250>07 OStST<OO,
dS; =8, dWi, Sp=1S50>0, 0<t<T <oo,

where, by (Ag), v = 1/1p and U = 1y are distinct positive constants that 0 < v <
v(s) <7 < oo for all s € (0,00). Now define the upper and lower call prices by

where (s,7;k) € (0,00) x [0,T] % (0,00). By the same argument leading to Lemma 4.2,
(S;) and (S.) are P-martingales and the upper and lower call prices are well defined.

Indeed, these upper and lower call prices are none other than the Black—Scholes prices
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with respectively the constant upper and lower volatilities 7 and v, meaning that

(5,7 k)
(5,7 k)

B(s,T;k;7),

Il
=

Q Al

(s,T;k;v).

Since the function (s) := max(s, 0) is convex, the mean stochastic comparison theorem
of Hajek [42, Theorem 3 or Theorem 4.1] implies that

C(s,m3k) < C(s,m3k) < C(s,73k),

for all (s,7;k) € (0,00) x [0,T] x (0,00). Since we have proved that for (s,7;k) €
(0,00) x (0,T] x (0,00), C(s,7;k) = B(s,7;k;¢(s,7;k)), these call price inequalities
imply that

B(s,m3k;v) < B(s, 75 k; ¢(s, 73 k) < B(s, 73 k; D)

for all (s,7;k) € (0,00) x (0,7] x (0,00). By (4.14), B(s,7;k;%) is monotonically
increasing in v, other things being equal. From this (4.13) follows. The proof is now

complete. O

Remark 4.7. We shall continue to write ¢ : (0,00) x (0,7] x (0,00) — (0,00), to
signify that the interval (v,7) C (0,00) can be made arbitrarily large.

It is important to note that the implicit function theorem does not guarantee the
existence of the implied volatility ¢(s,7;k) at 7 = 0, as the Jacobian determinant
|J(F)|=0at T=0.

Since the appearance of the Black—Scholes formula in 1973, implied volatility prob-
lems have attracted a great deal of interest from both practitioners and academics. Yet,
it was only in 2002 that implied volatilities under a class of local volatility models were
proved to have limits at expiry in the Sobolev spaces W@j’p((o, 0)?), 1 < p < co. See
(1.17) for the definition of the Sobolev space and Berestycki et al. [4, Theorem 1] for
details of the result.

In contrast to the result of Berestycki et al. [4], our implied volatility ¢ belongs
to C%12((0,00) x (0,T] x (0,00)). This result comes at the cost of stronger regularity
assumptions on the local volatility. Nevertheless, we also know more about the prop-
erties of the implied volatility, such as its first order Taylor expansion and gradient
and Hessian asymptotics. In the rest of this and the next chapter, we will show that
the Sobolev space results of Berestycki et al. [4, Theorem 1] can be carried over to
C?12((0,00) x (0,T] x (0,00)), that is, ¢ solves a certain parabolic PDE and that
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lim, o ¢(s,7; k) exists. The gradient and Hessian asymptotics are presented in Chap-
ters 7 and 8.

4.4 PDE for the implied volatility

To derive the PDE for the implied volatility ¢, we need the following basic identities
for the Black—Scholes price functional B.

Lemma 4.8. For the Black—Scholes call option pricing function B(s,T;k;) with 1

being a positive parameter, the following identities are valid:

001 09
— = 4.15
90 7 (4.15)
00y 01
= 4.16
0 7 (4.16)
_
B, = 2\/?871(01), (4.17)
Bs = N(01), (4.18)
1
Bss = W'I’L(al), (419)
Bw = S’I’L(Dl)\/7_', (4.20)
Byy = @n(%), (4.21)
_ In(s/k) V7T
Bsw = n(bl) [— ¢2\/F + 7 . (4.22)
Proof. Straightforward differentiation would yield these identities. O

Having these identities at our disposal, deriving the PDE for the implied volatility
¢ will involve little effort. Under uniform boundedness and continuity assumptions on
the local volatility, Berestycki et al. [4, Equation (15)] derived the following PDE in
some transformed coordinates for the implied volatility in VVE)C1 P((0,00)?), 1 < p < 0.
Here, our PDE holds for ¢ € C%1((0,00) x (0,T)).

Theorem 4.9. Let (4.1) and (Ag) hold. Then the implied volatility ¢ satisfies the time

degenerate quasilinear parabolic equation

¢*+27¢d, — 1 (s) [(1 — MY — <1 — 372¢8>2 +1+ s2f¢¢58] =0 (4.23)

in (0,00) x (0,T].
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Proof. Since C(s,7) = B(s,7;¢(s, 7)), by the chain rule we have

CT = B‘r + Bqﬁ(b‘ry
Cs = Bs + B¢¢Sa
Css = Bss + 2Bs¢¢s + B¢¢¢§ + B¢¢ss-

Substituting C; and Css into (4.9) and using the identities (4.15)—(4.22), we get

%sn(hl) + sn(01)VTor
1
- 51/2(3)32

1 S\/?Ulag
SO\/T ¢

in R x (0,7]. Multiplying 2¢+/7/[sn(01)] to both sides of the equation gives

n(01) — 222 n(01) s + 1(01)62 + $1(01)y/Tbss | = 0

¢

¢? + 270, — 12 (s) (1 — 25v/T028s + 27010282 + s°Tdhhss) = 0.

Grouping the terms inside the parentheses then gives (4.23), and the proof is complete.
O

Remark 4.10. Observe that in (4.23) if ¢(s,0) := lim, o ¢(s, T) exists, and if T¢¢,,
Tops, and Togss all tend to 0 as 7 — 0, then as 7 — 0, (4.23) becomes

2 2 s[n(s/k)|¢s(s,0) ? _
»*(s,0) —v*(s) <1 - 5(5.0) ) = 0. (4.24)
Because a solution to (4.24) is given by the function
s odz \7!
s — [In(s/k)] </k ZV—(Z)> , (4.25)
we conjecture that for all s € (0, 00),
s P -1
¢(s,0) = ;1_)11% (s, 7) = [In(s/k)] </k 25—(2)> . (4.26)

In the next chapter we will prove that (4.26) is indeed true.



Chapter 5

Implied volatility at expiry: zero

order expansion

In this chapter we will show that the implied volatility admits a zero order Taylor
expansion near expiry and hence at expiry the implied volatility ¢(s,7) exists as a
limit, uniformly in s € (0,00). Berestycki et al. [4, Theorem 1] have shown the same
results for ¢ € T/Vli’cl’p ((0,00)?). By adapting their argument we demonstrate that their
asymptotic results remain valid for ¢ € C%1((0,00) x (0,77]), provided that the local
volatility is sufficiently smooth.

This chapter is organized as follows. Section 5.1 states the main results of this
chapter. Section 5.2 explains the idea behind the proofs of the main results. Sections
5.3-5.8 detail how we are going to prove the main results in another coordinate system.
Section 5.9 presents the proof of the zero order Taylor expansion first for the trans-
formed implied volatility and then for the implied volatility. Section 5.10 summarizes
the result for the transformed implied volatility in a PDE and limit theorem. This
theorem will be used in the subsequent chapters.

Note that Goldys and Roper [36] have proved the small time limit in (5.4) under
some weaker assumptions and for more general models. However, they have not dealt

with convergence rates as in (5.1) below.

5.1 Main result of the chapter

Theorem 5.1. Let (2.1), (Ag)—(Az) hold. Then uniformly in s € (0,00), the implied
volatility ¢ satisfies

o(s,7) =(s) +O(1), as T—0, (5.1)

33
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where O = O(Vs) and

) = mts/m] [ )_1. (5.2)

2v(z)

We will prove this theorem in Section 5.9. Note that (5.1) indicates that as 7 tends
to zero, ¢(s, ) converges to ¢°(s), uniformly in s € (0,00). Note also that once proven,
Theorem 5.1, together with Theorem 4.9, implies the following result, whose proof we

will omit:

Theorem 5.2. Let (2.1), (Ag)—(A2) hold. Then for each k € (0,00), the implied
volatility ¢(s,T;k) belongs to C*((0,00) x (0,T]) and satisfies the time degenerate

quasilinear parabolic equation

2 2
¢2 + 2799, — 1/2(8) [<1 - w> - <1 - ST;ﬂ> +1+ 527—¢¢ss] =0, (5.3)

in (0,00) x (0, T, with the initial condition
#(s,0) := lim0 d(s,7) = ¢°(s), s€(0,00). (5.4)

Remark 5.3. After (5.1) is proved, we can extend the implied volatility ¢(s,7) from
(0,00) % (0, T] to (0,00) x [0, T]. The extended implied volatility ¢ is defined as ¢ (s, 7) =
#(s,7) for (s,7) € (0,00) x (0,7, and ¢(s,0) = ¢°(s). With some abuse of notation,

we will write ¢ instead of ¢ in the rest of this thesis.

5.2 Idea of the proof

We will prove Theorems 5.1 as follows:

Firstly, we change the variable s to = by setting z = In(s/k). In the (x,7) coor-
dinates, the transformed implied volatility ¢ is given by ¢(z,7) = ¢(s,7). Secondly,
we prove that there exist upper and lower functions @ and ¢ such that for some small
enough T,

oz, 7) <oz, 7) <@(z,7), (2,7) €Rx[0,T], (5.5)

where, for some positive constant A,

! 5.6
. (5.6)
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with the initial function I(x) given by

I(x) ;:x</0m %>_1, zER. (5.7)

The upper and lower solutions @ and ¢ will force ¢ to be
o(x,7) =I(z)+0O(r), VYxekR. (5.8)

Thirdly, Theorem 5.1 is proved by simply transforming (5.8) back to the the (s, 7)

coordinates and using the fact that as z = In(s/k),

¢°(s) = I((s)). (5.9)

That (5.9) holds can be checked by substitution and the details are omitted.

5.3 Change of variables: (s,7) — (z,7)

As explained above, instead of working with the original variables (s, 7), we will work

with the reduced variables (z,7), where for each k € (0, ),
z =1In(s/k), se€(0,00). (5.10)

Note that in finance x is called the log moneyness. A call option is respectively in, at,

and out of the money when respectively x > 0, x =0, and z < 0. Let
o(x) = v(ke®). (5.11)

Then (Ag)—(A4) respectively imply that

(Ag) the local volatility o(-) is locally Lipschitz continuous in R and there exists a

strictly positive constant 1y such that

1
Yo

O<v

<o) <y=v<o0, VzeR, (5.12)

(A1) the first derivative o, (+) exists and is locally Lipschitz continuous in R and

lozllg :=sup |oz(z)| < const(V) < oo; (5.13)
zeR
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(As) the second derivative o, (-) exists and is continuous in R and

Ho'xx”(] < ConSt(V2) < o0 (5.14)

(A3) the third derivative 0., (-) exists and is continuous in R and

|ozzelly < const(Vs) < oo; (5.15)

(A4) the forth derivative o,...(-) exists and is continuous in R and

lozazally < const(Vs) < oo. (5.16)

Remark 5.4 (Warning). In the rest of this thesis, when we state a result in the (x,7)
coordinates but impose (A;), i = 0,1,2,3, 4, as the assumptions, the reader should note

that the (A;)’s, as consequences of the (A;)’s, would actually be used in the proof.

In the (z,7) coordinates, we define the transformed call option price v(x, ) and the
transformed Black—Scholes price B(x,T;1) by

v(x,T):=C(s,71;k)/k, (5.17)

B(x, ;%) := B(s,;k;¢) /k = e*N(dy) — N(d2), (5.18)

where, as a parameter, v is any positive constant, and
d 1 2 2
N(d) :/ n(z) dz, n(z) = \/76_2 /2,

—o0 T (5.19)

d1($77—7¢):\/§¢+\/;¢7 d2($77—7¢):ﬁ_@:d1_\/¥w

Moreover, in (x,7), we defined the transformed implied volatility p(x,T) by

o(z, 1) := ¢(s(x), T k). (5.20)

The function ¢ is so named because it is precisely the volatility implied by the trans-

formed call option price v, in the sense that
v(z,7) = B(z, 75 0(2,7)). (5.21)

We will prove this equivalence relation between ¢ and ¢ in the following lemma.

Lemma 5.5 (Equivalence lemma). Let (2.1), (Ag) hold. Then
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(i) the transform implied volatility ¢ satisfies
v(z,7) = B(z,750(2,7)), (2,7) €Rx(0,T], (5.22)
if and only if the implied volatility ¢ satisfies

C(s,m;k) = B(s,m;k;0(s,73k)), (z,7,k) € (0,00) x (0,T] x (0,00); (5.23)

(ii) ¢ satisfies
olx,7)=I1(x)+0O(r) as T—0, (5.24)

I(2) = 2 </0 %) o (5.25)

if and only if ¢ satisfies the conclusion of Theorem 5.1, i.e.

with O = O(Va) and

#(s,7) =¢(s) +O(1) as T—0, (5.26)

with O = O(Va) and

s p -1
zj_(z)> . se(0,00). (5.27)

) = lnts/m) ([

Proof. Since (2.1), (Ag) hold, ¢ and ¢ are well defined. As a result, part (i) and
(ii) follow from the change of variables = = In(s/k), the definitions (5.17)—(5.20), and
C(s,m; k) = B(s, 15 k; (s, 75 k)). U

This equivalence lemma shows that to prove Theorem 5.1, it is enough to prove

Theorem 5.6 (Zero order Taylor expansion). Let (2.1), (Ag)—(Az2) hold. Then
o(x,7)=I(x)+O(1) as T—0, (5.28)

where O = O(Vs).

The rest of this chapter is devoted to the proof of this theorem. We now list some

basic results in the (x,7) coordinates.

5.4 PDE for transformed call price and implied volatility

We have the following PDE result for the (transformed) call option price v.
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Lemma 5.7. Let (2.1), (Ag) hold. Then

= 102 - T
U= () (Vgy — V), (x,7) € R x (0,T], (5.20)
U(ﬂj‘,O) = (ex - 1)+7 T € R7
Further,
vr(x,7) >0 forall (z,7)€Rx[0,T]. (5.30)

Proof. Under the assumptions of this lemma, C(s, T; k) satisfies PDE (4.9). Since by
definition v(z, 7) = C(s,7; k)/k, differentiating v and substituting the derivatives into
(4.9) gives (5.29). By Lemma 4.4, C(s,7) > 0 for all (s,7) € (0,00) x [0,T]. This gives
(5.30), the time decaying property of v(x,7) in 7. The proof is thus complete. O

The following identities are needed to derive the PDE for the transformed implied
volatility .

Lemma 5.8. For the transformed Black—Scholes price B(x,T;1) with ¢ being a pa-

rameter, the following identities are valid:

e’n(dy) = n(dz), (5.31)
Ody _ __ & VT
% = N + 5 (5.32)
Ody _ __& VT
P TR (5.33)
and
Y
B, = e®N(dy), (5.35)
_ .z n(d2)
B,y =€*N(dy) + S (5.36)
By = /n(dy), (5.37)
By =y | 55+ 5| nta), (5.39)
Byy = e"n(dy) [—# + g} . (5.39)
Proof. An exercise of differentiation. O

In the (z,7) coordinates, Theorem 4.9 is translated into the following result:
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Lemma 5.9 (PDE for the transformed implied volatility). Let (2.1), (Ag) hold. Then
for each k € (0,00), the transformed implied volatility o(z,T) belongs to C*1((0,00) x

(0,T]) and satisfies the time degenerate quasilinear parabolic equation

2
1
270, + * — 0”(x) <1 - x%) = 0 (@) Tppas + 700 ()T =0 in R x (0,T].
(5.40)

Proof. Under the assumptions (2.1) and (Ag), v(z,7) solves (5.29). By definition,
o(x,7) = ¢(s(z), 7). Since ¢ € C*1((0,00) x (0,T]), ¢ € C>}(R x (0,7T]). By (5.22),

v(z,7) = Bz, 75 0(2,7)), (5.41)
so the chain rule gives

Ur = BT + B«p(-pﬂ'a
ve = By + Bypa, (5.42)
Vgz = Baz + 2Bw<p90m + Bgogo(’pi + Bgo‘ﬁxw-

By substituting v,, v, and v, into (5.29) and applying the identities (5.31)—(5.39),

we get

1
1
= (Br + Byopr) = 50°(@)(Bus + 2Buppn + Bop@h + Bopas — Ba — Byipa)
d 2 1
;\(/?230 210pr + ¢° — 0%(x) (1 - x%) — 0 (@) TP Pre + Zoz(x)7290290i

(5.43)

for all (z,7) € R x (0,T]. Here dy = da(x,7;¢). By (4.13), 0 <v < ¢(s,7;k) <7 < o0
for all (s,7;k) € (0,00) x (0,7] x (0,00). By (5.20), ¢(z,7) = é(s,7;k). Hence
n(ds)/(24/T¢) is bounded and strictly positive in R x (0,7]. Consequently the terms
inside the square brackets in (5.43) must be zero in R x (0,7]. The proof is thus
complete. O

Corollary 5.10. Let ¢ € C*Y(R x (0,T]) Put u(x,7) = B(z,7;9(x,7)). Then the



40 CHAPTER 5. IMPLIED VOLATILITY: ZERO ORDER EXPANSION

following identity holds:

Uy — laz(x)(um — Ug)

2
5.44)
_ n(da) 2 2 o) 2 L 5 2,/,2,12 (
= 5y |20+ = 0%@) (1= ) — @i+ o)
in R x (0,7].
Proof. The identity follows from (5.41)—(5.43). O
Remark 5.11. Note that (5.40) holds if and only if
1/2
2
2Tppr
o(z) = kil d . (,7) €RX(0,T].  (5.45)

2
(1 - 53%) + TPz — %7290290:20

This will be used in Section 5.6 below to define the associated local volatility functional
Y[], see (5.54).

Remark 5.12. As explained in Remark 4.10, if ¢, ¢, ., and ¢,, are sufficiently
regular, then as 7 — 0, (5.40) would give the initial Ordinary Differential Equation
(ODE)

2
©*(x,0) — o?(z) <1 — x(ijc((;’oo))> =0, z€R. (5.46)

It can be checked that I(x), defined by (5.7), solves (5.46). This motivates the conjec-
ture that p(z,0) = I(z) and ¢(z,7) = I(z)(1 + O(7)).

5.5 Properties of the initial function

In what follows we will often suppress the arguments of the functions when presenting

results. Let us rewrite the initial function I(z) as

) = 350 J@) = /O = (5.47)

Then as mentioned earlier in Remark 5.12 (c.f. Remark 4.10), I(z) solves ODE (5.46),

namely,

2= o(z) <1 - 9/7)2 . (5.48)
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Moreover, with the arguments suppressed we have the following identities:

X
==
J’
[ 1 ( x > I 12
v oJ) x x0’
2 2 Loy 212 213 o,I?
e ==t B2t 202 = 20 T 202 T ao? (5.49)

6 30, 6x 6xo, 2x0'92c TOzy

Leze = J302 ' J202  Jig3  J3g3  J203 | J202
6% 3I%0, 6I' 6%, 2[%02 I’0,,
x302 2202 303 2203 xo3 xo?

Further,
, zeR (5.50)

1(0) = 0(0),
1.(0) = 50.(0),
1,.(0) = 2am(0)g(§(()g)— 03(0)7 (5.51)
1 (0) = Zz22(00%(0) = 204(0)042(0)0 (0) + 92(0)

Keeping in mind that condition (A;) = (A;), i =0,...4, we get the following lemma.
Lemma 5.13. If (A;), i =0,...,4, holds, then
]|, < const(V;), i=0,...,4. (5.52)

In particular, (Ag) implies that

1
0<g=y—§[(:n)§1/0:?<oo, Vel (5.53)

0
Proof. The bounds follow from (5.49) and (5.51). O

5.6 Associated local volatilities and their Taylor series

To show existence of the upper and lower functions ¥ and ¢, we will define and use

certain associated volatilities. Here we will closely follow Berestycki et al. [4]. For
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¥ € C2LR x (0,T]), we define a local volatility functional X[-] by

1/2
S[Y)(z,7) = (%) , (5.54)

where

Gl] = (19°); = ¢* + 21,

Yz

2 ) (5.55)
H[¢] = <1 — l‘ﬁ) + TPy — ZT2¢2¢§'

Further, we let Z[0, 7] to be the class of those functions 1 in C%!(R x (0, 00)) such that

Y[¢](x, ) is well defined, continuous in R x [0, 7], and on this region satisfies
0 < consty < X[Y](z,7) < consty < 00, (5.56)

and
lin% m*(x,7) =0 uniformly in z € R. (5.57)

Definition 5.14 (Associated local volatility). If ¢» € Z[0,T] for some T" > 0, then
Y[¢](x,7) is called an associated local volatility, associated with the (transformed)

local volatility o(x).

Note that Z[0,7] is not empty. Any positive real constant will be an element of
Z[0,T]. Note also that by Remark 5.11, if ¢ € Z[0,T], then it satisfies
UAW 1
279, + 9% = D[] (2,7) (1 —e )~ D@ DT + W@ 1T = 0
(5.58)
in R x (0,7]. To see this, replace o(z) with X[¢](z,7) in (5.45). Moreover, we have

the following lemma.

Lemma 5.15. Let ¢ € Z[0,T] and u(xz,7) = B(x,7;9(x,7)). Then

ur = Sl e — ) in Rx (0.7 (5.50

u(z,0) = (e — 1)4, xz eR.
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Proof. Since ¢ € Z[0,T] and u(z,7) = B(z, ;9 (z, 7)), by (5.44)

Ur — 322[20](%7)(%% ~ Ua)

_ n(dp)
2VTY

2
2rpipy + 9p° — D[] (z, 7) <1 —~ x%)

[y, TV + T2, T2

in R x (0,7]. Then (5.59) follows from the definition of ¥[-] and (5.58). The initial
condition follows from the initial condition of B(z, ;¢ (z, 7)) and (5.56). The proof is

therefore complete. O

Let
Y(z,7) =1(x)(1 4+ A1), (x,7) € R x[0,T], (5.60)

with A being some arbitrarily fixed real constant. Assume for the moment that o(-)
is sufficiently bounded and smooth. (In Proposition 5.19 below we will specify some
sufficient conditions on ¢.) Then 1 belongs to Z[0,T], and a first order Taylor expansion
of X[¢](x, ) about 7 = 0 is given by

)z, 7) = X[¢](2,0) + 75 [¢](2,0) + R1[¢](z, 7), (5.61)

where the remainder

Rilola,r) = [ {Splulle.m} =) dn (5.62)
By definition,
2 u@.7) = g (G WAL — GLAH ). (563

Suppressing the functional input ¢ and the arguments x and 7, this becomes

1
Y)(x,T) = W(GTH — GH,). (5.64)
Further,
1
ETT[T’ZJ](QE’T) = 5y2 774 (GTH - GHT)TEH2 - (GTH — GHT)(EH2)T 9
i R

= el
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where
Fl)(z,7) = (GrrH — GH,.)SH? — (G H — GH,)(X,H> + 25 HH,).  (5.66)

Although 7 € [0,T], the above Taylor expansion about 7 = 0 can be justified by
extending the time domain to [—7T,7] and setting X[¢](z, —7) = X[¢](z,7) for all
7 > 0. In that case, the standard Taylor’s theorem can be applied in an interval
(=T1,Th) C [-T,T], subject to the regularity of X[¢].

Now let us calculate the various derivatives of G and H and express them in terms
of ¢. For G, we have

G[Y] = ¢° + 219,
G- [] = 4t + 2792 + 214ty (5.67)
Grr W)] = 671)3 + 6Yrr + 6TV + 2TV

For H, we have

atol = (1-0%2) 4 o - S22
= 1/} T 4 )
_ . TPy _xwx'r TPz ir (5.68)
el =2 (1= 57) (-5 + )
a4 T+ Ty — STV — TR, — e,
and
HTTI:/l/}:I
o wer | aetr )
-2+ 25)
_ x/l/}x _xwaT 2‘,171/}1:7—1/}7— _ 2xwx/l/}72' xwszT)
ea(1- ) (e B - B
+ 2rten + 20y + Thrsthan + U thaar + Tbaars — SV — 20,

2 tbar — STV — 2 thr — ST — ST — T

2
(5.69)
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Lemma 5.16. Let (Ag)—(Az) hold. Let v be as in (5.60). Then

¥ =I(1+ A7),
Y = I (1 + A7),
Yag = Ipa(1 4+ A7),
Yy = A,
Yrr =0,
Yrrr =0,
Vor = My,
Yuar = Mg,
Yurr =0,
VYoarr = 0.

Moreover, as T — 0,

Y —1,
wmﬁlxy

Vaz — Iza,
VYr — M,
Yrr =0,
Yrrr =0,
Var — AL,
Vaar — Mo,
Yarr =0,

T = 07

where the convergence is uniform in x € R.

Proof. By Lemma 5.13, I, I, and I, are well defined and bounded. Differentiating
and taking the limits gives the results. O

The lemma above leads to the following corollaries.

Corollary 5.17. Let (Ag)—(Az) hold. Let A\ € R be fized and ¢(x,7) = I(z)(1 + A1),
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for (x,7) € R x [0,T]. Then uniformly in x € R, as 7 — 0,

Gly] — I?,
Gr[yp] — ANI?, (5.70)
Grrlt)] = 6A 17,

and
I2
H . [1)] — 4N[1,, — %ﬂ[ﬁm,
and
Y] — o,
o1 II,, (5.72)
Zr[w]_)0<)\?+ 5 )

Proof. These uniform limits follow from the definitions of G[-], H|-|, and X[], and
Lemma 5.16. O

Recall that by (1.16),

||ETT[7:Z)]||0 = sup | X [)(z, 7)] -
(z,7)€RX[0,T]

Then we have the following corollary.

Corollary 5.18. Let (Ag)—(Az) hold. Let A € R be fized and ¢(x,7) = I(z)(1 + A1),
for (x,7) € R x [0,T]. Then the following statements are true:

(1) There exist positive constants T = T'(\,Va) and consty o = consty o(T, X\, Va2) such
that

0 < consty < ¢(x, 1), G[Y](x, ), H[Y](x, ), X[](x,T) < consty < oo,
for all (z,7) € [0,T].
(ii) v € Z[0,T] for some positive T = T(\, Va).

(iii) T ||Sr2 (]l — 0 as T — 0.
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Proof. By Lemma 5.16, ¢(z,7) — I(z) as 7 — 0, uniformly in € R. Since I(x) is
strictly positive and bounded, 9 is the same. By (5.55), Lemma 5.13, and Corollary
5.17, we know that for sufficiently small T = T'(\,V2), G[¢] and H[¢] are continu-
ous, strictly positive, and bounded. Hence by (5.54), X[¢] is also continuous, strictly
positive, and bounded for the same sufficiently small 7. This proves statement (i).
Statement (ii) then follows from the definition of Z[0,7]. Statement (iii) follows from
(5.65), Corollary 5.17, and statement (i). The proof is thus complete. O

Proposition 5.19. Let (Ag)—(Az) hold. Let A € R be fized and (x,7) = I(z)(1+ A1),
for (x,7) € Rx [0,T]. Then for all sufficiently small T = T(\,Vs), the associated local
volatility (] admits the first order Taylor expansion

21%(x)  I(x)Ip(x)

2@ T 2 ) + Ry [Y](z,7) (5.73)

Y[ (x,7) = o(z) + To(x) <)\
in R x [0,T], where Ry[] is defined by (5.62) and
Ri[Y)(z,7) = O(t%) as T —0, (5.74)

with O = O(T, \, Vs).

Proof. We will prove the order property of Ry [¢] first. By the definition of ¥, (Ag)—(A2),
and Corollary 5.18, we know that H[¢](z, 7) and X[¢)](z, 7) are continuous, strictly pos-
itive, and bounded in R x [0, T}], provided T; = T1 (A, Vs) is sufficiently small. Similarly,
by (5.66) and Corollary 5.18, we know that F[¢](z,7) is continuous and bounded in
R x [0,T5], provided To = T(A,Vs) is sufficiently small. Let 75 = min(73,7%). Then
Y 7[¥](x,7) is continuous and bounded in R x [0,73] by (5.65); and so is Ri[¢)] by
(5.62). Moreover,

(B, )] = ' [ ol - dn‘

= ( sup ‘ETTW}](‘%T)’> /T ’T - 77’ dTl (575)
(z,7) 0

€Rx[0,T3]

< const X 7'2,

where const = const(73, A, Vs). This shows (5.74). Next, by substituting (5.72) into
(5.61) we obtain the Taylor expansion (5.73). The argument above also shows that the
Taylor expansion (5.73) holds for all 0 < T' < T3, and the proof is complete. O
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5.7 Upper and lower functions: local volatility bounds

We now show that the (transformed) local volatility o(-) is bounded by upper and lower

solutions  and ¢ of the following form:

(x,7) = I(z)(1+ A1),

(5.76)
(z,7) = I(z)(1 = A1), (z,7) €Rx[0,T],

<

for some positive constants A and 7T

Lemma 5.20. Let (Ag)—(Az) hold. Then there exist positive constants X = X\(Va) and
T =T(X\ Va) such that

Slel(z,7) <o) <E[P|(x,7), V(x,7)€Rx0,T], (5.77)
where @ and @ are defined by (5.76).

Proof. Apply Proposition 5.19 to g and use (5.73) to get

2(x x x oz, T
S{pler) = oto) |17 (A28 | M0ete)) | Blpenr)] s

By (5.12), 0 < 1/1y < o(x) < vy < oo for all z € R. By Lemma 5.13,

0<1/vg<I(z)<pyy<oo, xz€R,

[ Iz|lp < const(Va).

Thus for any large enough positive constant A\; = \; (V2),

T <)\1 20122((;) + I(x)[zm(a:)> >711 >0, V(xr,7)€eRx][0,T], (5.79)

where T is arbitrary. Next, since R1[@] = O(72), for any small enough positive constant
Ty = Ti(A1, V2),

| B[], 7))

- (2) < const(Ty, A\, Vo) x vo72 < o7, ¥V (x,7) € R x [0,T1]. (5.80)

Hence for such a large A; and small T} we can define @, (x,7) = I(z)(1 4+ A7), and by
(5.78), (5.79), and (5.80), we have

Y@ (z, 1) > 0o(x), V(r,7)€Rx][0,T1].
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Now replace A with —\ in (5.78). Then applying the same analysis shows that for some
large enough positive Aa = A2(V2) and small enough positive To = T (Mg, Va),

e (-], Lllale)) | lpler)

A2 o?(x) + 2 o(x)

Xz, 7) = o(x)

(5.81)

IN

o(z) (1 —1vy+ T1p)
<o(z), V(x,7)eRx]I0,T3].

By setting first A = max (A1, A2) and then 7' = min(71,T%), we have (5.77), and this
completes the proof. O

5.8 A comparison principle

In this section we will adapt the idea of Berestycki et al. [4, Lemma 6] to prove a
comparison principle. Like Berestycki et al., we will make use of the following well
known result on positive solutions of the Cauchy problem, which is a consequence of

the maximum principle for second order parabolic PDEs.

A theorem on positive solutions of the Cauchy problem

Let
Q=R x(0,7], Q=R x][0,T]. (5.82)

Put
Lu = a(z, t)ugy + b(x, ) uy + c(z, t)u —u =0, (x,t) € Qo. (5.83)

Assume that in Qg the coefficients a(z,t), b(x,t), and ¢(x,t) are continuous and
la(z,t)] < const, |b(z,t)] < const x (|z] +1), e(a,t) < const x (|| +1). (5.84)

Here we call L a parabolic operator in Qq if a(x,t) > 0 for all (x,t) € Qp. Then we

have the following theorem:

Theorem 5.21 (Friedman [30, Theorem 9, p. 43]). Assume that L is a parabolic
operator in Qg, Lu <0 in Qg, and that

u(z,t) > =B exp(Ba |z|*)  in Q (5.85)

for some positve constants 1, Bo. If u(z,0) > 0 in R, then u(x,t) > 0 in Q.
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A comparison principle

Lemma 5.22 (Comparison principle, cf. Berestycki et al. [4, Lemma 6]). Let y,@ €
Z[0,T] and suppose that

Jor all (x,7) € R x [0,T]. Then v < o <t in R x (0,T).

Proof. We will modify the arguments of Berestycki et al. [4, Lemma 6] and prove the
second inequality ¢ < v first. Let

v(x,7) = Bz, T59).

Then by Lemma 5.15, ¥ solves

7. = %z%m(gg,f)(vm ~%,)  in Rx(0,7],

(z,0) = (e* —1)4, z € R,

By (5.22), v(x,7) = B(x,7;¢(z,7)); by Lemma 5.7, v solves

1
Uy = 502(33)(1)“ — V) in Rx (0,77,

v(z,0) = (" —1)4, xr € R,

with the time-7 increasing property that v, (x,7) > 0 for all (z,7) € R x [0,T]. Putting
w(x,7) =0(x,7) —v(x,T) gives
1 o 2
Wr — 522[1/1](3577)(@3::(: - mx) = <% - 1) Ur in Rx (07T]7

w(z,0) =0, x e R.

By assumption, ¥2[¢)]/0? > 1, and so (X2[¢)]/0? —1) > 0. Noting that v, > 0, we have

W — oS0 ) (e ) 20 i Rx (0,7],

w(z,0) =0, z €R.
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Further, by the definition of the Black—Scholes functional B(:,-;-), we have

w(z,7) =0(x,7) — v(x,T)
= B(%T;E(%T)) - B(‘TaT; ()0(33,7'))
> _51 €xp <52 "TF) ) in Rx [07T]7

for some positive 31 and 2. Hence by Theorem 5.21, we have w(z,7) > 0 on R x [0, 7.
That implies that v(z,7) < o(z,7) in R x [0,7], i.e.,

B(z,1;0(x, 7)) < B(z, 739 (2, 7)) V (z,7) € R x [0,T].

By (5.37), B(z,T; ¢) is strictly increasing in ¢ for (x,7) € R x (0,7]. This implies that
@ < for all (x,7) € R x (0,7].

The proof of the first inequality ¢ < ¢ is similar.

Letv(z,7) = B(z, ;%) and w(z, 7) = v(z, 7)—v(z, 7). By assumption, X[¢](z,7) <
o(x). This gives

2 T, T
MT—%Ez[ﬂ](ﬂf,T)(wm—wz) = <1_%> vr 20 in R x (OvT]7

w(z,0) =0, x €R.

Then the inequality ¢ < ¢ follows from Theorem 5.21 and the monotonicity of B(x, 7, ¢)
in ¢. And the proof is complete. U

Remark 5.23. Our comparison principle is weaker than that of Berestycki et al. [4,
Lemma 6]. For example, we do not claim that if o(z) < X[¢1](z,7) < Ee)(z, T) for
some 1/}17¢2 S Z[OaTL then 1/}1 < 1/}2-

Remark 5.24. In the proof of the comparison principle, we solely rely on the nonneg-
ativity of v, to show that w,w > 0. If the T, and v_’s are nonnegative in R x (0,77,
then X[y] < X[¢] would imply ¢ < @ for all 1,4 € Z[0,T]. However, we did not
attempt to prove the nonnegativity of the ¥, and v_.’s. The comparison principle in
its current form is sufficient for our purpose, which is to derive a zero order and a first

order Taylor expansion for the implied volatility.

5.9 Proof of the zero order Taylor expansion

We are ready to prove Theorem 5.6, the zero order Taylor expansion theorem for the

transformed implied volatility ¢(z, 7).
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Proof of Theorem 5.6. As in (5.76), let P(x,7) = I(x)(1 + A1) and ¢(z,7) = I(z)(1 —
A7). Then by Lemma 5.20, there exist A = A(V) and T' = T'(\, Vs) such that

Elel(x,7) < o(z) < X[@|(z,7), V(z,7) € Rx[0,T]
By the comparison principle, Lemma 5.22,

oz, 7) <oz, 7) <P(z,7), V(x,7) €Rx(0,T].

This shows ¢(x,7) = I(z) + O(7). And the proof is complete. O
We can now prove Theorem 5.1.

Proof of Theorem 5.1. This follows from Theorem 5.6 and the equivalence lemma,
Lemma 5.5. O

5.10 A PDE and limit theorem for implied volatility

Having shown that ¢(z,7) — I(x) as 7 — 0, we follow the discussion in Remark 5.3
and define
p(x,0) :=I(z), =eR,

thus extending ¢(x,7) from R x (0,7] to R x [0, 7]. By Lemma 5.9 and Theorem 5.6,

we obtain the following PDE and limit theorem for the transformed implied volatility:

Theorem 5.25. Let (2.1), (Ag)—(Ag) hold. Then the (transformed) implied volatility
o(z,7) belongs to C*1((0,00) x (0,T]) and satisfies the time degenerate quasilinear

parabolic equation

2
z 1
2100 + ¢* — o” () <1 - w%) = 0¥ (@)Tppun + 0% (2)TIP0L =0, (5.86)
in R x (0,T), with the initial condition ¢(x,0) = I(x). Further, as 7 — 0,
p(x,7) = I(x) + O(7), (5.87)

where O = O(Vy).



Chapter 6

Implied volatility: first order

expansion

Berestycki et al. [5, p. 1356 and Section 6.3] have pointed out that implied volatilities,
under quite general multidimensional stochastic volatility models, can be expanded as
Taylor series in time. However, they have not proved their conjecture. In different con-
texts, Medvedev [65] and Medvedev and Scaillet [66] have derived asymptotic formulas
for implied volatilities under the assumption that the implied volatility admits Taylor

expansions in both the space and time variables.

In this chapter, by producing a first order Taylor expansion of the implied volatility
in time, we partially verify the statement of Berestycki et al. [5, pp. 1356, 1370].
Although we adapt the argument of Berestycki et al [4, Theorem 1], we give sufficient
conditions on the local volatility for the first order Taylor expansion of the implied
volatility to hold. Such sufficient conditions are not given in Berestycki et al. [5].
Moreover, our proof makes clear where the difficulties may lie if one wishes to adopt

the same method to obtain higher order Taylor expansions for the implied volatility.

This chapter is organised as follows. In Section 6.1, we state the main theorems of
this chapter. In Section 6.2, we explain the idea of the proofs, which we adopt from
Berestycki et al. [4, 5]. In Sections 6.3 and 6.4, we first formally derive and then study
the properties of the first order term of the Taylor expansion for the implied volatility.
In Section 6.5, we deduce second order Taylor expansions for a class of associated local
volatilities 3[¢)] that will be used to bound the local volatility o. In Section 6.6, we show
that there are upper and lower functions bounding the implied volatility. In Section

6.7, we prove the main theorems of this chapter.

53
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6.1 Main result of the chapter

Theorem 6.1 (First order Taylor expansion in time). Let (2.1), (Ag)—(A4) hold. Then

as T — 0,

2(s v(k)v(s
(s, 7) = ¢(s,0) <1 + T[lﬁ(.(s/jko)% In ( ¢El;)0)( )> + 0(7'2)> , (6.1)

with O = O(V4)

Provided the diffusion coefficient v(-) is sufficiently smooth, we conjecture that
higher order Taylor expansions in time can be obtained by the same method.

Similar to the proof of Theorem 5.1, instead of proving Theorem 6.1 directly, we
will again use the (z,7) coordinates and prove the desired result for the transformed

implied volatility . In the (z,7) coordinates, we will prove the following theorem:

Theorem 6.2. Let (2.1), (Ag)—(A4) hold. Then the transformed implied volatility ¢

admits the first order Taylor expansion
p(z,7) = I(x)(1+ f(x)T + O(7?)), (6.2)

where O = O(Vy),

o(z)
_P(x), (/o(0)a(z)
flz)= > In < (o) > . (6.4)
Further, in the limit as 7 — 0,
or(z,0) := ;13% or(x,7) =1(x)f(z), wuniformly in x € R. (6.5)

6.2 Idea of the proof

The method we adopt here is similar to that used to prove the zero order Taylor series
in Chapter 5. There, as explained in Remark 5.12, we formally sent 7 to zero in the
PDE for ¢(x,t); then we solved the resulting ODE to obtain a formal initial function
o(z,0); after that we proved that this formal initial function was in fact the initial
function. The proof was accomplished by constructing upper and lower functions that

would force the implied volatility ¢ to converge to the desired formal initial function.
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This method for deriving implied volatility asymptotics originates from Berestycki et
al. [4].
Here we carry the idea of Berestycki et al. [4] a little further. First we will suppose

that the implied volatility ¢ admits a second order Taylor expansion
p(z,7) = I(x)(1+ f(x)7 + g(x)r* + O(77)), (6.6)

for some smooth function f and g. Next, we will differentiate with respect to 7 the
PDE for ¢, (5.86), to obtain the PDE for ¢.. Then we will formally send 7 to zero to
obtain an ODE for f. Having solved the ODE and found f, we will show that there

exist large constants A and small constants 1" such that
where the upper and lower functions  and ¢ are respectively defined by

I(z)(1 + f(z)T 4+ A7), (68)
I(z)(1 + f(z)T — A7), (z,7) € R x [0,T].

Once (6.7) is proved, Theorem 6.2 follows from it. In principle, we can continue this
process to derive the second order term g and so on. However, this conjecture needs a

proof, and we will not pursue it in our thesis.

Remark 6.3. It appears that Berestycki et al. [5] are the first authors using this
method to derive first order Taylor expansions in time for implied volatilities. In [5,
Equations (6.8)—(6.10)], they give a first order expansion for the implied volatility under
a two factor stochastic volatility model. However, they do not detail their derivation
or prove that the term O(7?) in their expansion was genuinely of second order. Nor
do they touch upon first order expansions for implied volatilities under local volatility
models. Here we verify that their method can be used to derive a first order Taylor

series in time for the implied volatility under the local volatility model (2.1).

6.3 Derivation of the first order term of the Taylor series

In this section we formally derive the first order term of the Taylor series for the implied
volatility . We assume that for some functions f,g : R — R and f,g € C%(R), the

implied volatility ¢ admits the Taylor expansion

p(a,7) = I(x)(1 + f(x)r + g(z)7* + O(7?)),
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where I(x) is defined by (6.3) and O = O(Vy). We also assume that || f]|,, [|g]l, < oo,
and
0,010(r%) = 819,0(7°) = O(7°7), i,j=0,1,2, i+j<3.

(Note that we impose these assumptions for the formal derivation only; they are not
used in the actual proofs.) Before formally using PDE (5.86) to solve for f, let us list
some properties of ¢ under the above assumptions. Suppressing the arguments x and

T, we have

=11+ fr+gr?+0O(7%))
pr = L1+ fT+ g7+ O(7°) + I(fom + go7° + O(77)),
Pre = Loa(1+ [T+ 972 + O(7%)) + 2L (for + o™ + O(7?)) + I(fraT + gaa™ + O(77)),
or = I(f + 297 + O(7%)),
orr = 1(29 + O(7)),
por = L(f 4297 + O(r%)) + I(fz + 29,7 + O(7%)),
Guar = Lo (f + 297 + O(1) + 2L, (fo + 2027 + O(12)) + I(fur + 20207 + O(72)).

)

Moreover, as 7 — 0,

o — 1,
ox — Iy,
e — Lza,
or — 1f,
orr — 2Ig,
Oor — Lo f + 1 fz,
Ooar = Loaf + 2L fo + 1 frs.

Recall from (5.86) that

2
1
2700, + ¢ — 0% (z) (1 -~ w%) — 0?(2) TP e + Zaz(x)TszsOi = 0. (6.9)
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Then differentiating both sides of this equation with respect to 7 gives

2007 + 2797 + 2TPprr + 200, — 207 <1 - x%) <—$w>
2 2 2
— 0 PPrx — 0 TOrPrx — 0 TPPrar

1 1 1
+50° 1%L + 50T P0r ) + S0 TP Pupar = 0.

2 2 2
Grouping the terms, we get
dppr + 20 + 2rpprr — 207 <1 - ;&) <—$%>
¥ 2
2 2 )
— 0 PPy — O TPrPzg — O TPPgar

1 1 1

+ 500G + SO TR 0pr e} + S0 T paprr = 0.

Letting 7 — 0, we have,

AITf +0+0— 207 <1 - xé) (_x(fxf—klfx)l— Ix[f>

T 12
— 021 —0—0+0+0+0=0.

That is

A% f — 20° (1 - xI—;> (—2fy) — 0° 11, = 0.

Rearranging the terms we get

212 11,

fx+x0'2 1—3:2 fZZ:E 1—3:£ ‘
I I
Since
[ 2
I? = o2 <1 — x7x> , (6.10)
the ODE can be simplified to
1 I, ol
42 === = . A1
Jat <3: 1 ) / 2z (6.11)

By the method of variation of the constant, a solution to this ODE is

o o\r 2[1: g o\r
f2) = — 1n< ;?;)()>:[(2)ln< (O)()>, (6.12)
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where the constant y/o(0) is necessary to ensure that f is nonsingular at = 0. Indeed,
if (Agp)—(A2) hold, then an application of the L’Hospital rule will show that

1 1

= 157(0)022(0) — 2(0) < oc. (6.13)

Hence by Lemma 5.13, || ]|, < const(V2). We will present more boundedness properties

of f in the next section.

Remark 6.4. Note that we have not claimed that f is the unique solution of ODE
(6.11). Yet, this will not affect the limit of ¢, (z,7) as 7 tends to zero, for, the limit
of ¢, (x,7) must be unique, or otherwise there would be a contradiction. See (6.42)

below.

6.4 Properties of the first order term of the Taylor series

In this section we study the properties of f as f constitutes part of the first order term

in the first order Taylor expansion for the implied volatility.

Lemma 6.5. Let (Ag)—(Ay4) hold. Then

Il fll; < const(Vit2), i=0,1,2. (6.14)

Proof. By straightforward differentiation, f, defined by (6.12), and its first two deriva-

tives can be written as

23} (2 o\r
f(x):I(2)1n< <o><>>,

x I(x)
_ DB(x) |woy(z) 20(z) o(0)o(z)
fa(z) = 2x30(x) [ I(x) B I(x) +2-4k (T)] ’
I*(z 2202 (x 6xo,.(x 220(2)0 0 (x 202 (x
fox(@) = 2:54;2()@ [_ 122}5)) - I(a:() ) (12)(95) o 12(23)) +8l(z)olz)

I(x) I(x) I(x)

10+ 121 ( 0(0)0(95)> | daou(z) <\/U(O)a(x)>] |
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An application of the L’Hospital rule then gives

L 5

F(0) = 50(0)042(0) = 5702(0),
Opze(0)o(0
f2(0) = %, (6.15)
1
f22(0) = 124052 (=504 + 1204035007 — 400,502 + 40202, + 360° 04022 »

where in the last identity the terms on the right hand side are evaluated at x = 0. Since
by (Ag)—(A4), o, I, and their derivatives are continuous, f, f, and f,, are continuous
in R. Partition R into [—1,1] and R\ [-1,1]. By (A¢)—(A4) and Lemma 5.13, o, I,
and their derivatives are bounded on R; in particular, o and I are are strictly positive.
Hence the supremum norms of f, f;, and f,, are bounded on each of the sets [—1, 1]
and R\ [—1,1]. This then gives (6.14). O

Conjecture 6.6. Let o be some positive constant such that 0 < 1/og < o(x) < oq for
all z € R. Assume o € C"2(R) and ||o||,, 5 < 00 forn=2,3,4,.... Then

Hsz < COHS‘U(”UHO Yo HU”H—2)7 1=0,1,2,...,n.

Remark 6.7. To derive an nth order Taylor series expansion in time for the implied
volatility under our model and method, we need ||f||,, to be bounded. Proving this
conjecture will help setting sufficient conditions on the local volatility o for the higher

order Taylor expansion.

6.5 Associated local volatilities: second order expansions

Recall from Section 5.6 that the associated local volatility functional X[-] is defined by

1/2
S (x,T) = (%) , (6.16)

where

G[Y] = (T¢°): = > + 211,
Uy

2
Hly] = (1 - :7> + T }%%pi,

for ¢p € C*Y(R x (0,T]). Recall also that Z[0,7] is the class of those functions ¢ €
C?*Y(R x (0,00)) for which X[t)](x,7) is well defined, continuous in R x [0,7], and

(6.17)
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satisfies there
0 < consty < X[Y](z,7) < consty < 00, (6.18)

and
lin% 7¢%(x,7) =0 uniformly in z € R. (6.19)
T
Assuming that the function ¢ € Z[0, 7] is regular enough, then a formal second order
Taylor expansion of the associated volatility 3[¢] is given by
2

S, ) = X[Yl(2,0) + 75 [¢](,0) + %ETT[T/J](%O) + Ra[y](z,7), (6.20)

where

Ralol(@,r) = 5 [ Smluliam) (- = o (6.21)

As already detailed in Section 5.6, suppressing the functional input ¢ and the arguments

z and 7, we have

1
Yz, ) = W(GTH — GH;). (6.22)
Further,
Srr 0], 7) = s [(GoH — GH, ), SH? — (GoH — GH,)(SH?),]
2%2H4 (6.23)
1 .
= om
where

Fl)(z,7) := (G;rH — GH,,)SH? — (G, H — GH,)(S,H*> + 25 HH,).  (6.24)
Differentiating once more with respect to 7 gives

1
) = oy (- X2HY — F(S2HY),]
2 H (6.25)

1
= W[F@%ﬂ — F(2Y%,H* + 4%2H3H,)),

Srrr [, T

where in more detail
FT[¢](£7 T) = (GTTTH + GTTHT - GTHTT - GHTTT)EHz

+2(Gr-H — GH,,)(S,H? + 25HH,) (6.26)
+ (G H — GH,) (S, H> + 4%, HH, 4+ 2XH? + 2 HH, ).
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Let us list some derivatives of G and H and express them in terms of ). Note that

some of them have already appeared in Section 5.6. For G, we have

Gly] = 4 + 2r¢¢r,
G ] = ddbibr + 2792 + 27, 627
Grrlt)] = 692 + 69prr + 6T071rr + 2700 rr, '
GTTT [1)[)] = 24¢T¢TT + 81)[)1)[)7'7'7 + 6’7’¢72_7. + 87—¢T¢TTT + 27—1[)1[)7'7'77—-
For H, we have
2
HW}] = <1 - x%) + TPy — 3721/}21/}9257
_ . Ty _‘Tl/}xr TP (6‘28)
Aol 2<1 w)( TR >
1 1 1
+ Vup + TV Y2 + TV grr — 57—71)27!)3 - §T2¢¢§¢T - §T2¢2¢x¢mm
and
H,-[{]
_ _$¢x7— TPy 2
- ( o T >
_ Ty _‘Tl/}xr'r 2257 _ 2$¢x¢3 xwapTT)
+2<1 w)( R TR

+ 20rten + 2haer + Trrtban + 2 rthaar + Tbaary — U — 20,

1 1 1 1
= 27" atur — STHTYL — 2T ey — ST — ST, — ST e
(6.29)
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Moreover,

Ho - [Y)(x,7)
= TYYparrr + 3TrrVuar — 3VV2r + Trrras — 32 Putbyr
2
16 <_x7/)m7 xwm¢7—> <_$7/)m7-7— + 2337;Z):ET¢T 2$¢w¢7— + xwm¢7—7>

R ” R e

- 371?3%% - 3Tw¢3;w'r7' - 3T¢2¢§T - 3Tw27/}xwx'r7' + 3T¢T¢x:c'r7'
Ty
2(1—
" ( v >

X <_ $¢ZET’TT + 3$¢ZET’T’IJZ)’T 6$¢ZET¢72' + 3$¢ZET’IJZ)’TT + 6$¢ZB¢§' _ 6$¢ZE¢T¢T’T + $¢::);1§’TTT>

(G P2 Y3 P2 (Ch Y3
+ 3¢TT¢J}J} + 61/}wa:07 + 31/}7/}90907'7 - 37-21/}1/}925er - 3T2wwxwﬂ'¢x7’ - 37-21/}1/}967/}7'7/}907'7
— 12799 hrthyr — 272%%%7 - 37—21/}72—1/}96wa - %Tzwwzwﬂ"r

3 1
- §T2w2wx7¢x'rr - 57-21/}21/}1‘wa7'7"

(6.30)

To construct upper and lower functions that bound the transformed implied volatility

v, we will use a subclass of Z[0,T] such that the ¢’s in this class are of the form
Y(x,7) = I(x)1 + f(z)7+ M2, (2,7) € R x[0,T], (6.31)

where I(x) and f(z) are respectively defined by (6.3) and (6.4), and \ is some fixed real
constant. Note that provided the positive constant 7" is sufficiently small, such ¢’s do
belong to Z[0,7T]. This fact follows from the definition of Z[0,T] — see the definition
above (5.56) — and from Corollary 6.9 and Proposition 6.10 below.

We will study the the second order Taylor expansion in time of the associated
volatility X[¢)] when 1 is given by (6.31).

Lemma 6.8. Let (Ag)—(A4) hold. Let A € R be fizred and (z,7) = I(z)(1 + f(x)T +
A72), for (z,7) € R x [0,T]. Then uniformly in x € R, as 7 — 0,

(6.32)
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and
12
2zl f, I?
H, — 11, =4—f,
W - -y =)
Hoof) — 20272 + 22 e g Al g+ 212 e — %1215, (6.33)
o
Hoprr )] — =612 f — 3I°I, fr — 122 f f7
I
- E (12xfm>\ - 12xf2fm) + 12[19090/\ + 6If(lmmf + ZImfm + Ifmm)a
and
] — o,
Sr[] — 0,
2 I2 2 I 1
Sl = o %A 43 2f - <x2f§ + 22 f fom 4 2 Lo f + 20 Lo fro + I? frp — —IZI§>] .
o o o 4
(6.34)

Proof. By assumption,

Y =I(1+ fr+ I?),
vy = I(f 4+ 2X1),
Urr = 21,
Yrrr =0,
Yo = L(1+ [T+ A7%) + L fur,
VYo = L(f +207) + I fo,
Yarr = 21,
Ygrrr = 0,
Yuw = Lo (1 + f7 + A7) + 2Ly fur + I fru,
Yaor = Lua(f + 277) 4 2L0 fo + 1 fra,
Yaprr = 2Laa ),
Yagrrr = 0.
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By the uniform bounds of (5.52), (5.53), and (6.14), we have, as 7 — 0,

b1,
by 1,
Yar — 20N,
)
Yy — Iy,
VYor = Lpf + 1fa,
Yurr — 21,
rrer =0,
Yoz — Lz,
Voor — Loaf + 20 fo + 1 fou,
Yaoarr — 2Lpa ),
Yoarrr =0,
uniformly in z € R. These uniform limits, together with (6.27)—(6.29), then imply

(6.32) and (6.33), where the equality in the limit for H-[¢] in (6.33) follows from the
fact that by (6.10) and (6.11),

2x T I
olp, 2 I,
= S I T
2z x ( T /
= 021” — gf_
x ro

So we have proved (6.32) and (6.33).
To prove (6.34), we combine (6.32), (6.33), (6.4), and (5.48), to obtain X[¢)] — o,

which is uniform in x € R. In turn, this shows that
S H2[] - 1*/o%, (6.35)

On the other hand, by (6.32) and (6.33), we have G, [¢|H[¢|-G[Y|H[¢)] — 0asT — 0,
uniformly in z € R. Hence, by (6.22), we have ¥.[¢)] — 0 as 7 — 0, uniformly in z € R.
Then, applying the uniform limits obtained so far to (6.23) will yield the uniform limit
for ¥,;[¢] in (6.34). The proof is thus complete. O

Corollary 6.9. Let (Ag)—(Ay) hold. Let X\ € R be fized and p(z,7) = I[(z)(1+ f(z)7+
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A72), for (z,7) € Rx [0,T]. Then there exists T = Ti(\,Vy), such that for all T < T,
0 < consty; < ¢(z,7), GY|(x, ), H{Y)(x, T), E[¢](x,T) < consty < o0, (6.36)

uniformly on R x [0,T], and that

{ 07050 (. 7)| |0, G (2, 7)] L | 0L H Y (2, 7)), |05 2] (2, 7)) }
sup < constg,
(z,7)ERX[0,T) 1=0,1,2,3, 57=0,1,2

(6.37)
where const,, t = 1,2,3, depend on T1, A\, and V, only.

Proof. The existence of such a T, follows from the uniform limits in Lemma 6.8 and
the uniform bounds for o, I, f, and their derivatives, which are given by (Ag)—(Ay),
Lemma 5.13, and Lemma 6.5. ]

Recall from (6.34) that

E[Y)(z,0) = o,
[ (,0) =0,
2 2 12
Y (x,0) =0 [%/\4- %

< 22 4 2a;ffx + U L f + 201y fo + I frow — —1212”

Then we have the following proposition for second order Taylor expansion of X[t)].

Proposition 6.10. Let (Ag)—(A4) hold. Let X € R be fizred and ¢(z,7) = I(z)(1 +
f(x)T + A72), for (z,7) € R x [0,T]. Then there exists T, = T,()\, V2) such that the

associated local volatility X[ admits the second order Taylor expansion
2
R, 7) = o(x) + 5B [0](2, 0) + Ro[Y](z, 7) (6.38)
in R x [0,Ty], where R[] is defined by (6.21) and

Ro[Y)(z,7) = O(r3), asT — 0, (6.39)

with O = O(Ty, A, Vs).
Proof. The second order Taylor expansion results from substituting X[¢](z,0), X, [¢](x,0),
Y7 [](2,0), and X, [¥](z,n) into the formal expansion (6.20)-(6.30). For some

T, = Ti(\, Vy), this second order expansion is valid by Lemma 6.8 and Corollary 6.9.
In particular, (6.37) implies that Ry[¢](z,7) = O(73), with O = O(T}, \, Vy). O
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6.6 Upper and lower solutions and their corresponding

associated volatilities

Let A\ be some strictly positive constant and define

(2,7) = 1(2) (1 + f@)r + A2)),

(z,7) = I(x) (1 4 fla)r — AT2>‘ (6.40)

2
p

Proposition 6.11. Let (2.1), (Ag)(A4) hold. Let @ and @ be defined as in (6.40).
Then there exist positive constants X\ = A(Vy) and T = T'(\, V4) such that

Yel(z, 1) < o(z) < X[@|(x,7), V(x,7)€Rx[0,T].

Proof. We will prove the second inequality first. By Proposition 6.10, X[@|(z,7) has

the second order expansion

72 -
Sl ) = o) [1+ GG 1) + UG
in R x [0, Tp], for some Ty = Tp(A, V4). Here

A()\7O-7I7f)
_ 612 3I% 2 (

?)\‘1‘ 0_2

I 1

By (Ag)—(A4), Lemma 5.13, and Lemma 6.5, the functions o, I, f, and their derivatives
are uniformly bounded. So for sufficiently large A\; = A1 (Vs4), we have A(A\y(V4), 0,1, f) >
4, uniformly for all z € R. On the other hand, Corollary 6.9 shows that 3., [@](z, 7)
is uniformly bounded on R x [0, Tp], and hence we can find a 71 = T1(A1,Vy) < Tp such
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that
R[7](x,7) _
- <
AL < Rl
1 T
=wlg [ {Spliem) (=0 dn
V . T
< EO < sup |ETTT[¢]($77)|) / (7_ _77)2 d77
(@,7)ERX[0,T1] 0
< sup (S [P, 7)] | 7
6 \ (z,r)erx[0,T1]
< sup  |Srre ) (2, 7)| | Tir?
6 \ (z,r)erx[0,T1]
STZ.

For such a large positive Ay = A1(Vy) and small positive 77 = T1 (A1, V4), we have
2[@1](*”577—) > 0'(33)(1 + 27’2 — T2) > o’(g;)

for all (x,7) € R x [0, T1], where @, (2, 7) = I(z)(1+ f(x)T 4+ A\17%). Now replace \ with
—A in the analysis above, we can similarly find large positive Ay = Aa(Vy) and small
positive Ty = T5( A2, V) such that

E[£2](33,T) <o(z)(1l - 212 + 7‘2) < o(x)

for all (z,7) € Rx [0, T3], where ¢, (z,7) = I(z)(1+ f(2)T — A272). Finally, the desired
A and T can be obtained by setting A = max(A1, A\2) and 7' = min(71,75). In fact, any

larger A and smaller T" will work. O

6.7 Proof of the main theorems of the chapter

Here we will present the proofs of Theorems 6.2 and 6.1.

Proof of Theorem 6.2. Let @ and ¢ be defined as in (6.40). Then by Proposition 6.11,
there exist A = A(Vy) and T' = T'(\, V) such that

Y|z, 1) <o(z) < X[@|(x,7), V(z,7)€Rx]0,T].
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By the comparison principle, Lemma 5.22, we have

oz, 7) <oz, 7) <P(z,7), V(x,7) €Rx(0,T]. (6.41)

This shows that as 7 — 0,
p(z,7) = I(x)(1 + f(z)T +O(7?)),
with O = O(V,). It remains to prove the convergence of ¢, (z, 7). By (6.41),

g(:E’T) B (70(3"’0) < 90(:1777—) - 90(:1770) < @(l‘ﬂ—) - (10(3;’0)

T T T

for all (z,7) € R x (0,T]. Since p(x,0) = I(x), taking the limit yields
lim0 or(z,7) = I(x)f(z), uniformly in z € R. (6.42)

The proof is thus complete. [l

Proof of Theorem 6.1. The conclusion of the theorem is a consequence of Theorem 6.2
and the identity ¢(s,7) = ¢(z(s),7), where z = In(s/k). O



Chapter 7

At the money gradient

asymptotics

In this chapter we employ probabilistic methods to prove a small time limit for the at
the money (ATM) gradient of the implied volatility. Central to the proof is a gradient
representation formula of Fournie et al. [29, Proposition 3.2] for call option price, which
is a variant of the Bismut—Elworthy formula.

We repeat that the asymptotic formula obtained here for the ATM gradient of
implied volatility is not new, although it is independently obtained by us under weaker
conditions. Assuming different, and in some sense stronger regularity conditions, Alos
et al. [1, Theorem 6.3] have proved (7.1) for more general stochastic volatility models
with jumps.

This chapter is organised as follows. In Section 7.1, we state the main result of
this chapter. In Section 7.2, we explain the idea behind the proof. In Section 7.3, we
derive a representation for the ATM gradient of the implied volatility. In Sections 7.4
and 7.5, we present a stochastic formula for and study the small time asymptotics of
the gradient of the call option price. In Section 7.6, we prove the main theorem of the

chapter.

7.1 Main result: the ATM theorem

The following theorem represents the main result of this chapter.

Theorem 7.1 (At the money gradient asymptotic). Let (2.1), (Ag)—(A2) hold. Then

1%{¢S(s,7)yszk} = lim 6, (k,7) = v/(k)/2. (7.1)

69
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The proof of this theorem is given in the last section of this chapter.

7.2 Idea of the proof

We will show that

%: <aa_f_aa_f>/<g_§>, (5,7) € (0,00) x (0,.

After that, we will use a variant of the Bismut—Elworthy formula to break the difference
in the numerator into smaller parts so that the fraction would converge to the desired
limit.

For ease of notation, we put

The stock process can be written as
dSy = h(Sy)dW,, Sy >0, 0<t<T <. (7.3)

Let 7 =T —t and assume S; = s > 0. Then by the time homogeneity of the Markov
process, (SffT) and the process (S5°) have the same distribution, where in integral

form

t+7
Syl = s+/ h(SSY) dW,.,
r (7.4)
S50 — 5 4 / h(S50) dW,.,
0

with (W, ) being a standard Wiener process with respect to the probability space
(2, F,F,P). Hence we will use (S,), where S, = 5, in the derivation of the asymp-
totic formula for the ATM gradient of the implied volatility.

7.3 Representation for ATM gradient of implied volatility

Proposition 7.2. Let (2.1), (Ag)—(A2) hold. Then as T — 0,

99(s,7)|  _ v2m (9C(s,7) 1 w(k)yT
05 | RVT ( ds |, 2 2v2r + 0(7'3/2)> , (7.5)

where O = O(k,Vs) and the convergence is uniform in k on compact subsets of (0,00).
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Proof. By (4.12) and (5.1),
C(s,7)=B(s,1;0(s,7)), (s,7) € (0,00) x [0,T]. (7.6)

Differentiating with respect to s gives

oC(s,7) _ 0B(s,7;9) N 0B(s,7:¢)  9¢(s,7)
ds 0s 1J0) os '

(s,7) € (0,00) x (0, T]. (7.7)
With the arguments suppressed, this implies

% _ (%_f _2_13)/ <g—§>, (5,7) € (0,00) x (0,T]. (7.8)

At s = k, the small time asymptotics of 0B/0¢ and 0B/Js can be obtained as follows.
By (4.11)

04(k,7) :=01(s, 73 0(5,7)) T VTo(k,T)/2. (7.9)
Hence by (4.11) and (4.20),
OB(s,7;¢(s,7)) — sn(oy)VF
00 - / - (7.10)
_ _Te—T¢2(k7T)/8 T 00 .
= , (k7)) €(0,00) x [0,T]

On the other hand, (4.18) gives 0B/0s = N(91). So by a second order Taylor expansion

of N(-) about 0 and the Lagrange formula for the remainder, we obtain, as 7 — 0,

0B(s,T; ¢)

Js

(0) + N'(0)2g(k, ) + 5 N"(0)23 (k,7) + O (0, 7))

ok, 7)V/T
=g n(0) + O(3/%) (7.11)

VT kr) + O
+ 5tk ) + 0 37%)

+ VT (¢°(k) + O(1)) + O(%/?)

+

¢° (k) + O(r/2),

_|_

where O = O(k,Vs). The third and the penultimate equalities are both justified by
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Theorem 5.1, which gives ¢(s,7) = ¢°(s) + O(7), with O = O(V;). In particular,

Theorem 5.1 implies that o4(k,7) = O(7'/2), O = O(k, V), and this order property

justifies the Taylor expansion of N(9;). Now noting that ¢°(k) = v(k), we get
OB(s,s¢)|  _ 1 vlk)vT

83 s=k 2 2\/%

Finally, the conclusion of the proposition follows from (7.8), (7.10), (7.12), and the fact
that 7¢?(k,7) — 0 as 7 — 0. O

+ O(r3?). (7.12)

7.4 Formula for gradient of call option price

In view of the representation for the ATM gradient of implied volatility, to prove
Theorem 7.1 it remains to show that in (7.5) the small-time asymptotic properties
of %—g] s=k do lead to the desired result. Note that the gradient or space derivative of
the call option price is also called the delta of the call option. We now present a variant
of the Bismut—Elworthy formula for the delta, which we shall call the delta formula for

short. This formula was originally derived by Fournie et al. [29].

Proposition 7.3 (Delta formula). Let (2.1), (Ag)—(A1) hold. Then

80({(;,7) — [(ST — k)+% /OT h(YSTr) dWr} . (s,7) €(0,00) x [0,T], (7.13)

where the first variation process (Y7) is given by

Y, =1 +/ Y, (S,) dW,. (7.14)
0

Proof. A proof for the well-definedness of the first variation process (Y;) can be found
in e.g. Protter [68, Theorem 49, p. 320]. Then (7.13) follows from Proposition 3.2 of
Fournie et al. [29], noting that their proof can be applied here under the assumptions
(2.1) and (Ag)—(Ay), instead of their Assumption 3.1. O

Remark 7.4. Let (2.1), (Ag)—(A1) hold. Define (v,) to be
Yr :/0 n'(S,) dW,, T€]0,T].

Then (v,) is a continuous P-martingale with vy = 0; see e.g. Friedman [32, Theorem



7.4. FORMULA FOR GRADIENT OF CALL OPTION PRICE 73

3.1, p. 67]. Further, by Doléans’ theorem, (Y;) is the exponential martingale given by

Y, = exp (% - % (’Y>T> ; (7.15)

where (), denotes the quadratic variation of (v,). See Rogers and Williams [71,
Theorem 37.1, p. 75] or Protter [68, p. 321].

We now present some useful bounds for (X;) and (Y;) and the associated Wiener

integral used in the delta formula.

Lemma 7.5. Let (2.1), (Ao)—(A1) hold. Then for 1 <p < oo,

(1)
E, [S;p] < const(s, Vo, T, p), T €1[0,T7; (7.16)
(ii)
Es [Y?] < const(s, V1,T,p), T€10,7T); (7.17)
(iii)
T Y}p
Eg [/0 (S dr} < const (s, V1,T,p) X T, T €[0,7). (7.18)

Proof. We will follow Protter [68, pp. 314-315] to prove properties (i) and (ii). Let

1972/ V(S,) dIW,.
0

Then assumption (Ag) ensures that () is a continuous P-martingale that is null at
7 = 0; see e.g. Friedman [32, Theorem 3.1, p. 67]. Further (Ag) implies that

sup [(9),| < 13T, P-as. (7.19)
T7€[0,T
Hence
1 -p
E, [S;p] = E, {s exp (197— b <19>T>}
=E L exp | —pYr + 1p () (7.20)
® | sp T2 T

1 1 .
< exp <§pV§T> E; [exp (p9)],

where U7 = sup,¢(o- [Jr|. Since (J;) is a continuous martingale, ¥, = WW), is a

standard Wiener process on a different filtration; see e.g. Protter [68, Theorem 42, p.
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88]. Taking into account (7.19), we have
05 <905 = Wer.

This shows E; [exp(pd?)] < Eq [exp(pWV*QT)]. Applying the reflection principle (see e.g.
0
Protter [68, Theorem 33, p. 23]), we have

2 o (073)] =22, oo o)

(7.21)
= 2exp (p21/§T/2) .

Combining (7.20) and (7.21) then gives property (i). Noting that (Y7 ) is the exponential
martingale given by (7.15), property (ii) can be similarly proved. For property (iii), we
have

T }/TP T Y'Tp
E, = E, [
[0 W (5,) dr] [0 ST (S,) dr}

TYp
:VgIES[O S—}dr]

T P
:I/g/ E, [%} dr
0 r
[ ) (B )
0

< const(s, V1,T,p) X T,

IN
>

where in the second equality we use (Ag); in the third equality, the Fubini theorem; in
the first inequality, the Cauchy—Schwarz inequality; and in the last inequality, properties
(7.16) and (7.17). And the proof is complete. O

7.5 Small time asymptotics of the delta

By Proposition 7.3, the delta formula, and by adding and subtracting the term {(ST —
$)+ W/ (Th(s)) }, we can write the ATM delta as

oC(s, )

s . =L(k,7)+ I2(k, 1), (7.22)
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where
Li(s,7) = E, [(ST - s)é/OT (h(};:r) - %) dw,l , (7.23)
Iy(s, ™) = E, [(ST _ s)+%] . (7.24)

We now study the small-time asymptotics of I; and Is.

Small time asymptotic of [;

For I, we have the following lemma.

Lemma 7.6. Let (2.1), (Ag)—(Az) hold. Then uniformly in s on compact subsets of
(0,00).

Li(s,7) = O(r), as T — 0, (7.25)
where O = O(s, Vo, T).
Proof. Let
oy
\I’(y,l') - SV(S)
Then
v 1
oy sv(s)’
ov 1 N V'(s)
as 7 s2v(s)  sv3(s))’
0*W R A C)
oyds  s2u(s) svi(s)’
v
- -,
y?
Pv_ (2 2w | 2006)° V()
0s2 7\ s3u(s)  s202(s) sv3(s) sv2(s) |-
Note that v/(s) = dv(s)/ds. By Itd’s formula,
Y, 1 [0 " ow
ES) — @ =/ a—y(Yp,Sp) dY, + ; %(YP,SP) ds,
1 ("W T 0%

t3 ; 552 Yp: 5p) d(S), + ; 3795 (YerSp) A Y, X), .
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Simplifying the terms gives

Y, 1 "
WS hls) :/0 9p dp, (7.26)
9= =Y, (V(S5) + S,/(5,)/2). (7.27)

Hence, by the Cauchy-Schwarz inequality and the definition of Iy, (7.23), we get

| ([ [ aoam:) ] (7.28)

E, [(Sr — 8)2] < const(s) x T; (7.29)

1
‘[12(377—) < EES[(S - S

It is well known that

see e.g. Friedman [32, Theorem 2.3, p. 107]. So it remains to get the desired bound

for the second expectation.

Using firstly [t6’s formula and then the fact that

‘/ 9p dp‘ / lgp| dp <7 sup}\gp!

we obtain

([ fman)] -2 ([ ([os)'s

2
< E; /7’2 sup |gp| dr
0 p€E(0,r]
- 2
:/ r’E, <sup ]gp‘> dr (7.30)
0 pE(0,r]
2 T
<E, || sup |g| / r? dr
rel0,7] 0

3 2
.
= gEs (SUP |9r|)
re0,7]

We will show that the expectation involving g, is bounded, whereby the use of the It6

isometry and the Fubini theorem in the first and third steps above are justified. By
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(Ao)—(A2),
Y, S2u1"(S,)
l9,] = S_Z X |Sp/(Sp) +
= const(V2) |Y,/S,] .
As a result,

2 2
E, < sup \gr\> < const(Vy) x Eg ( sup ]Y}/SH)

TE[O,T] 7‘6[0,7’}
. 2 2
< const(Va) x Eg sup |Y;| sup [1/S,]
7‘6[077} TE[O,T]

4 41y 1/2
< const(Vs) x ¢ Eg sup |Y;| Eq sup |1/S,] )

TE[O,T] 7‘6[0,7’}
(7.31)

where in the last step we have used the Cauchy—Schwarz inequality. Recall from (7.15)
that (Y;) is a continuous P-martingale. Applying firstly the martingale moment in-
equalities, see e.g. Karatzas and Shreve [53, Proposition 3.26, p. 163], and secondly
Lemma 7.5, we obtain for all 7 € [0, 77,

4
Es sup |Y;| < const(2) x Eg [(Y}i]
re0,7]

< const(2) x E [‘Yfﬂ (7.32)

< const(s, V1,7, 4),
where const(2) and const(s, V;,T,4) are respectively constants depending on the num-
ber 2, and on s, Vi, T, and the number 4. Similarly, we can rewrite (1/.5,) as a product

of a martingale and a bounded process and apply the martingale inequalities to bound

the expectation involving (1/S,). Rewrite (1/S;) as

571 = {sew (9. - 30, }_1

= MTNT7
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where

Ny = —exp({9),).

Note that (M) is a martingale; see e.g. Rogers and Williams [71, Theorem 37.8, p.
77]. On the other hand, by (7.19) and the definition of (N;), we have for all 7 € [0,T7],

0 <1/s < N; <const(s,Vy,T), P-as. (7.33)

Hence, for all 7 € [0,7],

rel0,7] rel0,7]

4
Es (Sup |1/Sr|> = Eq (Sup |MN|

r€[0,7]
< const(s, Vo, T,2) x Eg
< const(s, Vo, T, 2) x E, || M| }
1S7INY }
< const(s, Vo, T, 2) x {Es [!Sﬁl\ ]} {Es UNT_I‘S]}W

< const (s, Vo, T,2) x {Es “57_1‘8] }1/2

= const(s, Vo, T,2) x E

< const(s, Vy,T') x Eg ( sup |M, |>
o)
[
|

= const (s, Vo, T,2) X {Es [57_8]}1/2

< const (s, Vo, T, 8),
(7.34)

where the first inequality results from (7.33); the second and third inequalities from
the martingale inequalities; the forth inequality from the Cauchy—Schwarz inequality;

and the last inequality from Lemma 7.5. Now combining (7.31), (7.32) and (7.34) gives

2
E, (sup ]gr]> < const(s, V1, T, 8). (7.35)
re0,7]
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This inequality, together with (7.28), (7.29) and (7.30), implies that for all 7 € [0, 7],
1
(s, 7) < — X T X 7 x const(s, V1, T,8) = 72 x const(s, V1, T, 8).
T

And the proof is complete. O

Small-time asymptotic of I

It is a little more involved to derive the small-time asymptotic of Is. We shall need a
preliminary lemma.

Let Z be a standard normal random variable, i.e. Z ~ N(0,1). Recall that h(s) =
sv(s) and h'(s) = v(s) + sv//(s). Define for any s € (0, 00),

H(s,7):=E [(Z + \/77_—}1’(8)(22 - 1)> Z} : (7.36)
+
Then we have the following lemma.

Lemma 7.7. For any (s,7) € (0,00) x [0,T], the following is true:

(i) if W' (s) =0, then
H(s,T)=1/2 V7el0,T]; (7.37)

(ii) if W' (s) # 0, then as T — 0,

H(s,7) = % + %h'(s) + O(7), O =0(s, W, T). (7.38)

Proof. Case (i) h'(s) =0. In this case as Z ~ N(0,1), (7.36) implies
H(s,7)=E[Z;Z]=1/2, VT€][0,T]

Case (ii) h/(s) # 0. There are two subcases: (a) h'(s) > 0, and (b) h'(s) < 0.
For ease of exposition we will in what follows often suppress the arguments of the
functions, e.g. writing b’ for h/(s). In both subcases (a) and (b), we will let z1(s, 7)
and 23(s, ) be the roots of the quadratic polynomial ¢(z) = z + /7h/(2? — 1) /2, i.e.

—1—/1+7(h'(s))? 2o, 7) = —14/1+7(h'(s))?
ST (%) P VTH (s) '

Subcase (ii)(a) h'(s) > 0. Here 21 < 22, and with s fixed, z; 2 has the following

z1(s,7) =
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properties as 7 — 0:

{Zl \ —00, {87"31 / 400, {872—'21 \« —00, {873—'21 / 400, (739)

22\, 0, Orz0 /0, Pz \, —00, Bz /' +o0.

Also, with s fixed, as a function of 7 = /7, 212 has the following properties when
R'(s) >0 and 7 — O0:

{21 \, —00, {&zl /" 400, {8%21 N\, —00, {8?21 /" 400,

2\, 0, Brzg — W' /2, 8225\, 0, O3z — —3(h)3 /4.
(7.40)

By (7.36) and explicit integration we have

H(S,7) = /Z1 <z + \/zh,(f — 1)> z\/12_e_22/2 dz

o T

()

i () 3 [ o)

= fl(svT) +91(377')7

where erf(-) denotes the error function, and f; and g; denote respectively the terms
inside the first and second set of braces. Then coupled with (7.40), a Taylor expansion

of fi(s,7) in /7 about 0 gives, as 7 — 0,

1V
2 227

fi(s,7) = + O(7),

where O = O(s, Vs, T). Similarly, by a Taylor expansion of (e=%2/2 —e~#1/2) in 7 about
0, the L’Hopital rule, and (7.39), we get, as 7 — 0,

Th' Th'
nisr) = Y2 (14 0(r) = Y 1 0(r),
where O = O(s,V,,T).
Hence, when h/(s) > 0,
H(s,7) = \/_h/ + O(7).

2\/ 2T

Subcase (ii)(b) h'(s) < 0. Here 23 < 21, and with s fixed, z; 2 has the following



7.5. SMALL TIME ASYMPTOTICS OF THE DELTA 81

properties as 7 — O:

{z1 /400, {8TZ1 N, —o0, {5321 /400, {5321 \, —o0, (7.41)

zo /0, Orzo \, 0, 022y /" 400, D329\, —o0.

Also, with s fixed, as a function of 7 = /7, 212 has the following properties when
h'(s) < 0 and 7 — O:

{zl /" 400, {Z?Tzl N\, —00, {Zﬁzl /" 400, {8221 \, —00,

22 / 07 8‘7'22 - h,/27 8222 / 07 8222 - _3(h,)3/4
(7.42)

By (7.36) and explicit integration we have

Z1 /
H(S,T):/ <z—|—\/7_—h (2 —1)>z ! e 22 4z
22

2 N |
i) 3 [ o)
= fa(s,7) + g2(s,7),

where fy and go denote respectively the terms inside the first and second set of braces.
Then coupled with (7.42) and with s fixed, a Taylor expansion of f(s,7) in /7 about

0 gives, as 7 — 0,

o) = 5 = S +0(r),

where O = O(s, Vs, T). Similarly, by a Taylor expansion of (e‘zé/2 — e_Z%/2) in 7 about
0, the L’Hopital rule, and (7.41), we get, as 7 — 0,

_\/7_']1, \/_h/
g2(s,7) = m(HO( 7)) = Nor +O(7),

where O = O(s, Vs, T). Hence, when h/(s) < 0, we again have

L VTR
H{s, +0 7.43
(5.7) = 5 + L= +0(0). (7.43)
Therefore, (7.43) holds whenever h'(s) # 0, and this completes the proof. O

We will need the following lemma.

Lemma 7.8. Let (2.1), (Ag)—(Az) hold. Then uniformly in s on compact subsets of
(0,00),
Iy(s,7) = H(s,7) 4 o(r/?), as T — 0. (7.44)
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Proof. By (7.4), we have

- R, Kh(s)% g M CCORO) dWr>+ %] (7.45)

where in the last equality we have used (W;/\/T) L7 ~N (0,1). In this thesis, the
symbol 4 means equality in distribution or law. Then by the definition of h(-), and by

1t6’s formula, we have

3im o= [ (n5) = i) aw,
_ L /0 ' /0 "W (S,)A(S,) dedWrJr# /0 ' /0 WS, )RA(S,) dpdi,
_ LT /0 ' /0 " (s)s0(s) dedWr—i—# /0 ' /0 WS, RA(S,) dpdw,  (7-46)

L1 /OT "(h,(sp)h(Sp)—h’(s)h(s)> AW, dW,

o

where J;, i = 1,2, 3, denotes the ith integral term in the penultimate equality. We will
show that the properties of the J;’s give the desired result. We will check J; first. Since

T T 1
/ / AW, dW, = (W2 — 1),
o Jo 2

we have

T, ( LA )
Ji="—=—h(s)hs)||—=] —1
L2 <\/F> (7.47)
VT
2

Next, we will check Jo. As in (7.30), we apply the It6 isometry and the Fubini theorem
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to get

[(froworsfs]

2
1 73
< — x —Eq sup |h'(S,)h3(S,)
4r 3 |:<r6[0 7] ‘ ‘

< 7% x const(s, V1, T, 2),

where the bound const(s, V1, T, 2) is similarly obtained as the bound in (7.35). Lastly,
we will check J3. Let

Cp =N (Sp)h(S,) — 1 (s)h(s),

1/2
(;,T = < sup Eg [Cp]) .

p€El0,7]

Since (S,) is a continuous process and v € C2, we have (¥ =9, 0. Then the It6
T

[ o
e | [ ([ am) o
(o) ]
L[]

isometry and the Fubini theorem will give

E, |13/

(7.49)

/ / Cp dpdr
SL/ / dpdr
T o Jo

= (¢5,)%7/2.

We now combine the small time asymptotics of the J;’s to show the desired result. By
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(7.45), (7.46), and (7.47) we can write I5 as

3
I(s,7) = %Es {(h(s)z+;3i>+zl .

Then by the definition of H (s, 7),

IN

<

= ‘[2(377—) - H(Sﬂ—)‘

Iy = oy B [(h(s)z+31)+zH

% E, {((h(s)Z—i—Zg:sz) - (h(s)Z+31)+) Z]

i=1 +

%Es ((h(s)Z+23:JZ (h(s)Z+J1)+) Z}
L =1/

%Es <h(s)Z+§:3i) — ((8)Z +31) Z]
i i=1 +

%Es _‘(h(s)Z—i—gﬁi) — (h(s)Z +31)| 12|

7 Eel92+ 3l 12

7 (B3l 121+ E.[13:12])

1 72 1/2 £ 172 1/2 5 [122 1/2
s (e i)™ (e [12]) " + (o [la]) ™ (e [120)) ™)
i (E: [er]) "+ (. o)) ™)

% (7‘ x const(s, Vq,T,2) + %) ,

where the fifth step follows from the inequality |z — y4| < |z — y|; the second last step

T—0

from the fact that E,[|Z|*] = 1; the last step from (7.48) and (7.49). Since Cr—0,
we have d/\/T 9, 0, namely, I5(s,7) = H(s,7) 4 o(7!/?) as required. O

Summarizing (7.22)—(7.25) and (7.44), we have the following proposition:

Proposition 7.9. Let (2.1), (Ag)—(Az2) hold. Then uniform in k on compact subsets
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of (0,00), we have, as T — 0,

aC (s, )

5 = H(k,7) 4 O(7) + o(r'/?), (7.50)
S s=k

where O = O(k, V2, T).

7.6 Proof of the ATM theorem

We are now ready to prove Theorem 7.1.

Proof of Theorem 7.1. By (7.5) and (7.50), we have, as 7 — 0,

where O = O(k, Vs, T). Then according to Lemma 7.7, there are two cases to check.
Case (i) //(k) = 0. In this case, recalling from (7.2) that h(s) = sv(s), we get
W(k)=vk)+k/(k)=0 = v(k)/k=-V(k).

Further, (7.37) gives H(k,7) = 1/2. Hence

(s, 7)|  _  v(k)
s |, " 2k TOU o)
= @ +0(r?) +0(1)
V' (k)
— 5 as T — 0.

Case (ii) h'(k) # 0. From (7.51) and (7.38), and again recalling from (7.2) that
h(s) = sv(s), we get

0o (s, T) V' (k)
0s  |o_p 2

As the convergence in both cases is uniform on compact subsets of (0, 00) x [0, 77,

the conclusion of the theorem is proved. O



Chapter 8

Small time asymptotics of
gradient and Hessian of implied

volatilities

In this chapter we will derive a small time asymptotic formula for the gradient of the
implied volatility. This formula holds regardless whether the option is at the money.
Playing a key role in the derivation is a series representation formula for solutions
of second order parabolic equations. Coupled with the PDE characterization of the
implied volatility, this gradient asymptotic result also brings forth some asymptotics of
the Hessian of the implied volatility.

This chapter is organised as follows. In Section 8.1, we present the main results of
the chapter. In Section 8.2, we lay out the ideas behind the proofs. In Section 8.3, we
recall some facts about fundamental solutions for second order linear parabolic PDEs.
In Sections 8.4 and 8.5, we derive representation formulas for the call option price and
the gradient of the implied volatility. In Section 8.6, we prove some auxiliary limits.
After stating a technical theorem in Section 8.7, we will prove the main result of the

chapter in Section 8.8.

8.1 Main results of the chapter

Recall that under the conditions of Theorem 5.25 or 6.2, the implied volatility ¢(s,7)

tends to the initial function ¢°(s) as 7 goes to zero, where from (1.12),

dz

w(2)

s -1
#°(s) = ¢°(s; k) = [In(s/k)] (/k > , 8,k e (0,00). (8.1)

86
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This gives, for s € (0, 00),

oy ) [P
9s(s) = sln(s/k)  sv(s)In(s/k)’
0 s 9 0
0=~ T 52
2[6°(s))* LAC) R ACICEO)

+ s22(s)[In(s/k)]? + s2v(s)In(s/k)  sv2(s)In(s/k)
Bearing in mind these formulas, we are ready to state the main result of this chapter.

Theorem 8.1 (Gradient and Hessian asymptotics for ¢). Let (2.1), (Ag)—(A4) hold.
Then the implied volatility ¢ has the following properties:

(i) For each s € (0,00),
lim (s, 7) = ¢(s)- (8.3)

(ii) For each k € (0,00),

lim as (k, 7) = ¢, (k) = - - : (8:4)

(i1i) For every s € (0,00),
lin% Toss(s,7) = 0. (8.5)

Instead of proving Theorem 8.1 directly in the (s,7) coordinates, we shall prove
an equivalent theorem in the (x,7) coordinates. Recall that the (transformed) initial

implied volatility function [ is defined by

I(m):x</0x%>_l, TER, (8.6)
and
-1
r O (8.7)

217 N 21 o 1%
20 202 xo?’

I:c:c:_

see (5.7) and (5.49). Recall also that = In(s/k); so “at the money” means s = k and
x = 0, and vice versa.

The following theorem is equivalent to Theorem 8.1. We will omit the proof of
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the equivalence of Theorems 8.1 and 8.2 as it is a direct consequence of the change of

variables x = In(s/k).

Theorem 8.2 (Gradient and Hessian asymptotics for ¢). Let (2.1), (Ag)—(A4) hold.
Then the (transformed) implied volatility ¢(x,T) possesses the following properties:

(i) For each z € R,
lim0 or(z,7) = L;(2). (8.8)

(ii) When x =0,

lim0 0z2(0,7) = I,(0) =

(iii) For every x € R,
lirrb TYze(x,7) = 0. (8.10)

Remark 8.3. Property (i) is the core result of the theorem; properties (ii) and (iii)

are simple consequences of it.

Remark 8.4 (Warning). In this chapter, (2.1), (Ag)—(A4) are always assumed to hold.
So by Theorem 5.25 or 6.2, 7p?(x,7) — 0 as 7 — 0 for all # € R. In the rest of this
chapter this zero limit of 7¢? will be repeatedly used in the proofs, as if it is a fact and

mostly without explicit reference to Theorem 5.25 or 6.2.

8.2 Ideas of the proofs

As we shall prove Theorem 8.2 only, we will from now on switch to the (z, 7) coordinates.
By Remark 8.3, we shall only outline our plan for the proof of property (i), the small
time limit for the gradient ¢,.

By Lemma 5.5 and Theorem 5.25, the (transformed) implied volatility ¢ belongs
to C*1(R x [0,7T]) and satisfies

v(z,7) = B(z,7;0(x, 7)), V(z,7)€ R x[0,T], (8.11)

where B is the Black—Scholes formula defined by (5.18) and v is the call option price
satisfying (5.29). Implicit differentiation of (8.11) and rearrangement of the derivatives

would show
0r = (vy — By)/By, (z,7) € Rx (0,T].
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By (5.35) and (5.37),
B, = €¢"N(dy),

Bsp = \/?n(dg) =

\/F e—mz/(ZTgoz)em/2e—Tg02/8.
V2T

Hence explicitly ¢, can be written as

ng ——(vz — Bz)

V27 :r: /(2192) :(:/2e'r<p2/8 e
\/F

If (2.1), (Ag)—(A4) hold, then by Theorem 5.25 or 6.2, 7¢?(x,7) — 0 as 7 — 0. This

implies that when x # 0, the coefficient outside the parentheses grows exponentially to
1/2

(8.12)
— N(dy)|, (z,7)€Rx(0,T).

positive infinity as 7 tends to zero, and when x = 0, the coefficient grows like 7~

-1/2

To cancel out the exponential or the 7 growth, we will decompose the difference

inside the square brackets into equally fast decaying terms as follows.

By (5.19), we can decompose N(d;) into two terms:

N m/ T

x T TY)+TP/2
_ / /(VT) 2 4 1 /(VTO)+VTe/ /2 4, (8.13)
V2 2/ (V)
= NO(xaT) +N1(.Z',T),

where respectively, Ny and N7 denote the first and second integral terms in the second

equality above.

To decompose the term e %v, in (8.12), we set u = e %v,. We will show that u
admits a decomposition u = Uy 4+ U;. With this decomposition, (8.12), and (8.13), we

can represent the gradient of the implied volatility as

e = o0 — ) 4 ) (z,7) € R x (0,77,

o0 (3, 7) = V\/Qgeﬁ/(m?)em/%w?/s<UO - ).

(8.14)
(‘0"(21)( xz, ) = gemz/(27<’02)em/2e7_g02/8]\717
(2)( x, ) = @exz/(27¢2)ex/2e7—¢2/8[]1_

k‘Pm \/7—_
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Finally, we will prove that the limits of the gpgci)’s do add up to the desired gradient

asymptotics in (8.8).

8.3 Facts about second order linear parabolic PDEs

With some abuse of notation, we will recall some facts about second order linear
parabolic PDEs. The following is mostly taken from Krzyzanski [57, Section 65.4].
Let Lu = 0 be the parabolic equation

Lu = a(x, t)ug, + b(z, )uy + c(x,t)u —upy =0,  (x,t) € R x (Tp, Th), (8.15)
where for some positive constants ag and aq,
0<ag< a(x,t), (a:,t) eR x [T(),Tl], (816)

and that a,a¢, az, are bounded and of class C! in R x [Tp, T1]. Let

r dz
0(z, 1) :/0 N (8.17)
and
Mo t) = bz, 1) — %am(az,t) @ D0, 1), (8.18)

Further, assume that the functions 0;(x,t), b(z,t), by(z,t) and ¢(z, t) are of class C* and
bounded in R. Consequently +/a(z,t)0;(z,t) and A(x,t) are of class C* and bounded,
together with their first order derivatives. Let

x,t) — s))?
Ko(z,t;y,s) = i —13 )eXp (— 1o ’i)(t _HS)J’ ) > ) (8.19)

Define, for n =0,1,2,...,

Kot = [ [ satetien) e 2T 4 e 6 7ins)| agar
(8.20)

Then we have the following definition.

Definition 8.5. A fundamental solution of Lu = 0 (in R x [Ty, T1]) is a function
[(z,t;y,s) defined for all (z,t) € R x [Ty, T1], (y,s) € R x [Ty, T1], t > s, which satisfies

the following conditions:

(i) for fixed (y,s) € R x [Ty, T1] it satisfies, as a function of (z,t) (z € R,s <t < T})
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the equation Lu = 0;

(ii) for every continuous function p(x), where

|p(x)| < consty x exp (constg X |x|2> , (8.21)
it holds that o
%{“l L(z,t;y,5)p(y) dy = p(z). (8.22)

See e.g. Friedman [30, p. 22] for information about how the well-definedness of the
integral in (8.22) depends on conste, ag, a1, Ty, and T7.

Now define a function K by

K(x,ty,s) = Ko(z,t;9,8) + Y Kn(2, 81y, 5), (8.23)
n=1
where Ky and K,,, n =1,2,..., are defined by (8.19) and (8.19), for (x,t) € R x [0, 77,
and (y,s) € R x [0,t]. Then we have the following lemma.

Lemma 8.6. The series y .-, K, converges uniformly forx,y € R and0 < s <t <T,
t —s >0 for each fixred 6 > 0. Moreover, the function K(x,t;y,s) is a fundamental
solution of (8.15).

Proof. See e.g. Krzyzanski [57, p. 534]. O

Remark 8.7. The parametrix K is slightly different from the standard one used in
the literature. Alternative proofs for constructions of fundamental solutions using the
standard parametrix can be found in standard texts such as Ladyzanskaja et al. [58,
Section IV. §11, and p. 363|, Friedman [30, p. 22, ff.], Friedman [31, Paragraph 1, p.
17, Theorem 10, p. 23], or Garroni and Menaldi [33, Lemma 3.1, p. 178]. The proofs

in these standard texts can also be adapted to prove Lemma 8.6.

8.4 Representation for call option prices

Consider the PDE

1 1
Up = =0 Upy + <0’am + —02> Ug, (z,7) € R x (0,77,
2 2 (8.24)

u(z,0) = h(x), z €R,
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where £(-) is the Heaviside function

1, x>0,
Wz)=4q 1/2, =0, (8.25)
0, xz < 0.

We shall prove existence and uniqueness of u by constructing a fundamental solution
according to (8.15)—(8.20). Let

roodz (8.26)

With these functions, the K,’s of (8.19) and (8.20) become

L ()~ 6P
KO(£7 'Y, )_ 47T(T—T)a(y) p< 4(’7’—7’) >7 (827)
and forn =0,1,2,...,

Koo = [ [ Kot rem© G qgap (s2)

Then according to Lemma 8.6, a fundamental solution of (8.24) is given by

K(z,m5y,1) = Ko(z,739,7) + Y Kn(z,739,7). (8.29)

n=1
Let

u(er) = [ Ky 0)nty) dy
ey (8.30)

Ry AT
0

Lemma 8.8. Let (Ag)—(A4) hold. Then u uniquely solves (8.24). Further, u admits

the representation

T) = Zun(xﬂ-)a (831)
n=0
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with -
Up(x,7) = / K,(z,7;y,0)dy, n=0,1,2,.... (8.32)
0

Proof. That u solves (8.24) follows from the arguments in Krzyzanski [57, Section 65.4].
For uniqueness, we suppose that u is another solution of (8.24). Set w, = u — @. Then
w solves the PDE w, = a(z)wy,; + b(z)w, in R x (0,7] with w(z,0) = 0. It can be
shown that the only function satisfying this PDE is the zero function, i.e., w(z,7) =0
in R x [0,7]. See e.g. Cerrai [12, Theroem 1.7.5] or Friedman [30, Theorem 16, p.
29]. This shows that u(xz,7) = @(x,7) in R x [0,7]. Hence u uniquely solves (8.24).
Lastly, the series representation of u results from Lemma 8.6, which shows that K is a

uniformly convergent series. The proof is thus complete. O

Define o to be
0.2(0) T
o(t) = —5 ug(0,7) dr, 7 €[0,T], (8.33)
0

where w is the solution of (8.24). Then the following lemma shows that g is well defined
and in C*((0,7)).

Lemma 8.9. Let (Ag)—(A4) hold. Then |o| < const(Vy, T) and o belongs to C*((0,T)).

Proof. If we can show that |g| < oo, then the C! property follows from Lemma 8.8,
which shows that u;(0,7) is continuous in (0,7"). So it remains to prove the bound for

0. From (8.31), we get

o
usle,r) = [ Kulerin0) dy
0
By Eidelman’s estimate, for z,y € Rand 0 < 7 < T,

_C |z — y!2]
T )

Ko (2, 757,0)] < Lexp [
T

where the positive constants ¢; and ¢ depend only on V4 and T. See e.g., Friedman
[30, Equations (6.12), p. 24] or Krzyzanski [57, p. 539]. Hence

T oo c 2
onl<a [ | —exp[— i
0 0 T T

dy dr.
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Let
T 1 2
1
01:/ / —exp [__cz|y| ] dydr,
0 o T T
T o0 1 2
92:/ / — exp [—M] dy dr.
0 1 T T

Then following Friedman [30, Equations (3.2) and (3.3)], we have, for any p > 3,

1
Loy |2l 1 LA =1V
r r c;/prl—l/py2/p r r

1
rl—l/py2/p

< const(cg,p) X on [0,7] x [0,1],

This shows that
T 1 1
- - < )
|o1] < const(cq, c2,p) X /0 /0 RSV dydr < const(V4, T, p)

We now bound |gz|. Making the change of variables z = coy?/r yields

T o0 1
02 < const(cq, c2) X / — —-e ?dzdr
0 \/; /T \/E

T 1
- — 1—erf
const(cq, ¢2) X/o \/;\/%[ erf(co/r)] dr
< const(Vy, T),

where erf(-) denotes the error function. The bound on |g| then follows from the bounds

on p12. The proof is thus complete. O

We are now ready to state and prove a representation for the call price v. Recall
that v satisfies the PDE

R T, T
v = 502 @) (0 —v)s (@7) €Rx (0,7 (8:34)

v(x,0) = (" —1)4, x €R.

See Lemma 5.7.

Proposition 8.10. Let (2.1), (Ao)—(A4) hold. Then the call option price v(z,T) admits

the representation

v(z,T) = /Or e“u(z,7) dz 4+ o(r), (x,7) € R x[0,T]. (8.35)
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Proof. The initial condition can be verified by taking the limit as 7 — 0. Taking the
limit inside the integral is permitted by the dominated convergence theorem. Further,
for 7 > 0, and using the “differentiation under the integral sign” theorem, which can
be found e.g. in Fleming [27, p. 197 fI.], we can differentiate under the integral sign to
get

x
UT:/ e“ur(z,7) dz + or

a*(0)
2

_ / iz (2,7) + b(2)us (2, 7)) dz + T, (0,7)

202 e ug(z, 7).

Here the second equality follows from the PDE for « and the definition of o (see (8.24)
and (8.33)); the third equality is obtained by integrating by parts the term in the
integrand involving u,,, which cancels out with the term in the integrand involving wu.

The proof is then completed by noting that v,, — v, = e%u,. O

Remark 8.11. In the proof above, in order to use the dominated convergence the-
orem and to differentiate under the integral sign, we rely on the differentiability and
boundedness properties of the fundamental solution for the parabolic problem (8.24).
For details of these properties see e.g. Sections 65.4 and 65.5 of the monograph by
Krzyzanski [57] and note in particular Equations (19.65) and (20.65) on p. 535 and
the Eidelman estimates on p. 539. For related comments in this thesis see Remark 9.6

below.

8.5 Representation for gradients of implied volatilities

We will state and prove a representation result for ., the gradient of the implied

volatility.

Proposition 8.12 (Gradient representation). Let (2.1), (Ag)—(A4) hold. Let u and uy,

n=0,1,..., be as in Lemma 8.8 and put

Uo(z,7) = uo(z,7), Ui(z,T) Zun x,T) (8.36)
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Then ., the gradient of the implied volatility, admits the representation

7

o0 (2, 7) = _V\fgeﬂ/(zw%ex/zenﬁ/s(UO _ No),

oD (z,7) 1= V2T o2/ ) g/ 276% 8
T

gpgf) (x,7):= —\/2_7Tex2/(2w2)em/2ewz/8U1.
T

0 =W — o1 + o, (z,7) € R x (0,7,

(8.37)

Proof. By the explanation leading to (8.14) in Section 8.2, we only need to show that

e v, = Uy + Uy. This is precisely what we have by Lemma 8.8, for, the lemma gives

vy (z, 1) = e*u(x, 7) = *(Uy + Uy).

8.6 Auxiliary small time limits

Recall that from (5.47), we have

Define

<~””_2 _ J2> . (@,7) €Rx (0,7).

1
p(z,7) :
(’02

Then we have the following lemma.

Lemma 8.13. Let (2.1), (Ao)—(A4) hold. Then

wo(x) == 113% p(z,7) =1In <A) , x€R.

Proof. By (5.87) or (6.2), as 7 — 0,

O

(8.38)

(8.39)

(8.40)
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Thus, by the L’Hospital rule and (6.5),
1 22
= lim — ( ——— — J?
Ho= "0 or ((,02(1',7') (:E)>

=i 5 (0 (6 - 70))

?1(x)f(x)  2*f  @if

T~ n w7
—In <A) '
o(0)o(x)
The proof is thus complete. O
Lemma 8.14. Let (2.1), (Ao)—(A4) hold. Then
Uo(z, ) = % + \/% /(]J/ﬁe—*/2 dz =N (J/VT). (8.41)

Proof. By Lemma 8.8, we have

wol, ) = / Ko, 759,0) dy
0

= [ e ()

where a(z) = o%(z)/2 and f(x) = fom[a(z)]_l/2 dz; see (8.26). Then, by making the
change of variables z = [f(x) — 0(y)]/v/27 and noting the definitions of #(-) and J(-),

we get

0(x)/Var
oz, 7) = / Ee—ﬁp dz

JINVT
:/ Le_zz/2 dz

oo V2T
= N(J/\/T).

The proof is thus complete. O

The following asymptotic result for the standard normal distribution function is

well known. See e.g. Feller [26, Lemma 2, p. 175].
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Lemma 8.15 (Tail estimate of standard normal distribution). As z — oo,

1— N(z) ~z 1 n(x). (8.42)

We then have the following proposition:

Proposition 8.16. Let (2.1), (Ag)—(A4) hold. Then as 7 — 0,

/2
(0) c
QOZ‘ (.Z',T) - J(IIZ’)

(1 - e%(x)) , zcR. (8.43)

Proof. By the definitions of n(-), Uy and Ny, we have

o_ " peas[y (@ N
SRRV . Y (5F) - ()
x/2
- %ew%{u - N(2)] - 1= N2l }
_ ﬁeﬂozﬁ; |:1 —N(Zl) . 1 —N(ZQ):|
VT n(z1) n(z1) |’

where 21 = 2/(v/Ty) and 23 = J/+/7. By Theorem 5.25 or 6.2, 7¢?> — 0 as 7 — 0. So
it suffices to show that

(0)*_i 1_N(Z1)—1_N(Z2) —>l _ eho as T —
[ n(z1) n(z1) } 7 (1=e) 0. (8.44)

('pm _\/7—_

We will verify this in three separate cases: (i) z =0, (ii) « > 0, and (iii) < 0.

Case (i) z = 0: In this case we have
21(0,7) =0 and 29(0,7) = J(0)//T =0, V7€ (0,T].

Hence @&0)*(0, 7) =0 for all 7 € (0,7, implying that cpff)*(o, 7) — 0as 7 — 0. On the

other hand, we note that
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and so

Hence, we apply the L’Hospital rule to get
l(l—e”o) = limii _&
J z—0 =0 J, dx 0'(0)0'(33)

TRNUI S SRR S 21 CO N ACOL A CD)
z—01/0(x) o(0) \Jolz) 20°2(x)

as I(x) =0, 0(0) and I,(x) 20, 0.(0)/2; see (5.51). This proves (8.43) for z = 0.

Case (ii) = > 0: In this case we rewrite cpgco)* as

o _ 1 1-N(z1) 1-N(z) 25 'n(22) _ 1
1 /T

= Ri1—Ra x Rs|.
21T zl_ln(zl) zz_ln(zQ) 2y n(z1) { ! 2 3

By Theorem 5.25 or 6.2, ¢(z,7) — I(x) as 7 — 0. This implies that as 7 — 0,
L pT)
= d .
avr @ d@ 0 R

By (8.42), R12 — 1 as 7 — 0. On the other hand,

Ry ) IV ()
27 n(z1) J/\T 212 27
2
= iexp [i <$—2 —J2>] —s et as T —0.
Jo @

(wO)*

Thus for z > 0 we have, as 7 — 0, ¢,/ — (1 — eH?)/J as required.
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Case (iii) # < 0: In this case, we rewrite gpgco)* as

. 1
PO = m(N(%) - N(21)>
1
= m([l — N(—z)] —[1 - N(—Zl)])
_ 1 [ 1 — N(—29) " (—20) " tn(—22)  1-N(-2) ]
—21VT [(=22)7In(—22) ~ (—21)"'n(=2z1) (—21)"'n(-21)
_ 1 [ 1—N(-21) 1= N(—z9) " (—22)_171(—22)}
avT [(=z1)7In(=z1)  (=z2) n(-22)  (—21)"'n(-21)
= Zli/F[Rl — RQ X Rg].

Since ¢(x,7) — I(x) as 7 — 0, we have

1 Pz, 7) — 1 and — 23 — 00, —29 — 0C.

avr @ J@)
By (8.42), R12 — 1 as 7 — 0. Also,
(—z2) " 'n(—2z) _ z1n(22) _ z/(\/Tp) ox < a? B J_2>
(—21)"n(=21)  2zan(z1) J/\T 21?2 27

1 2
:iexp (L2 — e as 70
Jo ©?

Ry =

Hence, for < 0, we also have cpgco)* — (1 —eM)/J as 7 — 0. The proof is thus

complete. O

Proposition 8.17. Let (2.1), (Ag)—(A4) hold. Then

o — # (1 - e_x/2> as 1T — 0. (8.45)
Proof. Recall that
o (z,7) = @exz/(2w2)ex/2ew2/8]\[l
T
e/ ewz/2N1.

vl
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Since 7¢? — 0 as 7 — 0, it suffices to check that

1 1
D" = 796]\71 -3 (1 - e_w/z) , as T—0,
v ()
when (i) z > 0, (ii) z < 0, and (iii) z = 0.

In cases (i) and (ii) the proof is similar to that of Lemma 8.16.

Case (i) > 0: In this case, we put

o= T by = x I V7o
N Ve 2]
and rewrite cpgcl)* as
. 1
= s (N(z2) = N(21)
1
= i ([1 —N(z)] - [1 - N(zz)])
1 F—NmpjeN@ﬁxg%mq
2aVT L zrtn(z)  ztn(z) o2 in(z)
e

Since 7p? — 0 as 7 — 0, we have
aVT=x/p—J, and 21,23 00 as T —0.
Then by (8.42), R12 — 1 as 7 — 0. One the other hand,

oAl _am(n) _ a/(V7)
3T Tz)  mn(a) | w/(VTe) + VT2

B T
ozt Te?/2

The desired result then follows from these limits.

Case (ii) z < 0: Since the proof is similar to that of case (i), we omit it.

Case (iii) x = 0: In this case we can write gpggl)* as

V2r VT

exp (z%/2 — z§/2)

exp (—x/2 — 7¢*/4) —e ™2 as T 0.

- _ V2r /W” L ey L /W 2
\/? 0 0

101
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Since 7p? — 0 as 7 — 0, we get gpgcl)* — 0/0 as 7 — 0. An application of the L’Hospital

rule and the Leibniz formula for differentiation of the integral gives

lin%) " = limO [2\/Fe—w2/8 ( LA ﬁ%)]

41 2
e ()
a(0)
==

/2 /2
liny =5 (1 ¢ )_”(0)/2
This shows
/2
(1) © < _ o/2
Pul| 7 7 1—e ) as 7—0
z=0
The proof is therefore complete. O

8.7 A technical theorem

We shall need the following technical theorem.
Theorem 8.18. Let (2.1), (Ag)—(A4) hold. Then as T — 0,

oo L [0(0) e
Uy \/; e (1 ) > (8.46)

The proof of this theorem is a little involved, so we will prove it separately in

Chapter 9. This technical theorem implies the following asymptotic result.

Proposition 8.19. Let (2.1), (Ag)—(A4) hold. Then as 7 — 0,

/2
() s gHo ¢ (1 - ﬂe_mﬂ) . (8.47)

J(x) o(x)

Proof. Noting the definition of g, see (8.40), and that 7¢? — 0 as 7 — 0, this is a
consequence of (8.46) and the definition of 90502), which is given by (8.37). O
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8.8 Proof of the main theorem of the chapter

103

We will present the proof of Theorem 8.2. The proof of Theorem 8.1, the equivalent

result in the (s, 7) coordinates, will be omitted. Theorem 8.1 can be proved by applying

the change of variables = In(s/k) to the result of Theorem 8.2.

Proof of Theorem 8.2. By (8.37), (8.43), (8.45), and (8.47), we have, as 7 — 0,

O =) + o

Pr = Py

/2 " oT/2 . (o o/2 o(0) _,
. o (1_eu ( )) - 7@ (1—e /2> + ehol )J(a:) <1— a(a:)e /2
_ L () et [20)

J(z) o(x)
Y R () BN O

J(z) o(0)o(z) \ o(=)
R PR 1)
-7 (1-563)
@) P

T xo(x)
= I, (x),

(8.48)

where the last equality follows from (8.7). Note that the convergence is uniform in

(x,7) on compact subsects of R x [0,7]. This proves (8.8).

It remains to prove the Hessian limits (8.9) and (8.10). To prove the ATM Hessian
limit (8.9), we use (5.86), the PDE for ¢. Since x = In(s/k) and the option is at the

money, we have z = 0. A rearrangement of the PDE for ¢, see (5.86), gives

T 2(0,7) — o2
parl0.7) = 25 4 EG T 4 S0, 0,7,

By Theorem 6.2,

lim (0, 7) = o(0),

. U(O)U:c:c(o) 03(0)
ti . (0,7) = 100)70) = o) -z,

12 24

(8.49)

(8.50)

where I(0) and f(0) are respectively given by (5.51) and (6.15). The first limit in
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(8.50), together with (8.48), implies that uniformly in z € R,
Top2 —0 as T —0. (8.51)

Further, we have
¥*(0,7) — a*(0)
702(0)(0,7)

0
-y 8 T 0. (8.52)

Applying L’Hospital’s rule and (8.50) then gives

lim (102(07 7—) B 02(0) — lim 290(07 T)‘;DT(O’ T)
70 702(0)p(0,7) 7—0 02(0)p(0,7) + 702(0)p, (0, 7)

_ 22,00 (8.53)

22(0)
_ 21(0)£(0)
22(0)

By combining (8.49)—(8.51) and (8.53), we get

- _AI0)(0) _ 00a(0) _ 02(0)
AT = 00 T8 6

where the last equality follows from (5.51). This proves (8.9); and it remains to prove
(8.10). We will again use the PDE for ¢. From (5.86), we have

2
1
2700, + ¢ — 0% (2) (1 — w%) — (%) TP rs + 102(:5)72@2@3, =0,

in R x (0,7]. By Theorem 6.2 and (8.48), we have, for each x € R, as 7 — 0,
217ppr — 0,
2
©? — o(x) <1 - x&> — 0,
¥
1
1@ 0,
o?(z)¢ — o?(z)I(z) > 0.
This shows 7@, — 0 as 7 — 0, and the proof is complete. ]

Remark 8.20. It can be checked that lim,_.o ¢, (z,0) = $0,(0). Converting this limit
to the (s,7) coordinates shows that it agrees with the probabilistic result of Theorem
7.1.



Chapter 9

Proof of the technical theorem

In this chapter we will prove Theorem 8.18, the technical theorem in Chapter 8. For

easy referencing we repeat the theorem here.

Theorem 9.1. Let (Ag)—(Ay) hold. Then as T — 0,

oor) o o] L r@ien Ly Jo0)
Uiz, 7) \/; () <1 o(2) ) (9-1)

where Uy = Y07 up(x,T) is defined by (8.36).

Remark 9.2. Note that in this chapter the letter n stands for an index; it does not

denote the normal density function n(-) as in the previous chapters.

This chapter is organised as follows. In Section 9.1, we derive a series representation
for the gradient of the call option price using a change of the space variables. In Section
9.2, we present some technical results. In Section 9.3, by calculating u; and wuso, the
first and second term of the series U;, we demonstrate how the technical results of
Section 9.2 actually work. In Section 9.4, we first prove an auxiliary proposition and
then Theorem 9.1. In short, this chapter shows that by some changes of the variables
and interchange of integration and differentiation, each term of the series U; can be

explicitly computed and hence summed to give (9.1).

9.1 Change of variables

From Lemma 8.8, we know that u solves the PDE

1 1
Uy = 5crzum + <00’x + —0'2> Ug, (z,7) € R x (0,77,

2 (9.2)

u(z,0) = h(x), z €R,

105
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where £(-) is the Heaviside function

1, x>0,
Wz)=4q 1/2, =0, (9.3)
0, xz < 0.

Moreover, we know that u admits the series representation

U(JE,T) = Zun(x77_)v (94)
n=0
with -
Un (2, T) :/ Ky(x,7;94,0) dy, n=0,1,2,..., (9.5)
0

where the K,,’s are defined by (8.27) and (8.28)

We make the following change of variables. Define

x:e(x):ﬁ/ox%, (9.6)
and put
u(z, 1) =u(z,T) (9.7)
Let L N
b(z) = E<U (072)) + o (0 (3:))), (9.8)

with #~!(-) denoting the inverse function of §(-) and ¢'(z) = do(z)/dz. As in (8.27)
and (8.28), we define

- 1 (z — y)2>
Ko(Z, 7;9,71) = ———=exp | — , 9.9
o(Z, 73 9,7) g ey p< = (9.9)
and forn =0,1,2,...,
T e — ~ 1/~ aKn _7 ;_7r -
Kos(erign) = [ [~ Ko n€pp@ = EEED agap a0
Further, let
K(z,7;9,7) = Ko(Z,739,7) + Y Kn(Z,737,7). (9.11)

n=1

Then we have the following lemma.

Proposition 9.3. Let (Ag)—(A4) hold and u(x,7) and uy(x,7), n =0,1,..., be as in
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Lemma 8.8. Then the following statements are true:

(i) The function u(x,T) uniquely solves the PDE

(9.12)

{ Uy = gz + 0(T)iz, (Z,7) € R x (0,77,
w(z,0) = h(z), zeR.

(i) The function @ admits the representation
w(z,T) = /OOO K(z,7;9,0) dy = iﬂn(f,T), (9.13)
n=0
where, forn=0,1,2,...,
Upn(Z,7) = /OOO K, (z,7;9,0) dy. (9.14)
(iii) The function u(Z,T) has the decomposition

w(z,7) =Ug+Ur, Up(Z,7)=10(z,7), U1(Z,7)=Y iu,(Z,7). (9.15)

(iv) The following identities hold:

Uo(Z(x),7) = Up(z,T), (9.16)

Proof. Statement (i) results from (9.7) and (9.2). Like the series representation of
u(x, 1), statement (ii) follows from the explicit construction of the solution via the
parametrix method; see e.g. Krzyzanski [57, Section 65.4]. Statement (iii) is given by
Lemma 8.6. Statement (iv) can be verified by induction, using Z(z) = 6(x) to prove

the equality of 4, and w,’s. The proof is now complete. O

9.2 Technical results

In this section we will be working towards proving the following proposition.
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Proposition 9.4. Let (Ag)—(A4) hold. Then as 7 — 0,

tin (5, 7) ~ LT [exp <_“””_2>} %.(_1”)!”_1 <% [9—1(5) +In “%;gmbn n=1.2,...
(9.17)

We defer the proof of this proposition to Section 9.4 as it requires the technical

results that we now present.

Technical details

For n = 2,3,4,..., and 7, > 0, define E, (&, 7n;7,0) to be

En(gm Tn; Y, 0)

_ /OT" /_C: Ko(ns i En1s Ta—1)b(En1)

X /OTn1 /—oo aé.f—l Ko(gn—h Tn—15 gn—27 Tn_2)6(gn_2)

/ / 8—5‘2[{0 (&2, 7251, m)b(61) (9.18)
/T1 851 Ko (&1, 713 €0, 70)b(E0) Ko(€o, 703 9, 0) déo dro
« d€) dm
X .-
X d&p—o dTy_o
x dé,_1dTn_1,

where b and K are respectively defined by (9.8) and (9.9). To illustrate this definition,

we set n = 2 to get

Ey(&9,72;7,0)

//Kogg,mgl,n) (&)

/ / Er Ko(&1,713 €0, 70)b(E0) Ko(€0, 703 7,0) d&odro
31

X dfl dTl.

Taking into account this definition and that of the K,,’s given by (9.9) and (9.10), we

obtain the following lemma.
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Lemma 9.5. Let (Ag)—(A4) hold. Then for n=2,3,...,
_ 3 0 _ 3

Proof. Suppose this is true for some n € {2,3,...}. Then by definition, see (9.10), we

have

Kn—l—l(gn—l—la Tn+1 Y, 0)

Tn+1 o _ _ _ 0 _ _
:/0 / Ko(fn-',-l,Tn—i—l%gnaTn)b(fn)fKn(émegv 0) dg, dm,
Tn+1 [e] K _ _ B _ a a E _ 3 d7 d (920)
—/0 /_OO 0(§n+177n+17§n77'n) (fn)a—g—n{_a_y n(ﬁn,Tm%O)} gn Tn
ot [ Kol s 1)) o Bl i 5.0) 06
= 8_]] . . 0\ &n+1) Tn+156ny Tn n 8—& n\Sn> Ty Y, n ATn.
The equality of
0 0 - 0 0 _
v __En ny Tns _7 :___—*En ny Tn; _7 21
A ) (0.21)

is justified since the mixed derivatives are continuous for all £, € R, 7 € R, and 7,, > 0.
Also, the differentiation under the integral sign is valid by the “differentiation under
the integral sign” theorem, which can be found in Fleming [27, p. 197 ff.], for example.

Repeating the argument above shows that (9.19) holds for n = 2, and thus by
induction it holds for all n = 2,3,4,5,.... And the proof is complete. ]

Remark 9.6. In the proof above, to use the “differentiation under the integral sign”
theorem in Fleming [27, p. 197 fI.], we have invoked some boundedness and integrability
properties of the K,,’s. These properties of the K,,’s are well known in PDE theory.
They can be found in, e.g., Krzyzanski [57, p. 534]. Note three things however. First,
our K,,’s are the U,,’s in Krzyzanski [57, p. 534]. Second, in Krzyzanski [57, p. 534],

there is a typographical error in the inequality

2n
Un (@, 5y, 8)| < < (8 — 8)™/27h
r'(3)
it should read o
|Un(7, 5y, 8)| < =75
I (3)

Third, Friedman [30, Chapter 1] provides a more detailed discussion on the boundedness

and integrability properties of the K,,’s. The inequalities in Krzyzanski [57, p. 534]
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can be derived by the same methods used in Friedman [30, Chapter 1, Section 4]. We

quote Krzyzanski’s results because they are stated in the form we want.
We now come to the following lemma:

Lemma 9.7. Let (Ag)—(Ay) hold. Then for each 1, >0, n =2,3,...,
tin(&n,Tn) = En(&ns 703 0,0). (9.22)
Proof. Put &, = . Then by Proposition 9.3, we have
Uin (&, ) = /OOO Ky (&n, 7039, 0) d7. (9.23)

By (9.19), we have

_ > 9 -
Un(&Eny, Tn) = — = En(§n, ™3 9,0) dy
(&ny ) /0 5 (&ny 703 9,0) dy
R o _
= lim —_,En(gnﬂ—n;gyo) dy

R—oo /o 8y
_ _ 9.24
= lim [lim En(éan?gv 0) — lim En(ényTn;gv 0) ( )
§—0 Jy—R

R—o0
= Rhm [En(gna 713 0,0) — En(gna Tn; R, O)]
= En(gm Tn; 0, 0))
where the third equality follows from the fundamental theorem of calculus, see e.g.
Rudin [72, Theorem 7.21, p. 149]; and the limits in the last two equalities follow

from Lebesgue’s dominated convergence theorem, see e.g. Rudin [72, Theorem 1.34, p.
26). O

To study the small time properties of v,,, we make the following change of variables

to normalize the 7,,’s. Given any n =1,2,..., we put
_ _ Tn-1
Tn—1 = s
Tn
_ _ Tn-2
Tn—2 = = s
TnTn—1
_ Tn—3
Th—3= ———— (9.25)

- = )
TnTn—1Tn—2

70

TpTn—1-"ToTl
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Equivalently, we have, for any n =1,2,...,

Tn—1 = TnTn—1,
Th—2 = TnTn—1Tn—2,

Th—3 = TnTn—1Tn—2Tn—3,

(9.26)

n—1
T0O = Tn H Tj-
J=0

Then by substituting the 7,,’s into E,(£,, 7,;0,0) and by (9.22), we obtain the following

lemma:

Lemma 9.8. Let (Ag)—(Ay4) hold. Then

(67“7—77, —T / / KO §n,7'm§n 1, TnTn— 1) (gn—l)

—n— 1/ / 5 1Ko(fn L TnTn—1; En1s TnTn—1Tn—2)b(€En—2)

n—1 n—1
><T2// —Ko 527Tanj;§1,Hfj
08, el
1 (o)
Xfl/ a_é.lKO 6171_[7—]75071_[7_]

x Ko | &, H 75;0,0 | d&ydry

x d& d7
N
X dép_odTn_o
x d&p_1dTpn_1.
(9.27)

We shall need the following K\ recombination formula for the heat/Green kernels.
Our proof uses an identity from Friedman [30, the last equation in p. 15]. The same

identity also appeared in the earlier work of Dressel [21].
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Lemma 9.9 (K recombination formula). Let (Ag)—(A4) hold. Then forn =1,2,3,...,
Ky (gm Tns gn—la 7_n7_'n—1) KO(gn—ly TnTn—1:0,0)
= KO(gm Tn; 0, O)KO (gn—ly TnTn—1; grﬂ__n—ly Tn7__72L_1)' (9-28)
Further, form=2,3,... andi=1,2,3,...,n— 1, we have
B n—1 _ n—1 B n—1
K &,TnH?j;fi—l,Tn H 7 | Ko | &i—1, 7 H 74;0,0
j=i j=i—1 j=i—1
n—1 n—1 n—1
=Ko | & H 750,00 | Ko | &-1,7n H T &iTim1, Tn H TiTi—1 | - (9.29)

Jj=t j=i—1 j=i—1

Proof. We will prove the first identity first. Let us note that

gn - gn—l 772L_1 1 = z 2_ =2 _
= — & _ 1 -7,
ATy (1= Tp1) - A1 A7aTna(1 = 7o) [(En $n=1) Tt Enoa K 1)]
1 ) FF = )
= -2 ATn—
A7, Tn—1(1 — Tpz1) (én Enén—1Tn—1 + 5n—l)
1

= Ty (Gt~ &) + 6= Ta-a)]

_ (gn—l_grﬂjn—l)2 +§
4Tn77'n—1(1_77'n—1) 47y,

(9.30)

Together with the definition of Ky, see (9.9), this gives

Ky (gn, Tns gn—ly Tn7__n—1) KO(ETL—I) TnTn—1; 0, 0)
— 1 [exp <_ (gn - gn—1)2 >:| 1 [exp <_ (gn - gn—1)2 >:|
47T’7’n(1 —71”_1) 4Tn(1 _7__n—1) \/477—7_n7_—n—1 47—n(1 _7_—n—1)

RGHE A
4T, P 4, \/4WTn7'n_1(1 — 7Tn_1) P 4Tn7jn—1(1 - 77'71—1)
= KO(gm Tn; 0, O)Ko(ﬁ_n—h TnTn—1; g’fﬂ__’n—17 7—7_—721_1)-

(9.31)
This proves the first identity. Now set
n—1
Fri =T | [T, n=23,...,i=123...,n-1L (9.32)

j=i
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Then by a similar argument to the derivation of the first identity, we get

Ko(&i, Fni; Eim1, TnTio1) Ko(&i—1, TaTi—1; 0,0)
:KO(gi,%n,HO,O)KO(gZ 1, TnTi-1; 517—2 lyTn 72 1) (933)

And the proof is complete. O

To simplify the integrands in (9.27) we use the definition of K\ and explicit differ-

entiation to get

P n—1 n—1
—Ko [ &Gm [[7:6-1.m [] &

0%i j=i j=i—1
: -1 -1
_ & —&i1 x| e Tr. - T -
— o\ & [[ 7€ [] 7|, (934)
27'”1_[77']'(1—77'2'_1) = g=i-1
forn=2,3,4,...,and i =1,2,...,n — 1. For the same n’s and ¢’s, we define
n—1 n—1 o
(Tm&,ﬁ —71/ / 9%, Ko él,Tanjséo,Tanj b(&o)
1 j=1 =0
x Ko | &, [[75:0,0 | déomo,
j=0
B n—1 ~ n—1 o
D (103 &2,72) —Tz/ / %% Ko | & [[7:&0m [] 7 | (&)
2 j=2 j=1
X L%B(Tn;ﬁ_l,ﬂ) déi 71,
Iéz_l)(Tn,gn 1, Tn— 1 / / 85 Ko (gn 1y TnTn— lvfn 2, TnTpn—1Tn— 2) (gn 2)
n—1

X I1(Ln )(Tn;gn—Zafn—2) dfn—27in—2,
I(n (gnaTn)—un ngn = / / £K0 ngnvén 1 TnTn— 1) (gn—l)

X Ié: 1)(Tn;£_n—177_-n—1) dgn—l%n—l-

(9.35)

Note that 7! = ()%, and it is the ith power of the ith time variable, and that for each
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fixed n, the nth time variable 7,, is always unbarred. Note also that in the last identity
we have merely expressed u,, in a different form.
Also, forn =2,3,4,... and i =1,2,...,n — 1, we set

—1 n—1
; : & —& — T o - _ Tz
IéZZR(Tn;&,Ti)iz/ f Ko | Gicvma [ 73&7ionm ] 57er | B(Gmn)
’ 0 _Tz 1 T T
j=i—1 j=i—1
1 00 ét . _é:' ) _ n—1 B n—1 o
X/ Ko [ &Giomn [] mi&amiam [ 772 | bE2)
0 —50 ].—TZ'_Q L L
j:'l_2 ]:Z—2
X P
x/ Tazbiy, 51'[51'[ b(é)
0 1—7'1

1 poo
X/ S 60Ko §O7TnHT],§170,TnHT]Tl (o)
0

1—7’0

X dgo d7o dfl dr x .-+ % d&_g d7;_9 dfi_l d7_1.
(9.36)
i

Here R is not an index; it signifies that Ién = 1s the residual component of the term

Iég This can be seen in the following lemma.

Lemma 9.10. Let (Ag)—(A4) hold. Then forn=2,3,4,... andi=1,2,...,n—1,

n—1
- Ko éﬁnH?j;O,O IéQ,R(ngz'ji)’ (9.37)
=i

Ig,z (Tn; gh 77.2') =

where fori=mn—1, [[;Z F =

Proof. We will prove the lemma by induction. For any fixed (and finite) n = 2,3,...,

explicit calculation shows

_ —! -
Ié?(%;fl,ﬁ) = %Ko &1,y H%O 0 I (Tmélﬂ_—l)'
n—1
27'”1_[73'
j=1

(9.38)

So the identity in question is true for ¢ = 1 for any fixed n = 2,3,.... Now suppose



9.2. TECHNICAL RESULTS 115

that the identity is true for some (n,i), i > 1. We will show that it is also true for
(n,i+ 1). Recall that the identity in question would hold only for i = 1,2,...,n — 1.

Hence without loss of generality we assume that ¢ + 1 < n — 1. By definition

i+1 = _
[1%” )(Tn;§i+1,7'z'+1)
n—1
_it1 :
= zlj-_l/ 85 Ko | &i+1,Tn H Tja&zﬂ’nHTy TnaguTz) dész
i+l j=i+1

(9.39)

Then, by explicit differentiation, see (9.34), and by (9.37), the identity for Ié’j — since

we have supposed that it holds for some fixed pair (n,7) — we get

i+1 = _
Izgn (T3 i1, Tit1)
1 o) & -
—i+1 §i+1 - 67,
= Ti?j-_l /0 / - n—1 Ko £2+17Tn H TJ7£Z7TTL H Tj Z

21, H 7_'j(1—7_'i) J=ird
J=i+1

i n—1
X (=1) =Ko &, Tn H 7;;0,0 I( (Tn,fl,ﬂ) d¢; d7;
1 ;

j=t
27, T;
j=it1
(-1 P GG (2 T e TT- ) e
= 1 / 2K |G [ mi&om [[ 7] 0(&)
n—1 0 1-7 j=i+1 j=i
27, Tj
J=t+1
_ n—1
x Ko [ &, [] 7550.0 | 1) o (703 &, 7) & 7.
j=i

(9.40)
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By recombining the Ky’s with (9.29), we get

ZH ) (T &1, i)
; -1
(=t - T
= — 77 Ko | &Git1, 7 H 74;0,0
- j=i+1
27y, H Tj
j=it+1
! > £2+1 éz -
X 1_7 — K £2yTn H Tyyfz—l—sz,Tn H T;Ti b(&;) (9.41)
0 —0o0 — 1

=1

X I(Z (Tna gu Tz) déz d7;

(-1 : = (o
=Ko | G [ 75500 | IR (7ni &ir, Ti)-
n—1 L
J=t+1
27y, H fj
j=it+1

This shows that if (9.37) holds for some (n,i), it holds also for (n,i 4+ 1). Hence by
induction, for a fixed n, (9.37) holds for all « = 1,2,...,n — 1. Repeating the same
argument shows that (9.37) holds for any fixed integer n > 2. So by induction again it
indeed holds for all arbitrary integer n > 2. And the proof is complete. O

‘We now have another lemma.

Lemma 9.11. Let (Ag)—(A4) hold. Then forn =2,3,...,

(_1 n—1

'L_Ln(ngn) = {T)_lTnKO(ngn;O 0} / / Koy fn 1, TnTn— lagnTn 1, TnTp, ) (én 1)

1 o) g -
1= &2 - _ - _ - T(E
></ / 2 TS Ko (€nas TaTn—17n—23 En1Tn—2, TnTn—170—3) b(€n—1)
0 —00

1—7,_9

1 g —f B n—1 B n—1 o
X/ / 12 711 51,TnH7_'j;527‘1,Tanj7_'1 b(&1)
0 J- B j=1 j=1

1 o)
X/o S SOKO 50,TnH7'y7517'0,TnHT]7'0 b(%o)

o 1—T
0 Jj=0 Jj=0

x d&od7odéy dry x -+ x d€n—odTy_2d&n_1 dTy1.
(9.42)
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Proof. By (9.35), we have

1 poo
an(gnaTn) = TrrLL/ / KO(SrwTn;Sn—laTn?n—l)b(gn—l)quz_l) (Tn;gn—lafn—l)dfn—l d7p—1.
0 J—-oo
(9.43)

By (9.37),
1 00
ﬂn(gnﬂ_n) = 7’:;/0 /_OO KO(gmTn?én—laﬁﬂ_'n—l)g(gn—l)

-1 n—1 B n—
) [ | X
(27'” H;L:_n 7_—]') j=n—1
X Ign_l) (Tn; gn 177__n 1) dgn—l d7__n—1

=T / / 27 KO(frnTnvfn 1> TnTn—1) Ko (€1, TaTn-1;0,0)

Xb(gn 1) (- 1 dfn 1d7n—1

—_1)n1 _
= %TnKO(STan;(LO)

1 0o
X / / KO (Sn—h TnTn—1; gn%n—h Tnfg—l)b(fn—l)[gi’_’]%) dgn—l dfn—la
0 —00
(9.44)

where in the last equality we have used (9.29) to recombine the Ky’s. The desired result

then follows from the definition of I 122_7%); see (9.36). The proof is thus complete. O

For each fixed n = 2,3,4, ..., we will change the variables &, i =1,2,...,n — 1, in

(9.42). For each fixed n = 2,3,4,..., let

1—7'0

n—1 n—1
al) =/ b SO 0,7 [ [ 716070, 7 [ 7570 | B(&0) déo dm,
0 i=0 j=0
_(2) © & -4 51 e~ (9.45)
Uy, =/ o |G [[mi&mm [[ 57 | 0&)al) dg dm,
0 i=1 j=1

1—7'1
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and
n—1 n—1
(i) _ & —&ie Si—&im1p [z - _
Uy’ = ol &i-1.7n Ti3&iTim1, Tn TjTi1
0 Jooo 1 = Ti1 iy T
Jj=t—1 Jj=t—1
(5@ 1) déz 1 de 1,
1 roo & = n—1 n—1
_(n—1 En—1 — &n—2 = s _
alp—t = / =Ko [ Gnonmn [ T&Tn2ma [ T2
0 J—co 1—Tp2 - -
Jj=n—2 Jj=n—2

X b(gn 2)71 dgn 2dT,—2,

unn) (gm Tn) = /0 / Ky (gn—ly TnTn—1; grﬂ_'n—ly Tn7_—r2L—1) B(gn—l)ﬂ%n_l) d{n_l d7,_1,

(9.46)
where 51) = aﬁf) (g},ﬁ,ml, . ,%n_l;gn,m), i=1,2,...,n—1.
To illustrate how to change the &, variables, let us put
b — &7 . (9.47)
\/4Tn i OT] (1—7)
Then a rearrangement gives
fo(go;Tn) = Yo, |4 H ?j(l — 770) + &€170. (9.48)
j=0
Notice that
&olrp=0 = Tliglo €0(Go; ) = (€1lm=0)T0 (9.49)
if in turn & also depends on 7,.
Now by the definition of un (51,7'1,7'2, ey T—1; 5n,7n), see (9.45), we get
// - §1Toy0J4TH (1 —170)
X —=e ~I0b(E (05 7)) o AT 9.50

- 1

1 opoo | [ 4, 1100 75 i}
_ o nilj=0"J = B | dindF
= i Th e 70-
/0 /_OO S -\ 1 (S0 (%o ))ﬁ Yo d7o

S
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Hence

hmou N GRRR SEHa

_ Ao T1Z0 75\ - 1
lem// & — o) —===0 7 b(&)@o;Tn))\/—Ee_y‘% dgo d7o

Tn—0 1-— T0

1 oo [ _ A, 1102075\ - - 1 _ ]
- / / lim | (& —MA b(Eo(fi0: 7)) —=e %0 | dgip d7y
0 oo =0 1 -7 v (9.51)

1 poo o 1 L
_ Erlr—0 b(Eoln—0) —=e T dgio d
| hmabalnmo) = dgan

1 00
= (/0 &1]m=0b(Eolr=0) dTo) </_OO %e v dy0>

1
_ /0 €1 lr—0b(Eolrm0) d7o

where the taking of the limit inside the integral is permitted by Lebesgue’s dominated
convergence theorem, see e.g. Rudin [72, Theorem 1.34, p. 26]; and that the splitting

of the integrals are justified as &y|,,—o and &;|,, —o are independent of go.

Having illustrated the idea of how to change the &, variable, we will list the full

transformation for all the &’s, i = 0,1,...,n—1, for any fixed n = 2, 3,4, ... as follows:
n—1
f— ’7_ — —

iy ;oor & =10 47—nH7__j(1_7_—0)+£17_'0,
\/47'n Hg “o 7i(1=To) j=0
n—1

T = _ _ _ = _

S 52 - ,oor =71, |4 [[ 70 -7) + &,
\/4Tn [T L7 —7) j=1
5 7 n—1

1 = _ _ _ =z _

il or §Z =1Y; 4TnHTj(1_Ti)+§i+lTi7

\/4Tn HJ -7 j=i

gn 2_§n 1Tn—2
yn 2 =
\/47'711_[] 2 Ti(1 = Tho2)

Gno1 = Sn fnTn 1
n— - bl
\/4Tn7'n_1(1 — Tn—1)

n—1
) or gn—Z = Yn—2, | 47Tn H 7ij(l - 77—n—2) + gn—lfn—%
j=n—2

or gn—l = Yn—1 \/4Tn7__n—1(1 - 7_—n—1) + gnfn—l'

(9.52)
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Then, as 7,, — 0,

gn—l |Tn:0 = gfﬂ_—n—la

gn—2|7-n=0 = (gn—1|7—n:0)7_—n—1 = gn%n—l%n—%

n—1
£2|Tn:0 = gn H 7__j7

=2 (9.53)
_ _ n—1
ilrmo =& [[ 7
j=1
~ ~ n—1
50’T7L=0 - Sn H 7ij'
=0
In general, for each fixed n =2,3,...,
Gl =& [[7, i=0,1,2,...,n—1. (9.54)
j=i

We then have the following lemma.

Lemma 9.12. Let (Ag)—(A4) hold. Then for alln =2,3,...,

L poo [ dr, 175\ - - 1
all) = 513 7n) — Jo| | ——— S0 b(€0(J0; n)) —=e % dgjo 7
/0/_00 1(J1570) — Yo 7 (€0 (Yo; ))ﬁ Yo do,

1 00 _ At Hn 1 7. o 1 i
_(2) = TG . _ n onlly=1 77 1 I L _y2 _(1) _ B
o /0 /—oo 2<y2’7—n) Z 1—-7 b(gl(y177—n))ﬁ LUy, dyl d’7'17

47—” H] =n— 2
1—75_9

1 0o
ﬂgn—l) — / / Sn—l(gn—l;Tn) — Yn—2
0 —0o0
(n—2)

o 1
X b(gn—Z(Qn—Z; Tn))ﬁe_y’%fzﬂn dgn—2 d7,—2,

3 1 oo 1 .
ﬂgzn) (€nsTn) = /0 / b(&n—1(Yn-1; Tn))\/—%e_yiila;n_l) dgn—1dTn-1,

(9.55)
i)

( _ .z .
where Uy, :u (§Z,TZ,TZ+1,...,Tn_l,gn,Tn),z:1,2,...,n—1.



9.2. TECHNICAL RESULTS 121

Proof. We have shown in (9.50) that for any arbitrary positive integer n > 2, the
(1)

formula for @’ holds. Now by the definition (9.55) and the variable transform formulae

(9.52) we can apply a similar argument to that leading to (9.50), to obtain the desire

formulae for @2, . .. ,a&”).
It remains to show that the formulae above indeed hold for all n = 2,3, .... This will

be done by induction. Since we have shown that the formulae hold for any arbitrary

=(n)

integer n > 2, we only need to show that if the formula for @, ’ holds for some positive

integer m, then it also holds for m + 1. By definition,

+1) - R 2
Ugbnﬂ (Emt1s Tma1) = // Ko(&m, Tms1Tms Emt1Tm+1, Tm+17m)

(éma 7—m-i-l) dém d7p,.

(9.56)

Let _ _
_ gm — £m+17_'m

m = , 9.57
i \/4Tm+177'm(1 — Tm) ( )

or equivalently

gm(gmv Tm—i—l) = gm(gmy Tm; gm—i—ly Tm-i—l) = gm\/47'm+177—m(1 - 77—771) + gm-i-lfm' (958)

Then we have

1
m+1 (£m+177—m+1 / / ém ymaTm+1)) ﬁe ymu( )dydema (9'59)

(n)

showing that the formula for @, ’ holds also for n = m + 1 if it holds for n = m. Hence

the proof is complete. O

We will use (9.55) to calculate the limit of aﬁf), 1 =1,2,...,n, as 7, — 0. Note
that by the dominated convergence theorem, we can take the limits of the integrands

before integrating them, as in (9.51). For each n = 2,3,..., let
Eilm=o = lim Ei(gi;fn), i=1,2,...,n—1,
|Tn—0 - hmou (5@77—177—1—1-17"'77_—n—1;£_n77—n) ) = 1,2,...,71-1, (960)

i " |7, =0 = hmou (§n,7'n)
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Then by (9.54) and (9.55), we have

1 e’}
. . (- 1 =
M|, —o = lim / / §1(y1;Tn)b(§0(yo;Tn)> —we % dyo d7o

™ —0

:// &1(G157n) lru=0 <
LR

1
0(Jo; Tn |Tn_0> 7—8 9 dgj d7g

Jj=1

Similarly,

1
|, —o = lim / / o (a5 )b 1(y177n)> Te “wa dgy dm

Tn—0

=/ /_ 52@2;%)!7”:05(51(?41, n)"rn—0>%e iaM|,.,—o dgi d7y
- n—1 1
b _n T | — _yl’LL |7—n_0 dy1 d7y
/ / 1_[2 i Vo (9.62)
1 n—1 n—1 o q
= SN o617 | aPlm=o d7 [/ e dy]
/0 g J L J | 0 0 —oo\/7_T 0
1 n—1 n—1
= / Gl[7 eIl ] el ln=o dn.
0 j=2 j=1



9.2. TECHNICAL RESULTS 123

Repeating the same process, we have

. Lo | A [ 27j |
@%"_mrn:o = lim / / Sn—l(gn—l; Tn) - yn2\/W‘
™m—=0Jp J-c I —Th—2

e 1
X b(fn—2(§n—2; Tn)) _e—yifza%n—% dypn—2 dT,—2

N
:/1 /OO gn—l(gn—ﬁTn)‘Tn=OB(5"_2(g"_2;Tn)’T”ZO)

1
X Te V- 2u |Tn_0 dyn 2dTp—2

1 00 n—1
- — [ = 1 -2
— | | = | | = | = o Un_am(n=2) g5 =
/0 /—oo &n Tj bl & Tj ﬁe Up, |Tn—0 dyp—2dTp—2

j=n—1 j=n—2

/ / énTn lb gnTn 1Tn— 2)—6 Y- 2u(n 2)|Tn:0 dgn—2 d7,—2

* 1
|:/ gnTn 1b SnTn 1Th— 2) ’Tn—O d7p— 2:| |:/ \/—Ee ~Tn—2 dijn—2

—00
/ gnTn lb énTn 1Tn— 2) |Tn—0 d7p—2.

§

(9.63)

and

1
’Tn—o / / fn 1 yn 177—n)‘7'n—0> \/—Ee yn 1U(n 1)‘7%:0 dgn—l dTn—l
(9.64)

/ b(EnTn_1)a 7 =0 dTn_1.

(n);

In sum, we have obtained the following lemma for the u,, ’’s.
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Lemma 9.13. Let (Ag)—(A4) hold. Then for alln =2,3,...,
— 1 — —
lim a@{" (&, 7) = / b(EnTr1)
7'7L—>0 0
1 — — —
X gnfn—lb Snfn—lfn—2
Jy &)

1 n—1 . n—1
NI /0 <5n H Tj) b (gn H1 Tj) (9.65)
i

7j=2
1 _ n—1 N n—1
Xl/j fnl]}ﬁ b &11153 d7p
0 j=1 §=0
X d7y X -+ X dTp—2dTp—1.

For n = 2,3, ..., we make the following change of variables:

n—1 n—1
=& [m=(&]]7 ]
J Jj=1

—

n—1 n—1
51=§nH7_'j= ﬁanj 1,
j=1 j=2

(9.66)

i+

n—1 n—1
z=&[m=& [ |7
=i 1

n—1
Zn—1 = gn H T = (Erﬂ_—n—l) Tn—25

j=n—2

Zn—2 ::gn%n—l-
Recall that by definition '™ |7 =0 = al™ (€,,0). Then we have the following lemma:

Lemma 9.14. Let (Ag)—(A4) hold. Then for each n =1,2,3,...,

@ 0= (e (e [ e UV e TR e 1S
a6 0) = = [ Bz) /0 B(20_2) /0 B(Zns) X -+ X /0 b(z1) /0 b(z0)

gn 0
X dzgdz X --- x dz,_3dZ,_92dZ,_1.
(9.67)
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Proof. We will prove the lemma by induction. Suppose that the formula is true for
some n. Then by (9.59),

= (nt

lim un+1 (£n+177_n+1)

7'7L+1—>

= lim / / én UYn; Tn—l—l)) ! e_giﬂ(n) dgndﬂ__n
Tn+1—>0 ’ ﬁ n+l

1, (9.68)
fn yn7Tn+1)‘7—n+1 O)ﬁe nun+1‘7n+1 0 dy, d7,

> 1
= [/0 <£n(yn77'n+1)|m+1 0) n+1|7'n+1 =0 dTn:| |:/OO \/_ yn dyn} ’

where

_ _ T opoo | ATy 41 HT-L: _1Tj
an@l(fnrﬂz;fn-ﬁ-lﬂ—nﬂ-l) = / / fn(anTn—i-l) - yn—l\/ z z
0 —00

1—7,1

INga 1 7] n— _ _
X b(fn—l(@n—l; Tn—l—l)) —ﬁe_y’%*la;_i_ll) dypn—1dTn—1.
(9.69)

Then by repeating the variable transform (9.66), with the index n raised to n + 1, we
get

n 1 f_n+177 2n77 2117177 2277 2177
usl.:il (fn-l-ly ) §n+1/0 b(zn)/o b(zn—l)/o b(zn—2) X X/O b(zl)/o b(ZO)

x dzgdz; X --- x dz,_2dZ,_1dZ,.

(9.70)

Hence (9.67) holds for n + 1 if it holds for some positive integer n. It can be verified
that (9.67) holds for n = 1,2, so by induction (9.67) holds for all n = 1,2,3,.... The
proof is thus complete. O

It turns out (9.67) can be integrated explicitly. Recall that

( +0'(071(2))), (9.71)
/ C(l— (9.72)

ss\
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Let

(9.73)

Then -
_ 1 fn _
(6 0) = 7 | a7 (Far) dze. (9-74)
n J0

For each fixed n € Ny, implicitly define the new variables zg, z1,...,2zn_1, by

(9.75)

- ) e -

= — {zo +In a(zo)] dzg

o(01(21))
a(0)

This gives

IW () = 2 +1In 00(21). (9.77)
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Similarly,

671(=2) o(z
I (2) :/0 . (0(20) +0'(20)) v2 [2’1+ln U( 1)] dzy

:/91(22) [12+ 0'(7:0)} [Zl—kl:jlz)l)} dz "
0971(52) s o(zo) 0(21)02(0) 0.78)
- §d—%{[Z1+ln zo1 } dzl
_ % [9—1(22) +1 ”(9;(10()22))}
In other words, ,
I?)(z9) = % |:Z2 +1In %} . (9.79)

Noting these results, we are now ready to prove the following lemma;:

Lemma 9.15. Let (Ag)-(A4) hold. Then for anyn =2,3,...,

I0(%) = l 07" (z) +In o0 (=)'

—_— =1,2,...,n— 1. 9.80
Z! 0_(0) 9 ? )= 7n ( )

Proof. Recall that we have shown in the above that (9.80) is true for ¢ = 1,2 for any
fixed integer n > 2. Now suppose it is true for some ¢ and an arbitrary integer n, we
will show that it is also true for ¢ + 1, provided i +1 < n — 1. By the definition (9.73),

Zit1

6D (3, ) = / b(z) 0 (51) dz,. (9.81)
0
By assumption, (9.80) holds for some i. Hence

Zit1 _ o -1 Zi ¢ _
G = [y [ e e s

Setting z; = 6(z;), we have

, 07 (2i11) ()]
I8 (z40) :/o ! (o(z:) + o' (=) %l [Zi + In 0((0))] dz;.  (9:83)

S
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Simplifying the terms gives

. 6-1(z2) / i
Ir(LH_l) (5i+1) = / |:1 + g (ZO):| l |:Zi +In U(ZZ):| dZZ'
0

0 (ziv) q d o(z) an
/0 (it D) dzo{ st 0(0)] . (084)

=l/z i+1
- (z’+11)| [6_1(2i+1)+1n M} * .

Hence (9.80) holds for any arbitrarily fixed n = 2,3,...,and all i = 1,2,...,n — 1. It
holds for all n = 2,3,... and all ¢ = 1,2,...,n — 1 by induction. The proof is thus
complete. O

9.3 Calculation of the 1st and 2nd term of the series

Remember that in this chapter our aim is to prove Theorem 9.1. To this end we
have proceeded to calculate term by term the time 7 limit of the series Uj(z,7) =
oo up(z, 7). By (9.15) and (9.16), this is the same as to calculate term by term

the time 7 limit of the series Uy (Z,7) = Y .o°

n=1

Un(Z,7). While yet to be proved,
Proposition 9.4 gives the limits we are to obtain for the u,’s. The technical results
given in Section 9.2 above have paved the way for the proof of these limits. Before
proving these limits, i.e., before proving Proposition 9.4, and the main theorem of this
chapter, let us demonstrate how those technical results of Section 9.2 actually work in
the calculation of the time 7 limits of the @,’s. In this demonstration we will calculate

the limit as 7 tends to 0 of %y and 1z, the first and second term of the series Uy (Z, 7).

Calculation of the time 7 limit of the first term

We now calculate the limit of the first term u; as 7 tends to 0. Note that by (9.16)
we have @, = u, for all n € Ny. By (9.5)—(9.10), (9.13), and with (Z,7) replaced by
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(51, 71), we have

ur (&, 1) = /_OO Ki(&1,7139,0)h(y) dy

=/ Ki(&,71;9,0) dy
0

:/0 5 [/ / Ko(&1,71; €0, 70)b(€0) Ko (€0, 705 7,0) d&o dTo}
— {/0 /_ Ko (&1, 713 €0, 70)b(€0) Ko (€0, 705 7,0) d&o dT0:|

7=0

= /07'1 /‘X’ K0(517T1;5077-0)6(50)}{0(5077'0;070) dfo do,
(9.85)

where the third equality is justified by (9.19), the forth by (9.22), and the fifth by the
dominated convergence theorem. This corresponds to (9.22) with n = 1. To normalize
the time integration from the interval (0,71) to the interval (0,1), we put 7o = 70/71.

This gives 19 = 1 79. Consequently, recombining the kernels gives

a1 (&1,m1)
1 e’} _ _ o B _
271/ / Ko (&1, 71580, 170)b(€0) Ko (§0, T170: 0, 0) d&o dTo
0 —00

1 e’
= 71/ / Ko(€1,7150,0)b(€0) Ko (€0, T170; E170, T ) dép dTy
0 —00

= ! _@—_sw : 4
Vi [exp< 471)]// VAT — 7o) exp[ Imro(l — 7| odn

(9.86)

This corresponds to (9.42) with n = 1. Now as in (9.47) or (9.52), we let

o o — &170
e g (9.87)

Then a rearrangement of gy gives

&o(To; 1) = Yo/ 4n170(1 — 7o) + E170. (9.88)

By this change of variables we get
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Noting that
&o(Go;m) — &0 as 1 — 0, (9.90)

we have, as 7 — 0,

ﬂl(gl,ﬁ) ~ \/;1_(_7_1 |:eXp< 47_1>:| / / 517'0 —e ~75 dyodTO

Lol )] [oimon [ s o
— {\/\/g [exp( 45;1”}/0 b(&170) d7o,

where in the last equality the integral corresponds to ﬂ%n) in (9.65) with n = 1, and the

curly bracket term corresponds to the curly bracket term in (9.42), again with n = 1.
Following (9.66), we then set Zyp = £;7. By (9.91), as 7 — 0,

m(Gm) ~ Y [exp (—j—i)} / e )z da, (9.92)

where the integral corresponds to (9.67) with n = 1. As in (9.75), we put zo = 0(%),
i.e., Zo = 6(2p). Then

& 1 B 1 0= (&) V2
/0 b(Z())g—l dZ() = E/O b(@(z@)m dZQ
_ 1 iy V2 9.93
= 51 /0 NG (U(Z()) +o (Z())) (20) dzg ( )

_ 1 0'(9_1(5_1))]
&1 a(0) .

\)

o)+

This is nothing more than replacing z; in (9.76) with &. Together with (9.92), this

shows that as 7 — 0,

a1 (&1, 71) ~

VI G\ 1 -1,z a(0~' (&)
i [exp <—4—7_1>} 2 [9 (&) +1n ) } . (9.94)
Replacing (£1,7) with (Z,7), and recalling

;\f/ﬁ_xﬂ]() (9.95)
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we have, as 7 — 0,

Var o
= 2 _1yn-1 o (0-1(z n
(e (85 S Glre G b
(9.96)

This completes the calculation of the time 7 limit of @; (Z, 7), the first term of the series
Ur(Z,7) = >00  Un (T, 7).

Calculation of the time 7 limit of the second term

We now calculate iip, the second term of the series Uy(Z,7) = Y oo n(Z,7). By
(9.5)-(9.10), (9.13), and with (Z,7) replaced by (&2, 72), we have

U (&2, 72) :/ Ky (&2,72; 7, 0)R(7) dy
:/0 Ky (&2,72;9,0) dy
:/0 —% {/02/_OOK0(€_2,7'2;§_1,T1)5(§_1)
X /0 1/_00 [%Ko(i_hﬁ;goﬁo)] b(&0) Ko (&0, 7037, 0) d&odo
X dfl dTl} dy
2/02/ Ko(&2,72;&1,71)b(&1)

* /oT1 /_C:; [%Ko(fl,ﬁ;fo,m)] b(&0) Ko(o, 703 0, 0) d&o d7o d&y dy.
(9.97)

This corresponds to (9.22) with n = 2. To normalize the time integration from the

interval (0,72) to the interval (0, 1), we put 71 = 71 /72. This gives 71 = 171 and

1 [e'e]
u2(§2772)272/0/ Ko(&a, 725 &1, m271)b(E1)

T2T1 [ee) 8 _ _ o _ _ _
X/o /_oo [a—glKo(ﬁl,Tzﬁ;ﬁo,To) b(&0)Ko(&o, 70;0,0) d&odrodéy dTy.
(9.98)
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Setting 7o = 79/ (m271) gives 79 = ToT1T2. This change of the variables then gives

1 [e'e]
U2(§2,T2)=T22/0 / Ko(&2, 725 &1, m271)b(E1)
1 [e'e)
Xﬁ/o /_oo [%KO(EI,TW_'I?EO,TW_'N:O) b(£0) Ko (&0, 727170; 0, 0)

X dg(] d7g df_l dry.
(9.99)

This equation corresponds to (9.27) with n = 2. Note that in this expression we have
the 7y and 7y, instead of 79 and 71, time integrals. Let f be the inner most integrand
of z(&2,72) in (9.99); that is,

f= %K0(517727_'1§507727_'17_'0) b(&0) Ko (€0, 7271703 0, 0). (9.100)

By differentiating explicitly and applying the Ky recombination formula (9.28), we get

& &

—ml_’(f_o)f(o(gl, 72715 0,0) Ko (€0, T27170; €170, T2T175) - (9.101)

f=

Note that in the application of the K( recombination formula (9.28), we could treat
ToT1 as a time point 7. Moreover, (9.101) can be directly verified by using the definition
of Ky, see (9.9). Now by (9.99) and (9.101) we can rewrite t2(&2, 72) as

1 o)
52(5_2,7'2)27'22/0/ Ko(&, 1261, 7271)b(&1)

Lo (9.102)
x 71 Ko(&1,7271;0,0) [/ / g d&o dTo} d¢; d7y,
0 —00
where _ _
_ 51_60 T/& = _ L F = _ _92
g =————"—b(&) Ko (&, T2T170; {170, T2T1 TG )- (9.103)
21971 (1 — 7p)

Applying the Ky recombination formula (9.28) to Ko(&a,7; &1, To71) Ko(&1, T271;0,0)

then gives

1 o)
U2 (&2, 72) :T22K0(§277-2;070)/0 / Ko(&1, 7713 €071, 271)b(&1)
- (9.104)

1 e )
XTl/ / gdgodfodgldﬂ.
0 —00
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Starting with the inner most integral that now has g as its integrand, we will further
simplify @2 (&2, 72). As in (9.52), to simplify g we set
go= ——0 8T (9.105)
4171 70(1 — 7o)

This gives
&0 (o3 72) = Ho/AmaT170(1 — 7o) + &1 70 (9.106)

And we have )
Ko (&0, 7271705 E170, 271 70) A€o = ﬁe_gg dgo. (9.107)

Moreover, we get

& — & =& — Go/ArTiTo(l — 7o) — &i70

i (9.108)
=&1(1 —70) — goV/4AmeT1To(1 — 7o),
and _ _
&1 — & 4ToT1 Ty
— = - . 9.109
27271 (1 — 7o) 27'27' &= 1-7 ( )

By (9.105)-(9.109) , 12(£2,72), in the form expressed by (9.104), can be rewritten as

tig (€, 2) = 75 Ko(&2,79;0,0) / / Ko(&1, 7713 &071, o) b(E1)

-7 - AToT1 T 1 -
: / / o(To; ) [51—170 210 } —e % dyjo drp &, A7y

27‘27'1 1—7 | vm
= —52[(0(52,7-2;0,0)/ / Ko (&1, 72715 &071, 277)b(61)
/ / &o(7o; T & — AT 1o Le_gg dyjo d7o dé; d7
0y0,2 1— Yo - | /7 Yo dTo d&1 A71,

(9.110)

where &(7o; 2) is given by (9.106). To simplify the remaining Ky term in (9.110), we

put B _
O k- W (9.111)
4T2f1(1 — 771)

This gives
§1(71372) = g1/ Aremi (1 — 71) + ST (9.112)
Further, we have

_ _ _ 1.
Ko(&1, 72715 6271, To77) A&y = N 7t dg;. (9.113)



134 CHAPTER 9. PROOF OF THE TECHNICAL THEOREM

By (9.111)-(9.113), @2(&2,70), as expressed by the last equality of (9.110), can be

rewritten as
ia(E, ) = —~ 2 Ko(6,72;0,0) / / & Lot
) = —— T T2) | —
2,72 0lS2, 723 1(Y1; 2 ﬁ
AToT1 T
/ / o(Jo; m2) [y1\/47271 (1—71)+ &7 — 12 17_00}

X \/,e ~% dgo d7p dyp d7y.

(9.114)

By (9.106), we have &;(i1; 72) =0, &71. This, together with (9.112), then gives
= T9—0 . = _ T o —
&o(ijo; 72) —— 712151051@1; m2)T0 = &2T170-

Hence, by taking into account (9.114) and the definition of Ky, and using the dominated

convergence theorem, we get, as 79 — 0,

’ 2 \/ﬁ 4’7’2
1 oo ) e L
N ~ IR G
X/o /_oob(fzn)ﬁe i [/0 /_m§2716(§27170)ﬁe 8 dgo dr
X dy1d7

T2 1 &
=——=——\@exp|——>=
2 Jdrro 47y

o 1 oy o0
X —=e Y1 dy / % dg
/—oo ™ 0 \/_

:{ 722\/41? < >} /bfﬂl [/ EoTb(Ea170) ATy | d7y.
(9.115)

Here the (double) integral term corresponds to the right hand side of (9.65) with n = 2,

and the curly bracket term corresponds to the curly bracket term in (9.42), also with

n = 2.
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Following (9.66), we set zy = &7170 and 21 = &71. Then (9.115) becomes

’L_LQ(EQ,TQ)N{ 722\/4;_72 < )} /b 271) /gml_)(zo) d20] dr

1 3
N {_5 VAT eXp< 47%2)} 52 [/ b(z0) dzo} de

We will calculate first the integral inside the square brackets. Recall from (9.6) that

a:):\/i/ow%.

As in (9.75), we can implicitly (and uniquely) define zy by

(9.116)

20 = 9(20). (9.117)

Then

o(z0) (9.118)

where in the second equality we have used (9.8), the definition of b(-). Now we implicitly
define z; by
21 = 9(21). (9.119)

Then by (9.118), the (double) integral in (9.116) becomes

/052 b(z1) [/021 b(Zo) dzo} dz = /052 b(z1) [0—1(21) +1In %} dz
) /091@ - [9—1(9(21)) o 0(9—1(0(21)))} v
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Applying (9.8), the definition of b(-), we then get
& _ Z1
i) | [ 060 as| 0z
0 0
071 (&2)
/ L [0”(21)4‘0’(21)] X |:Zl+1n U(Zl):| \/5
0

= dz

01(52)\/5 o'(z1) o(z1) e
:/0 | 1+ 2(0) } X [zl +1In 0(0)} dz (9.121)
:%/00 (Sz)diZl [z1—|—ln ((201))} }dzl

This, coupled with (9.116), then shows that as 79 — 0,

a2(£2,r2)~{ o1 ( 5%)} 1 X%{e—l@)unwr

S ()]~ 4 o)
-l (<) & o (e m )
(9.122)

Relabelling (&, 72) with (z,7), we have, as 7 — 0,

o Y B\ L () e @) T
~ Y ) = i /] In — %
i(7,7) {\/E P\~ )|z g @R .
(9.123)
which what is given by (9.17) in Proposition 9.4. This completes the calculation

of the small time asymptotic limit of %z, the second term of the series Uy(Z,7) =
>oo2 Un(Z, 7). The other @, terms in the series can be calculated accordingly, as we
have already proved in Section 9.2. We are now ready to present the main proofs of

this chapter.

9.4 The main proofs of the chapter

In this section we will prove firstly Proposition 9.4 and secondly Theorem 9.1.

Proof of Proposition 9.4. Lemma 9.15 shows that for any n = 2,3, ...,

1
I (z,_) = 07 (Z01) +1n 7

] (9.124)
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Then by (9.74), and by setting z,—1 = 6(2,—-1),

1 (&

W€, 0) = = [ b(Za-1) 10" (Zno1) dZny
T (0-1E)T" (9129
N T3 o\ __sn))
=& @ e SR
By (9.42), (9.55) and (9.125), as 7, — 0,
oz (=" 3 () (F
un(inﬂ%)"’ on—1 TnKO(gnaTn;an)un (fn,O)
R 1 SN L L[ O—"ENT"
=S o ()| & e e g
(9.126)
Replacing (£, 7,) with (Z,7), we have, as 7 — 0,
o (-t 1 #2\11 1], 4, a0~ z)1"
Un (T, T) ~ 51 T\/H [exp <_E>] — [9 (Z) +1n W}
_=yrhyT N1 1 a0 (z)1"
VT N1 Y a0 @)T\"
-l (-5)]5 S Gl o)
for n = 2,3,.... The proof is completed by invoking (9.96), which shows that the
formula also works for n = 1. O

We now prove Theorem 9.1.

Proof of Theorem 9.1. Applying the change of variable formula z = 0(z) = v/2.J(z) to
(9.17) gives

(7)o YL [exp<_"2<x>>}i.‘l (-3 [Hln@])" n=12, ...

Vor 27 J(z) n! \ 2 o(0)
(9.128)
The desired result then follows from this and the fact that
-1 1 o(z)]\" 1 o(x)
Z_: o { 5 [w+lna(0)]} =1 exp< 5 [x—l—lna(o)
n=l (9.129)
o(z)



Chapter 10

Future research

The field of implied volatilities in option pricing is rapidly expanding, involving more
branches of mathematics and more advanced techniques. Already, stochastic models are
going infinite dimensional and applications of large deviations and differential geometry
are appearing fast, headed by the work of Henry-Labordere [47]. So, what is left for
the local volatility model and where to go from here? Here are some plausible and

incomplete answers:

e A modest forward step would be to develop numerical schemes for solving the
degenerate quasilinear parabolic PDE linking local and implied volatilities; see
(2.8). An efficient scheme would provide a basis for practicable exotic derivative

pricing with implied volatilities.

e A more ambitious step would be to derive the known asymptotic results under
the assumption that the diffusion coefficient, e.g., v(+) or o(+) in this thesis, can
hit zero or blow up to infinity. The asymptotics can be of small or large time
or large strike. We note that the main tricks used in this thesis are not likely to

work.

e On a different scale of complexity, one could investigate the small time properties
of the gradient and Hessian of the implied volatility in stochastic volatility models
that, unlike the one dimensional local volatility model in my thesis, allow for an
arbitrary number of stochastic volatility factors. This would extend the work of

Berestycki et al. [5].

e Of course, to reach a more admirable pinnacle, one can borrow tools from geo-
metric analysis, after the fashion of yield curve modelling, to break new paths
in the field of implied volatilities. More admirable still, if the new paths can be

statistically tested and can stand the test of time.
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