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Abstract

This thesis deals with modeling of an induced hydraulic fracture and a natural fracture
in a poroelastic medium and study their interaction. A finite element based numerical model
is developed for this purpose. The model integrates a wellbore, an induced hydraulic fracture,
a natural fracture and a reservoir in a fully coupled manner and simulates the interaction
between induced hydraulic fracture and a natural fracture. A half reservoir model is used to
take advantage of symmetry. In order to have control over the entire grid and element
numbering, an innovative mesh generator was developed as part of this study. Fracture

propagation is modeled based on KGD fracture mechanics.

The numerical studies have shown that a natural fracture has a profound effect on the
induced fracture propagation. It has been observed that in most cases the induced fracture
crosses the natural fracture at high angles of approach and high differential stress. The width
of the induced fracture decreases as it propagates. Once the induced fracture crosses a natural
fracture and it propagates further into the formation fracture width increases. At low angles of
approach and low differential stress the induced fracture is more likely to be arrested (at least
short time) and/or breaks out from the far end side of the natural fracture. Results also
showed that in the case of high angle of approach the hydraulic fracture always crosses the
natural fracture and the differential stress has no significant effect on the propagation of
hydraulic fracture. It has been also observed that propagation of induced fracture is stopped
by a large (>10m) natural fracture at high angle of approach. If the injection rate, however, is
increased the induced fracture crosses the large natural fracture at high angle of approach. At
low angle of approach the induced fracture deviates and propagates along natural fracture.
Crossing of natural fracture and/or arrest by the natural fracture is controlled by shear
strength of the natural fracture, natural fracture orientation and in-situ stress state of the

reservoir.

From the results of this study it has been found that this model has a potential
application in the design and optimization of hydraulic fracture treatments in naturally
fractured reservoirs including tight gas reservoirs and enhanced geothermal systems. The
model can also be used in the design of hydraulic stimulation of naturally fractured reservoirs

based on shear dilation principle.
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Chapter 1: Introduction

1.1 Background Knowledge:

The main objective of this thesis is to investigate the fracture propagation pathway of
an induced hydraulic fracture in the presence of a pre-existing natural fracture in a poroelastic
medium. Several field and lab experimental studies have shown that a hydraulically induced
fracture can propagate in a naturally fractured reservoir in different modes. It can intersect
and cross a natural fracture, turn into a natural fracture (fracture arrest) or turn into the natural
fracture for a short distance and breaks out again to propagate in direction dictated by
perturbed local stress state (Blanton, 1982; Lammont and Jessen, 1963; Potluri et al., 2005).
These possibilities are dependent on the magnitude of stress differential and the angle at
which the induced fracture approaches the natural fracture (Daneshy, 1974; Warpinski and
Teufel, 1987). One of these possibilities is shear dilation of natural fractures which can

enhance reservoir permeability (Chen et al.,1995).

Analytical solutions are developed for predicting the direction of a propagating
fracture in naturally fractured reservoirs. Most notable of which is Blanton’s criterion
(Blanton, 1986) which is primarily based on angle of approach of an induced fracture towards
the natural fracture and differential stress field. Under this criterion low angle of approach
associated with low to intermediate differential stress tends to open the natural fracture and
divert fracturing fluid and/or arrest the propagation of the hydraulic fracture, whereas under
high differential stress and high angle of approach hydraulic fracture most likely crosses the
natural fracture. Warpinski and Teufel (1987) presented criteria for shear slippage (based on
Mohr- Coulomb failure criterion) and shear dilation (based on the relationship between
fracture pressure and normal stress) of the natural fracture. If the hydraulic fracture has
already crossed the natural fracture, shear slippage or dilation of the natural fracture are
affected by perturbed stress state of the region around the fracture. Warpinski and Teufel
(1987) also presented a simplified analytical approximation of stress field around a natural
fracture by taking into account for the effect of fluid leak-off mainly through the natural

fracture.

Numerous studies are also carried out on the interaction of hydraulic fracture and
layered formations. Renshaw and Pollard (1995) introduced a criterion for fracture

propagation across unbounded frictional interfaces in linear elastic media. Studies based on



the elastic theory have shown that a fracture initiated in a stiff layer of two perfectly bounded
interfaces is able to advance towards and enter into the softer layer under favorable stress
conditions. In an opposite situation, a fracture that has grown in a softer rock cannot
propagate into stiff rocks (Bear, 1991; Erdogan and Biricikoglu, 1973; Helgeson and Aydin,
1991). Recently, Zhang et al. (2006a) presented a numerical simulation of hydraulic fracture
propagation at the bedding interfaces using a two-dimensional boundary element model.

As far as numerical studies are concerned, only a few works have been carried out on
the interaction between hydraulically induced fracture and natural fractures. Heuze (1990)
used FEFFLAP model (Finite Element Fracture and Flow Analysis Program) to investigate
fluid-driven crack in jointed rock. Dong and de Pater (2001) applied a displacement
discontinuity method to study the effect of a fault on hydraulic fracture reorientation. Zhang
and Jeffrey (2006b) also applied a displacement discontinuity method to study the role of
friction and secondary flaws on deflection and re-initiation of hydraulic fractures at
orthogonal pre-existing fractures. Koshelev (2003) developed a numerical elastic model to
study crack propagation near natural discontinuities such as joints and faults based on
complex variable boundary element method. Potluri (2005) developed a numerical elastic
model to predict the dynamic fracture dimension in the presence of natural fracture based on
the PKN model. Akulich et al. (2008) developed a numerical elastic model to investigate the
interaction of a hydraulic fracture with fault. They suggested that the fault slows down the
propagation of a hydraulic fracture. An increase in differential stresses and the angle of
inclination of the fault leads to a decreased likelihood of fault activation and decrease in the
relative normal and tangential displacements of the fault faces. Modeling of interaction
between induced fracture and fault did not include fracture intersections; however, it gives an
idea about the slippage along the fault and how it affects the stress intensity factors at the tip
of the growing hydraulic fractures. Lecampion (Lecampion, 2008) attempted to use the
Extended Finite Element Methods (XFEM) to solve this problem. He sought the elasticity
solution via XFEM for a given fracture geometry with either specified pressure distribution

or opening profile.
1.2 Aims and significance:

In all the aforementioned works interaction (diversion, arrest and/or crossing) of an
approaching induced fracture with an arbitrarily oriented natural fracture in a poroelastic

medium has not been addressed. In this study the influence of angle of approach, differential
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stress and natural fracture properties on the interaction between pre-existing natural fractures
and an induced hydraulic fracture in a poroelastic environment is studied. First a numerical
model that is capable of dealing with fracture propagation near natural fracture in poroelastic
environment is developed and then a number of case studies are presented. Due to the
computational complexity of three dimensional analysis of fractures, all the analyses will be
limited to the two dimensional geometries. A finite element mesh generator is developed
using FORTRAN 90 in part of this thesis to accurately implement the natural fracture into the
model and the zone of interaction.

Large volumes of natural gas are stored in low-permeable fractured reservoirs around
the world. Tight gas reservoirs, which form a significant part of low permeable fractured
rocks, include coal bed methane, shale gas and natural gas hydrates. Although hydraulic
fracturing has been used for decades to enhance productivity of tight gas reservoirs, a
thorough understanding of the interaction between induced hydraulic and natural fractures is
still lacking. The interaction of pre-existing natural fractures and an advancing hydraulic
fracture can lead to complex fracture geometry. Performing hydraulic fracture design
calculations under these complex conditions requires understanding of fracture intersections
and tracking of fluid fronts (fracture tip of induced hydraulic fracture). The findings in this
modeling work can be used to explain different observed behaviors of hydraulic fracturing in
tight gas reservoirs and in geothermal reservoir. It can be used to predict the possible
reactivations of natural fracture and the possible fracture extension pathway of the induced
fracture in those reservoirs. Generally, this model can be used to predict the fracture
propagation pathway and optimization of hydraulic fracture treatments in naturally fractured
reservoirs including tight gas reservoirs and enhanced geothermal systems. The fully coupled
poroelastic model and the understandings derived from this model, have beneficial
applications in the design and optimization of hydraulic fracture treatments in naturally
fractured reservoirs including tight gas reservoirs and enhanced geothermal systems. The
model can also be used in the design of hydraulic stimulation of naturally fractured reservoirs

based on shear dilation (high pressure low injection rate).
1.3 Structure of the thesis:

This thesis is divided in four chapters including the Chapter-1, introduction. Chapter-
2 is divided into two sections. In section one the brief introduction of development of theory

of poroelasticity, governing equations of linear elasticity and diffusivity are presented. The

3



coupling of these two phenomenon using Biot’s theory. A model based for intact wellbore is
built. For validation of the model developed, derivation of analytical solutions is discussed.
Finite element method is used to solve the poroelastic equations. The results produced are
illustrated at the end of the chapter and supporting discussion is also provided. In section two
detailed review of existing current fracturing models and different modes and criteria for
fracture are outlined. The effects of poroelasticity and fracture treatment parameters such as
formation permeability, rock strength, and fluid viscosity on the hydraulic fracture
propagation are analysed. The results produced are illustrated at the end of the chapter and

supporting discussion is also provided.

In Chapter-3, a fracture propagation model is presented to simulate the induced
hydraulic fracture propagation in presence of a natural fracture in poroelastic environment. A
two dimensional model is presented to study the effect of natural fracture on hydraulic
fracture propagation. Also a model for analysing the induced fracture arrest by and/or
breakout of natural fracture is presented. Results produced are illustrated at the end of the

chapter and supporting discussion is also provided.

In Chapter-4 conclusions are made, major findings observed through the study are presents

and recommendations for future work are outlined.



Chapter 2: Modelling of Fracture
Propagation in Poroelastic Formation

The purpose of this chapter is to develop a fully coupled numerical model to simulate
fracture propagation in a poroelastic medium. For this purpose an intact wellbore model is
first developed and validated. Then a fracture is bringing in to study its propagation.

2.1 Intact Wellbore Modelling

Poroelastic modeling involves two processes: deformation of the rock due to change
in pore pressure, and change of pore pressure due to deformation of the rock in undrained
condition. These two processes are coupled and hence impart an obvious time dependent
character to the mechanical properties of the rock.

The reciprocal impact of the processes of diffusion and deformation is first developed
by Terzaghi in 1923 who proposed a model for one dimensional consolidation. This theory is
generalized to three dimensions by Rendulic in 1936. Biot developed the theory of linear
poroelasticity in 1935, 1941 and extended in 1956. This theory is then further extended by
Verruijt (1969) in the context of soil mechanics. Rice and Cleary (1976) related the
parameters of rocks and soils to poroelasticity. In petroleum engineering, poroelastic theory is
first applied to study subsidence by Geerstma (1966) and hydraulic fracturing by Haimson
and Fairhurst (1969).

According to Longuemare et al. (2002), governing equations of the poroelasticy
include two components: fluid flow and rock deformation. These can be solved by using
partially coupled method or fully coupled method. In partially coupled approach, two
separate simulators (reservoir simulator and geomechanics simulator) are used for each part
of the problem. A conventional reservoir simulator is first employed to calculate pore
pressure for a certain time step, and this result (pore pressure) is then bring into a
geomechanics simulator that produces stress distribution. The procedure is then repeated for
different time steps to generate results of displacement and pore pressure. Since there is no
iteration involved in this method, it is named “one way coupling approach”. In one way
coupling, the effect of geomechanics on fluid flow is not taken into account. The outputs of
two simulators are exchanged at each time step in an explicit or iterative manner (Fung et al.,
1992; Koutsabeloulis and Hope, 1998; Settari and Walters, 1999; Tortike and Faroug Ali,
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1993). In a fully coupled method the governing equations are simultaneously solved by one
simulator. This approach gives more accurate and consistent results. Therefore, less

computational time is required in compare to iteratively one way coupling approach.
Poroelastic governing equations

In conventional reservoir simulators the diffusivity equation is used as the governing

equation of pressure (Aghighi 2007). The coupled fluid flow equations used in the model are

as follows:
w_am_v.[hw}cfvn[kw] e
ot ot Y7, Y7,
op o(vV.0) K
¢ P_ VW _ gLy 22
e, P - (ﬂ p} 22)

Where ¢= porosity, ci=total compressibility, a=Biot coefficient k=permeability tensor,

u= fluid viscosity, ¢ = the fluid compressibility and p=Ffluid pressure (See Nomenclature).

The governing equations for displacement which contain the fluid pressure as a

coupling variable are as follows:
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Here, c; is the total compressibility ) and ‘G’ is Lame’s parameters, uy, Uy and u; is

displacement along x, y and z axis respectively. The detail derivations of these equations are

given in Appendix-2.1 B.

Equations 2.1 to 2.5 are the constitutive equations of poroelasticity with four
unknowns: uy, Uy, U; and p. Coupling occurs among these equations because pore pressure
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appears in the force equilibrium equations and mean stress/strain(derivative of displacement)
appears in the fluid flow equation. The richness and verities of poroelastic phenomena arise
from interactions between the mechanical requirement of force equilibrium and the fluid flow

requirement of continuity (H.F Wang, 2000).
Simplification of poroelastic equations

Under specific conditions Eq. 2.1 or 2.2 is decoupled from the equation of equilibrium
to make easier to solve. These conditions require assumptions for change in stress and

loading conditions. Some of the conditions are non-deformable porous medium (no change in

( kk)

volumetric deformation—*~=0), Oedometric depletion also known as uniaxial strain

compaction (Ao, =0and¢, =¢,). For this purpose, the coupling term —a—a(zt'u) of

op

Equation Eg. 2.1, which is in fact equal to—a——*= , must be removed or changed tOE

()
ot

(Aghighi, 2007). So the, Eq. 2.1 turns into:
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Undrained response

Poroelastic coupling in a physical situation depends on the rate of pore fluid
movement relative to the rate of change of stress conditions. Normally when flow is restricted
to move there is an undrained conditions. When the well is drilled, rock is replaced by a
wellbore and pressurized by a fluid column. The stress acting on wellbore becomes different
from the stresses in its previous condition. Rocks deforms in response to this stress change.
Fluid flow is initiated if the wellbore pressure is different than pore pressure. Due to viscous
effect fluid needs time to flow whereas solid deforms faster than fluid flow. In an undrained
response solid deformation is not associated with fluid flow, which is often the case of

drilling.

Hydraulic fracture is conducted relatively long time after drilling. The drained

situation (p=pr, reservoir pressure) is considered as initial condition for hydraulic fracturing.



For undrained case the constitutive equations of poroelasticity can be expressed as (Aghighi
2008):

op = K, ; Ky Oy (2.7)

where g = the volumetric strain, Ku and Ky are undrained and drained bulk modulus

respectively. Substituting this value in the Eqgs.2.3-2.5 one can write:

GV2u, + (4, + G)M =0 (2.8)
OX
) (Vu,)
GViu, +(4, +G)—=0 (2.9)
GV?2u, + (4, +G)% =0 (2.10)

where A, is undrained first Lame’s parameter.
Plane strain

Plane strain assumption can be used when one of the dimensions is very large as
compared to other two. According to Jaeger (Jaeger and Cook, 1969) the principal strain in
the direction of longest dimension is constrained and can be assumed to be zero. Thus, in this
case the principal stress in the direction of longest axis (vertical axis) can be excluded from
the calculations. This allows reducing three dimensional analyses to two dimensional
analyses of stresses. These assumptions are widely used in the study of hydraulic fracturing
and stress reorientation by various authors (Biot et al., 1986; Garagash and Detournay, 2005;
Geerstma and De Klerck, 1969; Hidayati et al., 2001; Nouri et al., 2002; Sato and Hashida,
2000). Using the stress-displacement relationship Egs.2.3 to 2.5 is reduced into two
dimensions. The two dimensional stress-displacement relationships can be expressed as

follows (Zienkiewicz and Taylor, 2000):
STD,SAU+aVAp =0 (2.11)

where De is the elastic modulus tensor, AG is change in total stress and Apis change

in pressure. The detail derivations of these equations are given in Appendix-2.1 B.



Description of the model

The poroelastic intact wellbore model presented here includes a reservoir which is
intercepted by a vertical wellbore. It is assumed that the reservoir surface is horizontal, at
initial condition the system is at rest and that the reservoir is in drained situation in which
pore pressure is stabilized. Vertical stress is a principal stress and other two principal stresses
(minimum and maximum horizontal in-situ stresses) are in horizontal plane and are aligned in
the same direction of Cartesian coordinates of the reservoir. Initial value of displacement,
pore pressure and stress components are obtained from Kirsh’s analytical solutions for a
poroelastic rock as shown in Appendix-2 E.5. At the outer boundary of the reservoir no-flow
(Neumann type) condition is applied. The two in-situ stresses are applied as force at the outer
boundary of the reservoir. A constant wellbore pressure (Drichlet type boundary condition) is
applied as force at inner boundary (wellbore) of reservoir. Young’s modulus, Poisson’s ratio,
porosity, permeability, total system compressibility and the viscosity of fluid are assumed to
be independent of time and space. The model geometry is shown in Fig.2.1. The elastic
properties of reservoir, formation fluid properties and in-situ stresses are given in Table 2.1.
Structural boundary conditions are applied on the x and y axis of the model in order to take
advantage of symmetry. This boundary condition is applied to restrict the displacement of the
nodes along the x and y axis. A large outer radius is used and the time steps are chosen such a
way that the change in pore pressure or stress state is not felt at the outer boundary. In this
study the sign convention of conventional rock mechanics have been used and applied to all
phases. Thus, all forms of stress, strain and pressure are positive when compressive and
negative when tensile. Displacement (strain) resulted from compression is, therefore, positive

and tension negative.
Numerical solution procedure

Formulations of finite element equations as a result of discretization of the governing
equations of poroelasticity are discussed in Appendix-2D. Finite element equations are
solved for change in displacement and pressure. These changes are then added to the previous
time step to achieve the total displacement and pressure at the current time step. Super
convergent patch recovery technique (Zienkiewicz and Zhu 1992) is employed as a method

of obtaining the gradient from the displacements to calculate the nodal stresses.



To achieve high accuracy, 8-noded quadrilateral elements are employed as
recommended by Zienkiewicz and Taylor (2000). Moreover, in order to get more stable result
8-noded elements are used for solution of displacement and 4-noded elements are used for
pressure solution. To reduce the required computational resources, a quarter of the domain is
modeled by taking advantage of symmetry. Code optimization is used to speed up the
solution. Besides, matrices are stored in banded form wherever possible; nodes and elements
are numbered efficiently to minimize the bandwidth of the matrices. Furthermore, to reduce
the instability caused by the huge difference in scale among the nonzero values in the mass
matrices involved in coupling process, a scaling factor is used to make a custom system of
units. By using this unit system the cell values of the matrices roughly come into the same
order of magnitude and stability is greatly improved. Stress components are calculated using

the relation between displacement gradient (strain) through material properties (6 = 55).
Stresses are first calculated at Gauss points (G. R. Cowper, 1973; TR Chandrupatla 2002)
using standard shape functions over the entire domain then nodal stresses are evaluated by
determining a polynomial expansion over a patch of elements sharing the node. Pressure

gradients are also evaluated using the same procedure.
2.2 Validation of Intact Wellbore Model

The numerical poroelastic model is the base model for this study. Therefore,
numerical results of this model need to be verified against analytical solutions. Analytical
equations to verify the numerical results for displacement, stress and pore pressure are
acquired using the theory of superimposition and are given in Appendix-2.2B. Derivation of
analytical solutions for problems related to linear elasticity and poroelasticity are discussed in
Appendix-2E. Time steps are managed by an input file generated by using Excel. In firs time
step time increment was 29 sec and then change geometrically that finally reaches 1 year.

Model read the time from that text file.
Pore pressure

Wellbore pressure is set maintained a lower value than the reservoir pressure. Thus,
fluid flows towards the wellbore and the pore pressure progressively decreases. In Fig.2.2 the

results of pore pressure obtained from the numerical model are compared with that of
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analytical solutions (Eqn. E73). As can be seen from Fig.2.2, the numerical results match
well with the analytical solutions.

Similarly contour plots of pore pressure for a range of time (one minute to one month)
for stress values of 6000 psi (cy), 5000 psi (oy), wellbore pressure 2000 psi and pore

pressure of 4000 psi are shown in Fig.2.3 to 2.6, please note that Fig.2.3 (b), Fig.2.4 (b),
Fig.2.5 (b) and Fig.2.6 (b) is presented to provide detail information on changes in pressure
within one meter. . As expected pore pressure changes linearly to wellbore pressure near the

wellbore region.
Total and effective stress

In two dimension stress tensor has two normal and one shear components which are
referred to oy, Gy and oyy. The three components of total stresses remain same as the original

state if the poroelastic effect is neglected. However if the poroelastic effect is taken into
account the change in pore pressure due to injection or production of fluids, alters the stress
state of the reservoir in the vicinity of the wellbore. In this section, the numerical result of the

time dependent stresses along X-axis, Y-axis and 45 degrees are verified.
Change in x-component of total and effective stress

Numerical results of change in x component of total stress and effective stress for
different time and for 0° (along X-axis), 45° and 90° (along Y-axis) are compared with that of
analytical solutions. To visualize the change in stress very clearly the results of entire region,
wellbore region and far field region are presented separately. The numerical results show a
good agreement with the exact solutions for different time and orientations. For all cases, as
expected, x-component of total stress approaches the maximum horizontal in-situ stress (6000

psi) at far field.

It is assumed that wellbore pressure is equal to the reservoir pressure at zero time, so
an instantaneous change in wellbore pressure is considered at the first time step which is very
small. Change in x-component of total stress, induced change (due to poroelastic effect) in x-
component along x-axis (0°) and change in x-component of effective stress along x-axis (0°)
are presented in Figs.2.7, 2.8 and 2.9 respectively. It can be observed from these figures that
for a given wellbore pressure the value of the stress at the wellbore do not change with time.

It is also observed that as time progresses, the size of the area, which is affected by the
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change in x-component of total stress increases. This is due to change in pore pressure. It is
also evident from Fig.2.7 that x-component of total stress along x-axis decreases with time
while the x-component of effective stress, along x-axis increases (See Fig.2.9c) with time.

Change in x-component of total stress, induced change (due to poroelastic effect) in x-
component and change in x-component of effective stress along 45 degree are plotted in
Figs.2.10, 2.11 and in 2.12 respectively. Results for x-component of total and effective stress
change along y-axis are also presented in Figs.2.13, 2.14 and 2.15. It can be seen from
Figs.2.10 through 2.15 that same trend for stresses are observed with time along 45 degree
and along y-axis. The numerical results show a good agreement with the exact solutions for
different time and orientations presented by Detournay and Cheng (1988). For all cases, as
expected, x-component of total stress approaches the maximum horizontal in-situ stress (6000

psi) at far field.
Change in y-component of total and effective stress

Numerical results of change in y-component of total stress and effective stress for
different time and for 0° (along X-axis), 45° and 90° (along Y-axis) are compared with that of
analytical solutions and presented in Figs.2.16 to 2.24. In this case also the results of entire
region, wellbore region and far field region are presented separately. The numerical results
show a good agreement with the exact solutions for different time and orientations. For all
cases, as expected, y-component of total stress approaches the minimum horizontal in-situ
stress (5000 psi) at far field.

Change in shear stress

In this model the horizontal principal stresses are coincided with x and y axes. Thus
shear stress along these directions becomes zero. Numerical results of change in shear stress
for different time for 45 degree are presented in Fig.2.25. The results of induced change in
shear stress, (Acxy) are also present in Fig.2.26. It can be seen from Fig.2.25, that shear stress
is not zero for 45 degrees in the wellbore vicinity as the stress field is anisotropic. Numerical

results are in good agreement with analytical solutions for 45 degrees.
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2.3 Modelling and Validation of Fracture Propagation

Hydraulic fracturing process is controlled by three major mechanisms which include
crack opening, penetration of fracturing fluid into the formation (leak-off) and fluid flow in
the fracture. The first simplified theoretical models for hydraulic fracturing are developed in
the 1950s (Crittendon 1950, Harrison et al. 1954 and Hubbert and Willis 1957). The method
of fracture mechanics is first applied to hydraulic fracturing by Barenblatt (1956 and 1962).
One of the pioneering works in fracture mechanics in this era is a paper by Perkins and Kern
(1961) who adapted the classic Sneddon (1946) elasticity plane-strain crack solution to
establish PK model. Nordgren (1972) modified the PK model to devise the PKN (Perkins
and Kern 1961; Nordgren 1972), which included the effects of fluid loss to the formation.
Nordgren’s formulation is based on substituting the elliptic fracture opening relation into the
lubrication equation. Khristianovic and Zheltov (1955), and Geertsma and de Klerk (1969)
independently developed the so-called KGD model (plane strain). Estimates of the fracture
growth rate based on simple elastic model and the approximate integration of Reynold’s
equation have been reviewed extensively by Geertsma and Haafkens (1979). Daneshy (1973)
extended the KGD model for the case of power-law fluid. Spence and Sharp (1985)

introduced fracture toughness into the extended version of KGD model.

The earliest 2D models are KGD (Kbhristianovic and Zheltov 1955; Geertsma and De
Klerk 1969), PKN (Perkins and Kern 1961; Nordgren 1972) and radial model (Valko and
Economides, 1995). First two models assume constant height and constant elastic modulus.
PKN model assumes plane strain on the vertical plane, whereas KGD model assumes plane
strain on the horizontal plane. Due to these assumptions PKN has longer half lengths as
compared to KGD. These models are initially developed to determine the fracture width for a
given injection rate and initial fracture half length (one wing of the two coplanar fracture
which extends from the wellbore). The mass balance is later introduced using Carters (1957)
equation. The KGD model assumed that the fluid behaves similar to that of Newtonian fluids
as presented by Lamb (1932). Nolte (Nolte 1979, Nolte 1991) introduced the power law fluid
model to PKN model. In both PKN and KGD models the rock is assumed to behave as
isotropic linear elastic solid. In this study KGD fracture mechanics principle is used to model

the fracture geometry.
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Fracture opening and propagation criteria

Finite element method can be applied to determine fracture width for any fracture
shape and for both homogenous and inhomogeneous formations. In this study finite element
method is used to determine the deformation of the formation, i.e. fracture opening. There

are three basic modes of crack tip opening/displacement (See Fig.2.27).

1) Mode- I: Fracture opening by tensile failure,
2) Mode- Il: Fracture opening by plane shear failure also known as sliding mode and

3) Mode- I11: Fracture opening by anti-plane shear also known as tearing mode.

Fracture opening and propagation is primarily dominated by tensile failure in
isotropic medium (Pak 1997). In this current model tensile mode is used for fracture opening.
The stresses and displacements around the fracture are calculated using the following
equations (Smith 1991).

o, = Jg_;[rcos%(l—singsin? (2.12)
oy, = \/2K_7'Trcos%(1+sin%sin? (2.13)
Tyy :%cos%singsin% (2.14)
u :f—é é:(Zk —1)cos§—cos%ﬂ (2.15)
v:f—é\/;:(ZK—l)sing—sin?’?ﬂ (2.16)

where, K is the mode-I stress intensity factor, v = Poisson’s ratio, k = 3- 4v for plane
stress, k = (3- 4v)/ (1+v) for plane strain, G = shear modulus, r, & = polar coordinates with

respect to the crack tip and u, v, w = displacements in x, y and z planes respectively.

In most hydraulic fracture simulators, fracture propagation criterion is derived from
linear elastic fracture mechanics (LEFM) which is established based on the Griffith’s
concepts of crack stability (Griffith, 1920; Griffith, 1924). He studied the stress field around
an elliptical crack and proposed a criterion for crack propagation. Based on the Griffith ideas

for crack stability, fracture propagation is simulated through a sequence of steps. First stress
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intensity factor is calculated for a given geometry and loading condition. Then the crack
propagation criterion is applied to see whether the fracture is stable or not. In the third step, if
fracture is unstable, propagation occurs to a certain distance. The crack is extended if the
stress intensity factor is equal to or greater than a critical value known as fracture toughness,
Kic or critical stress intensity factor (Clifton and Abou-Sayed, 1979) which is a material
property.

The criterion applied in the current model for propagation is based on the critical
width. Instead of critical stress intensity factor, critical width is used that is a function of
fracture toughness of the rock (Vandamme,1986 and Gidely et al. ,1989). The authors also
suggested that for a crack to be stable, the value of width obtained due to pressurizing of well
bore should not exceed this critical width. The critical width for a fracture is shown in

Fig.2.28 and is calculated using the following equation:

_ 4,2
W, _8Kc(A-vT) I (2.17)
E 2r

Where, W, = Critical width,

Kic = Fracture toughness, E = Young’s modulus of elasticity, r = distance from

the crack tip and » = Poisson’s ratio.

When the obtained width reaches a value equal or greater than the critical width,

fracture is extended and a new element is added to the current fracture.

Modeling of fluid flow in fracture

In order to model fluid flow the continuity and momentum equations across the width
of the fracture are integrated. Two dimensional fluid flow equations are derived along the
fracture plane. The injected fluid volume into the formation to create a fracture comprises of
the volume of the created fracture and the volume of fluid leaked off into the formation from

the fracture. So one can write the following:
V.=V, +V, (2.18)

where, V; = volume of fluid injected, Vi = volume of fracture created and V, = volume
of fluid leaked off.
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Considering the fact that the flow of fracturing fluid in the direction normal to the
fracture face inside the fracture is negligible, the governing equation for fluid flow of a
Newtonian fluid in a fracture can be obtained from the combination of equations of pressure
loss in fracture (cubic law) and material balance as follows (Charlez, 1997):

3
Q(L@J:@N (x0)

ox\12u ox ) oOX (2.19)

Where, w = fracture width; x, y = Cartesian coordinates, x4 = fluid viscosity, v, = leak-

off velocity and p = fluid pressure.

In this study Eq. 2.19 is discretized and solved using finite element method to model
the fluid flow inside the fracture. At first time step a guess wellbore pressure is used as a
boundary condition at the fracture surface. For this guess wellbore pressure and a given
pumping rate, an iterative procedure is carried out to satisfy material balance and to achieve a

numerical convergence for time increment.
Modeling of fluid leak-off

To determine the fracture geometry the rate of fluid leak-off into the formation needs
to be calculated correctly. The volume of fluid loss during the treatment determines the

fracturing fluid efficiency. Carter(1957) introduced the leak off term as stated below:

v, C

LA 2.20
ot Jt-r ( )
or
v =L (2.21)

t—7

Where, 7 = the opening time of the element of interest (at which the element is
exposed to fluid), A = the fracture surface, V| = leak-off velocity, C_ = leak-off coefficient

and t = actual (leak-off) time.

Another approach to characterize fracturing fluid leak-off is to evaluate the rate of
fluid loss through fluid flow equation (Valko and Economides, 1995). In this approach, the
rate of fluid loss through the fracture surfaces can be expressed from Darcy’s law. Assuming

one-dimensional flow in the direction normal to the fracture faces, one can obtain:
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Where, ky = formation permeability (at fracture surface) in the direction normal to the

. .. 0P _
fracture faces p = fracturing fluid viscosity, E = pressure gradient (at fracture surface)

normal to the fracture surface

This current model is capable of modeling leak-off using either leak-off as a material
property (Carter leak-off model) or the fluid flow approach based on Darcy’s law. In this
study however the first approach (Carter leak-off model based on Eq. 2.21) is used to
calculate the fluid leak-off. The fracture pressure and the leak off coefficient are two
additional boundary conditions being incorporated in this model. The model initiates with a
small crack and after successful iteration it calculates the width and pressure profile of the
fracture for an extended length of fracture generated. The finite element mesh for this system

is presented in the Fig.2.29.
Algorithm of fully coupled hydraulic fracture propagation model

For fracture propagation model it is essential to tackle nonlinearity issues. Other
issues, such as modularity, robustness, computational time and resources and accuracy are
needs to be considered. Computational procedure used to couple the governing equations of
fluid flow and displacement of the formation with the fracture fluid flow equation assured the
accuracy of the model. The algorithm of the model is presented in Figs.2.30 and 2.31 include

the following steps. This procedure is build upon previous work done by Aghighi (2007).

i.  Initially the reservoir data and fracturing parameters are read from external files into

the model.

ii.  Using the physical description of boundaries of the reservoir and the wellbore, a mesh

is generated and read from external files and used as input into the model.

iii.  Using the mesh data and the initial condition of the reservoir, the initial displacement
and pressures are calculated. Based on the drained or undrained assumptions, the

poroelastic model calculates the displacement and initializes the model variables.

iv.  Wellbore breakdown pressure can be calculated analytically or numerically. Once the

breakdown pressure is calculated, a bottom hole pressure (BHP, which is the pressure
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VI.

Vii.

viil.

at the fracture mouth) is estimated to extend the fracture into next stage. The well bore

pressure is calculated as a function of fracture toughness.

Using this bottom hole pressure as a boundary condition at the wellbore and inside the

fracture, change in pore pressure and displacements are calculated.

Using this deformation a new pressure profile for the fracture is calculated. In order to

solve the fluid flow equation inside the fracture a guess time increment is used.

Fracture pressure profile obtained in previous step is used to calculate a new time
increment based on material balance equation and the given injection rate. The fluid
flow equation is solved again for a new fracture pressure profile in a loop until the

convergence criterion for time increment is satisfied.

The fracture pressure profile is again applied as boundary condition for the formation

in a similar manner to step ‘i’.

The displacement then compared with the previous solution. Since the nodes at the
fracture surface are only nodes that are directly subjected to the fracturing fluid
pressure, it is assumed that when a convergence achieved for the displacement of
these nodes, the entire displacement solution is converged. If the convergence
criterion for the previous step is not met, program iterates the step ii through viii.

Upon convergence it proceeds to the next step.

Once the displacement convergence is successful, the critical width using equation
2.17 at the fracture tip calculated. If the critical width is numerically equal (based on a
reasonable tolerance) to the deformation calculated from the model of the fracture tip ,
then a new element is added to the existing fracture and the model returns to the first

step with a new fracture geometry for next iteration.

In this study a short fracture is considered as the initial fracture in the orthogonal

direction to the minimum principal stress, i.e. minor horizontal stress herein. It is also

noteworthy that the simulation time of creating a fracture of given length depends on the

mesh size, accuracy needed and the length of fracture growth at each time step.

Validation of fully coupled hydraulic fracture propagation model

In this section, results of fully coupled fracture propagation model in isotropic

medium are presented. The reservoir and fracture data are given in Table 2.2. Plots of fracture
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profile for selected time (when fracture is at equilibrium, i.e. when numerical width,
Wnm=Critical width, W,c) and corresponding fracturing fluid pressure profile are shown in
Figs.2.32 and 2.33. As can be seen from Fig.2.33, fracturing fluid pressure drop is higher for
earlier time steps than those of late time steps. As fracture propagates deeper into the
reservoir the fracturing fluid pressure profile flattens.

Comparison of fully coupled poroelastic model with KGD-C model

KGD-C model is chosen to compare with the current numerical model as both assume
plain strain in horizontal plane. The key differences between the two models are the
application of boundary condition and propagation criterion. KGD-C model assumes that
fracture is uniformly pressurized and the criterion for propagation is based on
Barenblatt’s(1962) hypothesis. Whereas in the proposed model, fracture fluid pressure is a
function of nodal position in the fracture and the fracture propagation is based on LEFM.

A closed system of equations for KGD-C model can be found in the Appendix-2.3 B
(Equations B-63 to B-68). The well bore pressure, fracture half length and fracture width at
the well bore can be obtained by using a numerical root finding method. Data used to
compare the results of the current numerical model and the KGD-C model is presented in
Table 2.2. A low value for permeability is chosen, so that the effect of diffusion could be
minimised around the wellbore and fracture. The results of fracture half length, fracture width
and fracture propagation pressure are presented in Figs.2.34 to 2.36. It can be shown from
these figures that the trends of the values obtained from numerical result are similar to the
KGD-C model. This is due to the fact that in both poroelastic and KGD-C model, fluid-leak-
off is considered. In poroelastic model fluid leak-off is considered by using Darcy’s equation,
while the KGD-C models a laboratory drive empirical equation. Some differences, which are
observed between the models, are due to the different propagation criteria and the tolerance
set for the numerical simulation. Also note that results from the numerical elastic model
(effect of pore pressure ignored) are also presented in order to have a good comparison with

KGD-C model which is an elastic model.
Parametric study of poroelastic fracturing model

A sensitivity analysis on parameters affecting fracture propagation in a poroelastic

medium is presented in this section. The reservoir parameters and the fluid data are presented
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in Table 2.3. In simulating the propagation of this fracture, the effect of various parameters
such as Biot’s coefficient, formation permeability, and fluid viscosity are studied and
presented.

Effect of formation permeability

High permeability of fracture face leads to large volume of fluid loss which in turn
results in a low fracturing fluid efficiency and slow fracture growth. It also affects back stress
by controlling change in pore pressure in the vicinity of the fracture. Assumed that the
fracture face has the same permeability as the formation, a clean fracturing fluid is used so
that no filter cake is built up. To study the effect of formation permeability, two different
permeability of 0.1 and 5 mD are considered. Other reservoir, wellbore and fracture data are
given in Table 2.3. Results of fracture length, width and propagation pressure are shown in
Figs.2.37 to 2.39.

The effect of formation permeability on fracture half length is presented in Fig.2.37. It
can be seen from the figure that high permeability results in short fracture half length. For
example, after 30 seconds of injection, fracture half length is 18.5 m for k=0.1 mD and about
16 m for k = 5 mD. This means that the fracture half length is about 13.5% shorter for k = 5
mD than that for k = 0.1 mD. From Fig.2.38, it can be also observed that higher reservoir
permeability yields considerably narrower fracture (about 6.6 % narrower for k =5 mD than
that for k = 0.1 mD). This is due to higher fracturing fluid loss as well as higher back stress
effect due to high formation permeability. Fig.2.39 also shows that higher fracture
propagation pressure is needed for high permeable reservoir. These results are in good
agreement with results reported by Charlez and Aghighi (Charlez 1997, Aghighi 2007).

Effect of Biot’s coefficient

To study the effect of Biot’s coefficient on the hydraulic fracture propagation, two
cases of Biot’s coefficient 1.0 and 0.85 are considered. All other parameters are kept
constant. Result of this study is presented in Fig.2.40. It is found that the Biot’s coefficient
has negligible effect on fracture propagation pressure. These results are in good agreement
with the published results (Ghassemi 1997; Aghighi 2007).
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Effect of pumping rate

In order to study the effect of pumping rate on hydraulic fracture propagation, two
cases of pumping rates: 10 bbl/min and 20 bbl/min are chosen. All other parameters are kept
constant. Results of fracture geometry and propagation pressure for two pumping rates are
shown in Figs.2.41 to 2.43. It can be seen from the Fig.2.41 that higher pumping rate results
in higher fracture growth. After 20 second of injection time at a pumping rate of 10 bbl/min
fracture propagates to about 14 m. For same time and at an injection rate of 20 bbl/min
fracture propagates up to 19.5 m. This means that increased pumping rate yields longer
fracture half length and wider fracture width as shown in Fig.2.41 and 2.42. From Fig.2.43 it
can be observed that injection rate has no significant effect on fracture propagation pressure.
These results are in good agreements with those of Ghassemi (1997) and Aghighi ( Aghighi
2007).

Effect of fracture toughness

In order to study the effect of fracture toughness on hydraulic fracture propagation in
poroelastic media, two fracture toughness of 500 psi.ft™> and 1000 psi.ft’* are considered. All
other parameters are kept constant. Fracture half length, fracture width and fracture
propagation pressure profiles in terms of elapse time are shown in Figs.2.44 through 2.46. It
can be observed from these figures that, fracture propagation process in poroelastic
environment is highly sensitive to the material fracture toughness. Lower fracture toughness
can lead to longer and narrower fracture (see Fig.2.44 and 2.45), while higher fracture
toughness lead to shorter and wider fracture. It can be also observed that the rate of fracture
growth is considerably higher for the case with lower fracture toughness. As illustrated in
Fig.2.44 for fracture toughness of 500 psi.ft ®° it takes about 30.5 seconds for fracture to
reach a target of 18.5 meter compared to about 49.5 seconds (about 30% longer) for fracture
toughness of 1000 psi.ft ®. Fracture width at the wellbore is wider for higher fracture
toughness (1000 psi.ft°°) than that for low value of fracture toughness (500 psi.ft’°) (See
Fig.2.45). It can be also observed that fracture propagation pressure is lower for the case of
lower fracture toughness. The fracture propagation pressure difference at the early time is
somewhat equal to 250 psi and later on nearly 65-70 psi that coincide with Aghighi’s (2007)
result. Results of this study suggest that fracture toughness of formation is a critical

parameter in the design of hydraulic fracture treatment.
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Effect of fracturing fluid viscosity

In order to study the effect of fracturing fluid viscosity on fracture propagation
process two values of 1 and 100 cp (mPa.s) are used. All the other parameters listed in Table
2.3 are kept constant. Results of fracture geometry and propagation pressure are presented in
Figs.2.47 to 2.49. It can be seen from the Fig.2.47 that high viscous fracturing fluid causes a
lower fracture half length. It also seen from the Fig.2.48 that, the created fracture at a given
injection time is considerably wider for the higher viscous fracturing fluid than that of low
viscous fluid. The difference in fracture width increases with the progress of time which leads
to higher fracture volume. This is due to the fact that less fluid loss (high fracturing fluid
efficiency) for n=100cp. Fracture propagation pressure at the wellbore is considerably higher
for p=100cp than that of u=1cp as shown in Fig.2.49.

2.4 Summary

In this chapter, a fully coupled poroelastic model is presented to study the fracture
propagation in a homogenous medium. In order to achieve this, first an intact wellbore model
is developed and the result of pore pressure, total and effective stresses are validated against
analytical equations. It is observed that when the wellbore pressure is maintained lower than
the initial reservoir pressure, the pore pressure with time decreases and change in pore
pressure results in change in total stress. Next a hydraulically induced fracture is introduced
to the intact wellbore model to study the induced fracture propagation. The results of fracture
geometry (half length and width) and propagation pressure are validated against KGD-C
model. Finally a parametric study of various parameters which can affect the process of
hydraulic fracturing is conducted and discussed with supporting plots. It is observed that
higher injection rate and high value of fracture toughness yields wider fracture. High
fracturing fluid viscosity can result in shorter and wider fractures. The rate of fracture growth

can significantly lower in high permeable reservoirs due to high injection fluid loss.
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Table 2.1: Parameter used for verification of intact wellbore model

Properties Values
Young’s modulus of elasticity 2.18E+6 psi
Poisson’s ratio 0.25
Formation porosity, ¢ 0.2
Reservoir fluid compressibility, ¢t 1.0E-5 psi™
Reservoir fluid viscosity, lcp

Biot’s coefficient, o 1.0
Maximum horizontal stress, oy 6000 psi
Minimum horizontal stress, oy, 5000 psi
Initial reservoir pressure, p 4000 psi
Wellbore pressure, pw 2000 psi
Formation permeability, ky 1.0mD
Formation permeability, ky 1.0 mD
Wellbore radius, ry 0.1m
Reservoir outer radius, re 1500 m

Table 2.2: Parameter used for the study of hydraulic fracture propagation

Properties Values
Young’s modulus of elasticity 2.18 E+6 psi
Bulk Poisson’s ratio 0.25
Formation permeability, ky 0.1 mD
Formation permeability, ky 0.1 mD
Formation Porosity,, ¢ 0.1
Reservoir fluid compressibility 1 E-5 1/psi
Reservoir fluid viscosity, p 1cP

Fracture fluid viscosity ,us 1cP

Biot’s coefficient, o 1.0

Initial reservoir pressure, p; 4500 psi
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Maximum horizontal stress, oy
Minimum horizontal stress, oy,
Wellbore radius, r,

Drainage radius ,r,

Injection rate, q

Leak-off coefficient, C

Fracture toughness

6000 psi

5000 psi

0.1m

500.0 m

10 bbl/min
0.00025 ft.min®°
500 psi.ft °°

propagation in poroelastic media.

Table 2.3: Parameter used for the sensitivity analysis of hydraulic fracture

Properties Values
Young’s modulus of elasticity 1.45 E+6 psi
Bulk Poisson’s ratio 0.25
Formation permeability, ky 0.1-5mD
Formation permeability, ky, 0.1-5mD
Formation Porosity, 0.1

Reservoir fluid compressibility 1 E-5 1/psi
Reservoir fluid viscosity, u 1cP

Fracture fluid viscosity , ¢ 1~100 cP
Biot’s coefficient, a 1.0~0.85
Initial reservoir pressure, p; 4500 psi
Maximum horizontal stress, oy 6000 psi
Minimum horizontal stress, o 5000 psi
Wellbore radius, r 0.1m
Drainage radius ,r 500.0 m
Injection rate, q 10~20 bbl/min

Leak-off coefficient, C,
Fracture toughness

Pay zone height, h

0.00025 ft.min™®®
500-1000 psi.ft °°
100 ft
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Fig. 2.1: Model geometry of pressurized intact wellbore and reservoir

Fig. 2.2: Pore pressure as a function of radius and time in poroelastic medium for o = 6000 psi,
o, = 5000 psi, P; = 4000 psi, P, = 2000 psi, ke = 1.0 mD, k, = 1.0 mD (See Eqn E73 for analytical
solution).
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Fig. 2.3(a): Pore pressure contour map after 1 min (Numerical results, 6H = 6000 psi, ch = 5000
psi, pi = 4000 psi, pw = 2000 psi, kx = 1.0 mD, ky = 1.0 mD.)
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Fig. 2.3(b): Pore pressure contour map after 1 min (Numerical results, 6H = 6000 psi, ch = 5000
psi, pi = 4000 psi, pw = 2000 psi, kx = 1.0 mD, ky = 1.0 mD).
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Fig. 2.4(a): Pore pressure contour map after 1hr (Numerical results, 6,4 = 6000 psi, 6, = 5000 psi,
pi = 4000 psi, pw = 2000 psi, ke = 1.0 mD, k, = 1.0 mD).
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Fig. 2.4(b): Pore pressure contour map after 1hr (Numerical results, 6, = 6000 psi, o, = 5000
psi, pi= 4000 psi, py = 2000 psi, k, = 1.0 mD, k, = 1.0 mD).

27



Y (m)

Pressure (psi)

n

25
20 4000
2900
3800
3700
3800
15 3500
3400
3300
2200
3100
10 3000
2900
25800
2700
2600
2500
2400
2300
2200
2100
0 2000
0 5 10 15 20 25

X(m)

Fig. 2.5(a): Pore pressure contour map after 1 day (Numerical results, 64 = 6000 psi, 6, = 5000
psi, pi = 4000 psi, pw = 2000 psi, ke = 1.0 mD, ky, = 1.0 mD).
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Fig.2.5(b): Pore pressure contour map after 1 day (Numerical results, 64 = 6000 psi, 6, = 5000
psi, pi= 4000 psi, py = 2000 psi, kx =1.0 mD, ky = 1.0 mD).
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Fig. 2.6(b): Pore pressure contour map after 1 month (Numerical results, 6, = 6000 psi, o, =
5000 psi, pi= 4000 psi, pw = 2000 psi, k, =1.0 mD, ky = 1.0 mD).
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Fig. 2.7 (a): X-component of total stress (o) as a function of time and radial position along X-
axis for entire region (poroelastic reservoir, 6y = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000
psi, kx =1.0 mD, k, = 1.0 mD).

Fig. 2.7 (b): X-component of total stress (o) as a function of time and radial position along X-
axis for far field region (poroelastic reservoir, oy = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw =
2000 psi, ke = 1.0 mD, ky = 1.0 mD).
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Fig. 2.7 (c): X-component of total stress (oy) as a function of time and radial position along X-
axis for near wellbore region (poroelastic reservoir, 6 = 6000 psi, 6;, = 5000 psi, p; = 4000 psi, pw
= 2000 psi, ks = 1.0 mD, k, = 1.0 mD).

Fig. 2.8: Change in x-component of total stress (Acy) as a function of time and radial position
along X-axis (poroelastic reservoir, 6, = 6000 psi, 6, = 5000 psi, p; = 4000 psi, p, = 2000 psi, ky =
1.0 mD, k, = 1.0 mD).
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Fig. 2.9(a): X-component of effective stress (c’y) as a function of time and radial position along

X-axis for entire region (poroelastic reservoir, 6y = 6000 psi, or, = 5000 psi, pi = 4000 psi, pw
2000 psi, ke =1.0 mD, k, = 1.0 mD).
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Fig. 2.9(b): X-component of effective stress (c’4) as a function of time and radial position along
X-axis for near wellbore region (poroelastic reservoir, 64 = 6000 psi, o, = 5000 psi, p; = 4000 psi,
pw = 2000 psi, ke =1.0 mD, k, = 1.0 mD).
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Fig. 2.9(c): X-component of effective stress (o’y) as a function of time and radial position along
X-axis for far field region (poroelastic reservoir, 6y = 6000 psi, or, = 5000 psi, p; = 4000 psi, pw =
2000 psi, ke =1.0 mD, k, = 1.0 mD).

Fig. 2.10(a): X-component of total stress (o) as a function of time and radial position along 45°
for entire region (poroelastic reservoir, 64 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, p, = 2000 psi,
k«=1.0 mD, ky, = 1.0 mD).
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Fig. 2.10(b): X-component of total stress (o) as a function of time and radial position along 45°
for near wellbore region (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4000 psi, py =
2000 psi, ke = 1.0 mD, ky = 1.0 mD).

Fig. 2.10(c): X-component of total stress (o) as a function of time and radial position along 45°
for far field region (poroelastic reservoir, 64 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, p, = 2000
psi, ky = 1.0 mD, ky = 1.0 mD).
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Fig. 2.11: Change in x-component of total stress (Acy) as a function of time and radial position
along 45° (poroelastic reservoir, o = 6000 psi, o, = 5000 psi, p; = 4000 psi, p, = 2000 psi, k, = 1.0
mD, ky, = 1.0 mD).

Fig. 2.12(a): X-component of effective stress (c’) as a function of time and radial position along
45° for entire region (poroelastic reservoir, 6, = 6000 psi, 6, = 5000 psi, p; = 4000 psi, p,, = 2000
psi, ky = 1.0 mD, ky = 1.0 mD).
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Fig. 2.12(b): X-component of effective stress (c’x) as a function of time and radial position along
45° for near wellbore region (poroelastic reservoir, 64 = 6000 psi, o, = 5000 psi, p; = 4000 psi, pw
= 2000 psi, ks = 1.0 mD, k, = 1.0 mD).

Fig. 2.12(c): X-component of effective stress (c’) as a function of time and radial position along
45° for far field region (poroelastic reservoir, ¢y = 6000 psi, 6, = 5000 psi, p; = 4000 psi, py =
2000 psi, ke = 1.0 mD, ky = 1.0 mD).
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Fig. 2.13(a): X-component of total stress (o) as a function of time and radial position along y-
axis (90°) for entire region (poroelastic reservoir, oy = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw =
2000 psi, ke =1.0 mD, ky, = 1.0 mD).

Fig. 2.13(b): X-component of total stress (oy) as a function of time and radial position along y-
axis (90°) for near wellbore region (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4000
psi, pw = 2000 psi, ky = 1.0 mD, k, = 1.0 mD).
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Fig. 2.13(c): X-component of total stress (ox) as a function of time and radial position along y-
axis (90°) for far field region (poroelastic reservoir, o = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw
= 2000 psi, ks = 1.0 mD, k, = 1.0 mD).

Fig. 2.14: Change in x-component of total stress (Acy) as a function of time and radial position
along y-axis (poroelastic reservoir, 6, = 6000 psi, 6, = 5000 psi, p; = 4000 psi, py = 2000 psi, ky =
1.0 mD, k, = 1.0 mD).
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Fig. 2.15(a): X-component of effective stress (c’) as a function of time and radial position along
y-axis (90°) for entire region (poroelastic reservoir, oy = 6000 psi, 6, = 5000 psi, p; = 4000 psi, Py
= 2000 psi, kq = 1.0 mD, k, = 1.0 mD).

Fig. 2.15(b): X-component of effective stress (c’y) as a function of time and radial position along
y-axis (90°) for near wellbore region (poroelastic reservoir, o = 6000 psi, 6, = 5000 psi, p; = 4000
psi, pw = 2000 psi, ky = 1.0 mD, k, = 1.0 mD).
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Fig. 2.15(c): X-component of effective stress (c’x) as a function of time and radial position along
y-axis (90°) for far field region (poroelastic reservoir, o = 6000 psi, o, = 5000 psi, p; = 4000 psi,
pw = 2000 psi, kq = 1.0 mD, k, = 1.0 mD).

Fig. 2.16(a): Y-component of total stress (oy) as a function of time and radial position along x-
axis for entire region (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p;= 4000 psi, p, = 2000
psi, ky = 1.0 mD, ky = 1.0 mD).
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Fig. 2.16(b): Y-component of total stress (oy) as a function of time and radial position along x-
axis for near wellbore region (poroelastic reservoir, o, = 6000 psi, 6;, = 5000 psi, p; = 4000 psi, pw
= 2000 psi, k= 1.0 mD, k, = 1.0 mD).

Fig. 2.16(c): Y-component of total stress (o) as a function of time and radial position along x-
axis for far field region (poroelastic reservoir, oy = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw =
2000 psi, ke =1.0 mD, ky, = 1.0 mD).
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Fig. 2.17: Change in y-component of total stress (Ac,) as a function of time and radial position
along y-axis (poroelastic reservoir, ¢ = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000 psi, ky =
1.0 mD, k, = 1.0 mD).

Fig. 2.18(a): Y-component of effective stress (¢’y) as a function of time and radial position along
X-axis for entire region (poroelastic reservoir, 6 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw =
2000 psi, ke =1.0 mD, ky, = 1.0 mD).
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Fig. 2.18(b): Y-component of effective stress (c’y) as a function of time and radial position along
X-axis for near wellbore region (poroelastic reservoir, 6 = 6000 psi, 6, = 5000 psi, p;= 4000 psi,
pw = 2000 psi, k= 1.0 mD, k, = 1.0 mD).

Fig. 2.18(c): Y-component of effective stress (c’y) as a function of time and radial position along
X-axis for far field region (poroelastic reservoir, 6, = 6000 psi, 6, = 5000 psi, p; = 4000 psi, py =
2000 psi, ke = 1.0 mD, ky = 1.0 mD).
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Fig. 2.19(a): Y-component of total stress (o,) as a function of time and radial position along 45°
for entire region (poroelastic reservoir, 64 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, p, = 2000 psi,
k«=1.0 mD, k, = 1.0 mD).

Fig. 2.19(b): Y-component of total stress (o,) as a function of time and radial position along 45°
for near wellbore region (poroelastic reservoir, ¢, = 6000 psi, 6, = 5000 psi, p; = 4000 psi, py =
2000 psi, ke =1.0 mD, ky, = 1.0 mD).
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Fig. 2.19(c): Y-component of total stress (oy) as a function of time and radial position along 45°
for far field (poroelastic reservoir, 64 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000 psi, ky =
1.0 mD, k, = 1.0 mD).

Fig. 2.20: Change in y-component of total stress (Acy) as a function of time and radial position
along 45° (poroelastic reservoir, 6y = 6000 psi, 6, = 5000 psi, p; = 4000 psi, p,, = 2000 psi, ky = 1.0
mD, ky, = 1.0 mD).
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Fig. 2.21(a): Y-component of effective stress (c’y) as a function of time and radial position along
45° for entire region (poroelastic reservoir, 6 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, p, = 2000
psi, ky = 1.0 mD, k, = 1.0 mD).

Fig. 2.21(b): Y-component of effective stress (c’y) as a function of time and radial position along
45° for near wellbore region (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4000 psi, pw
= 2000 psi, ks = 1.0 mD, k, = 1.0 mD).
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Fig. 2.21(c): Y-component of effective stress (c’y) as a function of time and radial position along
45° for far field region (poroelastic reservoir, 64 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, py =
2000 psi, ke =1.0 mD, ky, = 1.0 mD).

Fig. 2.22(a): Y-component of total stress (oy) as a function of time and radial position along y-
axis (90°) for entire region (poroelastic reservoir, oy = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw =
2000 psi, ke = 1.0 mD, ky = 1.0 mD).
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Fig. 2.22(b): Y-component of total stress (oy) as a function of time and radial position along y-
axis (90°) for near wellbore region (poroelastic reservoir, 6 = 6000 psi, 6, = 5000 psi, p; = 4000
psi, pw = 2000 psi, ky = 1.0 mD, k, = 1.0 mD).

Fig. 2.22(c): Y-component of total stress (o) as a function of time and radial position along y-
axis (90°) for far field region (poroelastic reservoir, ¢ = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw
= 2000 psi, ks = 1.0 mD, k, = 1.0 mD).
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Fig. 2.23: Change in y-component of total stress (Ac,) as a function of time and radial position
along y-axis (poroelastic reservoir, o = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000 psi, ky =
1.0 mD, k, = 1.0 mD).

Fig. 2.24(a): Y-component of effective stress (c¢’y) as a function of time and radial position along
y-axis (90°) for entire region (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p;= 4000 psi, pw
= 2000 psi, ks = 1.0 mD, k, = 1.0 mD).
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Fig. 2.24(b): Y-component of effective stress (o’y) as a function of time and radial position along
y-axis (90°) for near wellbore region (poroelastic reservoir, oy = 6000 psi, 6, = 5000 psi, p;= 4000
psi, pw = 2000 psi, ky = 1.0 mD, k, = 1.0 mD).

Fig. 2.24(c): Y-component of effective stress (c’y) as a function of time and radial position along
y-axis (90°) for far field region (poroelastic reservoir, o = 6000 psi, 6, = 5000 psi, p; = 4000 psi,
pw = 2000 psi, ke = 1.0 mD, ky = 1.0 mD).
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Fig. 2.25(a): Shear stress (oy) as a function of time and radial position along 45° for entire
region (poroelastic reservoir, ¢ = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000 psi, ks = 1.0

mD, k, = 1.0 mD).
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Fig. 2.25(b): Shear stress (o) as a function of time and radial position along 45° for near
wellbore region (poroelastic reservoir, 6, = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000 psi,

k«=1.0 mD, ky, = 1.0 mD).
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Fig .2.25(c): Shear stress (ox) as a function of time and radial position along 45° for far field
region (poroelastic reservoir, 6 = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000 psi, ks = 1.0
mD, k, = 1.0 mD).

Fig. 2.26: Change in shear stress (oy,) as a function of time and radial position along 45°
(poroelastic reservoir, 6, = 6000 psi, 6, = 5000 psi, p; = 4000 psi, pw = 2000 psi, ky = 1.0 mD, ky =
1.0 mD).
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Fig. 2.28: Nodal arrangement of fracture tip element for calculation of critical width.

Fig. 2.29: Finite element mesh used for simulation.
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Fig. 2.30: Algorithm of hydraulic fracture propagation model.
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Fig. 2.31: Algorithm of fracture pressure profile calculation.

Fig .2.32: Fracture profile for selected time steps (poroelastic reservoir, oy = 6000 psi, o, = 5000
psi, pi= 4500 psi, ps = 1 cp, q = 10 bbl/min, k = 0.1 mD, K,c = 500 psi.ft>?).
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Fig .2.33: Fracturing fluid pressure profile for selected time steps (poroelastic reservoir, oy =
6000 psi, o= 5000 psi, p;= 4500 psi, ps = 1 ¢p, g = 10 bbl/min, k = 0.1 mD, K;c=500 psi.ft>®).
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Fig .2.34: Fracture half length vs., pumping time for the numerical poroelastic and elastic
fracturing models as well as KGD-C model (o = 6000 psi, o, = 5000 psi, p; = 4500 psi, ps = 1 cp,
q =10 bbl/min, k = 0.1 mD, Kc=500 psi.ft"?).
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Fig. 2.35: Fracture width vs. pumping time for the numerical poroelastic, elastic fracturing
models and KGD-C model (o = 6000 psi, o, = 5000 psi, p;= 4500 psi, ps = 1 cp, q = 10 bbl/min, k
= 0.1 mD, K,c= 500 psi.ft?).
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Fig. 2.36: Fracture propagation pressure vs. pumping time for the numerical poroelastic, elastic
fracturing models and KGD-C model (o = 6000 psi, o = 5000 psi, p;= 4500 psi, pr =1 cp, q =10
bbl/min, k= 0.1 mD, Kc = 500 psi.ft"?).
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Fig. 2.37: Fracture half length vs., pumping time for two permeability of 0.1 mD and 5 mD
(poroelastic reservoir, oy = 6000 psi, o = 5000 psi, p; = 4500 psi, pr = 1 cp, q = 10 bbl/min,
Kc=500 psi.ft>?).

Fig. 2.38: Fracture width vs. pumping time for two permeability of 0.1 mD and 5 mD
(poroelastic reservoir, oy = 6000 psi, o = 5000 psi, pi= 4500 psi, ps= 1 cp, g = 10 bbl/min, K\c =
500 psi.ft®?).
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Fig. 2.39: Fracture propagation pressure vs. pumping time for two permeability of 0.1 mD and 5
mD (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500 psi, ps = 1 cp, g = 10 bbl/min,
Kic = 500 psi.ft>?).
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Fig. 2.40: Fracture propagation pressure vs. pumping time for two Biot’s coefficient of 1.0 and
0.85 (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p;= 4500 psi, ps = 1 cp, g = 10 bbl/min, k
=0.1 mD, K,c= 500 psi.ft*?).
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Fig. 2.41: Fracture half length vs., pumping time for two pumping rate of 10 bbl/min and 20
bbl/min (poroelastic reservoir, oy = 6000 psi, oy = 5000 psi, pi = 4500 psi, ps =1 cp, k =0.1 mD,
Kic = 500 psi.ft>?).
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Fig. 2.42: Fracture width vs. pumping time for two pumping rate of 10 bbl/min and 20 bbl/min
(poroelastic reservoir, oy = 6000 psi, o = 5000 psi, pi = 4500 psi, ps =1 cp, k = 0.1 mD, K,c =500
psi. ft>?).
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Fig. 2.43: Fracture propagation pressure vs. pumping time for two pumping rate of 10 bbl/min
and 20 bbl/min (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p;= 4500 psi, pr=1 cp, k=10.1
mD, Kc = 500 psi.ft*?).

Fig. 2.44: Fracture half length vs., pumping time for two fracture toughness of 500 psi.ft’® and
1000 psi.ft 05 (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500 psi, ps= 1 cp, k=0.1
mD, g = 10 bbl/min).
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Fig. 2.45: Fracture width vs. pumping time for two fracture toughness of 500 psi.ft>> and 1000
psi.ft 05 (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, pi=4500 psi, ps =1 cp, k=0.1 mD, q
=10 bbl/min).

5550

| P P f P | f B H B |
| H H H : | H H H H |
e e e e e e |
—B—Fracture toughness 500 psi.ft*0.5

—&—Fracture toughness 1000 psi.ft*0.5

5500

5450

5400

G__,ﬂ__g...;;#=#==a--&

5350

5300 ::&

5250 —%

5200 ﬁ 3
o

5150

5100 +

5050 Bl ==

Fracture propagation pressure at wellbore (psi)
et

5000 : ! l

0 10 20 30 40 50
Time (s)

Fig. 2.46: Fracture propagation pressure vs. pumping time for two fracture toughness of 500
psi.ft®® and 1000 psi.ft °° (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; =4 500 psi, ps = 1
cp, k=0.1 mD, g = 10 bbl/min).
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Fig. 2.47: Fracture half length vs., pumping time for two fracturing fluid viscosities of 1cP and
100 cP (poroelastic reservoir, oy = 6000 psi, 6, = 5000 psi, p; = 4500 psi, ps=1cp, k=0.1mD, g =
10 bbl/min, fracture toughness = 500 psi.ft’®).

Fig. 2.48: Fracture width vs. pumping time for two fracturing fluid viscosities of 1cP and 100 cP
(poroelastic reservoir, oy = 6000 psi, on = 5000 psi, p; = 4500 psi, pr =1 cp, k=0.1 mD, q = 10
bbl/min, fracture toughness = 500 psi.ft"?).
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Fig. 2.49: Fracture propagation pressure vs. pumping time for two fracturing fluid viscosities of
1cP and 100 cP (poroelastic reservoir, oy = 6000 psi, on = 5000 psi, pi= 4500 psi, ps =1 cp, k=0.1
mD, g = 10 bbl/min, fracture toughness = 500 psi.ft’*).
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Chapter 3: Hydraulic Fracture
Propagation in Presence of a Natural
Fracture

The objective of this chapter is to extend the numerical poroelastic model developed
in previous chapter to simulate hydraulic fracture propagation in presence of a natural
fracture. For this purpose an arbitrarily oriented natural fracture is incorporated in the
numerical poroelastic model. Possibilities of fracture deviation, arrest and fracture crossing
for various angles of approach are investigated under different scenarios of in-situ stress

contrast, rock strength, natural fracture geometry and injection rate.

Several field and lab experimental studies have investigated the presence of natural
fractures on the propagation of an induced hydraulic fracture. In 1943 Lammont and Jessen
(Norman Lamont and F.W. Jessen 1963) conducted a series of experiments in different types
of rock (cement, Austin stone, Leuders lime, Berea sandstone, Boise sandstone and Millsap
sandstone). Experiments are conducted under tri-axial compression. All samples are pre-
fractured and angle of inclination, bearing and width are varied from specimen to specimen.
Widths are also varied from hairline to a large open fracture. The loading conditions for the
experiment are showing in Fig.3.1 and results are shown in Fig.3.2 to Fig.3.4. Authors
reported that the hydraulic fracture tends to turn and intersect the existing fracture at right
angles or deviates from its existing extension path. They also observed that after intersecting

a natural fracture the hydraulic fracture exit with an offset angle.

Daneshy (1974) has shown that fracture follows the local path of least resistance, not
the global path, and this leads to substantial branching. The works of Blanton (1982; 1986)
have shown that the propagating fracture crosses the natural fracture, turns into the natural
fracture, or in some cases, turns into the natural fracture for a short distance, and then breaks
out again to propagate in a mechanically more favorable direction depending primarily on the
approach angle. The author does not provide any threshold for the approach angle to predict
fracture arrest or fracture diversion. Studies by Azeemuddin et al., 2002; Blanton, 1982;
1986; Britt and Hager, 1995; Daneshy, 1974; Vinod et al., 1997; Zhou et al., 2008 suggest
that hydraulic fractures tend to cross existing fractures at high differential stress and high

angles of approach. At low angle of approach and low differential stress the natural fracture
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opens, diverting the fracturing fluid and preventing the induced fracture from crossing, at
least temporarily. A propagating hydraulic fracture deviates after reaching the vicinity of a
natural fracture or it turns into the natural fracture and breaks out from the tip of the natural
fracture because of the altered stress around the natural fracture. It is likely that the width of
the hydraulic fracture becomes substantially smaller than its initial width. Warpinski and
Teufel (1987) conducted mine back experiments to study the effect of geologic
discontinuities on hydraulic fracture propagation. However, mine back experiments have
several major differences from hydraulic fracturing, such as shallow depth and low confining
stresses. On the other hand, it is not feasible to monitor hydraulic fractures in the subsurface

with great precision, because of the limited access to the subsurface.

More recently, L. Casas et al. (2006) performed hydraulic fracturing experiments in
the laboratory on a large block of high modulus and low permeability rock (Colton
sandstone) with artificial discontinuities. Authors concluded that in a high confining stress
condition, planar fracture propagation follows the expected trend and the fluid net pressure
inside the induced fracture becomes slightly higher than expected due to fluid lag zones.
Difference in stiffness between the grout and Colton sandstone interface (artificial

discontinuity), as well as joint orientation do not arrest fracture growth.

As far as numerical studies are concerned, only a few works have been carried out on
the interaction between hydraulically induced fracture and natural fractures. Heuze (1990)
used FEFFLAP (Finite Element Fracture and Flow Analysis Program) to investigate fluid-
driven crack in jointed rock. Dong and de Pater (2001) applied a displacement discontinuity
method to study the effect of a fault on hydraulic fracture reorientation. Zhang and Jeffrey
(2006b) also applied a displacement discontinuity method to study the role of friction and
secondary flaws on deflection and re-initiation of hydraulic fractures at orthogonal to pre-
existing fractures. Ghassmi, (V. Koshelev and A. Ghassmi 2003) developed a numerical
elastic model using boundary element method to study crack propagation near natural
discontinuities such as joints and faults based on complex variable boundary element method.
Potluri (2005) developed a numerical elastic model to predict the dynamic fracture dimension
in the presence of natural fracture based on the PKN model. Akulich et al. (2008) developed a
numerical elastic model to investigate the interaction of a hydraulic fracture with fault. They
suggested that the fault slows down the propagation of a hydraulic fracture. An increase in
differential stresses and the angle of inclination of the fault lead to a decreased likelihood of

fault activation and decrease in the relative normal and tangential displacements of the fault
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faces. Modeling of interaction between induced fracture and fault do not include fracture
intersections; however, it gives an idea about the slippage along the fault and how it affects
the stress intensity factors at the tip of the growing hydraulic fractures.

In all the aforementioned works interaction (diversion, arrest and/or crossing) of an
approaching induced fracture with an arbitrarily oriented natural fracture in a poroelastic
medium has not been addressed. In this study the poroelastic medium is considered to model

and used to study the interaction of a hydraulically induced fracture and a natural fracture.

3.1 Modelling of fracture propagation in the presence of natural fracture

(fracture arrest and/or deviation)

In the poroelastic model finite element technique is conveniently adopted to develop
incremental approaches for the solution of moving boundary of the hydraulically induced
fracture. The computational technique accommodates the situations where the induced
fracture interacts with natural fracture. Propagation of hydraulic fracture takes place along the
trajectory governed by mixed mode (mode-I and mode-Il) fracture extension concept. The
incremental nature of the iterative scheme allows for the time dependent analysis where pore
pressure and deformation are appropriately adjusted by using 8-noded displacement element
and 4-noded pressure element. The schematic of the system of an induced hydraulic fracture

approaching/intersecting a pre existing natural fracture is shown in Fig.3.5.
Modeling fluid leak-off

Natural fractures (closed or mineralized) can still act as weak paths for fracture
growth. One common observation in naturally fractured reservoirs is a high leak-off rate and
in some cases it is as high as 60 times more than that of in non-fractured reservoirs (Valko
and Economides, 1996). Leak-off rate in a permeable medium without natural fractures is
dependent on formation permeability, net treatment pressure and fracture fluid parameters
(Valké and Economides, 1996). Whereas field observation during hydraulic fracturing in
naturally fractured reservoirs shows that leak-off primarily depends on net treatment pressure
and fracture fluid parameters does not depend on formation permeability (Barree 1996, Britt
et al. 1994). For every fracture system there is a threshold for net injection pressure above

which natural fracture opens. If net injection pressure stays below this threshold, fractures
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remain closed and do not contribute to leak-off. This mechanism makes the leak-off rate in

naturally fractured reservoirs strongly injection pressure dependent.

The fluid leak-off model developed in chapter-2 is further extended here by using a
modified leak-off coefficient for natural fracture. Dong et al (1999) presented a simple
methodology to handle the leak-off coefficient at fracture intersection. The same
methodology is applied to calculate the modified leak-off coefficient at the fracture
intersection. Here the assumptions are made that the fracture conductivity is much larger than
the formation permeability and the pressure inside the natural fracture is considered to be the
same as the pressure at the intersection point (between induced hydraulic fracture and natural
fracture). The leak-off coefficient in the affected region (near the induced fracture) is set to
the matrix leak of coefficient (C.) and the distance (distance perpendicular to the axis of the
induced fracture) is referred to as l.r. The leak-off coefficient at the intersection point now

can be calculated using the following equation:
f
C,=—C, (3.1)

where C_= matrix leak of coefficient, l,s= length of natural fracture, les = length of the
influence zone known as reference length and C,s = calculated leak-off coefficient at the

intersection point used as a natural fracture leak-off coefficient.

The pressure in the region very close to the hydraulically induced fracture (main flow

path) can be expressed by the diffusivity equation as follows:

2
&'p _qucdp 2
oy k ot
where ¢ = porosity, k = formation permeability (at fracture surface), u= fluid

viscosity, ¢ = fluid compressibility and y = distance parallel to the Y-axis from the induced

fracture.

Carslaw and Jaeger (H.S. Carslaw and J.C. Jaeger, 1959) gave the solution of the
above equation. For typical values for each parameter (¢ =0.2, p = 1, ¢ = 10 psi, k = 50
mD and y = 1 ft) they found that the pressure in the region close to the main flow path
reaches 1.9 times larger than that of the main fracture within one second. Based on their
solution, in this study the influence zone of 1ft is utilized as a reference length (l.s) to

calculate the modified leak-off coefficient at the intersection point. Replacing C by Cy¢ in
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equation 2.20 fracturing fluid leak-off through natural fracture can be calculated using the

following equation:

C
N _ = oa (3.3)
ot t—7

The rate of fluid leak-off at the natural fracture surface is controlled by viscosity of the
fracturing fluid, natural fracture permeability and local pressure gradient.

Fracture propagation criteria in the presence of natural fracture

In this poroelastic model mixed mode (opening and shearing mode) fracture extension
criteria is employed to simulate the induced fracture propagation in presence of natural
fracture. For this purpose first opening mode criterion that is based on Griffith’s concepts of
crack stability is developed. Then the opening mode criterion is further extended to include
the influence of shearing effects (mode-11). In order to include the shearing effect, both

fracture extension and fracture orientation criteria are implemented.

According to the Griffith’s concepts of crack stability (Griffith, 1920; Griffith, 1924)
the fracture propagation in a poroelastic medium is assumed to take place in opening mode
when the stress intensity factor in the fracture tip satisfied the following condition in terms of

fracture toughness:

K=Ky (3.4)
where K,c is the critical value of the stress intensity factor known as fracture

toughness and K; is the stress intensity factor for opening mode.

In this model Erdogan and Sih’s (1963) crack extension criteria is used to include the
shearing effects. According to authors, orientation of fracture extension (“0”) can be

calculated using the following equation:
cos 2| 6L cos? sing iy }: (3.5)
2 KIC IC
where K|, is the stress intensity factor for shearing mode (mode-II).

The equation 3.5 gives two directions for propagation, the one with positive tensile
stress is accepted and utilized in the mixed mode fracture propagation criteria. Finally

fracture orientation and extension criteria for the fracture propagation in mixed mode given

69



by G.C.Sih and Theocaries (1979) and G.C.Sih (1991) is adapted to model fracture
propagation in presence of natural fracture. According to authors, the mixed mode fracture
propagation (rock failure) criterion is as follows:

K, sinf — K, (3cos6-1) =0 (3.6)

Displacement correlation method is employed to calculate the stress intensity factors
(for mode-1 and mode-11) at the fracture tip. This method utilizes the quarter point singular
elements (shift the mid-side nodes of an eight nodded iso-parametric element to their quarter
points) as shown in Fig.3.6. Nodal displacements at four locations A, B, D, and E of the
fracture tip are shown in the Fig.3.7. The opening mode-I and shearing mode-Il stress
intensity factors can be calculated using the following equations (Ingraffea, 1977a; Ingraffea
and Manu, 1980; Murti and Valliappan, 1984, 1986):

G 2
<=2 /I—:z{4[uy(B)—uy(D)]+uy(E)—uy(A)} (3.7)

G 2
a1 B U O] E)-u () (38)

where G is the rock shear modulus, v is the Poisson’s ratio, lo is the length of fracture
tip element and uy (*) and uy (*) are the nodal displacements along X and Y axis calculated

from the numerical model.

The meshes are made considerably fine when using the displacement correlation
method. In order to have compliance with these considerations into the meshing process, a
mesh generator is developed to generate this special type of geometry. The schematic of the
finite element mesh is presented in Fig.3.8. It should be noted that the stress field around the
fracture tip is modified by change in local pore pressure due to fracturing fluid leak off into
the formation. In this study, this effect (also known as back stress) is taken into account by

taking advantage of thin fluid (inside the fracture) elements.
Criteria for induced fracture interaction with natural fracture

There are some works done to provide analytical equations for predicting the
intersection of a natural fracture by an induced hydraulic fracture. Blanton (Blanton T.L,
1986) and Warpinski (Warpinski and Teufel, 1987) gave a relation based on the differential
stress and angle of approach. Renshaw (Renshaw C.E, and Pollard D.D, 1996) provided a
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criterion for crossing across unbonded interfaces, and Dyer (Dyer R., 1988) analyzed the
interaction between joints and a hydraulic fracture. In this study Blanton’s and Warpinski’s
criteria are used and extended to model the intersection with a natural fracture and its
breakout.

According to Blanton (Blanton, 1986) crossing will occur when the pressure required
for re-initiation is less than the opening pressure. This critical state occurs just as the natural
fracture begins to open. For the induced fracture to breakout at a point opposite to the initial

intersection point, the fracture pressure, p would have to overcome the stresso,, plus the

tensile strength of the rock, T, . Mathematically this can be written as

p>o,+T, (3.9
or
o, <T,. (3.10)

where Gt' =0, — P effective stress, To = tensile strength of the rock, p = pressure.

Determination of o, is complicated by the fact that it depends not only on the far-

field stresses and pressure in the fracture but also on the geometry of the interaction zone as

well as frictional slippage and opening along the natural fracture. An expression for o, is
given by Blanton (Blanton, 1986). In this model, the value of &, can be obtain directly from

the numerical results of displacement. Hence it is possible to calculate o'at any point

including at the circumference of the natural fracture. After that the value of those effective
stress are investigated to evaluate points at the circumference of the natural fracture where the
stress exceed the value of tensile strength of the rock. This rock tensile failure criterion is
adopted to determine the crossing or break out behavior of the natural fracture based on the

angular nodal position of natural fracture surface (see Fig. 3.9).
Algorithm of induced fracture propagation in presence of natural fracture

The computational methodologies for fracture propagation away from the natural
fracture (without the influence of the natural fracture) are same as the methodologies
described in chapter-2. Once the induced fracture reaches the vicinity of the natural fracture

the interaction is modeled by mixed mode failure criteria. The computational procedure
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presented in Fig.3.10 which includes step 1-9 of the section “Algorithm of hydraulic fracture

propagation” of chapter-2 forms the first part of the algorithm. The second part of the

algorithm includes step 10 to 14.

X.

Xi.

Xii.

Xiil.

Xiv.

Once the displacement convergence is successful, instead of calculating critical
width (as described in section “Algorithm of hydraulic fracture propagation”
chapter-2) stress intensity factor K, and Kj; using equation 3.7 and 3.8 at the
fracture tip element are calculated. This element is already made as quarter point

singular element.

Then fracture orientation “6” is calculated using equation 3.5. The equation gives
two values of “0” (directions for fracture propagation) which is physically
unacceptable. Out of these two values only one value is accepted (which yields the

positive tensile stress at fracture tip) as fracture orientation angle.

Once the fracture orientation angle (see Fig.3.12 a) is found, fracture extension
criteria (using equation 3.6) is then checked. If the extension criteria meet the
requirement, then a new element is added to the existing fracture which locates the

new fracture tip (See Fig.3.12 b and c).

If the fracture extension criteria for mixed mode not met, the criterion for opening
mode (mode-1) is checked before next iteration. If the opening mode criteria
(Kic=K) fulfills the requirement, then a new element is added to the existing
fracture to locate the new fracture tip. Otherwise the process sends back to the
step “iv” for next iteration. In this case decision is to be made whether the

propagation is opening mode or mixed mode driven.

The double nodes of the new element in step xii or xiii is split to generate the
quarter point singular element. Then the model returns to the first step with a new

fracture geometry for next iteration (new time step).

3.2 Parametric study of hydraulic fracture propagation in presence of a

natural fracture:

According to Daneshy (1974) natural fractures can be divided as: small (up to 1.27

cm), medium (up to 10 m) and large (more than 10 m). It is found in literature (Daneshy,

1974; Blanton, 1982, 1986) that small natural fracture does not have any impact on induced
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hydraulic fracture propagation. Hence, in this study only the medium natural and large
natural fractures are considered. Angle of approach ‘0’ (as shown in Fig.3.5) and

combinations of oy and oy, (differential stress, on-on) are varied.

In order to study the influence of natural fracture on hydraulic fracture propagation,
four parameters are varied: angle of approach, differential stress, natural fracture length and
injection rate. Angles of approaches are set at 90°, 60° and 30° respectively. Fluid injection
rates used in this study are 20 bbl/min and 35 bbls/min and differential stress 1000 psi and
500 psi respectively. A natural fracture is placed 20 meter away from the wellbore. Lengths
of natural fracture used in this study are 10 m and 20 m long. Reservoir rock properties,
fracture properties, rock mechanical properties and stress data are presented in Table 3.1. All
propagation results discussed in this section are mix of opening mode (mode-I, near the
wellbore region) and mixed mode (Mode-I and mode-II, in the vicinity of natural fracture)

driven.
Effect of angle of approach on fracture interaction

Results of the effect of a 10 m long natural fracture with an angle of approach of 90°
and differential stress of 1000 psi on fracture interaction are presented in Figs.3.13 through
3.16. It can be seen from Fig.3.13 that the induced fracture reaches the vicinity of the natural
fracture after 42 sec of its initiation. Propagation of the induced hydraulic fracture ceases at
this time temporarily. From Fig.3.14 it can be seen that the width of induced fracture
increases until it reaches natural fracture (42 sec). After this time the width at the fracture
mouth continues to decrease for about 65 sec (117 s from the initiation). During this time,
fracture propagation pressure increased by about 30 psi. As the injection of fracturing fluid
continues the propagation pressure begins to drop sharply from 117 sec until 142 sec and then
flattens out. It is also important to note that during the same period of 42 sec-117 sec fracture
pressure at the fracture tip (inside the induced fracture) drops from 5095 psi to 5070 psi (See
Fig.3.15). This phenomenon can be explained by the fact that as the induced fracture
propagates and reaches the vicinity of the natural fracture a significant amount of fracture
fluid leaks into the natural fracture, thus reducing the width of the induced fracture at the
wellbore and fracture pressure near the fracture tip (See Fig.3.13 and 3.14). As the pumping
continues pressure inside the natural fracture builds up and at about 117 sec (from the
initiation of induced fracture) the tangential stress at angular position of 90° and 270° of the

natural fracture surface exceeds its tensile strength (See Fig.3.16 where effective tangential
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stress as a function of angular position of the natural fracture is presented). At this time
induced fracture crosses the natural fracture and continues to propagate further into the
formation. As the fracture propagates the fracture propagation pressure continues to decrease.

Results of the effect of a 10 m long natural fracture with an angle of approach of 60°
and differential stress of 1000 psi on fracture interaction are presented in Figs.3.17 through
3.20. Results of this study show very similar behavior to that of a 90° angle of approach but
with following exceptions. Pressurization time required for tangential stress exceeds the
tensile strength of the rock and the tangential stress at the point of interception for the case of
60° angle of approach are much greater (about 2.5 times) than that of 90° angle of approach.
This means that the angle of approach of 90° provides a most favorable condition for the
induced fracture to intercept and cross the natural fracture. As the angle of approach
decreases the pressurization time and the tangential stress at the circumference of the natural

fracture required for the induced fracture to breakout increases.

Results of the effect of a 10 m long natural fracture with an angle of approach of 30°
and differential stress of 1000 psi on fracture interaction are presented in Figs.3.21 through
3.22. In this case the induced fracture intersected the natural fracture. With continuous
injection of fracturing fluid the induced fracture reorients and propagates along the axis of the
natural fracture. It can be observed that the propagation pressure after the induced fracture
intersects the natural fracture is greater (by 20 psi) for 30° angle of approach than that for 90°
angle of approach. This means that at low angle of approach it is less likely that the induced

fracture to cross the natural fracture.
Effect of differential stress on fracture interaction

Results of the effect of a 10 m long natural fracture with an angle of approach of 60°
and differential stress 500 psi on fracture interaction are presented in Figs.3.23 through 3.25.
From the result it can be seen that the induced fracture propagates and intersects the natural
fracture. As the injection of fracturing fluid continues the induced fracture reorient and
propagate along the axis of natural fracture. In previous case where differential stress is 1000
psi and angle of approach 60°, the induced fracture crossed the natural fracture (see Fig. 3.17-
3.20). It can be seen from Fig.3.23 that the fracture propagation pressure in current case
(propagate along the axis of natural fracture) is higher than that for 1000 psi differential stress
(see Fig.3.17 and 3.18). This additional fracture propagation pressure is required to

reorientation for the induced fracture. From Fig.3.24 it is observed that, during the
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reorientation of induced fracture along the axis of natural fracture the width of the induced
fracture at the wellbore decreases due to the increase fluid leak-off into the surrounding and
into the natural fracture. Fracture pressure profiles for two differential stresses (1000 psi and
500 psi and angle of approach 60°) are presented in Fig.3.25. It can be seen from the figure
that at higher differential stress (1000 psi) less fluid pressure inside the fracture is needed to
cross the natural fracture. While at low differential stress (500 psi) higher fluid pressure is
observed inside the fracture.

Results of the effect of a 10 m long natural fracture with an angle of approach of 30°
and differential stress of 500 psi on fracture propagation are presented in Figs.3.26 through
3.27. Results of this study show very similar behavior to that of a 60° angle of approach (500
psi differential stress). When the results of this study are compared with 30° angle of
approach and 1000 psi differential stress, it can be seen that the behavior is very similar, but
the pressurization time required to re-orient along the axis of natural fracture is much greater
(about 2.5 times) than that for 1000 psi differential stress.

From the above discussion one can conclude that, at high differential stress and high
angle of approach the induced fracture is likely to cross the natural fracture. As the
differential stress and angle of approach decreases it is unlikely for the induced fracture to

cross the natural fracture.
Effect of natural fracture length on fracture interaction

In order to investigate the effect of the natural fracture length on fracture interaction a
natural fracture of 20 m is placed at a distance of 20 meter away from the wellbore (fracture
half length). The angles of approach are set at 90° and 60°. The wellbore is pressurized by
injecting fracturing fluid (slick water). Results of the effect of a 20 m long natural fracture
with an angle of approach of 90° and differential stress 1000 psi on fracture interaction are
presented in Figs. 3.28 to 3.31 and compared with results of 10 m long natural fracture (see
Figs.3.13-3.16). It can be observed from Figs.3.28 and 3.29 that the induced fracture
continues to propagate until about 73.25s. After this time propagation slows down and finally
stops propagating at the vicinity of the natural fracture (19.91 m from the wellbore) at about
98s. This means that an induced fracture is likely to be stopped from propagation by a natural

fracture of length 20 m and greater with angle of approach 90°.
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Results of the effect of a 20 m long natural fracture with an angle of approach of 60°
and differential stress 1000 psi on fracture interaction are presented in Figs.3.31 through 3.33
and compared with results of 10 m long natural fracture (see Fig.3.17-3.20). It can be
observed from Fig.3.31 that the induced fracture propagates and reaches the vicinity of the
natural fracture (19.14 m from the wellbore). As the injection of the fracturing fluid continues
the induced fracture reorient, deviate from its original direction and propagates along the axis
of the natural fracture as it enter into the influence zone of natural fracture (see Fig.3.32 for
better view). This result is in good agreement with the result reported by Kosheleve’s (2003).
It also agrees with the theory that the plane of the extending hydraulic fracture should be
normal to the least stress (Daneshy, 1974).

Effect of injection rate on fracture interaction

In order to study the effect of injection rate on fracture interaction the fluid injection
rate is increased from 20 bbl/min (previous case) to 35 bbl/min. The length of the natural
fracture and the angle of approach are kept at 20 m and 90°respectively. Results of this study
are presented from Figs.3.35 through 3.37 and compared with results presented in Figs. 3.13
to 3.16 in which the injection rate is kept at 20 bbl/min.

It can be seen from Fig.3.35 that the induced fracture requires 11.6 sec to reach the
vicinity of the natural fracture from the time of its initiation compared to 71.8 sec for the case
of 20 bbl/min injection rate (see Fig.3.13). Similarly time required to reach maximum width
is much reduced (11.8 sec compared to about 97 sec for the case of 20 bbl/min, see Fig.3.14
and 3.15). After this time the width at the fracture mouth continues to decrease for about 15
sec (until 26.7 s from the initiation). Fracture propagation pressure increased by about 15 psi
during the same period. With continuation of injection of fluid the induced fracture intercepts
and breaks out of the natural fracture and propagates further into the formation (see Fig.3.5
and 3.36). Results of this study show very similar behavior to that of a 10 m long natural
fracture with 90° angle of approach and 20 bbl/min injection rate but with a number of
exceptions: the natural fracture pressurization time and the tangential stress at the point of
interception. For the case of 20 m long natural fracture the pressurization and interception
time is about 2.5 times lower than that of 10 m long natural fracture. This means that a higher
injection rate can overcome the leak off of fluid from the both induced and natural fracture
and maintains the stress intensity factor at the fracture tip at a level required for it to intercept,

cross and further propagation into the formation.
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3.3 Analysis of the induced hydraulic fracture arrest by and/or breakout of

natural fracture

In order to develop a detail understanding of the mechanism by which the induced
fracture breaks out of and/or arrested by the natural fracture after intersecting, the previous
numerical model is modified here. The model geometry includes a poroelastic reservoir, an
arbitrarily oriented natural fracture and an intersected induced fracture. The processes of
induced fracture arrest and/or breakout of the natural fracture are described by the governing
equations of geomechanical deformation of formation, fluid flow within the formation
(reservoir) and fluid flow inside the fractures. A much larger number of meshes (nodes and
elements) are generated than in the previous case to study the arrest and breakout.

The initial condition of this model is that, the induced hydraulic fracture is already
intersected the natural fracture and ready to propagate within the natural fracture. Schematic
representation of an induced hydraulic fracture in a medium containing a natural fracture with
its initial condition is presented in Fig.3.38. Minimum principal stress, on acts
perpendicularly to the induced fracture. Fracture is driven by injecting fluid at a constant rate,

Q. through the wellbore. It is assumed that the fracture propagates along the x-axis.
Governing Equations

Fluid flow and geomechanical deformations are coupled based on the poroelastic
theory developed by Biot (1951; 1955). The governing equations, which are derived in
Chapter-2(See Equation 2.1, 2.3-2.5) on the basis of mass continuity equations (for both
fluids and solids), are presented as follows (Charlez, 1997; Chen et al., 1995):

o av- K
reL-a (at”) :V{;-VpJ (3.11)
(1+G)%+szui—a%=0 (3.12)

where ¢ is porosity; c; is total system compressibility (c,+c); p is pore pressure; t

is time; « is Biot’s coefficient; u is displacement vector; K is the permeability tensor; u is

fluid viscosity; cis fluid compressibility; Vvis a vector operator; 1 and G are Lame’s
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constants and x; is the position vector (i = 1, 2, and 3 in a 3D space to represent three spatial

components).

Discretization of the above equations using finite element method (FEM)
(Zienkiewicz and Taylor, 2000) results in the following coupled linear system of equations:

ME M3 |[a0 | [T

e w1 o
M3 M4 | AP | Lf
where i is the time step; P is the pore pressure vector; " =(p, p, ... p,); P isthe

nodal pore pressure; n is the number of nodes; ¢ is the displacement vector;

UT=(uq Uy U - uy); Uxis the nodal value of x-component of displacement, uy is the
nodal value of y-component of displacement; aAp=p'-pP'?; AU =U' -G ; and At represents the
time increment. Additionallym,,m,,M,,7, and fare matrices and vectors which are

defined in the Appendix-2D.
Model description

The finite element mesh to represent the model geometry that includes a poroelastic
reservoir, a natural fracture and an intersected induced fracture is presented in Fig.3.39. It is
noted that different types of elements have been embedded in this mesh: a) reservoir element,
b) hydraulic fracture element and c) natural fracture element. Different material properties are
assigned to these elements. As the hydraulic fracture is infinite conductive a very high
permeability and a very low value of young modulus are given to the respective elements
(like a fluid element). Values of porosity, permeability and young modulus for the natural
fracture elements are considered such that they represent more realistic properties of a

mineralized natural fracture (http://en.wikipedia.org/wiki/Youngs_modulus).

It should be mentioned that in this study compressive stress is considered positive and

tensile stress negative. Main assumptions made in this study are as follows:

e The maximum and minimum stresses, oy and op act at far field along x and y axes
respectively.
¢ No flow boundary condition is set at the outer reservoir boundary.

e Plane strain hypothesis are employed to reduce the 3D problem to 2D.
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In order to simulate the induced fracture arrest by and/or breakout of natural fracture,
a fluid (slick water) is injected from the wellbore into the induced fracture. This is done by
applying an appropriate boundary condition at the wellbore nodes. At each time step of the
injection period the system of linear equations (Eq.3.11) is solved for displacement and pore
pressure. Stress tensor at each node is recovered from the numerical results of nodal
displacement using super convergent patch recovery method (Boroomand and Zienkiewicz,
1997; Zienkiewicz and Zhu, 1992) which are found to be the most accurate methods of stress
recovery. The algorithm of the arrest and/or breakout analysis is presented in Fig.3.40.
Initially the effective tangential stress is compressive at every point on the surface of the
natural fracture due to the influence of far filed in situ stresses. When the induced hydraulic
fracture intersects the natural fracture, pore pressure is built up inside the natural fracture
which results in the dilation of the natural fracture. As the injection continues due to the
increase in pressure inside the natural fracture, the effective stresses acting at the surfaces of
the natural fracture decrease. In particular, tangential stress at the circumference of the
natural fracture gradually transforms from compression to tensile. When the effective
tangential stress exceeds the tensile strength of the rock, tensile failure takes place.

Depending on the point of failure, this is called crossing or breakout (see Fig.3.38).

Parametric study of induced fracture arrest by and/or breakout of natural

fracture

For the purpose of arrest and breakout analysis a number of cases are studied by
varying angle of approach ‘0’ (as shown in Fig.3.38) and differential stress, cH-ch. In all
cases it is assumed that the induced fracture has already intersected the natural fracture. The
natural fracture length is varied from 10 to 20 m and the natural fracture placed 20 m away

from the wellbore. Reservoir properties and natural fracture data are given in Table 3.2.
Effect of angle of approach

In order to study the influence of angle of approach on the induced fracture arrest by
and/or breakout of natural fracture, three cases of 90°, 60° and 30° are considered.
Differential stress and natural fracture length are kept constant at 1000 psi and 10 m

respectively.
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The variation of effective tangential stress at angular positions along the surface of the
natural fracture for the case of 90° angle of approach is presented in Fig.3.41. From the figure
it can be seen that the first point where the effective tangential stress exceeds the tensile
strength of the rock is at 90° angular position. That means that the breakout of natural fracture
occurs at the point opposite of the intersection point. Therefore, in the case of 90° angle of
approach induced hydraulic fracture crosses the natural fracture and propagates further into
the formation without changing its original direction.

The variation of effective tangential stress at angular positions along the surface of the
natural fracture for the case of 60° angle of approach is presented in Fig.3.42. From the figure
it can be seen that the result is very similar to that of 90° angle of approach. Variation of
effective tangential stress at angular positions along the surface of the natural fracture for the
case of 30° angle of approach is presented in Fig.3.43. From the figure it can be seen that at
180° angular position the effective tangential stress reaches the tensile strength of the rock (-

150 psi). Therefore, in this case breakout takes place at the far end tip of the natural fracture.

From the above result one can conclude that at high angle of approach break out
occurs at the point opposite to the initial intersecting point. At low angle of approach the
induced hydraulic fracture is more likely to be arrested (at least temporarily) and/or breaks

out from far end tip of the natural fracture. Results when compared with results of the Potluri
Effect of differential stress

In order to study the influence of differential stress on the induced fracture arrest by
and/or breakout of natural fracture an angle of approach 60° and 500 psi differential stress are
considered and compared with the case of 1000 psi differential stress. The length of the

natural fracture is kept constant at 10 m.

The change in effective tangential stress at different angular positions along the
surface of the natural fracture for the cases of 500 psi differential stress is presented in
Fig.3.44. From the figure it can be seen that unlike the previous case (see Fig.3.68) induced
fracture breaks out at the far end tip of the natural fracture (180° angular position). Therefore,
at low differential stress the induced hydraulic fracture breaks out at the far end tip of the

natural fracture.
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Effect of length of the natural fracture

In order to study the influence of natural fracture length on the induced fracture arrest
by and/or breakout of natural fracture a 20 m long natural fracture is considered. Angle of

approach and differential stress are kept constant at 90° and 1000 psi respectively.

The change in effective tangential stress at the angular positions along the surface of
the natural fracture for the cases of 20 m long natural fracture is presented in Fig.3.45. From
the figure it can be seen that after 18 minutes of injection the effective stress at the
circumference of the natural fracture remains compressive. This means that the fracture is

more likely to be arrested by the 20 m long natural fracture.
Effect of injection rate

In order to study the influence of injection rate on the induced fracture arrest by
and/or breakout of natural fracture the injection rate is increased from 20 bbl/min to 35
bbl/min. The length of the natural fracture, angle of approach and differential stress are kept

constant at 20 m, 90° and 1000 psi respectively.

The change in effective tangential stress at the angular positions along the surface of
the natural fracture for the cases of 35 bbl/min injection rate is presented in Fig.3.46. From
the figure it can be seen that after 8.4 minutes of injecting the effective stress at the
circumference of the natural fracture at 90° angular position becomes tensile and exceeds the
tensile strength of the natural fracture. This means that the induced fracture is more likely to
breaks out of natural fracture at the point opposite to the initial intersecting. When this result
is compared with that of 20 bbl/min injection rate (see Fig.3.71), it is found that induced

fracture is arrested by the natural fracture on that case.
3.4 Summary

In this chapter, a fully coupled poroelastic model is presented to study the fracture
propagation in presence of a natural fracture. In order to achieve this, first an arbitrary
oriented natural fracture is initiated to the previously developed model to study the effect of
natural fracture. Next a parametric study of various parameters which can affect the process
of hydraulic fracturing in presence of natural fracture is conducted and discussed with

supporting plots. Numerical results have shown that natural fractures have a considerable
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effect on the induced fracture propagation. In particular it is observed that for medium sized
natural fracture (<= 10 m) the angle of approach and the stress state plays an important role.
At high angle of approach and high differential stress, it is more likely for the hydraulic
fracture to cross the medium size natural fracture, whereas for a case where angle of approach
and differential stress are low the hydraulic fracture is more likely to be arrested (at least for a
short time) and then reorient and propagate along natural fracture. Results also confirmed that
in the case of 90° (or close to 90°) angle of approach the hydraulic fracture always crosses the
natural fracture and the differential stress (studied here) has no significant effect on the
trajectory of the hydraulic fracture propagation. Crossing of the natural fracture depends on
the size of the natural fracture. In the case of long (>10 m, 20 m is used in this study) natural
fracture, the propagation of induced fracture is stopped by the natural fracture. If the injection

rate is high enough the induced hydraulic fracture crosses the long natural fracture.

These results are compared with results published in Potluri (2004) and found that the
trends are similar. Low angles of approach and low differential stress favors the induced
fracture to open the natural fracture and propagates through the axis of the natural fracture,
whereas high angles of approach with moderate to high differential stress favor crossing of
the natural fracture. In all cases width constriction happened and as expected the magnitudes
(decrease in width, increase of propagation pressure) are different as Potluri (2004) uses

elastic model with no fluid leak-off.

Next the model is further modified to provide an in-depth understanding of the
induced fracture arrest by and/or breakout the natural fracture in a close proximity. It is
observed that at high angle of approach and high differential stress break out occurs at the
point opposite to the initial intersecting point. At low angle of approach the induced hydraulic
fracture is more likely to be arrested (at least temporarily) and/or breaks out from far end tip

of the natural fracture.

82



Table 3.1: Parameter used for the study of fracture propagation and

interaction

Reservoir properties

Young’s modulus of elasticity 1.48 E+6 psi
Bulk Poisson’s ratio 0.2
Biot’s coefficient, o 1.0

Leak-off coefficient, C_

0.00025 ft.min®°

Fracture toughness 500 psi.ft °°

Fracture fluid viscosity ,u¢ 1cP

Formation permeability, Ky, Ky 0.1 mD

Formation porosity, ¢ 0.1

Reservoir fluid compressibility 1 E-5 1/psi

Reservoir fluid viscosity, pu 1cP

Initial reservoir pressure, p 4000 psi

Maximum horizontal stress, cu 5500-6000 psi

Minimum horizontal stress, oy, 5000 psi

Injection rate, q 20-35 bbl/min
Natural Fracture properties

Length of natural fracture, I 10m

Width of natural fracture 0.5 mm

Rock tensile strength, T, -150.0 psi

Distance of natural fracture from wellbore 20 m

Porosity, ¢ 0.15




Table 3.2: Reservoir properties and wellbore data used for fracture arrest

and breakout analysis

Young’s modulus of formation
Porosity

Biot’s coefficient, o

Initial reservoir pressure, p
Poisson’s ratio

Viscosity of fracturing fluid
Maximum horizontal stress, cu
Minimum horizontal stress, o
Drainage area

Formation permeability, Ky, Ky

1.58 E 6 psi
0.1

1.0

5000 psi

0.2

1.0cp
5200-6000 psi
5000 psi

5000 ft

0.1 mD

Table 3.3: Natural fracture data used for fracture interaction, fracture

arrest and breakout analysis

Length of natural fracture, I

Width of natural fracture

Rock tensile strength, T,

Distance of natural fracture from wellbore

Porosity, ¢

10~20 m
0.5 mm
-150.0 psi
20 m
0.15
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Fig. 3.1: Schematic of Lammont and Jessen’s model with existing fracture showing directions of
loading (from Lammont and Jessen, 1943).

Fig. 3.2: Austin stone model with hairline fracture, angle of inclination 0°, angle of bearing 45°
(from Lammont and Jessen, after Potluri, 2004).
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Fig. 3.3: Austin stone model with 2-IN width fracture, angle of inclination 0°, angle of bearing
90° (from Lammont and Jessen, after Potluri, 2004).

Fig. 3.4: Austin stone model with 1/2-IN width fracture, angle of inclination 0°, angle of bearing
90° (from Lammont and Jessen, after Potluri, 2004).
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Fig. 3.5: Schematic of Induced hydraulic fracture intersecting a pre-existing natural fracture.
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Fig. 3.6: Quarter point singular element.

87



Y
A
|
. q .
L
A
P
- -——-2> X
E
A )|
Crac tip
%> w
€-=-=¢, ~—->

Fig. 3.7: Nodal arrangement for computation of stress intensity factor using displacement
correlation method.

Fig. 3.8(a): Schematic of finite element 2D mesh of the induced fracture, natural fracture and
the reservoir system. (A total number of nodes=47123 and total number of elements=19444 are
used for this study).
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Fig. 3.8 (b): Finite element 2D mesh of the induced fracture, natural fracture and the reservoir
system showing near natural fracture region (A total number of nodes=47123 and total number
of elements=19444 are used for this study).

Fig .3.9: Schematic of natural fracture showing different angular positions at the surface.
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Fig .3.10: Fracture propagation/ extension algorithm using mixed mode fracture criteria.
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Fig .3.11: Calculation of mixed mode fracture criteria.
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Fig. 3.12: Identification of crack orientation.
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Fig. 3.13: Fracture half length and propagation pressure vs. pumping time, natural fracture
length 10 m, width 0.5 mm, angle of approach 90° and natural fracture position from well bore
is 20 m, differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500
psi, pr= 1 ¢cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’®).
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Fig. 3.14: Fracture width and propagation pressure vs. pumping time, natural fracture length
10 m, width 0.5 mm, angle of approach 90°, natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, pi = 4500 psi, ps=1
cp, k=0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’*).
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Fig. 3.15: Fracturing fluid pressure profile for selected time steps, natural fracture length 10 m,
width 0.5 mm, angle of approach 90° natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, pi= 4500 psi, p;=1
cp, k=0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’°).
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Fig. 3.16: Effective tangential stresses vs. angular position at the surfaces of the natural fracture
for selected time steps, natural fracture length 10 m, width 0.5 mm, angle of approach 90°,
natural fracture position from well bore is 20 m and differential stress 1000 psi (poroelastic
reservoir, oy = 6000 psi, o, = 5000 psi, p;i = 4500 psi, ps= 1 cp, k = 0.1 mD, g = 20 bbl/min,
fracture toughness = 500 psi.ft>?).
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Fig. 3.17: Fracture half length and propagation pressure vs. pumping time, natural fracture
length 10 m, width 0.5 mm, angle of approach 60°, natural fracture position from well bore is 20
m and differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500
psi, pr=1 cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’?).
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Fig. 3.18: Fracture width and propagation pressure vs. pumping time, natural fracture length
10 m, width 0.5 mm, angle of approach 60°, natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500 psi, pr=1
cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’*).
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Fig. 3.19: Fracturing fluid pressure profile for selected time steps, natural fracture length 10 m,
width 0.5 mm, angle of approach 60° natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, on = 5000 psi, p; = 4500 psi, pr= 1
cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft>?).
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Fig. 3.20: Effective tangential stresses vs. angular position at the surfaces of the natural fracture
for selected time steps, natural fracture length 10 m, width 0.5 mm, angle of approach 60°,
natural fracture position from well bore is 20 m and differential stress 1000 psi (poroelastic
reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500 psi, ps = 1 cp, k = 0.1 mD, q = 20 bbl/min,
fracture toughness = 500 psi.ft’®).
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Fig. 3.21: Fracture half length and propagation pressure vs. pumping time, natural fracture
length 10 m, width 0.5 mm, angle of approach 30° and natural fracture position from well bore
is 20 m, differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500
psi, pr= 1 ¢cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’®).
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Fig. 3.22: Fracture width and propagation pressure vs. pumping time, natural fracture length
10 m, width 0.5 mm, angle of approach 30°, natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500 psi, pr=1
cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’*).
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Fig. 3.23: Fracture half length vs. pumping time, natural fracture length 10 m, width 0.5 mm,
angle of approach 60° and natural fracture position from well bore is 20 m (poroelastic
reservoir, oy = 6000 psi, on = 5500 psi, pi = 4500 psi, ps= 1 cp, k = 0.1 mD, q = 20 bbl/min,
fracture toughness = 500 psi.ft’®).
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Fig. 3.24: Fracture width vs. pumping time, natural fracture length 10 m, width 0.5 mm, angle
of approach 60° and natural fracture position from well bore is 20 m (poroelastic reservoir, 6y =
6000 psi, on = 5500 psi, p; =4500 psi, p=1 cp, k = 0.1 mD, q = 20 bbl/min, fracture toughness =
500 psi.ft*®).
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Fig. 3.25: Fracturing fluid pressure profile for two differential stress of 500.0 psi and 1000.0 psi,
natural fracture length 10 m, width 0.5 mm, angle of approach 60° and natural fracture position
from well bore is 20 m (poroelastic reservoir, oy = 6000 psi, 6, = 5500 ~ 6000 psi, p;= 4500 psi, p;
=1cp, k=0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’°).
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Fig. 3.26: Fracture half length and propagation pressure vs. pumping time, natural fracture

length 10 m, width 0.5 mm, angle of approach 30° and natural fracture position from well bore

is 20 m, differential stress 500 psi (poroelastic reservoir, oy = 6000 psi, o, = 5500 psi, p; = 4500

psi, pr=1 cp, k= 0.1 mD, q = 20 bbl/min, fracture toughness = 500 psi.ft’®).
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Fig. 3.27: Fracture width and propagation pressure vs. pumping time, natural fracture length
10 m, width 0.5 mm, angle of approach 30°, natural fracture position from well bore is 20 m and
differential stress 500 psi (poroelastic reservoir, oy = 6000 psi, 6, = 5500 psi, pi= 4500 psi, ps=1
cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft>?).

Fig. 3.28: Fracture half length and propagation pressure vs. pumping time, natural fracture
length 20 m, width 0.5 mm, angle of approach 90°, natural fracture position from well bore is 20

m and differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5500 psi, p; = 4500 psi,
n:=1cp, k=0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’*).
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Fig. 3.29: Fracture width and propagation pressure vs. pumping time, natural fracture length
20 m, width 0.5 mm, angle of approach 90°, natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, on = 5500 psi, p; = 4500 psi, pr= 1
cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness of 500 psi.ft"?).

520
480 \ \\
wo L\ )

400 \ \ == Differential stress 300 psi
\ \ =—#—Differential stress 1000 psi

320 \
240 \ N
200 \ \
160 \ \

120 \ \
0 \ N

o \ L\
: \

ke W

90 100 110 120 130 130 150 1

0.5

Stress intensity factor, psi.ft

=6
[

w
=]

40

Time (s)

Fig. 3.30: Stress intensity factor at the fracture tip during pressurization after the induced
fracture induced fracture propagation stopes by the natural fracture for two differential
stresses. Natural fracture length 20 m, width 0.5 mm, angle of approach 90°, natural fracture
position from well bore is 20 m and differential stress 1000 psi (poroelastic reservoir, oy = 6000
psi, 6, = 5000~5500 psi, p; = 4500 psi, p= 1 cp, k= 0.1 mD, g = 20 bbl/min, fracture toughness =
500 psi.ft®?).
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Fig. 3.31: Effective tangential stresses vs. angular position at the surfaces of the natural fracture
after the induced fracture propagation stopes by the natural fracture, natural fracture length 20
m, width 0.5 mm, angle of approach 90° natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o = 5000 psi, p; = 4500 psi, pr= 1
cp, k=0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’°).

Fig. 3.32: Propagating hydraulic fracture half length vs. nodal displacement along y axis of the
induced fracture, angle of approach= 60° natural fracture position from wellbore 20 m, length
of natural fracture 20 m, width of natural fracture 0.5 mm, differential stress = 500 psi
(poroelastic reservoir, oy = 6000 psi, on = 5500 psi, p; = 4500 psi, ps= 1 cp, k = 0.1 mD, g = 20
bbl/min, fracture toughness = 500 psi.ft"?).
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Fig. 3.33: Propagating hydraulic fracture half length vs. nodal displacement along y axis of the
induced fracture, angle of approach= 60°, natural fracture position from wellbore 20 m, length
of natural fracture 20 m, width of natural fracture 0.5 mm, differential stress = 500 psi and
1000psi (poroelastic reservoir, oy = 6000 psi, o, = 5500~5000 psi, p; = 4500 psi, ps= 1 cp, k=0.1
mD, q = 20 bbl/min, fracture toughness = 500 psi.ft’?).

Fig. 3.34: Fracture half length and propagation pressure vs. pumping time, natural fracture
length 20 m, width 0.5 mm, angle of approach 60°, natural fracture position from well bore is 20
m and differential stress 500 psi (poroelastic reservoir, o= 6000 psi, 6, = 5500 psi, pi = 4500 psi,
n:=1cp, k=0.1 mD, g = 20 bbl/min, fracture toughness = 500 psi.ft’*).
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Fig. 3.35: Fracture half length and propagation pressure vs. pumping time, natural fracture
length 20 m, width 0.5 mm, angle of approach 90°, natural fracture position from well bore is 20
m and differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o, = 5000 psi, p; = 4500
psi, pr=1 cp, k= 0.1 mD, g = 35 bbl/min, fracture toughness = 500 psi.ft’?).

Fig. 3.36 Fracture width and propagation pressure vs. pumping time, natural fracture length 20
m, width 0.5 mm, angle of approach 90°, natural fracture position from well bore is 20 m and

differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, o = 5000 psi, p; = 4500 psi, pr= 1
cp, k=0.1 mD, q = 35 bbl/min, fracture toughness = 500 psi.ft’*).
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Fig. 3.37: Effective tangential stresses vs. angular position at the surfaces of the natural fracture
after the induced fracture propagation stops by the natural fracture, natural fracture length 20
m, width 0.5 mm, angle of approach 90° natural fracture position from well bore is 20 m and
differential stress 1000 psi (poroelastic reservoir, oy = 6000 psi, on = 5000 psi, pi = 4500 psi, ps=1
cp, k= 0.1 mD, g= 35 bbl/min, fracture toughness = 500 psi.ft>°).

Fig. 3.38: Schematic of initial condition of induced hydraulic and natural fracture intersection
showing the angular positions at the natural fracture surface.
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Fig .3.40: Algorithm of the induced fracture arrest and/or breakout (BHP=bottom hole
pressure, o is the tangential stress around natural fracture and Ty is the tensile strength of the
natural fracture rock).
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Fig. 3.41: Effective tangential stress vs. angular position at the surfaces of the natural fracture.
Natural fracture length = 10 m, angle of approach = 90°, differential stress = 1000 psi, injection
rate 20 bbl/min.

Fig. 3.42: Effective tangential stress vs. angular position at the surfaces of the natural fracture.
Natural fracture length = 10 m, angle of approach = 60°, differential stress = 1000 psi, injection
rate 20 bbl/min.
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Fig. 3.43: Effective tangential stress vs. angular position at the surfaces of the natural fracture.
Natural fracture length = 10 m, angle of approach = 30°, differential stress = 1000 psi, injection
rate 20 bbl/min.

Fig. 3.44: Effective tangential stress vs. angular position at the surfaces of the natural fracture.
Natural fracture length = 10 m, angle of approach = 60°, differential stress = 500 psi, injection
rate 20 bbl/min.
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Fig. 3.45: Effective tangential stress vs. angular position at the surfaces of the natural fracture.
Natural fracture length = 20 m, angle of approach = 90°, differential stress = 1000 psi, injection
rate 20 bbl/min.

Fig. 3.46: Effective tangential stress vs. angular position at the surfaces of the natural fracture.
Natural fracture length = 20 m, angle of approach = 90°, differential stress = 1000 psi, injection
rate 35 bbl/min.
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Chapter 4: Conclusion and
Recommendation

4.1. Summary of the completed work

The main objective of this thesis is to investigate the factors responsible for hydraulic
fracture propagation in presence of a natural fracture. In order to achieve this objective a
finite element based poroelastic model is developed. The poroelastic model couples a
wellbore, an induced fracture, an arbitrarily oriented natural fracture and poroelastic
reservoir. A mesh generator is developed to generate the finite element mesh that can
represent natural fracture, an induced fracture and the reservoir. The model is developed in
different stages.

First an intact wellbore in a poroelastic reservoir is modeled. The model is validated
against analytical solutions. Next in the poroelastic intact wellbore model an induced fracture
is incorporated. This model is validated against KGD-C model and a range of sensitivity
analysis is carried out by varying formation permeability, fracture toughness, injection rate
and fracturing fluid viscosity. Finally an arbitrarily oriented natural fracture of variable length
is introduced into the poroelastic model and parametric studies of fracture interaction are

carried out.

Results of this study are presented in two parts: fracture interaction which includes
fracture arrest, crossing and deviation; and a detailed description of how the induced fracture

is arrested by and/or breaks out of the natural fracture.

It is observed that at high angle of approach and differential stress, it is more likely
that the induced hydraulic fracture crosses the medium size natural fracture, whereas at low
angle of approach and low differential stress the induced hydraulic fracture is more likely to
be arrested (at least for a short time) and then reorient from the existing path and propagate
along the axis of natural fracture. It is also observed that at high angle of approach and
differential stress, it is more likely for the large natural fracture to stop the propagation of
hydraulic fracture, while at a low angle of approach and low differential stress the induced

hydraulic fracture is more likely to deviate from its existing path.
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Results of this study also suggest that when a hydraulic fracture intersects a natural

fracture it is initially arrested. With increased injection pressure due to continuous pumping,

the induced fracture breaks out of the natural fracture. At high angle of approach and high

differential stress it breaks out at the point opposite to the initial intersecting point. With

decrease in angle of approach and differential stress the induced fracture is likely to break out

at the far end tip of the natural fracture.

4.2 Recommendation for future works

Following further works are recommended:

The current poroelastic model is a 2D model; hence it could not model the induced
fracture height effect and the deep effect of the natural fracture. So further work
should dictate to the modelling of fracture interaction in 3D.

This model has direct application to all the new Shale gas reservoirs around the world.
One can extend this work to apply in Shale gas reservoir with appropriate field data.
In order to apply in the geothermal reservoirs, the model can be extended by
incorporating heat extraction model.

In this study the induced hydraulic fracture interaction is investigated by a single
natural fracture. Future work should consider hydraulic fracture propagation in the
presence of multiple natural fractures.

Using the appropriate field data one can study the natural and hydraulic fracture

growth by interpreting treatment pressure response.
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Nomenclature

A = the fracture surface (m°)
c=total compressibility (psi ™)
ce= fluid compressibility

cs= solid compressibility

C. = leak-off coefficient (m/min*?)

Cs = natural fracture leak-off coefficient.
G=shear modulus (psi)

hi=fracture height (ft)

k=permeability (md)

K,=stress intensity factor for mode-|
Ky=stress intensity factor for mode-I1I
Kic=Critical value of stress intensity factor
I=fracture length (ft)

I+ = length of natural fracture

Ires = length of the influence

p=pressure (psi)

pr=reservoir pressure (psi)

pw=wellbore pressure (psi)

Qo=injection rate (bbl/min)

t=time, sec (min, hrs)

To=tensile strength of the rock (psi)

ux = displacement along x axis

uy = displacement along y axis

u, = displacement along z axis
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V. = leak-off velocity
w=width of the natural fracture (mm)
a= Biot’s coefficient

6 =angle of approach (deg)
¢ =porosity

u  =viscosity (cp)

1l

= fluid viscosity;
on=maximum horizontal stress (psi)
on=minimum horizontal stress (psi)
o = Tangential stress (psi)
7, =shear strength (psi)
7 =shear stress acting on the natural fracture plane (psi)
v =Poisson ratio
A=drained Lame’s parameters
Ay = undrained first Lame’s parameter.
v = Poisson’s ratio
7 = the opening time of the element of interest
¢ = porosity
u = fluid viscosity

v=is the Poisson’s ratio
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Appendix-2A: Change in Bulk and Pore
Volume

This appendix presents definition of basic rock properties. Solid matrix refers to the
solid phase or solid skeleton of the material including all disconnected pores whereas bulk
refers to the solid skeleton plus interconnected pores.

Al: Total and bulk state variables

Bulk volume is defined as the solid volume plus pore volume. So one can write:
V, =V, +V, (AL)

where V is volume and the subscripts b, s and p represent the bulk, solid and pores,

respectively.
The total volume is the solid volume plus fluid volume:
V, =V, +V, (A.2)
where the subscript (t) represents the total.

It is also noted that the fluid phase is contained within and completely saturates the

pores. Thus, the fluid volume is the same as pore volume:
Vi =V, (A3)
So the bulk volume is the same as the total volume:
Vv, =V, (A.4)

Again, porosity is the ratio of interconnected pore volume to bulk volume. This can be

written as:

=t (A5)

A (A6)
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One can define all state variables over a phase, except volume, as volume averages.

Thus, the total of any state variable (a) is defined as:
aV,=aV, +a,V, (A7)
Using Egs.A.3-A.6, Eq.A.7 can be rearranged as follows:

a =a;p+a,(1-¢) (A.8)
A2: Solid and bulk compressibility

Under certain boundary condition, compressibility of solid and bulk are determined
through laboratory measurements. In all cases, the apparatus contains a jacketed rock core
which is set between two caps at two ends and placed in a vessel where a confining pressure
can be applied hydraulically. The caps can be designed either with drainage holes for a
drained test, or solid for an undrained test. The rock sample is initially subjected to a
confining pressure and a pore pressure. The change in volume is then determined by

measuring the response of the rock sample to a small load increment.

Bulk compressibility is measured with a drained test in which an increment of
confined pressure Ap. leads to a bulk volume change AV, which is measured once the initial
pore pressure is recovered after diminishing the early undrained response. Bulk

compressibility is then calculated using the following equation (Detournay and Cheng, 1993):

1AV,
C,=-——|—t (A.9)
V, [ AP, |

where cy, is often called drained jacketed bulk compressibility (Biot, 1935) due to the

measurement method.

Solid phase compressibility, cs can be determined through so-called unjacketed test
(Biot and Willis, 1957) where an equal increment is applied for both pore pressure and
confining pressure (Ap=Ap.) so that the differential pressure pd (pd=pc-p) is maintained
constant. Following Detournay and Cheng (1993), this loading path is hereafter called I-
loading. Under I-loading condition, it can be argued that the volumetric variation is uniform
all over the material as a result of the uniform pressure everywhere. Therefore no change in
shape of the pores is experienced and porosity remains constant provided the solid phase is

homogenous (Biot and Willis, 1957; Geerstma, 1957). Hence it can be written:
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AV, AV, AV, (A.10)
v, V.V,

The measured bulk volume variation from the unjacketed test can be used to calculate

s as follows:
(A.11)

LAV ] __1TaAv,
OV, LAP |, V.| AP |,

Hence cs which are also called unjacketed bulk compressibility can reflect the solid

phase compressibility (Chin et al., 1995; Detournay and Cheng, 1993).

A3: Total and effective stress

Total stress is defined as the total stress acting on the solid/fluid system. It can be

defined using Eg.A.12 as:
G, =6,p+0.(1-9¢) (A.12)
where o5, orand ctare the solid, fluid and total stresses respectively.
As solid stress cannot be directly measured this relation is rarely used and in

petroleum engineering it is more important for the stress on the bulk rather than the solid.

Effective stress is defined as the stress acting on the bulk. If the fluid is removed from
the solid fluid system or there is no fluid stress, the total stress equals the effective stress. In

general fluid is included in the system and effective stress differs from total stress. One can

relate effective stress to total stress and fluid stress through superposition.
In state (b) of Fig.A.1, there is no external load so the stress only acts on the pores. In

state (c) of Fig.A.1, the stresses are acting on the bulk. For incompressible pores, state (b)

contributes no load to the bulk so the effective stress is:
(A.13)

G'=
In general both the pores and solid are compressible and the effective stress can be

Qu

written as:
(A.14)

-aoc,

Qu

G =

where alpha is the Biot coefficient (0 < a; <1) and defined as:
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a=1-% (A.15)
Cb

Fluid stress comprises a deviatoric component which is zero for motionless fluid and

a pressure (p). So one can write as:
G, =pd (A.16)
where () is the kronecker delta. Effective stress tensor oy is then defined as (Nur and
Byerlee, 1971):

o =c.—-«a p§ (Al?)

ij ij ij
A4: Changes in bulk and pore volume

In poroelastic media pore volume varies as a result of a combined effect of rock stress
and fluid pressure on solid grains. In this section the study is related to the rock skeleton
deformation which is basically the core problem of the poroelasticity. It provides
relationships to evaluate bulk and the pore volume to be used in the derivation of linear

poroelastic governing equations.

Hook’s law for a poroelastic medium

The state of stress acting on an element of a porous medium can be decomposed to

two components as shown in Fig.A.2 (Cornet, 1988).

Hook’s law in indicial notation is:
& = —"——gkké'.. (Al8)

where G is the shear modulus and E Young’s modulus.

Subscript kk represents Einstein summation. In state (b) of the figure A.2, which
corresponds to hydrostatic loading of the matrix with fluid pressure (1= o,=p), Hook’s law

can be written as:

& =— (A.19)

where b is the strain tensor corresponding to the stage b and K the bulk modulus and
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the subscript “s” refers to solid or matrix (K, __E& ).

31-2v,)

In stage (c), a dry element of the porous media is considered. A resultant stress of - p

is applied on the bulk. The strain tensor corresponding to this stage (¢;°) is as follows:

b (1+V,)
L 2,

() -Po)) g 3,)9) (r20)

b

The subscript “b” refers to the bulk. Adding Egs. A.19 and A.20 gives the total strain
as follows:

1+V,
2E, E, K, K,)3

Where Kp = Eb/3(1-2Vb).
When solved with respect to stress, It can also be written as follows: 2G

o; :(KB —?}gkkéu +2Gg; +apo; (A.22)

Introducing effective stresses ojj and ok, one can write:

(1+V,) , V,

Eij =To-ij _E_UI;ké‘ij (A.23)
b b

So Hook’s law for poroelastic medium can be written by introducing effective stress
in place of total stress for elastic medium.

Change in bulk volume

The volumetric strain defined by &, = (va_v) can be obtained from Eq.A.21.
b

(Vb -V ) AV, ( O j
&u(=8,) = =—~ =G| —P|+Cp (A.24)
kk Y Vb Vb b 3
or:
AN, —eor (A.25)
Vb
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where ¢, is bulk compressibility, om= ow/3 and effective mean stress o, .is as

follows:

o' =0 —ap (A.26)
Change in pore volume

Change in pore volume is only attributed to the change in normal components of
stress. In order to analyse the pore volume variation, the total normal stress is first
decomposed into two components: a hydrostatic part with mean stress o, and a deviatoric

part Gijj- Om:

o; =0, + (O'ij — Gm) (A.27)

]

It can also be expressed that the variation in pore volume is only a function of pore

pressure and mean stress (Geerstma, 1957). Hence one can write:

oV oV oV
e :i d de'eri —L |o,dp (A.28)
vV, V,\0a, V, | op

p p

To evaluate the second term in the right hand side of Eg.A.28, stage (c)-loading is
considered in which A o= Ap. From Egs.A.10 and A.11 in differential form, the following

equation is obtained:

dv
V_” =—c,dp (A.29)

p

Introducing Eg.A.29 into Eq.A.28 results in:

oV oV
e e | L o (A.30)
V,\ oo V| 0
m/p p p
Combining Egs.A.28 and A.30, one can write:
oV 1(0oV
P _ _cdp+ P | (do —d A.31
v, P vp(aamjp( on =) (A31)

In order to calculate the differentiation involved in the second term of the right hand
side of Eq.A.31, Betti-Maxwell reciprocal theorem is employed. According to this theorem,

the work done by the forces of the first system acting through the displacements of the second
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system is equal to the work done by the forces of the second system acting through the
displacements of the first system (Jaeger and Cook, 1969). Under the stage (b)-loading
condition, mean stress is applied as the confining pressure which is equal to the pore
pressure. In the first transformation, an increase in mean stress don, gives rise to a decrease in

pore volume while the pore pressure is constant.

The second transformation involves an increase in pore pressure dp (dp =dom, ) while
the mean stress is maintained constant. This leads to an increase in bulk volume. The product

of pressure-volume is identical to work, by applying the reciprocal theorem, one can write:
~do,.dV,” = dp.dV,’ (A.32)

where superscripts represent two transformations. Here negative sign is due to the
bulk expansion which is considered negative in this work. After rearrangement:

(avp} [ﬂj (A33)
oo, ) Oy .

It can be seen that the increase in bulk volume dVb caused by dp is equal to the

decrease in the pore volume dV, caused by doy, of the same magnitude. On the other hand,
when dom = 0, the relative bulk volume variation due to a change in pore pressure dp can be

obtained from Ee.A.25 as follows:

2] v (a2

p

p

Eliminating (%J from Eqgs.A.33 and A.34, one can write:

oo,

oV
( pj — V. ac, (A.35)
p

By substituting Eq.A.35 into Eg.A.31 leads to:

v
SE- —csdp—%acb (do, —dp) (A.36)

p

Similar reasoning can be used for deviatoric component of stress so as to prove that

the relative change in pore volume is zero. Therefore Eq.A.36 holds in general case.
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Hg. A1 Quperposition to show the effect of fluid stress on bulk

FHg. A2 SQuperposition of stress and fluid pressure acting on bulk
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Appendix-2B: Derivation of Poroelastic
Governing Equations and Analytical
Equations

2.1 B Poroelastic Governing Equations

Coupled Fluid Flow Equation

In conventional reservoir simulators the diffusivity equation is used as the governing
equation of pressure. This equation is derived by introducing Darcy’s law into fluid
continuity equation where the solid deformation (velocity of solid) is neglected.

Darcy’s law in general form can be written as follows:

=

oo, —vﬁ)=—%(Vp—pngH) (B.1)

- -
where v, and v, are fluid and solid velocities.

Continuity equation for a fluid can be written as:

- o(¢ py)
_v'(pf¢vf j+q: f (B.2)
ot
In the same way, Continuity equation for a solid can be written as:
- o((1—
—v.(ps(l—@vs j+q -Ae=he) (83)

By combining the diffusivity equation and the continuity equation one can written:

K 0
v{pf E(Vp—/af@JAH>}c4M (B.4)
)7 ot

Where, f = fluid density, H = depth, g = gravitational acceleration
L = porosity, k = permeability tensor, u = fluid viscosity

q = rate of mass injected/produced and p = fluid pressure.
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In order to simplify the derivation of diffusivity equation with a coupled term, it is
assumed that the net flow of fluid from source to sink to be zero (q =0) and the effect of
gravity also to be negligible i.e. .H =0, g = 0. The effect of gravitation and the source/sink

term will be introduced to the final equation.

Introducing Eq.B.1 into Eqg.B.2 and neglecting source sink term gives:

Hod) =v.(pf¢vs)+v{pf 5%} (85)
ot Y7,

Expanding the right hand side of Eq.B.5 gives:

a(gtf ) —VS-V(pf¢)+pf¢.v(vs)+V[pf %Vp} (B6)

Introducing the material derivative with respect to a moving solid (Chen et al., 1995),

D,(*) _a(*)

Dswhere
Dt ot

+v,.V(*) one can write

D, (p;9) _ d(p:¢)
B

Dt +v.V(p;4) (B.7)

Using Eq.B.7 into Eqg.B.6 and after rearrangement, one can get:

D, (p:¢) pf¢.V(VS)+V[ﬂVp} (B.8)
Dt Y7

After differentiation of the left hand side of Eq.B.8 results in following form of the equation:

D.(9) +¢ D.(o1) pf¢.V(175)+V[pfk Vp} (B.9)
Y7,

f

Dt Dt

Rearranging the Eq.B.9, it becomes:

¢ Dt p; Dt ) P H

Expanding the solid continuity equation (Eq.B.3) and introducing the bulk density

P, = ([1—¢)p, as well as neglecting the source/sink term the equation leads to:
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(v.pb)v}(v.pb)vs+%_(v.pb)vj:o (B.11)

After rearranging and using material derivative one can obtain:

Vo, =+ D) (B.12)
p, Dt

Substituting Eq.B.12 into Eq.B.10 results in:

U

U

1D(#), 1 Dipi) 1D(p)_ 1 of P
¢ Dt p. DU p Dt p¢

ij (B.13)

From the definition of porosity, density and compressibility one can write:

9 Ny N, (B.14)
¢ Vp Vb
Py __ Ny (B.15)
Po \A
and
0
. _1 o (B.16)
Pi Op

where ¢ is the fluid compressibility, V, and Vs is the pore and bulk volume

respectively. Substituting Eqs.B.14 and B.15 into Eq.B.13 gives:

1D, 1 D0.0p) 1¢V{pfk Vp} B

vV, Dt p; Dt P H

Substituting Eqgs.B.16 and A.31 (See Appendix-2A) into Eq.B.17, one can write:

K
(¢c, +ac, —¢c.) Dsp—acbﬁziv Pr vp (B.18)
Dt Dt Ps y7i

where cs and ¢, are solid and bulk compressibility respectively and oy, is the mean

stress. Using the definition of the effective mean stress (c m = om -ap) into Eq.B.18 leads to:
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' K
(¢c, +ac, —gc, —a’c,) D.p —agc, Doy _ 1 g| £ Vp (B.19)
Dt Dt  p y7,

Using Eq.A.15 and substituting o r, from Eq.A.25 into Eq.B.19 gives:

Dp Dey 1 _[pk
c. +(a—g)c. —a’c ) = —aq—V ="V \Y B.20
(¢ i Ha-9)c —a b) Dt a Dt p, [ P P ( )

where g;; is the volumetric strain defined as follows:

g;=¢6,te, g,

ou, ou, au,
=—X4Y
oXx oy oz
-V (B.21)

where ux, uy and u; is displacement along x, y and z axis respectively.

Expanding the right hand side of Eq.B.20 and substituting the value of g yields:

Dp__D.(VD)_ [k K
(dc, +(a-g)c,) S~ V.{ﬂVpJH:pr{ﬂVpJ (B.22)

For slightly compressible fluid on can write:

c,Vp. th < V. hVp (B.23)
Iz JZ

Hence Eq.B.22 can be written as:

D.,p D,(Vd K
(g0, +a—ge, ) 22— P )V'Lﬁvp} (B.24)

It is also assumed that material derivative can be approximated by normal derivative,
D, 0 . - . o) . : .
namelyﬁ;a. This implies that v_.V(*) <<7Wh|ch physically means that the medium

deforms without movement. Using this assumption one can write the Eq.B.22 and B.24 as

follows:
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(v, + (a0, ) 2 - Mﬂ-[EVpJ (8.25)
u

a T
(e, +(05_¢)C5)%_05 a(zt'u) :V.[%VpJ+chp.[%VpJ (2.26)

The total compressibility c; can be defined as
C, =C; +——=C, (B.27)
Using the equation of total compressibility one can calculate

<¢Cf +(a_¢)cs):¢(cf +%j =¢Ct

Putting the value of (¢§cf +(a —¢)C5) in Eq.B.26 and B.25 one can rewrite them as follows:

¢ct@—amzv. £Vp +c,Vp. th (B.28)
ot ot 7, Y7,
op A(Va) K
v =V.| -V B.29
¢C, " a P [ﬂ p} ( )

These are the coupled fluid flow equations using in the modelling of linear poroelasticity.

Displacement Equations:

The governing equation for displacement should contain the fluid pressure as the
pressure is chosen as a coupling variable. The general equation of equilibrium for linear

elastic materials is given as:

~0 (B.30)

Qu

V.

By introducing effective stress in equation will result into
V& taps=0 (B.31)
Where & is the total stress tensor, &' effective stress tensor defined as
V&' =V.e-apd (B.32)
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and 5 is the Kronecker delta which is defined as follows:

|1 00

5=/0 1 0 (B.33)
0 01

Stress strain relationship can be defined in vector form as:

G=D, (B.34)

e

where D, is the elastic modulus tensor (material properties matrix) defined in two

dimensions is as follows:

A+2G 4 0
D=| A A+2G 0 (B.35)
0 0 G

in which &, and ‘G’ are Lame’s parameters.

Strain which is defined as change in displacement is a function of displacement. This

relationship can be represented in vector form as:
L B.36
Gij _E(ui,j—'_uj,i (B.36)

where u; is solid displacement vector, &; j is solid strain tensor and i, j=X, V, z.

First to substitute the constitutive equations for the stress components (Eq.B.32) into
Eq.B.30 and then to apply the definition of the strain components in terms of derivatives of
displacement (Eq.B.36) the three constitutive equations in terms of displacement and pressure

can be written as follows (Charlez, 1991):

szux+(ﬂ+G)M—a@=O (B.37)
OX OX
vu

szuy+(l+6)u—aa—p=0 (B.38)
oy oy

GV2u2+(i+G)M—a@=O (B.39)
0z 0z
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2 2 2
inwhich vy, =2, Ol | Ol
OX oy 0z

Eq.B.29 associated with Egs.B.37-B.39 are the constitutive equations of poroelasticity
with four unknowns: uy, Uy, U, and p. Coupling occurs among these equations because pore
pressure appears in the force equilibrium equations and mean stress/strain(derivative of
displacement) appears in the fluid flow equation. The richness and varieties of poroelastic
phenomena arise from interactions between the mechanical requirement of force equilibrium

and the fluid flow requirement of continuity (H.F Wang, 2000)
Plane Strain

Due to the restriction in computing time and resources the plane strain assumption has
been widely used in petroleum engineering that yield acceptable results with 2D analysis (Cui
et al., 1997). This assumption has been widely used in the study of hydraulic fracturing and
stress reorientation by various authors (Biot et al., 1986; Garagash and Detournay, 2005;
Geerstma and De Klerck, 1969; Hidayati et al., 2001; Nouri et al., 2002; Sato and Hashida,
2000). Using the stress-displacement relationship one can reduce Egs.B.37- B.39 into two
dimensions. The stress-displacement relationship can be expressed as follows (Zienkiewicz
and Taylor, 2000):

H

5 = D,Sa (B.40)
2
OX
= 0
where S=| 0 — (B.41)
oy
9 9
L0y OX
orin incremental form:
Ao’ =D,5Au (B.42)
where Vu the change in displacement is vector and expressed as follows:
— | Au,
Au :{ } (B.43)
Au,

148



Combining Esg.B.30, B.31 and B.43 yields:

STAG' +aVAp =0 (B.44)
or:
STD,SAU+aVAp =0 (B.45)
Ao,
Where Ag = Change in total stress,=| Ao,
Ao,
Ao, Ap
A’ = change in effective stress =| Ao |and Ap =change in pressure =| Ap
Ao 0

Xy

2.2 B Analytical equations to verify the numerical results for displacement,

stress and pore pressure.

The aim of this section is to present appropriate analytical solutions to be used for
verification of numerical results. They include equations for displacement, pore pressure and
stresses at different time and location in a horizontal reservoir intercepted by a vertical
wellbore. The initial state is assumed to be drained and anisotropic stress field exists in
general case. The solutions are found through superposing two cases as shown in Fig.B.1. In
case (b), a vertical wellbore of radius r, is located in an infinite horizontal reservoir.
Reservoir fluid pressure is p;. Wellbore pressure is considered to be equal to the reservoir
pressure for superposition purpose. Solid skeleton of the rock is compressible and stress field
is anisotropic. Analytical solutions for displacement, stress and pore pressure are obtained
using the theory of superimposition and are given below as (Detournay and Cheng 1988;
Aghighi 2007):

¢ Radial displacement:

2 2 2
ur(r,e)zé (aH'+ah')(1—2v+%)+(aH'—ah‘)x[%(4—4v—:l2j+1}os(ze)}

Pule 7 (B.46)
Pl T p —ph(rt
G wa(pw ph(r,t)
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e Tangential displacement:
r 2 r2
ug(r,e):—E(aH oh)[lz[z 4v+r—]+1Jsm(29) (B.47)

e Pore pressure:
p(r.t)=p; +(p,— P)Y(r,t) (B.48)

e Radial stress:

2 . 4 2
o, (r0) =28 % q Tuy Tu =% g, gl 4 luy 005020+
) ' 2 o (B.49)
r r
pwl2+277(pw_pi)_wh(r’t)
r r
e Tangential stress:
0w (r.0)= 212 (L AN} —~ (1+3—)cos(2e)—
2 (B.50)
pwr%—Zn(pw - pi)[TWh(r,tH g(r,t)j
e Shear stress:
o, —0 N
O (1, 0)=— “2 “(1—3ri4+2r—“;)sin(20) (B.51)

where, oy and o, are maximum and minimum horizontal stresses respectively,

pw, Pi and p are the wellbore pressure, initial reservoir pressure and pore pressure

respectively,

rw = wellbore radius, r and 6 = polar coordinates of any point, t= time.
g(r,t)=L"(g(r,s)) (B.52)
h(r,t) = L’l(ﬁ(r,s)) (B.53)

L is the Laplace inversion operator and:

_ Ky(9)

R RT)

(B.54)
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ﬁ(r,s):l{ 5(8) 1 K(5) (B.55)

. 21(1_2‘\’/) (B.56)
E=r % (B.57)
p=r, é (B.58)
c=%(¢ct + zfzze jl (B.59)

Ko and K; are the first order modified Bessel function of the first and second kind.
Laplace inversion can be performed using the method presented by Stehfest (1970) which is
one of the various methods of approximating Laplace inversion. The solution in time can be
calculated by using the following formula:

f(t)zlrtl—zicnf(anzj (B.60)

n=1

where |, is the natural logarithm, N any positive even number between 8 and 20; and

C, can be calculated using the following equation:

. N
mm(n,?)

k%(Zk)!

N (B.61)
cetoar( (= K) KAk ~1) (0~ K)1(2k ~n)!

c,=(-1)"2

2.3 B Closed system of equations for KGD-C model

KGD-C model is chosen to compare with the current numerical model as both assume
plain strain in horizontal plane. The key difference is the application of boundary condition
and propagation criterion. KGD-C model assumes a constant pressure throughout the
wellbore and the criterion for propagation is based on Barenblatt’s(1962) hypothesis.
Whereas in the proposed model, fracture fluid profile obtained from numerical calculation is
used as boundary condition and the fracture propagation is based on LEFM. The KGD

geometry is illustrated in Fig.B.2. The width, half length and net pressure obtained from the
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current model and KGD-C are compared. The letter C denotes that the 2D algebraic models
are combined with carter 1l solution (for leak off) of material balance. For constant-injection-
rate/no-leak-off case the length, width and net pressure is calculated as(Geerstma and De
Klerck 1969):

13 , 6 3 , 6
X; —(zﬁsjs {i}hf Gti§:0 503 {a}hf % (B.63)
1 3 % 3 %
W Y PR et
21 % 11 1t
pnet,W:(EJ (E?u)Pt® =1.09(E”u)t? (B.65)

Using the carter Il solution of material balance, fracture half length can be obtained
from the following equation(Valko and Economides 1995):

_(W+2S,)q 28

‘= T4Cah, {exp(ﬂ)erfC(ﬂH N 1} (B.67)

_2C, (7t) 563
P~ wras) (559

where, C, = Leak-off coefficient, Sy = spurt loss coefficient, W= Average width,

E' = E/ 1- v* u = Fracturing fluid viscosity, g= Flow rate and h; = height of
fracture.

A closed system of equations for KGD-C model can be formed using equations B.63
to B.68. The well bore pressure, fracture half length and fracture width at the well bore can be

obtained by using a numerical root finding method.
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Fig. B.1: Decomposition of total problem (c) into two cases which are: (a) static state of
a wellbore with balanced pressure in a drained rock subjected to anisotropic horizontal
stress and (b) poroelastic response of a wellbore in an initially unstressed rock
containing fluid at zero pressure (p; = initial reservoir pressure, pw= wellbore pressure,
rw = wellbore radius, r.= the radius of outer boundary, Source Aghighi, 2007).
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Fig. B0.2: Schematic representation of classical KGD model.

Where, ws = Width at the well bore,

w(Xx) = Width along the length X,

X¢ = Fracture half length and

h¢ = height of the fracture
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Appendix-2C: General Implementation
of Finite Element Method (FEM)

Formulation of finite element equations as a result of discretization of the governing
equations of poroelastic equations is discussed in Appendix-2D. In this section, some basics
of the general implementation of FEM are presented and discussed.

C.1: Model description.

The poroelastic intact wellbore model presented here includes a reservoir which is
intercepted by a vertical wellbore. Vertical stress is a principal stress and other two principal
stresses (minimum and maximum horizontal in-situ stresses) are in horizontal plane and are
aligned in the same direction of Cartesian coordinates of the reservoir. This can be modeled
by taking a horizontal cross section of the reservoir and introducing a circular hole to

represent the wellbore. The model geometry is shown in Fig.CL1.
C.2: Quarter reservoir model and space discretization

In this study, due to the symmetrical stress field, advantage of symmetry is taken and
solve on a quarter models for intact wellbore modeling. The schematic of quarter model is

given in Fig.C.2.

To generate the finite element mesh, it is necessary to make the finest mesh near
wellbore as displacement and pressure profiles are concentrated towards the wellbore. So
away from the wellbore the mesh size is increases and the coarsest mesh at the outer radius.

The following formula can be used:
i =Cli (C.1)

where r is the radial position and c is a constant defined as follows:

1
c= (r—E} (C.2)

In which r. and r,, are the wellbore and outer radius respectively, m is the number of

radial steps. To generate an accurate mesh it is necessary to use angular steps so that the
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aspect ratio of the elements does not exceed 10. It is recommended to use the aspect ratio

close to 1. The angular step o is defined as.
0 =wi (C3)
where 0 is the angular position and “i”” is the number of steps.

o and m can be adjusted according to the required density mesh. This mesh is quite
efficient with fine mesh close to the wellbore and coarse mesh on the outer radius. Using
Egs.C.1 to and C.3) a regular node pattern on the quarter model can create and connect the

nodes to make the mesh which is illustrated in Fig.C.3.

The specific mesh using the poroelastic intact wellbore modeling is given in Fig.C.4.
Outer boundary (re) and wellbore radius (rw) is 1500 m and 0.1 m. respectively. Value of

angular step, o is 15°and 42 angular steps are used.
C.3: Four nodded square elements

Local coordinates are used to position the centre of an element at the origin
Zienkiewicz (2000). The four nodded square element are shown in Fig.C.5 with local

coordinates.

Using Lagrange polynomial one can write two linear Lagrange equations for an interval with

two nodes as follows:

1 — 5_51
L(&)==—3L C4
0(5) égo _é:l ( )
1 — é:_é:o C5
I—1(§) 51_50 ( )

Using Lagrange polynomials shape functions for the square element are given by
Zienkiewicz (2000) as:

N (£m) =L ()7 (n) (C6)

Starting with the bottom right hand corner and working anticlockwise around the

element and using the equation C.6 the four shape functions are as follows:

(1+&).(1-n) (C.7a)

N1(§177):%
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N, (67)= 70+ )1+ 1) (C.7h)

N, (6,7) =5 - )L+ 1) €19
and
N, (67) = 7.0-6)(1-n) (C.7d)

C.4: Eight nodded square elements

The eight nodded square element with node numbering is shown in Fig.C.6. Node
numbering starts with the bottom right hand corner and going anticlockwise around the

element.

Here there is no node at the midpoint so Eq.C.6 cannot be used for making shape
function for this element. The straight line equations can be use to find out the shape
functions. The general straight line equation that passes through two coordinate (X, y1) and

(X2, y2) Is as follows.

X=X — Y—Y (C.8)
X =X, Yi—Y,

Using the Eq.C.8 one can define straight lines passing through the nodes of the elements is as

follows:
Line, =1-¢£=0 (C.99)
Line,, =1-7=0 (C.9b)
Line,, =1+£=0 (C.9c)
Line,, =1+n=0 (C.9d)
Line,, =1-¢-1=0 (C.9)
Line,, =1+&-n=0 (C.9f)
Line, =1+&+7=0 (C.99)
Line,, =1-&+7=0 (C.9h)
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Now the eight shape functions can be formed using the Eq.C.9 through combinations
of the lines not passing through the given node and multiplying by a constant to satisfy unity
at the given node.

For the first shape function of node number 1 Liness, Lines; and Lineg, are combined

with a constant (—ﬂ to give:

Nl(g,n)=(—%j(1+§)(1—77)(1—§+77) (C.10)

For the second shape function of node number 2 Liness, Lines; and Lines; are

combined with a constant (—%j to give:

N, (1) =( 3 @ ma-mae) (c.100)
Similarly the other shape functions are:

N ()=~ ar @ na-g-n) (c.100
N () =[5 ar ) a-e)aen) (©.10
N ()=~ e n) e £-n) (c.100)
N () =( 5 @ ma-ma-9) (c.10
N, (1) =( -3 Ja-)a-m)ae ) (c.109
N ()= 3 Jr+ )a-6)a-n) (c 10

C.5: General two dimensional transformation

For an element there are four local coordinates (&, n) and corresponding global

coordinates (X, y). It also has shape functions in terms of local coordinates. In order to

158



operate on derivatives in the global coordinates, transformations from local coordinate to
global coordinates are required. In this study Zienkiewicz’s (2000) relationship are used and
for a shape function (Ni) for this transformation is as follows:

N (N,
o0& >| Ox
=J. A1
o |~ N e
on oy
where J is Jacobian matrix and defined as
*
- |0 0
J= s % (C.12)
x oy
on on

To find the global derivatives of the shape functions (J) needs to invert and can be

written as follows:

N (N
OX >, | 08

=J". C.13
N | (€13
oy on

Again for area integrals a relationship between the area in local coordinates (d & dn)

and the area in global coordinates (dxdy) are needed. Given by Zienkiewicz (2000) one can

write:
ox oy
dxdy = O 0o dédn =det(J).dédn (C.14)
ox
on 0n

In which det (*) represent the determinants of the matrix.
C.6: Four nodded element transformation

For the four nodded element transformation the shape functions (Ni), their derivatives
with respect to global coordinates and area (dxdy) as functions of local coordinates (&, n)

are needed. The shape functions as functions of local coordinates are given by Eq.C.7.
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Differentiating Eq.C.7 the derivatives of shape functions with respect to local coordinates as

functions of local coordinates can be written as follows:

oN,

N ()= % A (C.15a)
aal\i: ()= % A (C. 15b)
%;(77) = —%-(1+ n) (C. 150)
aal\i; ()= _%.(1_77) (C. 15d)
and

Zr:l; (&)= % @+ 8) (C. 16a)
%I:I; (&)= % e (C. 16b)
‘2'\7'7 ()=30-9) (C. 16c)
aal\:; (6)=— % s (C. 16d)

Using the mapping of a four nodded square in local coordinates (&, n) onto an
arbitrary four nodded quadrilateral in global coordinates (x, y) leads to the following

relationships for the element:
X=N;.X +N,.X, + Ny X + N,.X, (C.17)
Yy=N,y,+N,.y, + N,.y, + N,.y, (C.18)
where the shape functions N to N4 are given by the Eq.C.7

Differentiating Eg.C.17and using Eqgs.C.15 and C.16 one can write the derivatives of

the x coordinate with respect to the local coordinates as follows:

2—2(77) = %x (R X @ -Emx) (€19
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OX , .\ — <= ON, 1 B o
%(5)—#1%%—4-( @+8)x +(1+8)x,+(1-&)x - (1-&).x,)  (C.20)

Similarly differentiating Eq.C.18 and using Eqgs.C.15 and C.16 one can write the
derivatives of the y coordinate with respect to the local coordinates as follows:

aff(n) Z%n; (o Wy, - @y -Qomy,) (€2
TO=Y T = Dy Oy, + -0y -0-9y) (€22

Using Egs.C.19 to C.22 into the Eq.C.19 one can calculate Jacobian as a function of local
coordinates (Guassian point). Then using the value of Jacobian and Egs.C.15 and C.16 with

Egs.C.13 and C.14, one can calculate the area integral as a function of local coordinates.
C.7: Eight nodded element transformation

For the eight nodded element transformation the shape functions (Ni), their derivatives
with respect to global coordinates and area (dxdy) as functions of local coordinates (&, n)
are needed. The shape functions as functions of local coordinates are given by Eq.C.10.

Differentiating Eq.C.10 the derivatives of shape function with respect to local coordinates as

functions of local coordinates can be written as follows:

Teem=[§)a-miez+n) (23
%(5,77)2%-(“77)(1—77) (C.23h)
SR (e =g aenes ) (C. 230)
Telem=—can) (C. 23d)
Te(em=gammes-n (C.23¢)
== (C. 230
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Srlem=ga-mesen (€. 2%)
aa'\glf (&n)=—¢(1-n) (C. 23h)
and

Sa(Em) =) (2n-¢) (c242)
SrEm=naro (C. 24b)
SHEm=araen+9 (C. 240)
SeEn=50r00-9 (C. 244)
(e =52 (C.24e)
TEm)="n+5) (C.240
Tr(em =3 a-ns+n) (C. 249)
(6 =5 -0+ (C- 24n)

Using the mapping of an eight nodded square in local coordinates (&, n) onto an

arbitrary eight nodded quadrilateral in global coordinates (x, y) leads to the following

relationships for the element:

XZZNi.xi (C.25)
y=iNi-yi (C.26)

where i=1 to 8 (node number of the element) and the shape functions N; to Ng are

given by the Eq.C.10
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Differentiating Eg.C.25 and using Eqgs.C.23 and C.24 one can write the derivatives of
the x coordinate with respect to the local coordinates as follows:

OX , 0N,
6_5(77) — ;g(f”])'xi (C.27)
oX .. _ &N,
%(5)—25(5177)% (C.28)

Similarly differentiating Eq.C.26 and using Eqgs.C.15 and C.16 one can write the

derivatives of the y coordinate with respect to the local coordinates as follows:

N, v—wN,
8_5(77) é—af (& m).y; (C.29)
& (o= ON.
on (¢) ; on (&.n).y, (C.30)

Using EQgs.C.19 to C.22 into the Eq.C.19 one can calculate Jacobian as a function of local
coordinates (Guassian point). Then using the value of Jacobian and Eqs.C.23 and C.24 with

Egs.C.29 and C.30, one can calculate the area integral as a function of local coordinates.
C.8: Half reservoir model and space discretization

In this study, due to the asymmetrical nature of arbitrary oriented natural fracture
quarter model cannot be used. In order to take advantage of symmetry the problem is solved

on a half model with a natural fracture.

In this half model all through 4-nodded and 8-nodded square elements are used except
the end point of natural fracture. In order to represent the shape of natural fracture two
triangular elements are implemented at two corners (Near end tip and far end tip of the
natural fracture) of natural fracture. For this purpose 3-nodded and 6-nodded triangular

element transformations are used.

Starting the node numbering with the bottom right hand corner and working
anticlockwise around the element and using local coordinates the three nodded triangular

elements are shown in Fig.C.7.

The shape functions are specified in terms of local coordinates, the origin being at the

centroid of the element. The shape functions in terms of the local coordinates are:
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Nl(g,n){%j(u 25) (C.31a)

N, (£m)=| = |(1-£-/3n) (C31h)
Yoe-)

N, (&)= - +-/30) (31
J

Differentiating Eq.C.31 the derivatives of shape functions with respect to local

coordinates as functions of local coordinates can be written as follows:

%—'\;(5,77) _ (gj (C.32a)
58'\;2 (&7) :% (C. 32b)
SREm=—3 (C. 32)
%_’\7'71(5,77) ~0 (C.32d)
Sen=—% (C. 32¢)
5;'7 (&) =% (C. 32)

Using the mapping of a four nodded square in local coordinates (&, n) onto an arbitrary

four nodded quadrilateral in global coordinates (X, y) leads to the following relationships for

the element:
3
x=> N.x (C.33)
i=1
3
y=> N.y, (C.34)
i=1

where the shape functions N; to N3 are given by the Eq.C.31

Differentiating Eq.C.17 and using Eqgs.C.31 and C.32 one can write the derivatives of

the x coordinate with respect to the local coordinates as follows:
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X , \ _ & ON,
o T 5o .
ox . 0N
577(5)_ 2o (&%

C.9: Super convergent patch recovery

Patch is a group of elements that belong to a corner node that is not on the boundary
of the mesh. The general patch configuration is presented in the Fig.C.8. Using the known
gradient at each super convergent point within the patch, the SPR method fits a polynomial to
these points in a least squares manner. This polynomial is then used to determine the gradient
at the nodes. If possible the gradients are found using interior patches. Thus, the gradient for
the corner nodes is determined from one patch and for a side node the gradient is found using

two patches and taking an average. In this study the gradient to be recovered are(auxj

OX
8uy % 8uy
ox )i\ ay )and { ay .

Let o u be any one of these gradients. The procedure to calculate the gradient at a

node 4 u” from the gradient at the super convergent points is as follows.

-
-

For each super convergent point (Ski, Ya) one can determine the matrix, M, as

follows:

—

M= % Ve X%V % %) (C.31)

where Kk is the number of super convergent point and (ski, yak) is the coordinate of

these points.

Then for a patch containing “n” super convergent points one can determine the matrix, ﬂk

and vector X, as follows:

—
—

A=Y (M;.
=1

k

<

] (C.32)
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X, =§n:(l\ﬁ;.auk] (C.33)

k=1

where ( 0 uk) is the gradient at the super convergent point “k”.

Then the linear system can be solved using the following equation:

aA=X, (C.33)

b N

Then the gradient at the node is:
au*=(1 Xy Xy x? y*z).a (C.34)

where the coordinate of the node is (x*, y*).
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Fig.

wellbore reservoir model.

C.1 Intact

C.2 Quarter reservoir model
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Fig.



Fig. C.3 Schematic of the mesh of the Quarter model

Fig. C.4 (a) Exact mesh of the Quarter model, wellbore radius is 0.1 m, outer
boundary radius 1500 m, first element showing in coloured.
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Fig. C.4 (b) Exact mesh of the Quarter model zoom in from 0 meter to 0.3 meter.
Last number of element showing in coloured.

(-1,1) (1,1)
e 51

'

JT

u4 10
(-1,-1) (1,-1)

Fig. C.5 Four nodded square element with local coordinates.
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(-1,0)16

> 27 (1,0)

|7 3 1
(-1-1)  (0,-1)  (1,-1)

Fig. C.6 Eight nodded square element with local coordinates.

Fig. C.7 Three nodded triangular element with local coordinates
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Nodal values of gradient to
be calculated

Nodal values of gradient to be
calculated if on the boundary

Patch assembly point

Super convergent sampling
point/ gaussian point

Fig. C.8 Schematic of a patch for eight nodded square elements.
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Appendix-2D: Implementation of Finite
Element Method (FEM) for Governing
Equations of Poroelasticity.

In this study, poroelastic equations are numerically solved by using the finite element
formulation for space discretisation and the implicit finite difference method for time
discretisation. For each time step, a system of linear equations is constructed which is solved
using a standard FORTRAN routine. The finite element method used is the widely used
Galerkin method, a weighted residuals approach. The essential or forced boundary conditions
are applied using the method of elimination. In this section detailed formulation of the FEM
IS presented.

D.1: Fully Coupled Poroelastic FEM Formulation

S (k. 0
Assuming off-diagonal components of permeability tensor are zerok :(OX K ] )
y

Eq.2.2 is expanded by introducing k as:

k,
po P 2[00 Ofkap), OF% D (D.1)
ot ot\ ox oy X M OX ay y70)

Multiplying both sides of Eg.D.1 by a trial function, w and integrating over the

k
09 dQ:jw Ok, 15 94 (D.2)
X&'y 5 Lox{ u ox U oy
Using the Green formulae, Eg.D.2 becomes:
k
I(wcﬂfa de j ( 8pde+I@{_y8_pde:
) ot OX o0y \ u oy
k N
<.f>w ﬁa—pnﬁ—a—pn dF+I Wocﬁ o9 u|dQ
I OX oy’ 5 ot\ ox oy

r

domain, Q yields:

j(wctqﬁgtjdfz [| wa

Q

(D.3)

where ‘I’ is the boundary and ‘n’ is the outward normal to the boundary. The

boundary integral can be eliminated from the formulation for no flow boundaries and
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boundaries with constant pressure. It is also assumed that porosity and permeability have no

considerable change over each time step. After rearranging, Eq.D.3 becomes:

J‘(Wctil¢1pAtp JdQ J'a [k'—lﬁp de

5 U OX

k i1 —i —i-1 (D4)
jaw( % ]dQ j{ [33)“ — }dQ
oyl u 0 oxoy) At

in which “i” and ‘i-1” are current and previous times respectively. Using Galerkin
method (Zienkiewicz and Taylor, 2000), Eq.D.4 becomes:

PP N, N, k™ aN, oN B
jc¢N N dQ}P a— | kxi_laN" SCL I T
i At ol oX OX u oy oy
(D.5)

—i-1
[N, e (6 ajdgj%ﬂ
o oX 0y At

where:

=T

P :(pl p, - pn) (D.6)

— T

Ny =(N; N, -~ Nn) (D.7)

— N, ON, -~ 0

Ny = (D.8)
0 NN O -~ N,

—T

u :(uxl uy1 U, - U, uyn) (Dg)

and the numbered subscripts represent each node, “n” is the number of nodes and “N” is a

basis/shape function. After rearrangement, Eq.D.5 can be written as:
ﬁ'(ﬁi - pi‘l)+At‘M::26i —|\/|:"3(L7i iy ”) o, (D.10)
where M is a mass matrix. With rearranging one can write:
|\/|:1'(Bi - |6”)+Ati M 2( b — p"-l) M B(U iy '-1) _AtM2p (D.11)

This can be written as:
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Where
APi — e pn—l
AU =0 -G

M4=Mi+At'M2

1

T atMzp

The matrix M4 can be obtained from:

— ne —

M=) M4 =i(ﬁmt‘ﬁj

e=1 e=1

I

in which ‘e’ denotes element and ‘ne’ is the number of elements and

M2=)> M2°

e=1
S e Ane L ANS k€ ANE | ANC
M2 — kS ON% 6Np+ky ON°®, ON| 40

i-1

5ol uf ox ox

i-1

where for an eight nodded element:

P (gt pl)

o oy
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(D.13)

(D.14)
(D.15)

(D.16)

(D.17)

(D.18)

(D.19)

(D.20)

(D.21)

(D.20)

(D.21)

(D.22)



Np =(N; N, - Ny) (D.23)

. [N,ON, - 0
N¢ = (D.24)
0 N, 0 - N,

All the integrations can be carried out numerically using the Gauss-Lagrandre
integration technique. Eq.D.12 is called the poroelastic balance of fluid momentum equation
and needs to be solved simultaneously with coupled equilibrium equation. Also for the
coupled equilibrium equation multiplying Eq.B.30 by trial function and integrating over the
domain Q leads to:

[ [vVT ?’A_a’jdsz o, (D.25)
Q

where:

| Wi(x.y)

W= Wi | (D.26)

w; and w;, are trial functions. Using Green’s identity one can obtains:

—T —
j[WTM Aade—IAaT(SW)dQ:O (D.27)
T Q
where;
f— n 0 n
MT =| X y D.28
l: 0 ny nx] ( )

After introducing Eqg.B.45 into Eg.D.27 and rearranging, one gets:

= \N'== [ 3 \—i — i
j(swj D.SAU dQ+aJ(SW)AP sz_[(WT MT Ao jdr (D.29)
Q r

Q

Using Galerkin method Eq.D.29 yields:

j(§Nu) D.SN.dQ (AU +« j ONu ONu |G 1 4oy | AP =
J X oX

Q

(D.30)
L T=T_
j[Nu M Ac jdl"

r

or in compact form:
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MBAU' ~MBAP' =T, (D.31)

where:

Ms=>)" M5® (D.32)
e=1

—— L) =2 e

M5° = I(SNU j D,SN. dQ (D.33)
Qe

M6=> M6 (D.34)
e=1

N SN T

M6 =[ o [|| 2NN | do (D.35)
LA ax ax

s ==\

MGB:(MBﬂ (B.36)

Egs.D.12 and D.35 are the final finite element equations to be simultaneously solved

as a system of linear equations which is as follows:

M5 Méllad'| [T

I | {j} (D.37)
“M3 M4|| AP f,

Or

— =T i —

M5 M AU f

MS M3 . —H (D.38)
M3 M4 | AP | L

D.2: Rearrangement of element mass matrix to create a Banded Structure

Solving the linear system efficiently involves giving matrix in the Eq.D.37 a banded
structure and minimizing the bandwidth. This allows it to be stored in banded storage and
then solved with less computation time. Rearranging the formulation of Eq.D.37 involves
reordering the unknowns and load vector. The unknowns (Aux, Auy and Ap) can be reordered

so that the vector of unknowns becomes:
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Xy =(Au) Aup Ap® Aup Auy Ap--- Ap?)

In a similar fashion one can reorder the load vector to be:

f =(f) ) £ f)

M, X, =1,
where
e=1
and
M5,
M 5;1
_ . |-M 3;1
Mf=| M 5;1
M5,

Solving the fully couple poroelastic linear system equation involves matrix in the Eq.

M5;,
M5;,
-M3,
M5;,

M 5;n,2

-M 3, —M3,

)

It follows that the equation to solve becomes:

M 67,
M6;,
M4,
M6;,

M6,
M4,

M5;,
M5;,
-M3;,
-M5;,

M 5;n,3
-M3,

177

M5,
MS5;
-M 3;2n
M55,

M 5gn,Zn
-M3°

n,2n

displacement and 4-noded pressure Mg, ,\e IS Presented.

M6:, |

M6; ,
M4;
M6;
M 65

2n,n

M4z, |

(D.39)

(D.40)

(D.41)

(D.42)

(D.43)

D.3: Rearrangement of element mass matrix for 4 and 8-noded pressure

D.37. In general 8-noded elements are used for both displacement and pressure. But 8-noded
pressure formulation is not always stable. For that reason to make the model stable and more
reliable 8-noded displacement and 4-noded pressure are used in this model. So the

formulation of element mass matrix is different. In this section the formulation of element

mass matrix for both cases 1) 8-noded displacement and pressure Mg, g and 2) 8-noded



Formulation of element mass matrix for 8-noded displacement and

pressure.

The matrix M5 in the eq.D.37 represents the coefficient matrix for the deformation
and the dimension of the matrix is (npE*DOF x npE*DOF) i.e. (16x16) as the degree of
freedom is 2(here npE = node per element, DOF = degree of freedom is). So M5 can be

written as follows:

11 El,z E1,3 E1,4 E1,15 E1,16

E E E E E E
21 22 23 24 215 216

E. E E E E E
31 32 33 34 315 216

M5" = E4,1 E4,2 E4,3 E3,4 E4,15 E2,16 (D.44)
151 152 153 54 1515 1516
| 161 16,2 163 64 1615 1616 |

Similarly the matrix M4 in the Eq.D.37 represents the coefficient matrix for the
pressure and the dimension of the matrix is (node per element x node per element) i.e. (8x8)

as the degree of freedom is 1 and can be written as follows:

El,l El,2 El,3 El,4 El 5 E1,6 El 7 El 8
E2,l E2,2 E2,3 E2,4 E2,5 E2,6 E2,7 E2,8
E3,1 E3,2 E3,3 E3,4 E3,5 E3,6 E3,7 E3,8
ﬁ; _ E4,l E4,2 E4,3 E4,4 E4,5 E4,6 E4,7 E4,8 (D45)
E5,1 E5,2 E5,3 E5,4 E5 5 E5,6 E5 7 E5 8
E6,1 E6,2 EG,S E6,4 EG,S E6,6 E6,7 E6,8
E7,l E7,2 E7,3 E7,4 E7,5 E7,6 E7,7 E7,8
B E8,1 E8,2 E8,3 E8,4 E8,5 E8,6 E8,7 E8,8 i

where E; j are the component of the matrices.

Matrix M3 has the coupling term and the dimension of this matrix is (8x16). M6 is the

transpose of M3 hence the dimension is (16x8) and can be written as follows:
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E1,1 E1,2 E1,3 E1,4 E1,15 E1,16
E2,1 E2,2 E2,3 E2,4 E2,15 E2,16
. E3,1 E3,2 E3,3 E3,4 E3,15 E3,16
€ _
M3 =B, Eyp Euz Eyu Es15 Eaze (D.46)
E7,1 E7,2 E7,3 E7,4 E7,15 E7,16
_E8,1 E8,2 E8,3 E8,4 E8,15 E8,16_
and
"E E E E E E |
11 12 13 14 17 18
E E E E - E E
21 2,2 23 2,4 2,7 28
E E E E E E
—_— 31 3.2 33 34 3,7 28
Me=|E E_ E _ E E E (D.47)
41 4,2 43 34 47 28
151 15,2 153 15,4 o 15,7 158
| 161 16,2 16,3 16,4 16,7 168 |

So the dimension of the elemental mass matrix Mgy, ¢p 1S (24%24) and can be written as:

MByy - = M5Bpg M6y - - - M6g
MgnD_snp =| VP61 0 Mbg16 Mgy o MBigg | pag)

|\/|31’1 M31,16 My - o Mégg

_M38,1 e M3ggg Mdgy e e M48,8_

Formulation of element mass matrix to create the structure for 8-noded

displacement and 4-noded pressure.

In this case dimension of matrix M5 is same and can be defined as Eq.D.44. As 4-
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noded pressure element is used so the dimension of the matrix M4 would be (4x4) and can be
presented as:

EI'I'I
AT
)
AT
w
AT
~

N
N
~
w
~
~

M 4° = (D.49)

m m m
w

m m m
w
[N

m m m
n
w

m m m
w
~

4,1

w

2 4,3 4,4

Matrix M3 has the coupling term and the dimension of this matrix is (4x16). M6 is the

transpose of M3 hence the dimension is (16x4) and can be written as follows:

Ein B B3 E115  Ei16
—— |E.. E.. E E E
21 Eoo Ejg 215 E216
M 3€ = - . - c c (D.50)
31 E32 Eaj 315 F316
_E471 E4,2 E413 E4115 E4,16 |
and
B, Ep Bz Epy
Eoy Epy Eys Eyy
Es; B3, Egg Egy
wet | Fa1 Eap Euz Euy (D.51)

E15,1 E15,2 E15,3 E15,4

Ei61 Fi62 Fies Figa

So the dimension of the elemental mass matrix Mg, .. IS (20%20) and can be written as:

[ M5; - - MBg M6; M6, M6z M6y, |
Moo anm = M5416 -+ - M3g16 MBgy MBigo M6ig3 M54 (D.52)
M3;; M3, - M3yg M4y M4, M43 M4y,
M3y; - 0 M358 M4y M4y, M43 M4y,
M33; =+ -+ M3315 M4z Mdz, Mgz Mdgy
| M341 M3y, -+ M3y M4y, M4y, Méys My, |
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Appendix-2E: Fluid flow, Elastic and
Poroelastic Analytical Solutions for
Intact Wellbore

In this section various elastic and poroelastic analytical solutions for pressure,
deformation and stresses are presented. These solutions are utilized to verify the accuracy of
computed numerical results of poroelastic phenomenon as well as to calculate initial values
for pressure, displacement and stress. These initial values are used to initialize the numerical
model of poroelasticity. All the problems in this section are solved based on following

assumptions:
¢ Rock is porous, homogenous with isotropic properties.
e The rock skeleton behaves as a linear elastic material under plane strain condition.
e Fluid is single phase and is slightly compressible.

e The rock properties are not influenced by change in pressure and displacement in both

space and time increment.

e Principal stresses are oriented in the direction of Cartesian coordinates with maximum

and minimum horizontal stress along X and Y axes respectively.
o Vertical wellbore intercepts the horizontal layer of reservoir wherever appropriate.

¢ Sign convention is same as that used in traditional rock mechanics where compressive

stress, strain and pressure are positive, tensile negative.

e Outward displacement is taken as positive and inward negative.

E.1: Elastic deformation of a pressurized wellbore in a dry rock subjected
to isotropic horizontal stress at finite outer boundary (Pressurized hollow

cylinder)

Schematic of the problem is illustrated in Fig.E.1 where r,, = inner/wellbore boundary
radius, r. = outer boundary radius, p = wellbore pressure, and p = pore pressure set to be zero
as the rock is dry. Magnitudes of maximum and minimum horizontal stresses are same and

equal to o.
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Analytical solutions for this pressurized hollow cylinder are as follows (Jaeger and
Cook, 1969):

 Radial displacement:

= Oh . Uh_PW.R_vzv E1
U (1) 2:(A+G) T ED

The second term of the right hand side, which is often called well convergence, gives
displacement due to placing a well whereas the first term of the right hand side is the

displacement caused by the in situ stress before drilling.

 Tangential displacement:

u,(r)=0 (E.2)
* Pore pressure:

p=0 (E.3)

* Radial stress:

2 2 2
ol —Rulw ) fu T

G W W e
arr(r)= hrez—rvf —(Gh—PW 2 rez—rvf (E.4)
» Tangential stress:

0 e2 _Pwrvi rvi re2
Gea(r)zaeg(r):W—l_(Gh_PW).I’G_Z.rez_rvi (E5)
» Shear stress:
am(r)=0 (E.6)

E.2: Elastic deformation of a pressurized wellbore in an unstressed dry

rock

Schematic of the problem is illustrated in Fig.E.2 where r,, = inner/wellbore boundary
radius, r. = outer boundary radius, py = wellbore pressure, and p = pore pressure set to zero as
the rock is dry. Magnitudes of maximum (oy) and minimum horizontal stresses (oy,) are also

equal to zero as the rock is unstressed.
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Analytical solutions for this pressurized wellbore in unstressed rock are as follows
(Jaeger and Cook, 1969):

 Radial displacement:

r2
u, (r):—gW—Gvrv (E.7)

* Tangential displacement:

u,(r)=0 (E.8)
* Pore pressure:

p=0 (E.9)

* Radial stress:

r2
Grr(r)=% (E.10)

» Tangential stress:

r.2
%(r)=—% (E.11)

» Shear stress:

o, (r)=0 (E.12)

E.3: Elastic deformation of an intact dry rock subjected to anisotropic in

situ horizontal stress

Schematic of the problem is illustrated in Fig.E.3 where re=outer boundary radius,
p=pore pressure set to zero as the rock is dry; oy= maximum horizontal stresses and o, =
minimum horizontal stress. For an infinite plate subjected to a biaxial compressive state of

stress shown in Fig.E.3, the state of stress at all point of the solid are as follows:

. —o, (E.13)
Oy, =0, (E.14)
o, =0 (E.15)
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Egs. E.13- E.15 can be written in cylindrical coordinate as given in the followings:

» Radial stress:

o (r,0) =" ; In 4 O Z‘Gh c0s(26) (E.16)

 Tangential stress:

o, (r,0) =24 ;0“ 4 On ;Gh cos(26) (E.17)
 Shear stress:
., (r,0) = —%sin(ze) (E.18)

The components of displacement can be calculated using the Hook’s law and the strain-

displacement relationship.

 Radial displacement:

ur(r,e)zé{aHTm(z—wp(aH —o-h)cos(ZH)} (E.19)

» Tangential displacement:

U, (r,0)=— (o, - 0,)sin(26) (E.20)
4G

* Pore pressure:

p=0 (E.21)

E.4: Elastic deformation of a pressurized wellbore in a dry rock subjected

to isotropic in situ horizontal stress

Schematic of the problem is illustrated in Fig.E.4 where r,=inner/wellbore boundary
radius, re=outer boundary radius set as infinity, p,=wellbore pressure, and p=pore pressure
set to be zero as the rock is dry. Magnitudes of maximum and minimum horizontal stresses

are same and equal to oy
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* Radial displacement:

S/ — w. T E.22
W)= e T (E-22)

* Tangential displacement:

u,(r)=0 (E.23)
* Pore pressure:

p=0 (E.24)

* Radial stress:

r2 r.2
o, (r)=o, (1—%2}”% P, (E.25)

» Tangential stress:

r.2 I,2
age(r)zah [1+rl2j—r—vg w (E.26)

» Shear stress:

o, (r)=0 (E.27)

E.5: Elastic deformation of a pressurized wellbore in a dry rock subjected

to anisotropic in situ horizontal stress (Kirsh’s Problem)

Schematic of the problem is illustrated in Fig.E.5 where r,=inner/wellbore boundary
radius, re=outer boundary radius set as infinity, p,=wellbore pressure, and p=pore pressure
set to be zero as the rock is dry. oy= maximum horizontal stresses and o, = minimum
horizontal stress. Analytical solutions are given for zero time (initial state) when fluid is yet

to flow. They are as follows (Jaeger and Cook, 1969):
 Radial displacement:

2
u(r,0) :é(aH +0,)A-2v 4+ +
r
(E.28)

2

r r2 r p, I’
— (0, -0,)| L (4—4v—"1) +1 |cos(20) -
(on O-h)(rz( rz) J (20) G r
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* Tangential displacement:

2

u,(r,6) = —%(UH )(lﬁ{z 4v+:—}+1jsm(29) (E.29)

* Pore pressure:
p=0 (E.30)

» Radial stress:

2 4 2 2
Grr(rﬁ):%Tm(l_rlz}%Tw(le_A fu Jcos(26)+ p,  (E31)

r r* r?
» Tangential stress:
o, (r,0) =% P BTl L cos(26 —ﬁp (E.32)

wRTIT r2 2 r rz '
 Shear stress:
o, -0 r 2
rg)=——H_—h|1_3% 2% Isin(26
Gre( ) 2 ( r4 er ( )
(E.3

3)

E.6: Elastic deformation of a pressurized wellbore in a drained rock

subjected to anisotropic in situ horizontal stress (Kirsh’s Problem)

Schematic of the problem is illustrated in Fig.E.6 where r,=inner/wellbore boundary
radius, re=outer boundary radius set as infinity, p,=wellbore pressure, and p=pore pressure
set to be initial pressure pi. oy= maximum horizontal stresses and o, = minimum horizontal

stress.

This problem is a special case of Kirsh’s problem in which the concept of effective

stress is introduced (Charlez, 1991). Analytical solutions can be written as follows

* Radial displacement:
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2
U,(rﬂ)zé(a'H +a,;)(1—2v+rl2}t

r

(E.34)
" (6. -0 244r21 (29)'O
—Noy -0, )| = v——-|+1 |cos G
4G( 1=on) r2 r2 2G r
where
Pore pressure, p=p, (E.35)
Effective maximum horizontal stress, o, = o,,_ap, (E.36)
Effective minimum horizontal stress, o, =o,_ap, (E.37)
Effective wellbore pressure, p, = p,_ap, (E.38)
and a=Biot’s coefficient
» Tangential displacement:
r 2 rZ
ug(r,e):——(UH—ah)[l{Z 4v+—}+1}sm(29) (E.39)
4G r
* Radial stress:
o, +0 r’\ o, -0 rioor? r
arr(r,H):H—h(l—lZ]+H—“[l+3l4 4 v;Jcos(2<9)+ p, (E.40)
2 r 2 r r
 Tangential stress:
o, +0 2\ o, -o r! r
Oup(r,0)=—H—"14+2% | —H 11430 cos(29)—— P, (E.41)
2 r 2 r
* Shear stress:
o, —0 [ s I
o,,(r,0)=—- H2 n 1—3rl4+2rl2 sin(26) (E.42)

E.7: Poroelastic behavior of a pressurized wellbore (py) in an unstressed

rock containing fluid at zero pressure

Schematic of the problem is illustrated in Fig.E.7 where r,, = inner/wellbore boundary

radius, re = outer boundary radius set as infinity, p, = wellbore pressure, and p = pore
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pressure initially it is zero and after that pressure is a function of time and space i.e. p = p (t,
r). Magnitudes of maximum (o) and minimum horizontal stresses (on) are also equal to zero

as the rock is unstressed.

This is equivalent to mode 2 of poroelastic solution given by Detournay and Cheng
(1988). It should be noted that here we use the modified analytical solution given by Aghighi
(2008). Analytical solutions are as follows:

* Radial displacement:

r
ur(r,t)z—;—g%—%rwpwh(r,t) (E.43)

* Tangential displacement:

u, =0 (E.44)
* Pore pressure:

p(r,t)=p,g(r,t) (E.45)

* Radial stress:

2

I r
o, (rt)= pwrl2+277prWh(r’t) (E.46)

» Tangential stress:

2

%(r.t)=—pw%—2ﬂpw(%wh(f.t)+g(r,t)j (E.47)

* Shear stress:

Oy =0 (E.48)
where:
g(r.)=L"(q(r,s)) (E49)
h(r,t) = L’l(ﬁ(r,s)) (E.50)

L is the Laplace inversion operator and
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g(r,s) - Kole). (E.51)

sKq(B)

- 1 K(&) Kl(ﬁ)}

h(r,s)== —w E.52

(-9 S{ﬁKo(ﬂ) ¢ AKq(B) (552
1-2v

n=a 2(1_V) (E.53)

gzr\ﬁ (E.54)
Cc

st F (E.55)
C

k & )
C_;[¢Ct+/1+26] (E.56)

KO and K1 are the first order modified Bessel function of the first and second kind. The

solution in time is achieved by following formula:
N ~
f(t) zlrt‘_zzcn i (n'”TZ) (E57)
n=1

where (In) is the natural logarithm, N an arbitrary integer and:

min(n,ﬁ) N
2 k2 (2k)!

c,=(-1)"2 N
o1 (5 =Kk =D (n =) 2k~

(E.58)

E.8: Poroelastic behavior of a pressurized wellbore in an unstressed rock

containing fluid at zero pressure

Schematic of the problem is illustrated in Fig.E.8 where r,, = inner/wellbore boundary
radius, re=outer boundary radius set as infinity, pw-pi = wellbore pressure, and p = pore
pressure initially it is zero and after that pressure is a function of time and space i.e. p =p (t,
r). Magnitudes of maximum (oy) and minimum horizontal stresses (or,) are also equal to zero

as the rock is unstressed.

Analytical solutions are as follows:
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* Radial displacement:

ur(r,t):—;T——rW(pw—pi)h(r,t) (E.59)

* Tangential displacement:

u, =0 (E.60)
* Pore pressure:

p(r.t)=(p,—p;)g(r.t) (E.61)

* Radial stress:
2

Grr(f,t)=(pw—pi):l2+277(pw—pi)rTWh(r,t) (E.62)

» Tangential stress:

Ogo (I’,t) = _( pw - pi )::lz_zﬂ( pw - pi)(rTWh(rvt)"‘ g(r’t)j (E-63)

» Shear stress:

o, =0 (E.64)

E.9: Deformation of a wellbore with balanced pressure in a drained rock

subjected to anisotropic horizontal stress

Schematic of the problem is illustrated in Fig.E.9 where r,, = inner/wellbore boundary
radius, re=outer boundary radius set as infinity, p,, = wellbore pressure set as a constant p; and
pore also set a constant value of p,. Magnitudes of maximum (cy) and minimum horizontal

stresses (o) are also equal to zero as the rock is unstressed.
Analytical solutions are as follows:

 Radial displacement:

2
u,(r,0) :é(%' +o;])(1—2v+:l2}+

(E.65)

2

r ' ' rvs r-w pr_apr I
E(O'H —Uh)(r—2(4—4v—r—2j+]}c05(20)—T

_‘|§r\)
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* Tangential displacement:

r

N|§ N

ug(r,9)=—é(aH'—o;])(r (2—4V—:—Vz]+ljsin(20)

* Pore pressure:
P=p

» Radial stress:
o, +o,(, I
0 (r,0) ==H=h 1=

r r

» Tangential stress:

2 _ 4
G, (. 0) = %_m(“lj_ Tn % (1—3%4

2 2
» Shear stress:

Oy

o,,(r,0)=-

-0, rrork) .
1-3-%4+2-2 (sin(20
2 [ r rzj (26)

_ 4
j+%(l+ 3lw _4f ]COS(Z@) +
r

cos(26 —rlz P,
r

(E.66)

(E.67)

(E.68)

(E.69)

(E.70)

Drained poroelastic response of a pressurized wellbore in a drained

rock subjected to anisotropic horizontal stress

Schematic of the problem is illustrated in Fig.E.10 where ry

minimum horizontal stresses (oy) are also equal to zero as the rock is unstressed.

Analytical solutions are as follows:

* Radial displacement:
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boundary radius, r. = outer boundary radius set as infinity, p,, = wellbore pressure and pore

pressure is a function of time and space i.e. p = p (t, r). Magnitudes of maximum (oy) and



r S rZeor C
Ur(l’,ﬁ):E(O'H +O'h )(1—2V+rl2)+E(GH —O'h)X

2 2 ! 2
(r [4 4v—r—]+ljcos(29)—&rl—— (P, — PON(r,t)
r r 2Gr
* Tangential displacement:
r . ' 2 r2
ug(r,e)z—E(aH —ah)[lz[z 4v+r—]+1Jsm(26’)

* Pore pressure:
p(r,t)=p, +(p, — p)a(r,t)

* Radial stress:

4 2

arr(r,é’):GHTJrG“(l— W) "h ey 'w g W)cos(26?)+

2

r
pwrlz—’_ Zn(pw - p|)?wh(r!t)
» Tangential stress:

Gh

%(r,e)zaHT”h(l —)- (1+3—)cos(2¢9)—

2

IOW:%—ZU(PW— Pi)(TWh(r,tHg(r,t)j

* Shear stress:

4 2

0, (r,0)=— Th (1 3 +2—)5|n(29)
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Fig. E.1: Schematic of the pressurized wellbore in a dry rock with isotropic horizontal
stress and finite outer boundary.

Fig. E.2: Schematic of the pressurized wellbore in an unstressed dry rock
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‘

Oh
Fig. E.3: Schematic of the intact dry rock with anisotropic in situ horizontal stress.

Fig. E.4: Schematic of the pressurized wellbore in a dry rock with isotropic in situ
horizontal stress.
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Oh
Fig. E.5: Schematic of the pressurized wellbore in a dry rock with anisotropic in situ
horizontal stress.

Oh

Oh
Fig. E.6: Schematic of the pressurized wellbore in a drained rock with anisotropic in situ
horizontal stress.
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Fig. E.7: Schematic of the pressurized wellbore in an unstressed rock at zero pressure.

Fig. E.8: Schematic of the pressurized wellbore in an unstressed rock with zero fluid
pressure.
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Oh
Fig. E.9: Schematic of the wellbore with balanced pressure in a drained rock with
anisotropic horizontal stress.

Oh

Oh

Fig. E.10: Schematic of the pressurized wellbore in a drained rock with anisotropic
horizontal stress.

197




	Title Page - Effect of natural fracture on hydraulic fracture propagation in poroelastic
formation: fully coupled numerical model to investigate the interaction between induced and natural fracture
	Acknowledgements
	Abstract
	Publications
	Table of Contents
	List of Tables
	List of Figures

	Chapter 1 - Introduction
	Chapter 2 - Modelling of Fracture Propagation in Poroelastic Formation
	Chapter 3 - Hydraulic Fracture Propagation in Presence of a Natural Fracture
	Chapter 4 - Conclusion and Recommendation
	Nomenclature
	References
	Appendix-2A: Change in Bulk and Pore Volume
	Appendix-2B: Derivation of Poroelastic Governing Equations and Analytical Equations
	Appendix-2C: General Implementation of Finite Element Method (FEM)
	Appendix-2D: Implementation of Finite Element Method (FEM) for Governing Equations of Poroelasticity
	Appendix-2E: Fluid flow, Elastic and Poroelastic Analytical Solutions for Intact Wellbore



