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Abstract

Reservoir computing is an emerging neuromorphic computing paradigm for temporal pro-
cessing tasks that is also energy and memory-efficient. It has demonstrated promising
performance on chaotic modeling, speech processing and time series prediction. This
thesis presents theoretical and experimental studies aimed at expanding the toolkit for
temporal information processing by utilizing uniformly convergent dynamical systems as
reservoir computers. Reservoir computing offloads computations to naturally occurring or
engineered nonlinear dynamical systems and typically only a simple readout mechanism is
optimized to perform temporal tasks. The uniform convergence property ensures that the
computation performed is asymptotically independent of the reservoir computer’s initial
condition.

Physical reservoir computers are hardware implementations of reservoir computers for fast
signal processing. We propose two families of universal quantum reservoir computers as
physical reservoir computers—the Ising quantum reservoir computers and the gate-model
quantum reservoir computers—that are both based on uniformly convergent dissipative
quantum dynamics. We demonstrate numerically with the Ising scheme and experimen-
tally with the gate-model scheme, that small and noisy quantum reservoirs can tackle
nonlinear temporal tasks.

The study of quantum reservoir computers is followed by a theoretical effort in broadening
the applications of reservoir computers. We study a general architecture of reservoir com-
puting, in which reservoir computers governed by different dynamics are interconnected
in an output-feedback configuration. This architecture is motivated by the use of non-
linear closed-loop structures to better capture data that demonstrate nonlinear feedback
phenomena, akin to the Wiener-Hammerstein feedback model for system identification.
A theorem for interconnected reservoir computers to be uniformly convergent is derived.
We then show that uniformly convergent reservoir computers with output feedback imple-
ment a large family of nonlinear autoregressive models. Finally, we consider the reservoir
design problem and propose an efficient algorithm to optimize the reservoir internal pa-
rameters, and show the almost sure convergence to a Kuhn-Tucker point under noisy state
measurements.
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Notation

e R: the set of real numbers.

C: the set of complex numbers.

¢ the imaginary number + = /—1.

Z: the set of integers.

e 7 _: the set of integers less than or equal to zero.

o Z>j,: the set of integers greater than or equal to ko € Z.

e R™: the set of column vectors of dimension n with real entries.
e z': the transpose of z € R".

e || -||: the Euclidean norm.

e (x1,x2): is a concatenation of vectors 1 € R™ and x; € R™ into a column vector.
o R™ ™: the set of n X m real matrices.

e C™*™: the set of n X m complex matrices.

e A': the transpose of A € C"*™.

e A": the conjugate transpose of A € C"*™,

e A > 0: positive definite matrix A.

e A > 0: positive semi-definite matrix A.

e A < 0: negative definite matrix A.

e A < 0: negative semi-definite matrix A.

e |- |[p: the Schatten-p norm for complex matrices, defined as || A, = Tr(V ATAp)l/p,
where Tr(-) is the trace.

e (R™)Z: the set of infinite sequences of vectors in R™. That is, u € (R")? with
u = {ug }rez and ui € R™ for all k € Z.
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[2°: the set of bounded infinite sequences of vectors in R™. That is, u € [° if
u = {ug trez with up € R™ and ||ul|so = supyey ||uk|| < co.

(R™)%Z-: the set of left-infinite sequences of vectors in R™. That is, u € (R™)%~ with
u = {ugtrez_ and ux € R™ for all k € Z_.

RZ,1%® and R%-: the set of real infinite sequences, the set of bounded real infinite
sequences and the set of real left-infinite sequences, respectively.

DZ: the set of infinite sequences taking values in a compact set D C R.
D%~ the set of left-infinite sequences taking values in a compact set D C R.
PE: is the canonical projection from (R™)% onto (R™)%- (we write PIZ_ as P%-).

z-T: time shift operator. For any 7 € Z, u € (R")? and k € Z, 2,7 (u)|x = up_, (We
write z; 7 as 277).

®: tensor product (Kronecker product).

Trg,: partial trace over Hp. That is, if p € Hq ® Hp where H4 and Hp are Hilbert
spaces and Trp,(p) is the partial trace over Hp.

o: function composition.
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Chapter 1

Introduction

1.1 Reservoir computing

The last two decades have witnessed a profound shift in computational paradigms from
von Neumann architecture digital computers to nature inspired computing systems that
address the demand for energy and memory-efficient intelligent devices. On one side of
the spectrum, biologically inspired systems simulated on digital computers—‘a machine
that thinks’, such as artificial neural networks, have demonstrated strong capacity for
solving temporal information processing tasks. They power text-to-speech synthesis [1],
voice search [2] and sequence-to-sequence machine translation [3] and show remarkable
performance in time series forecasting [4]. The success of artificial neural networks does
not come without costs. Current deep artificial neural networks require vast amounts of
computational resources to approach state-of-the-art performance [5,/6]. Training for these
networks are mostly based on gradient-based methods that incur a long training time and
suffer from the vanishing and exploding gradient problems [7,/8]. Another criticism is
that although artificial neural networks began as an attempt to mimic the human brain
to perform tasks that digital computers had difficulties with, current models of artificial

neural networks do not sufficiently reflect neuronal functions in the brain [9].
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Reservoir computing (RC) has been proposed to circumvent the expensive computational
costs of artificial neural networks [10,/11]. The RC framework uses an arbitrary but fixed
nonlinear dynamical system, the ‘reservoir’, to map input signals into its high-dimensional
state space. Only a simple readout mechanism is trained (often via linear regression) to
approximate target output signals. The use of simple readout has connections to the
biological concept of mixed selectivity, as demonstrated in monkeys [12]. This simple
and fast training process drastically reduces the training cost compared with alternative
schemes such as recurrent neural networks, and is the key advantage of RC. In this thesis,
we focus on RCs described by discrete-time state space models. Other dynamical system

models, such as the delayed dynamical systems [13], are beyond the scope of this thesis.

A prominent example of RC are the echo state networks (ESN), which has demonstrated
remarkable ability to predict chaotic time series [10,/14]. Liquid state machines were
independently proposed to use a spiking neural network [15] with arbitrary but fixed
connectivity as the ‘reservoir’ to process input signals. Another attractiveness of the RC
framework is that naturally occurring dynamical systems (with certain properties) can
be exploited for temporal information processing. This is in sharp contrast to artificial
neural networks, which are software and simulation-based computing schemes. Following

the initial success of RC, different research directions have emerged:

e Hardware implementations of RC, physical reservoir computers (abbreviated as RCs),

for realizing fast processing speed with low computational costs.
e Introduction of new architectures and applications of RCs to improve their versatility.

e Development of algorithms to optimize internal parameters of RCs to improve their

performance.

This thesis pursues these research directions. We will expand on each direction in the

following sections.



1.2. PHYSICAL RESERVOIR COMPUTING

1.2 Physical reservoir computing

There is substantial interest in physical RCs, hardware implementations of RC for fast
processing using less memory and energy, as opposed to software-based implementation on
digital computers. The ease of implementation of the RC framework has brought forward
many successful experimental demonstrations of physical RCs. For instance, a spintronic
RC achieved state-of-the-art performance for spoken digit recognition [16], a photonic RC
demonstrated a million words per second speech classification with a low error rate [17]
and a FPGA-based RC reached an 160MHz rate for time series prediction [18]. Their
training efficiency also makes RC attractive for edge computing, where computations are
distributed at the ‘edges’ closer to the end users to reduce computation and transmission

overhead. See [19,[20] for further examples of physical RCs.

Although these previous works have showcased excellent empirical performance on certain
tasks, the following question requires further investigation: what are the properties for
physical RCs to efficiently solve nonlinear temporal information processing tasks? Un-
surprisingly, nonlinearity is necessary for RCs to act as a nonlinear map between input
and output sequences; and high dimensionality determines the computational capacity of
RC [21]. This computational capacity can be interpreted as the number of linearly inde-
pendent functions of its stimuli the system can compute. Other properties for RC are the
uniform convergence property, the fading memory property and the separation property.
The uniform convergence property [22,23], also referred to as the echo state property [24],
ensures that the computation performed by an RC is asymptotically independent of its
initial condition. The fading memory property [25] states that the (infinite) output se-
quences of a RC should stay close if the corresponding (infinite) input sequences are close
in recent times. The fading memory property is important in a broad class of real-world
problems including spoken digit recognition [16] and neural modeling [15]. If a family of
RCs has the separation property, then there is a member in this family with sufficiently

rich dynamics to distinguish any two different input sequences.

If a family of RCs possesses the uniform convergence, fading memory and separation
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properties, then this family is universal for approximating nonlinear fading memory input-
output (I/O) maps [26,[27]. Any nonlinear fading memory map can be approximated
arbitrarily closely by some member of this family (in a certain norm), uniformly over
time. The well-known Volterra series [25] is universal for nonlinear fading memory maps.
Software-based classical RC schemes that are provably universal include the ESNs [27],
linear reservoirs with polynomial readouts (LRPO) and the non-homogeneous state affine
systems (SAS) [26]. The aforementioned liquid state machines have also been shown to
be universal. They have been implemented on hardware based on FPGA [28,29] and

application-specific integrated circuits [30}31].

Despite recent interest in seeking universal RC schemes, few physical RCs with the univer-
sality property has been introduced. While this search is underway, we are witnessing a
spectacular growth in near-term quantum computing. Motivated by the increasing avail-
ability of quantum devices, in this thesis, we aim to develop universal physical RC schemes

on current noisy quantum computers.

1.2.1 Noisy intermediate-scale quantum technology

Quantum computers make use of quantum-mechanical phenomena such as superposition
and entanglement to perform computations. Data are encoded as quantum bits (qubits)
which can be in a superposition of 0 and 1 binary values simultaneously, hence the capabil-
ity to represent exponentially more information than the classical bits, making quantum
computers promising for solving problems that are previously untenable on conventional
digital computers. Followed by the seminar paper for Peter Shor [32], tremendous progress
in designing quantum algorithms that offer speedups over classical counterparts has been
made [33-35]. These algorithms implemented on quantum computers with 50-100 qubits
have the potential to surpass today’s most advanced classical supercomputers, but noise

in quantum operations will render the quantum computations unreliable.

We are in the midst of noisy intermediate-scale quantum (NISQ) technology era [36],

marked by noisy quantum computers consisting of roughly tens to hundreds of qubits.
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NISQ quantum computing machines are not equipped with quantum error correction and
are thus incapable of performing continuous quantum computation. Algorithms that offer
computational speedup, such as the Grover search, can only be demonstrated for very
small instances (with three qubits) on NISQ machines [37], and scaling up the number
of qubits with quantum error correction is still a distant goal. While awaiting for a full-
fledged quantum computer, there is a substantial interest in early applications of NISQ
devices that can accelerate the development of practical quantum computers, akin to how

the humble hearing aid sparked the development of integrated circuit technology [38].

Several research directions are being explored for NISQ machines. One direction is to
demonstrate ‘quantum supremacy’, in which NISQ machines can outperform the most
powerful digital supercomputers. Such tasks include sampling problems such as boson
sampling [39,/40] and sampling from random quantum circuits [41]. In 2019, Google
demonstrated a form of quantum supremacy on their gate-based superconducting quan-
tum devices [42]. Gate-based quantum devices transform input data according to a unitary
operation, specified as a sequence of quantum gate operations and measurements repre-
sented by a quantum circuit [43]. In the last few years, companies such as IBM [44],
Rigetti Computing [45] and IonQ [46], have made gate-based NISQ devices widely avail-
able as cloud-based services for commercial, academic and public use. Another direction
is to design hybrid quantum-classical algorithms using short-depth circuits. Many no-
table experimental demonstrations of NISQ devices employ hybrid algorithms for data
classification [47] and quantum chemistry [48]. NISQ devices are also used to solve cer-
tain classes of optimization problems. A prominent example is the quantum annealing
algorithm which employs quantum fluctuations to search for the solution of classical op-
timization problems [49]. Quantum annealing encodes problems using Ising Hamiltonians

and can be implemented on the commercially available D-Wave machines [50451].

An emerging paradigm is to harness the computational capability of dissipative quantum
systems, that is, quantum systems under the effect of noise resulting from interactions
with the external environment. Dissipative quantum dynamics has been shown to realize

universal quantum computation [52] and has been applied in a time-delay manner for
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supervised quantum machine learning without intermediate measurements [53]. More
recently, quantum reservoir computers (QRCs) have been introduced to employ disordered-
ensemble dissipative quantum dynamics for classical temporal information processing [54,
55]. Numerical experiments show that this QRC scheme with a small number of qubits can
achieve comparable performance to classical RC schemes with a larger number of tunable
parameters. However, a theoretical framework for approximating nonlinear fading memory
I/0 maps by QRCs is still lacking. In Chapter [3|of this thesis, we address this problem by
introducing a variation of this previous QRC scheme that is universal in approximating

nonlinear I/O maps with fading memory.

QRC schemes introduced in [54,/55] and Chapter [3| are based on Ising Hamiltonians and
are suitable for systems such as nuclear magnetic resonance (NMR) instruments [56] and
D-Wave machines. Such systems are generally for commercial use. On the other hand,
gate-based NISQ machines are becoming increasingly available for the general public.
However, realizing these QRC proposals in the quantum gate model remains challenging
due to the large number of quantum gates required to implement the Ising Hamiltonian
via Trotterization [57]. In Chapter 4| of this thesis, we address this question by proposing
a universal family of QRCs implementable on gate-based NISQ devices, and present proof-

of-principle experiments on IBM superconducting quantum processors [44].

1.2.2 Quantum reservoir computers and related works

QRC has attracted substantial research interests since its initial proposal in [5455]. Here,
we take the opportunity to review some recent advances beyond the contributions of this

thesis.

For processing classical information, many new quantum implementations of the RC
scheme have been introduced. In [5§|, the authors utilize dissipative superconducting
quantum computers as QRCs, where the dissipative property is solely served by the in-
trinsic hardware noise. This is in contrast with our QRC proposal in Chapter [, where

dissipation is engineered. Nevertheless, the scheme in [58] has not been shown to be
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universal. The work [59] proposes a universal family of QRCs implemented by Gaussian
states and [60] demonstrates that encoding the input to quantum or classical fluctuations
of a network of interacting harmonic oscillators achieve high performance comparable to
ESNSs in several nonlinear tasks. A QRC scheme based on an ensemble of interacting spin-
1/2 particles has been proposed and demonstrated numerically using arrays of Rydberg
atoms [61]. In [62], continuous-variable QRCs with a single nonlinear oscillator are pro-
posed to reduce the measurement costs of discrete-variable QRCs. The work [63] details
numerical investigations of factors that influence the performance of QRCs implemented by
Ising Hamiltonians. The authors have empirically found conditions for an optimum input
data injection frequency and provided insights into the choice of measurement observables

for the QRC output.

QRC has also been proposed to process quantum information as opposed to classical
information. In [64], a QRC based on a 2D fermionic lattice is demonstrated to recog-
nize quantum entanglement and estimate nonlinear functions of an input quantum state,
such as entropy and log-negativity. The work [65] presents a QRC for quantum state
preparation. In [66], QRCs are demonstrated to induce robust quantum gate operations.
Recently, Kerr networks are employed as reservoir to classify stochastic time-dependent
signals for quantum state measurements [67]. In [68], a framework for QRC under continu-
ous heterodyne measurements is described and employed to classify quantum states of the
systems that are part of the same measurement chain as the QRC, providing insights into
measurement-contingent advantages and disadvantages of reservoir computing in quantum
regimes. For further development of QRC for both classical and quantum tasks, see the

recent reviews |69,(70].

1.3 Architectures of reservoir computers

Since the initial success of RC schemes, researchers have been devising new architectures
of the original RC schemes to improve their performance and increase their versatility.

Inspired by deep neural network architectures, deepESN has been proposed [71-73] to
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concatenate multiple ESNs in a feedforward configuration. Detailed numerical experiments
suggest that deep layered ESNs allow an effective diversification of temporal representation
in the layers, by amplifying the effects of the richness of the dynamics measured by the
entropy |71]. RCs with output feedback (i.e., a RC’s output is fedback as its input at the
next discrete time step) have demonstrated a remarkable performance for chaotic time

series prediction [10,/74].

The fundamental RC condition, the uniform convergence property or the echo state prop-
erty, has been generalized to the case of deepESN. The work [75] analyzes the contractivity
of nested ESNs and derives a sufficient condition for the echo state property to hold. How-
ever, for RC with output feedback, theoretical analysis of the uniform convergence prop-
erty is so far lacking. In Chapter 5] we consider a more general architecture where RCs
governed by different dynamics are interconnected in an output-feedback loop. This RC
architecture is motivated by the use of nonlinear closed-loop structures in block-oriented
models for system identification, such as the Wiener-Hammerstein feedback model, to bet-
ter capture data that exhibit nonlinear feedback phenomena [76,/77]. We then derive a
small-gain sufficient condition for interconnected RCs to be uniformly convergent. This
general theory opens up the potential for a vast number of RC configurations as nonlinear

candidate models for system identification and temporal information processing.

After the completion of Chapter 5] we became aware of an independent development
of a system identification methodology for Lur’e systems with static nonlinear output
feedback [78]. This methodology guarantees the uniform convergence property has been
proposed by exploiting special structures of Lur’e systems and only applies to this class
of systems. In contrast, we focus on deriving a general framework for interconnected
systems, potentially with different dynamics, to be uniformly convergent without specific

knowledge on the system structures.
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1.3.1 Stochastic modeling

Following the general theory we developed in Chapter [5| we then consider a specific RC
architecture-RCs with uniformly convergent output feedback dynamics, for time series

modeling and system identification.

One of the promising applications of the RC framework is chaotic time series predic-
tion [10,/74,/79]. However, these works model chaotic systems based on the dynamical
system paradigm in a deterministic way. For stochastic modeling, previous works [80}81]
have investigated the potential of RC for approximating input-output maps under station-
ary stochastic inputs, and considered forecasting, reconstruction and filtering problems in
this context. Further substantial research efforts have been focused on testing the em-
pirical performance of RC for modeling stochastic time series; see e.g. [82,83]. However,
a general theoretical framework that takes into account stability, stationarity, ergodicity

and Birkhoff-Khinchin ergodicity [84] of RC is still missing.

In Chapter [6], we show that RCs with uniformly convergent output feedback dynam-
ics implement infinite-order nonlinear autoregressive models with exogenous inputs, or
NARX(o0) models. We then show that such NARX(co) models can be represented as a
nonlinear moving average models with exogenous inputs, or NMAX (co) models. Through
this equivalence, we establish asymptotic stationarity and (Birkhoff-Khinchin) ergodicity
of the NARX(c0) models induced by RCs with uniformly convergent feedback dynamics.
We then employ these models for stochastic modeling and perform validation diagnostics
to evaluate the model quality. With this framework, a wide class of NARX(co) models

can be realized, making RC a versatile scheme for stochastic modeling.

1.4 Reservoir design

The performance of RC not only depends on its architecture, but also its reservoir internal

parameters. This sensitivity to reservoir parameters has sparked studies in various linear
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and nonlinear memory capacity measures [21,/85,86]. The work [81] extends previous
capacity measures that are defined using independent input signals to correlated and
stationary signals. The optimization of the reservoir internal parameters to improve the

RC performance is referred to as the reservoir design problem.

The reservoir problem presents two major challenges. Firstly, reservoir design based on
capacity measures is difficult since the capacity measures mentioned above are often a non-
convex and nonlinear function of the reservoir internal parameters. Secondly, algorithms
that optimize the reservoir internal parameters should preserve the training, energy and
memory efficiency of the RC framework. Several research directions have been proposed
to tackle these difficulties. One approach is to simplify the capacity measure and therefore
simplifying the optimization problem. In [87] a simplified model of time-delay reservoirs
is constructed as an approximation which allows a direct functional link between the
reservoir internal parameters and its performance. In [81], a Taylor series expansion is
used to approximate the capacity measure. These approximations are used to determine
the reservoir parameters by solving a well-structured optimization problem, however, they

might not adequately capture the full nonlinear model.

Another approach is to employ global optimization algorithm to optimize both the output
and internal parameters of the RC by minimizing the mean-squared error between the
target and predicted outputs [88,89]. However, global optimization methods often require
a lot of computational resources and exhibit slow convergence, making training of RCs
inefficient. To remedy these issues, heuristic algorithms, such as the FORCE learning
algorithm [90] and its variant [91] have been proposed to efficiently tune the reservoir
internal parameters. Although these heuristic algorithms have demonstrated success in
generating complex running and walking human motions, they provide no theoretical
convergence guarantee nor robustness to noise. An efficient algorithm that has a theoretical

convergence guarantee even under the effect of noise is still awaiting to be developed.

In Chapter [7} we propose an efficient algorithm to optimize the reservoir internal pa-
rameters by minimizing the mean-squared error. The proposed algorithm is a stochastic

approximation algorithm based on the simultaneous perturbation stochastic approxima-

10
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tion (SPSA) algorithm [92]. Our algorithm does not make approximations of the cost
function nor the model. Furthermore, we will show that using our algorithm, the reser-
voir internal parameters exhibit an almost sure asymptotic convergence to a Kuhn-Tucker
(KT) point even under the effect of state measurement noise. To ensure the convergence,
we only need four noisy state measurements to approximate the gradient regardless of the

number of optimization variables, making it efficient for high-dimensional problems.

1.5 Summary of contributions

This thesis is the synthesis of a number of research contributions and publications. Ci-

tations to the relevant publications where these contributions were presented will be pro-

vided.

1. The provision of a learning theory for dissipative quantum systems and the introduc-
tion of a universal class of QRCs governed by Ising Hamiltonians for approximating

nonlinear 1/O maps with fading memory are presented in Chapter

2. A detailed numerical study of the aforementioned universal QRC family is also pre-

sented in Chapter [3

3. The proposal of a universal QRC family that are suitable for implementation on

gate-based NISQ machines is presented in Chapter [4]

4. Proof-of-principle experiments of the above QRC family on the remotely accessed

IBM superconducting quantum processors [44] are demonstrated in Chapter

5. A small-gain theorem to provide sufficient conditions for interconnected dynamical

systems to be uniformly convergent is derived in Chapter

6. The introduction of interconnected RCs as nonlinear models with closed-loop struc-
tures for system identification and their numerical demonstrations are presented in

Chapter

11
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Figure 1.1: Outline of the thesis.

7. The introduction of NARX(o0) models induced by RCs with uniformly convergent

output feedback dynamics is presented in Chapter [6]

8. The asymptotic stationarity, ergodicity and Birkhoff-Khinchin ergodicity of NARX (oc0)
models induced by RCs are also established in Chapter [6]

9. A stochastic approximation algorithm is designed to optimize the reservoir internal
parameters under noisy state measurements and is shown to exhibit almost sure

convergence to a KT point in Chapter [7}

1.6 Outline

This thesis will study nonlinear convergent dynamics for temporal information processing
at various levels of abstraction as depicted in Fig.[I.I] We present the thesis in a ‘bottom-
up’ approach. As we traverse across the thesis, we initially focus on QRCs, a specific

hardware implementation of RC for approximating input-output maps, and then shift

12
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towards theoretical and numerical explorations of uniformly convergent systems for time
series modeling and system identification. In Chapter[2] we first introduce the background

to support ensuing development. We then detail our studies on quantum implementation

of RCs:

e Chapter we develop a theory of learning nonlinear deterministic input—output
maps with fading memory by dissipative quantum systems. The theory identifies
the properties required for a class of dissipative quantum systems to be universal,
in that any input—output map with fading memory can be approximated arbitrarily
closely and uniformly over all inputs by a QRC of this class. We then introduce
an example universal class of dissipative quantum systems implemented by Ising
Hamiltonians. Numerical experiments illustrate that with a small number of qubits,
this class can achieve comparable performance to classical learning schemes with a

large number of tunable parameters.

e Chapter [4f the universal class of QRCs in Chapter [3] are suitable for ensemble sys-
tems such as NMRs. In this chapter. we propose a universal class of universal QRCs
that are suitable for current NISQ machines. Our proof-of-principle experiments
on cloud-based superconducting quantum computers demonstrate that small and
noisy quantum reservoirs can tackle high-order nonlinear temporal tasks. Our the-
oretical and experimental results pave the path for attractive temporal processing
applications of near-term gate-model quantum computers of increasing fidelity but
without quantum error correction, signifying the potential of these devices for wider
applications including neural modeling, speech recognition, and natural language

processing, going beyond static classification and regression tasks.

We then abstract away from specific hardware implementation to higher-level theoretical
explorations of interconnected uniformly convergent systems as RCs for temporal infor-
mation processing, expanding the toolbox of available nonlinear models in the literature.

In particular,

e Chapter i} we introduce interconnected RCs as candidate nonlinear models with

13
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closed-loop structures for system identification. To model a system based solely
on input-output data, the candidate model with closed-loop structures should be
uniformly convergent, so that it asymptotically forgets its initial condition. We
derive a small-gain theorem to ensure the interconnected RCs have this property.
We numerically demonstrate the use of interconnected ESNs and QRCs to model a

feedback-controlled nonlinear system.

e Chapter [6f we travel from a deterministic setting to a probabilistic setting and
show that RCs with uniformly convergent output feedback dynamics implement
NARX(co) models. We further establish the asymptotic stationarity and (Birkhoff-
Khinchin) ergodicity of these NARX(co0) models. We highlight the versatility of this
approach by employing classical and quantum RCs to model synthetic and real data

sets, further exploring their potential for stochastic modeling applications.

Finally, we arrive at the top of our ‘stack’ in Fig. and consider the problem of reservoir

design:

e Chapter [} we develop an algorithm to optimize the RC internal parameters un-
der state measurement noise. The algorithm is based on the SPSA algorithm [92]
and it inherits SPSA’s efficiency by using only four noisy state measurements to
approximate the gradient, regardless of the dimension of the optimization problem.
We show that even with noisy state measurements, the reservoir internal parame-
ters asymptotically and almost surely converge to a KT point. Numerical examples

demonstrate that the proposed algorithm can mitigate the negative effect of noise.

14



Chapter 2

Preliminaries

This chapter develops the preliminaries required for the development of Chapters In
Sec. [2]] the notation used throughout this thesis is introduced. Sec.[2.2) gives an overview
of closed quantum systems and dissipative quantum systems. In Sec. we introduce
the basics of quantum circuits and quantum gates. Sec. formally defines the uniform
convergence property, the key property used throughout this thesis. Sec. [2:4.2] states
sufficient conditions to guarantee the uniform convergence property for both quantum
and classical dynamical systems. Finally, Sec. formally introduces the unique filters

and functionals a uniformly convergent system induces.

2.1 Notation

The notation used throughout this thesis is fairly standard, a summary can also be found
on pages iii-iv. The set of real (complex) numbers is denoted by R (C). The imaginary
number is denoted by ¢ = /—1. The set of integers is denoted by Z, Z_ = {..., —1,0} and
Z>y, denotes integers greater than or equal to kg € Z. Elements of R" are real column
vectors. For any z € R™, x| is its transpose and ||z| = vz Tz is its Euclidean norm. For

any x1 € R™ x9 € R (11,22) € R™*72 i5 their concatenation into a column vector.

15
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The set of n x m real (complex) matrices is R™*™ (C™*™). A positive (semi-)definite
matrix A is denoted by A = 0 (A > 0). A negative (semi-)definite matrix A is denoted
by A <0 (A =<0). Forany A € C™™, AT is its transpose, Al is its conjugate transpose
and ||A|, = Tr(\/ﬂp)l/p denotes the Schatten-p norm, where Tr(-) denotes the trace.
A square complex matrix A € C"*" is Hermitian or self-adjoint if A = Af. Hermitian
matrices are ubiquitous in quantum mechanics. The symbol ® denotes a tensor product
between Hilbert spaces or an algebraic tensor product between operators. Suppose that
p € Hy ® Hg, where Hy and Hp are Hilbert spaces. We let Try, (p) denote the partial
trace of p over Hp. The partial trace is a generalization of the trace and is an operator-

valued function. If p = 3", B Am @ By, then Try, (p) = X, B Tr(B,) Am.

The set of infinite sequences is denoted by (R™)Z, that is, u € (R®)% with u = {uj}rez
and ux € R™ for all £ € Z. The set of bounded infinite sequences is denoted by [°°,
ie., u € 12 if u = {up}rez with up € R" and ||ulloc = supyey ||uk|| < oo. The set of
left-infinite sequences is (R™)%-, that is, u € (R™)%~ with u = {us}rez_ and u; € R
for all £ € Z_. For these aforementioned notations, we omit the superscript n for real
sequences, i.e., RZ? = (R1)%,]>® = [$* and R?- = (R")?-. In the quantum setting, we often
restrict ourselves to infinite (left-infinite) sequences D% (D%-) taking values in a compact
set D C R". PE~ (R™)%Z — (R™)Z- is the canonical projection (we write PIZ’ = pP7-).
For any 7 € Z, z,” is the time shift operator such that for any u € (R")? and k € Z,

27 T (u) |k = uk—r (we write z; 7 = z77). Finally, o denotes function composition.

n

2.2 Quantum systems

Quantum systems are governed by the basic postulates of quantum mechanics. These
postulates provide a description of nature at the atomic and subatmoic scale. This section

provides an overview of quantum systems, see [43,93] for an in-depth introduction.
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2.2. QUANTUM SYSTEMS

2.2.1 Closed quantum systems

The state space of any isolated quantum system is described by a Hilbert space (a com-
plex vector space equipped with inner product). A closed quantum system is completely

described by its state vector |43, Chapter 2.2.1].

The quantum bit (qubit) is a fundamental unit in quantum systems. A qubit has a two-
dimensional state space with |0) and |1) forming an orthonormal basis for that state space.
An arbitrary one-qubit state vector can be written as [¢) = «|0) 4+ 5|1). Intuitively, |0)
and |1) act as the values 0 and 1 a calssical bit can take. The important difference here is
that superpositions of |0) and [1), of the form «|0) + $|1), can exist. Here, o, 8 € C and
|a|? + |8|> = 1. Physically, this means that when we measure the qubit in the Pauli-Z
basis (see (2.1))), we get either |0) with probability |a|? or [1) with probability |3|2.

For a multi-qubit system, the state space is the tensor product of the state spaces of the
constituting systems. That is, an N-qubit system has a 2/V-dimensional state space. An
important example is a two-qubit system with four orthonormal basis states |00}, |01),]10)
and |11). Here, |00) = |0) ® |0) and analogously for |01),|10) and |11). These basis states
are examples of product states or separable states. Let Hy, Ho be the Hilbert spaces of two
systems. We say that a state |¢)) € Hy ® Ho on the composite system is a product state if
[)y = |Y1)®|1h2), where |);) € H; for i = 1,2. A pair of qubits can be in any superpositions
of the four basis states and a notable example is the Bell state or EPR pair %. The
Bell state is an entangled state and is the key ingredient in quantum teleportation and

superdense coding, see e.g. [43, Chapter 1.3.7 and Chapter 2.3]. In general, we say that a

state |¢) € Hy ® Hs is entangled if it cannot be written as a product state.

The evolution of a closed quantum system is described by a unitary transformation. That
is, the state |1) of the system at time ¢; is related to the state |¢)') of the system at time t;
by a unitary operator U which depends only on the times t; and t9, given by [¢') = U|v)).
Here, UTU = UUT = I, where I is the identity matrix (of suitable size). For NMR [54, 56]
and D-Wave systems [51], the unitary evolution often takes the form U = e *H{t2=t1),

where H is an Ising Hamiltonian; see Chapter [3] for an example. For quantum computers,
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not all unitary operators are easy to implement. Fortunately, combinations of single-qubit
and two-qubit unitary operations that can implement any arbitrary unitary operation 43,

Chapter 4]. This will be the main topic of Sec.

We consider projective measurements. A projective measurement is described by an ob-
servable M, a Hermitian matrix defined on the state space of the quantum system being
observed. By the spectral theorem, we can decompose M = )", A\, Py, where P, is the
projector onto the eigenspace of M with eigenvalue A,,. The eigenvalues \,, correspond
to the possible outcomes of the projective measurement. Given a quantum state [¢), the
probability of measuring outcome A, is P(\,,) = Tr(Py,[¥)(1)]), where (1| = |[¢)T. The
expectation value of M in the state |¢) is (M) = Tr(M ) (¢]).

Projective measurements are usually performed in the Pauli matrices Z, X, Y bases, where

Given a N-qubit state [¢)), the expectation value by measuring the i-th qubit in the Z
basis is (Z®) = Te(Z® ) (1)]), where Z®) acts on the i-th qubit as Z and acts on all

other qubits as the identity I.

So far, we have discussed the dynamics of closed quantum systems. Although fancinating
ideas can be achieved in such ideal systems, these ideas are tempered by noise in real
systems. It is crucial to understand real quantum systems under noise in order to develop

useful applications of them. This is the central topic for the following subsection.

2.2.2 Dissipative quantum systems

Dissipation is a ubiquitous phenomenon in real physical systems. A swinging pendulum
interacts with its environment through friction, resulting in dampened oscillations. Sim-
ilarly, quantum systems, and especially quantum computers, suffer from unwanted noise

resulting from interactions with the outside environment. A prominent example of noise
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2.2. QUANTUM SYSTEMS

is cross-talk in superconducting quantum computers, which arises from unwanted interac-
tions between the qubits and from leakage of the control signals onto qubits that are not

part of the desired operation [94].

The state of a N-qubit dissipative quantum system is described by a density operator, a
Hermitian matrix p € C2"*2" with Tr(p) = 1 and p = 0. We write D(2V) to denote the
set of 2V x 2V density operators. We remark that D(2V) is a compact convex set. In this
thesis, we consider evolutions of a dissipative quantum system governed by completely
positive trace-preserving (CPTP) maps T (also referred to as quantum channels). We
remark that not all dissipative evolutions can be described by CPTP maps. A CPTP
map sends a set of density operators D(2V) on the Hilbert space H; = 2V <2 ¢ density
operators D(2V') on the Hilbert space 2V =2 (N" may or may not be the same as N).
A CPTP map preserves the physical properties of a density operator. That is, for any
p € D(2V), T(p) is again Hermitian, Tr[T(p)] = 1 and T(p) = 0. Furthermore, T is
completely positive, meaning that if we introduce an extra system on a Hilbert space Ho
with arbitrary finite dimension, then I ® T'(A) > 0 for any positive operator A > 0 defined
on the composite system Ho ® Hip, where I is the identity operator on Hy. The complete
positivity property ensures that if pp,gm, is a density operator of the composite system
Hy ® Hjy, and if T only acts on Hi, then I @ T'(pm,eH, ) is also a valid density operator of

the composite system; also see [43, Box 8.2].

An important example of a CPTP map is unitary transformation T'(p) = UpUT for some
unitary matrix U. However, in general, T'(p) may not be related to p by a unitary trans-
formation. A natural way to view dissipative quantum system is through an interaction
of a principal system with an environment. Let p be the density operator of the principal
system and peny be the density operator describing an environment. In this view, an ex-
ample of a CPTP map is T'(p) = Tren[U(p @ penV)UT], where U acts on both the system
and the environment, and Tre,y[-] denotes the partial trace over the environment. CPTP
maps of this form will be utilized in Chapter [3|in quantum reservoir computers (QRCs)
for temporal information processing. Another example of a CPTP map is a convex combi-

nation of unitary transformations 7'(p) = anpUg + bUlpr + co, where a,b,c € [0, 1] and
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a+b+c=1. Here, Uy, Uy are two unitary matrices and o is a fixed density operator. We
will exploit CPTP maps of this form in Chapter [4 to implement QRCs on current noisy

quantum computers.

Projective measurements for dissipative quantum systems are performed similarly as for
closed quantum systems. A projective measurement is described by an observable M =
> m AmPm. Given a quantum state p, the probability of measuring outcome )\, is given

by P(Am) = Tr(pP,,) and the expectation value of M of the state p is (M) = Tr(Mp).

A state p of a composite system on a Hilbert space H; ® Hs is called a product state if
p = p1 @ p2, where p; is a density operator on H; for i = 1,2. If p = 3, prpt @ p& where
pr > 1, . pr=1and pf are density operators of H;, then p is separable. We say that p

is entangled if p is not separable.

2.2.3 Quantum noise

We have discussed the dynamics of dissipative quantum systems, quantum systems that are
impacted noise. Here, we introduce some important examples of quantum noise, including
depolarizing noise, dephasing noise, decaying noise and the generalized amplitude damping
(GAD) noise [43, Chapter 8]. These quantum noise examples are also examples of CPTP

maps.

The depolarizing noise replaces an N-qubit quantum state by the completely mixed state
I/2N with probability p and leaves the state unchanged with probability 1 —p. That is, it
depolarizes the state with probability p. A state p under the depolarizing noise undergoes
the evolution Tyepolarize(P) = pQLN + (1 — p)p. The depolarizing noise has a unique fixed
state 1/2V such that Tdepolarize({/ 2NV) = 1/2N. This means that the depolarizing noise

causes any state to become the completely mixed state with time.

The dephasing noise describes the loss of quantum information without loss of energy
and is a noise process unique to quantum systems. A physical example of the dephasing

noise is when a photon scatters randomly as it travels through a waveguide. A single-
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qubit quantum state p under the dephasing noise is described by Tgephasing(p) = pp +
(1 —p)ZpZ. For an N-qubit quantum state p, we apply the dephasing nooise on each
qubit as a simple model to approximate its effect. That is, Tqephasing(p) = Té\g phasing © " ©
T(}ephasmg(p), where Tgephasing(p) =pip+ (1 —p;)Z9pZ). The dephasing noise causes
the off-diagonal elements of the density operator to decay exponentially to zero with time

without impacting the diagonal elements.

The decaying noise is also referred to as the amplitude damping noise and it describes
energy dissipation in a quantum system. A physical example of the decaying noise is
when a spin system at high temperature approaches equilibrium with its environment.
A single-qubit quantum state p under the decaying noise is governed by Tgecaying(p) =

EOpEg + ElpEI, where

1 0 0
E(): andE1: \/ﬁ .

0 V1—-p 0 0
The operators Ey, E1 are referred to as Kraus operators. The decaying noise has a unique
fixed state |0)(0|, meaning that it relaxes any state to the ground state (i.e., corresponds
to zero energy or zero temperature) with time. This is different from the dephasing noise
in that the decaying noise impacts both the diagonal and off-diagonal elements of the

density operator.

The GAD noise is a generalization of the decaying noise and it describes the effect of
energy dissipation to an environment at finite temperature. A single-qubit state p under
the GAD noise is described by p = 323, MipMZT, where M; = M;(p,\) are the Kraus

operators parameterized by a finite temperature parameter A € [0, 1] and a decaying rate

p € [0, 1]. Here,
1 0 0
My = VA =va |l VP

JT=p 0 0 0
P, = i

0 1 VB 0

When A = 1, the GAD noise is the same as the decaying noise. The GAD noise also

Ms=+v1—-X
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impacts both the diagonal and off-diagonal elements of the density operator. As for the
dephasing noise, for an N-qubit quantum system, we apply the decaying and GAD noise

to each qubit as a simple model to approximate their effects.

2.3 Quantum computing

Quantum computing utilizes intrinsic quantum mechanical effects, such as superposition
and entanglement introduced in the previous subsection, to perform quantum compu-
tation. For an in-depth introduction to quantum computing, we refer to the excellent

text [43]. In this section, we provide an overview of quantum gates and quantum circuits.

2.3.1 Quantum gates and quantum circuits

Most quantum computers implement a set of single-qubit and two-qubit gates that together
can realize any arbitrary unitary operation. The most general single-qubit gate is described

by the unitary operator

cos(60/2) —e~sin(0/2)
U3(97¢¢ )‘) = ) (22)
e¥sin(f/2) e"9tN/2cos(6/2)
parameterized by 6 € [—2m, 27|, ¢ € [—27,27] and A € [—27,27] [95]. Other commonly

WX rotational-Y gates

used single-qubit gates include rotational-X gates Rx(0) = e~
Ry (0) = =Y and rotational-Z gates Rz(6) = e %%, where X,Y, Z are the single-qubit

Pauli operators defined in (2.1]).

The Us (0, ¢, A) gate and controlled-NOT (CNOT) gate together can implement any arbi-
trary multi-qubit unitary operation [43, Sec. 4.5.2]. CNOT is a two-qubit gate described

by the unitary operator

1 0 0 0]
010 0
CNOT = (2.3)
000 1
0 0 1 0]
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—Us(0,0,\) — —Rx(0)— —Ry(0)— —Rz(0)—

Figure 2.1: From left to right are the quantum circuit diagrams of U3 (8, ¢, A), Rx (), Ry (6)

and Rz (0).
©) —o— ©)
|t) —b— It)

Figure 2.2: From left to right are the quantum circuit diagrams of CNOT and controlled-U'.

CNOT operates on two qubits, a control qubit |¢) and a target qubit |t). The action
of CNOT is given by |c) ® [t) — |¢) @ |t & ¢), where @ is modulo two addition. More
generally, given an arbitrary single-qubit unitary operation U, a controlled-U acts on a
control qubit |c) and a target qubit |t) via |¢) ® |[t) — |¢) ® U|t) when |c¢) = |1), otherwise
le) @ [t) — |c) @ |¢).

In quantum computing, gates are often represented as quantum circuit diagrams. The
circuit diagrams of Us(0, ¢, \), Rx(6), Ry (0) and Rz(0) are shown in Fig. Here, the
single line represents a qubit and the square box represents a single-qubit gate. The
circuit diagrams of CNOT and controlled-U gates are shown in Fig. 2.2l Here, the top

line represents the control qubit and the bottom line represents the target qubit.

We have mainly focused on providing an overview of quantum systems and quantum
computing. As the central theme of this thesis is temporal information processing on both
quantum and classical devices, we now turn to discussions on nonlinear dynamical systems

(including classical and quantum systems) in the context of reservoir computing.

2.4 Reservoir computing

Reservoir computing (RC) exploits nonlinear dynamical systems for temporal information
processing, processing input sequences to produce output sequences that approximate

some target outputs. In this thesis, we focus on single-output reservoir computers (also
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abbreviated as RCs) to approximate real-valued output sequences. A straightforward
extension for multiple outputs will be discussed shortly. Consider a discrete-time state

space model

Ty1 = f(xkv uk)a (2 4)

Uk = h(zg),
for all k € Z. Here, ug € R" is the input and g € R is the RC output. The internal state
for a classical RC is denoted by z;, € RY with f : RN x R* — RN and h : RY — R. For
a QRC, 7 = pr € D(2V) and we write as

Pev1 = f(Pks uk), (2.5)

gk = h(px),

where f: D(2V) x R® — D(2V) and h : D(2V) — R.

The reservoir dynamics f = f, is often parametrized by a parameter v € RP (p is some
positive integer), chosen according to the task. In Chapters we consider a fixed f,
by choosing elements of v and fixing them at the onset. In Chapter [7| we consider a more
general scenario in which « can be optimized according to some criterion, a problem known
as the reservoir design problem [81,/96]. The readout parameters W € R™ in h = hyy are

optimized to match the target outputs.

We require the computations performed by an RC to be independent of its initial condition.
The key to achieve this is the uniform convergence property, which roughly speaking,
ensures that an RC asymptotically forgets its initial condition; see Sec. for further
details. In practice, given an input sequence {uy,...,ur} and a target output sequence
{v0,...,yr}, we washout the effect of the initial condition of a uniformly convergent RC
using the first L,, data. We then optimize the readout parameters (or output weights)
W via least squares by minimizing ﬁ Zﬁtz Ly Uk — k)%, where Ly = Ly — L,,. The rest
of the input-output data are used to assess the estimation quality. Although we focus on
single-output RCs here, it is a straightforward extension for multiple output channels. If
the target output is y, € R™, we employ n’ sets of output weights for a single RC, with

each set of output weights optimized to approximate each output channel.
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As alluded to before, the key property required in the RC scheme is the uniform conver-
gence property, which ensures that the RC asymptotically forgets its initial condition. We

now formally define the uniform convergence property.

2.4.1 The uniform convergence property

Roughly speaking, the uniform convergence property ensures that an RC has a bounded
reference state solution defined both backwards and forwards in time, and all other solu-
tions asymptotically converge to this reference state solution, independent of the initial
condition [2223]. The uniform convergence property is also referred to as the echo-state

property in the RC literature [24,97].

We will define the uniform convergence property with respect to a set of inputs v € K%,
where K C R” is a subset of R”. Of particular interests are the input set K% where K is
compact and the set of bounded inputs I5° and (R")%. Let ¢(k; ko, &) denote a solution to
[2-4) parameterized by u € K%, starting at time ko with initial condition Ty =& € RN,
That is, for all & > ko, ¢(k + 1; ko, &) = f(d(k; ko, &), ur) and ¢(ko; ko, &) = €. A function
v : [0,00) — [0,00) is a K function if it is continuous, strictly increasing and (0) = 0.
A K function is a K function if it is unbounded. We say that § : [0,00) X Z; — R is
a ICL function if B(0,-) = 0, continuous and strictly increasing in the first argument, and
non-increasing in the second argument with lim; o, 8(s,t) = 0 for all s € [0,00) [98]. As
in [98/|99], we do not require 5 € KL to be continuous or strictly decreasing in the second

argument.

We first define the uniform convergence property for a classical RC.

Definition 2.1 (Uniform convergence property for classical RCs). [22,|25] A classical
RC described by (2.4)) has the uniform convergence property (or is uniformly convergent)

with respect to inputs K% if for any u € K%,

(i) there exists a unique and bounded solution z* € (R™)% to (2.4) that satisfies x| =

flxg,ug) for all k € Z and supycy |27 < oo;
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(ii) there exists B € KL (independent of u) such that, for any k, ko € Z with k > ko and
any &€ € RY,
|z — (ks ko, &)l < B([|g, — &Il k — ko). (2.6)

We remark that the uniform convergence property is a property of the reservoir dynamics
f. The unique and bounded solution z* in Definition [2.1] is called the reference state
solution (determined by u and f). Equation imposes that as kg — —oo, any solution
o(k; ko, &) to asymptotically converges to the reference state solution z*, independent
of its initial condition §. Here, ‘uniform’ means that for each x,, the bound B(||z}, —

&|l, kE — ko) in (2.6)) depends on k — ko but not kg.

The uniform convergence property for a QRC is defined analogously in terms of the

Schatten-p norm || - ||,.

Definition 2.2 (Uniform convergence property for QRCs). [22,|23] An N-qubit QRC
described by (2.5)) has the p-uniform convergence property (or is p—uniformly convergent)

with respect to inputs K% if for any v € K2,

(i) there exists a unique solution p* € D(2N)% to R.5) that satisfies p,, = f(p}, uk)
forallk € Z;

(ii) there exists f € KL (independent of u) such that, for any k, ko € Z with k > ko and

any density operator € € D(2V),

5. = &(k; ko, )llp < BllPky = &llps k = Ko)- (2.7)

We remark that the boundedness condition for the reference state solution p* is not in-
cluded in Definition This is because the set of density operators D(2V) is compact
and hence the condition sup,eyz ||pill, < oo always holds. In this thesis, we are interested
in quantum systems that are 2—uniformly convergent (see Chapter and 1-uniformly

convergent (see Chapter [4)).
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2.4.2 Sufficient conditions for the uniform convergence property

The uniform convergence property is a genuine condition that is not automatically satisfied
for all RCs. Here, we introduce two theorems to ensure the uniform convergence property
of a RC. The first theorem is useful for establishing the uniform convergence of a classical

RC, and the second theorem is useful for ensuring the uniform convergence of a QRC.

Theorem 2.1. [25, Theorem 1] A classical RC described by (2.4) is uniformly convergent
with respect to inputs K2 if there exists some N x N positive definite matriz P and some

6 € (0,1) (independent of u) such that, for any u € K%,
sup || f (0, up) || p < o0, (2.8)
kezZ
and for any x1,x2 € RY and any k € 7Z,
1/ (21, u) = f (2, ue)llp < Oflx1 — wal|p, (2.9)
where ||z||p = VT Pz.

Theorem 2.2. An N-qubit QRC described by (2.5)) has the p—uniform convergence prop-
erty with respect to K” if there exists some € € [0,1) (independent of u) such that for any

up € K and any density operators py, pa € D(2V),

1 (p1,ur) — f(p2, ue)llp < ellpr — p2llp- (2.10)
Proof. We first employ [23, Lemma 2] to show the existence of a solution defined and

bounded on Z. We then show its uniqueness.

Existence: |23, Lemma 2| states that if a QRC (2.5 admits a compact state-space, then
there exists a (state) solution p* of system ({2.5)) defined and bounded on Z. Since the set

of density operators forms a compact set, the existence of p* follows.

Uniqueness: Suppose that p* and p* are two (state) solutions of (2.5) defined and
bounded on Z. From (2.10)), for any k, kg € Z with k > kg, we have

1ok — Al < e®FR| gt — o ||, < 2eERo),
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where the last inequality follows from ||p; — %, llp < ok, lp + 9%, |lp < 2. Taking ko —
—o0, we have ||p; — pj|l, < 0 and hence pj = p;. Since this holds for any k € Z, it follows

that the two solutions are the same.

Finally, to show that (2.7]) in Definition holds, for any initial density operator p, any
k, ko € Z with k > kg, we have

llor — ok ko, p)|lp = 1f (i1, wk—1) — f(p(k — 15 ko, p), ug—1)llp
< €llpr_1 — ok — Ly ko, p)llp
(2.11)
<Moo = pllp-

Hence, the p—uniform convergence property follows. O

2.4.3 Filters and functionals

A class of input-output (I/O) maps, mapping from u € K% to §j € R%, can be obtained
from RCs described by or QRCs described by satisfying the uniform convergence
property with respect to KZ. In particular, a uniformly convergent RC or QRC induces
a unique time-invariant and causal filter My ) : K Z _ RZ that depends on the reservoir
dynamics f and the readout function h. When evaluated at any time k € Z, g, =
My p(w)|k = h(z}), where z* is the reference state solution to (2.4)); also see [25/27]. For a
QRC, we write §x = My, (u)|, = h(p}), where p* is the reference state solution to (2.5)).

If h is uniformly continuous, this filter can be constructed by taking the initial time

ko — —oo as follows.

Theorem 2.3. Consider a uniformly convergent (with respect to inputs K*) RC described

by 2.4) or a QRC described by [2.5). If h is uniformly continuous, then for any u € K”
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and any k € Z,
O = Myp(u)|k = ho f(zr—1,up—1)
=ho f(f(zg—2, up—2), uk—_1)
(2.12)

= Flug—1,uk—2,...),

where the following point-wise limit
Mfyh(u)]k = ]:(kal, Uk—2,y - - )
= Tim b f(o f(f(E ) uggn) )
0——00

exists and is independent of the initial condition .

(2.13)

Proof. The proof for a classical RC (2.4) and a QRC ([2.5)) is the same. We will present the
proof for a classical RC. Equation (2.12)) follows from ({2.4]). To show that the point-wise
limit (2.13)) exists, fix k € Z and &. For any kg € Z with ky < k, consider a solution

(ks ko, &) to (2.4). Then (2.13) can be written as

Mf,h(u)]k = f(uk,l, Uk—2,y - - ) = lim ho ¢(k, ko, 5)

ko——o00
We show that {h o ¢(k; ko, &) } i<k is a Cauchy sequence and thus exists. Since h is
uniformly continuous, it suffices to show {¢(k; ko, &) }x,<x is Cauchy.
Let ko > k{, and z* be the reference state solution to (2.4). By in Definition we
have
¢ (ks ko, &) — (ks ko, )l < Nk — Sk; ko, )| + |2k, — (k3 ko, €

< Bllzk, — &Il & — ko) + Bl — &l & — ko)

< B(Re,k — ko) + B(Re, k — kp),
where R = max{|[|z} — [, sz(,) —£||} < oo. Since g € KL, for any € > 0 there exists
k§ € Z such that for all kj < ko < k, B(Re, k — ko) + B(Re, k — ki) < e. It follows that
{p(k; ko, &) bro<k is Cauchy for any fixed k and &.
To show that is independent of £, let ¢(k; ko, &) be another solution to starting

at another initial condition & # £. Mimicking the argument above gives

16 (k3 ko, &) — d(ks ko, €)1 < Blllk, — &Il k — ko) + Bllk, — &'ll, k= ko).
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The limit (2.13)) is independent of & now follows from taking ky — —oo and uniform

continuity of h. O

By construction, the filter My j is time-invariant, meaning that it commutes with the time
shift operator My 0 2," = 277 o My, for any 7 € Z. The filter My, is also causal by
construction, meaning that for any u,v € K% such that u; = vy, for all k < T where T € Z,

we have My p(u)|y = Myp(v)|i for all & < T

There is a bijective correspondence between My and its associated functional Fyj :
KZ= — R, defined as Fyp(u') == Myp(i@')|o [25]. Here @' are arbitrary extensions of
u' € K% to K%. We can recover My, from Fyp, via My p(u)|, = FfJL(P,%‘ o z7%(u)) for
any k € Z. This bijection will be useful for establishing properties of the filter My by
establishing certain properties of the functional F ;, where the latter is often simpler. For
example, in Chapter 6| where we show that uniformly convergent RCs implement infinite-
order nonlinear autoregressive models, we prove that the M is measurable by showing

that F'yj is measurable.

30



Chapter 3

Ising quantum reservoir computers

In this chapter, we are interested in harnessing dissipative quantum systems governed
by Ising hamiltonians as QRCs (Ising QRCs) for temporal information processing. This
chapter is based on the publications [100] and [101].

As alluded to in the Introduction, QRCs have been introduced to harness complex real-
time dissipative quantum dynamics [54,55]. This approach is a quantum implementation
of the classical RC scheme, in which a dissipative quantum system processes an input
sequence and produces an output sequence that approximates a target sequence. Here,
we are interested in approximating nonlinear I/O maps with fading memory. As pointed
out before, such maps can be approximated by a series expansion such as the Volterra
series [102] or a universal family of classical nonlinear dynamical systems such as liquid
state machines [15], ESNs [27], LRPO, and SAS systems [26]. However, a theoretical
framework for the learning of nonlinear fading memory I/O maps by quantum systems is

so far lacking. The main contributions of this chapter are

e The provision of a learning theory for dissipative quantum systems.

e The introduction of a universal class of QRCs governed by Ising hamiltonians for

approximating nonlinear I/O maps with fading memory.
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e A study of this universal class of Ising QRCs via numerical experiments.

The main tool employed here is the Stone-Weierstrass Theorem 103, Theorem 7.3.1]. This
theorem has been applied to show that neural networks are universal function approxi-
mators mapping from finite-dimensional vectors to finite-dimensional vectors [104]. The
work [26] uses the Stone-Weierstrass Theorem to establish a class of I/O maps induced by
SAS systems is universal. In this chapter, we employ a similar approach as [26] to show

that a class of I/O maps implemented by uniformly convergent QRCs is universal.

The universal class of Ising QRCs introduced in this chapter is suitable for ensemble
quantum systems such as NMR [56]. When implemented on ensemble quantum systems,
we can directly obtain the expectation of observables and the finite sampling error is
negligible. In the next chapter, we will introduce another universal class of QRCs that are
suitable for current NISQ machines, in which the finite sampling error must be taken into

account.

This chapter is organized as follows. Sec.[3.I]formulates the universality theory. In Sec.[3.2]
we introduce a universal class of Ising QRCs implemented by dissipative quantum systems.
Sec. [3:3] numerically demonstrates the emulation performance of the proposed universal
class. We also investigate the effect of input encodings and provide an in-depth comparison

with the ESN. Sec. presents a conclusion and discusses future outlook.

3.1 The universality property

Consider a QRC consisting of N qubits undergoing discrete-time dissipative evolution:

pr = T(ug)pr—1, (3.1)

for k € Z. Here, pr, = p(kT) is the system density operator at time ¢t = k7, 7 is a (fixed)
sampling time and T'(ug) is a CPTP map for each ug. In this chapter, we focus on real-
valued inputs u; € K for some compact set K C R. The scheme can be extended to

multiple input channels; see Chapters |5 and |§| for examples. In (3.1]), the input sequence
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u = {ug }rez determines the dissipative quantum system’s evolution. The output of the

dissipative quantum system is in the form

Uk = h(pr), (3.2)

where h : D(2V) — R is a real functional of p;. Equations (3.1)) and (3.2)) define a QRC
with input sequence u and output sequence . The overall I/O map in the long time limit

is in general nonlinear.

Recall from Chapter that if a QRC described by and is uniformly con-
vergent with respect to inputs K% (in this chapter, we consier 2—uniformly convergent
QRCs), then it induces a unique time-invariant and causal filter Mz, @ K Z _ RZ. Here,
Mr,, is determined by the input-dependent CPTP map T'(-) and the readout function h.

Furthermore, let Frrj, @ K Z- _ R be the corresponding functional.

Our goal is find a universal class of QRCs described by (3.1)) and (3.2]). As alluded before,

we use the Stone-Weierstrass Theorem [103, Theorem 7.3.1] to establish universality.

Theorem 3.1. (Stone-Weierstrass (103, Theorem 7.3.1]) Let E be a compact metric space
and C(E) be the set of real-valued continuous functions defined on E. If a subalgebra A of

C(E) contains the constant functions and separates points of E, then A is dense in C(E).

In the following, we expand on each ingredient of the Stone-Weierstrass Theorem.

3.1.1 Fading memory property

The fading memory property is a property of the time-invariant and causal filter M7 .
We say that M7 has the fading memory property with respect to a decreasing sequence
w = {wg } k>0, liMj_y00o wi = 0 if, for any two input sequences u,v € KZ, | M7 p(u)lo —
My p(v)]o] = 0 whenever supycz- |w_g(ur — vg)| — 0. In other words, if the elements of
two sequences agree closely up to some recent past before time k = 0, then their output

sequences will also be close at time k& = 0.
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Thanks to the bijection between Mr ) and Frj, we can re-formulate the fading memory

property as continuity of Frj with respect to a weighted norm defined as follows.
Definition 3.1 (Weighted norm). For a null sequence w = {wy}r>0, that is w : Z>g —
(0,1] is decreasing and limy_,oo wi = 0, define a weighted norm || - ||l» on K% as ||ul|y =
SUDpez— |uk| w_k.

Definition 3.2 (Fading memory). A time-invariant causal filter M, : K% — R? has the

fading memory property with respect to a null sequence w if and only if its corresponding

functional Fry, : K2~ — R is continuous with respect to the weighted norm || - ||, -

To emphasize that fading memory is defined with respect to a null sequence w, we will say
that Mty is a w-fading memory filter and the corresponding functional Frr, is a w-fading

memory functional. We also state the following compactness result |26, Lemma 2].

Lemma 3.1 (Compactness). For any null sequence w, K%~ is a compact metric space

with the weighted norm || - ||w.

We write (K%, - ||w) to denote the space K%~ equipped with the weighted norm || -
llw- This space will play the role of the compact metric space E and w-fading memory

functionals will play the role of C'(E) in the Stone-Weierstrass Theorem (3.1

3.1.2 Polynomial algebra

Let w be a null sequence and Fr p,, Frr pr : K Z- — R be two w-fading memory functionals
induced by two uniformly convergent QRCs. We can readily define their product Frj x
Fpo gy K%~ — R and their sum Frp+ Mgy K%~ - R for any A € R as

(Hrp x Hyopr)(u) = Hrp(u) x Hyprpr(u),  (Hrp + AHpe ) (u) = Hyp(u) + XHpo g (),
for any v € K%-.

Definition 3.3 (Polynomial algebra). Let w be a null sequence and F,, be a family of

w-fading memory functionals. We say that F, forms a polynomial algebra consisting of
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w-fading memory functionals if given any Frp, oy € Fy, we have Frp X Frop € Fy

and Frp + AFp € Fyy for any A € R.

3.1.3 The separation property

We now introduce the last ingredient in the Stone Weierstrass theorem.

Definition 3.4 (Separation property). Let w be a null sequence and F,, be a family of
w-fading memory functionals defined on K%-. We say that F,, has the separation property
or Fy, separates points of KZ= if, for any u,v € K%~ with u # v, there exists Fry € Fy
such that Frp(u) # Frp(v).

The separation property is a genuine condition that is often challenging to check. In this
chapter, we will use a power series argument to prove the separation property for a class

of fading memory functionals implemented by QRCs.

3.1.4 The universality theorem

We now state the main universality theorem as a direct consequence of the compactness

Lemma [B.1] and the Stone-Weierstrass Theorem [B.11

Theorem 3.2. Let w be a null sequence and My, be the set of w-fading memory filters.
Let F,, be the family of corresponding w-fading memory functionals defined on K%~ . If
Fuw forms a polynomial algebra of C(K%= | - ||lw), contains the constant functionals and
separates points of K%~ then F,, is dense in C(K%~ || - ||lw). That is for any w-fading

memory filter M, and any € > 0, there exists Mty € My, such that for all u € K%,

1M () = M p(w)l|oo = sup [ M- ()| = Mra(w)l] < e
€

Proof. Fy is dense follows from Lemma and Theorem To prove the second part of

the theorem, since F,, is dense in C(K%~,|| - ||), for any w-fading memory functional F,
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and any € > 0, there exists Fr, € F,, such that for all u_ € K% |F(u_)—Frp(u_)| < e

For u € K7, notice that PZ- o z7%(u) € K%~ for all k € Z, hence

| M, (w)|r — Mpp(u)|i| =

F.(P% o z7"(u)) — Prp(P%- o zik(u))‘ <e

Since this is true for all k € Z, therefore, for all u € KZ, || M. (u) — Mz p(u) oo < €. O]

We have introduced the universality property for approximating nonlinear I/O maps with
fading memory. In the following, we construct a class of QRCs implemented by dissipative

quantum systems equipped with the universality property.

3.2 A universal class of QRCs implemented by dissipative

quantum systems

We now specify a class of QRCs governed by dissipative quantum dynamics that is uni-
versal in approximating fading memory I/O maps defined on [0, 1]%. The class consists of
systems that are made up of Ny non-interacting subsystems initialized in a product state
of the Ny subsystems, with subsystem K consisting of nx + 1 qubits, nx ‘system’ qubits
and a single ‘ancilla’ qubit. We label the qubits of subsystem K by an index zf( that runs
from j = 0 to j = nk, with i labeling the ancilla qubit. The nx + 1 qubits interact via

the Hamiltonian

He=Y S Jix) x4y @y )y ¢ 50z, (3.3)
J1=0ja=j1+1 j=0

where J}}’jg and « are real-valued constants, while X (i ), y () and Z () are Pauli X,
Y and Z operators of qubit ZJK . The ancilla qubits for all subsystems are periodically
reset at time t = k7 and prepared in the input-dependent mixed state pi[g’ . = uk|0){0] +
(1 —ug)|1)(1| (with ug € [0,1]). The system qubits are initialized at time ¢t = 0 to some
density operator. The density operator pkK of the K*® subsystem qubits evolves during
time (k — 1)7 < t < k7 according to pX = Ty (ug)pk |, where Tk (uy) is the CPTP map

defined by TK(uk)pkK_l = Trig (e*iHKTp,If_l ® p,fg,keiHKT) and Trz-g denotes the partial
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trace over the ancilla qubit of subsystem K. Let Hx = I ® - - @ Hx ® --- ® I with Hy, in
the K-th position, the total Hamiltonian of the Ny subsystems is H = Z%S: | Hk. Writing
P = ®%“: 1 pkK , the overall dynamics of the N; non-interacting subsystem is

N

pr = T(ur)pr—1 = @ T (wr)pis- (34)
K=1

We now specify an output functional h associated with this system. We will use a single in-
dex to label all system qubits from the Ng subsystems running from 1 until n = Z%S: 1MEK-
The ancilla qubits are not used in the output. The output functional h is defined to be of

the general form,

nn n L o (35)
=C+>. > > > ST Wiz @y gy

d=111=112=11+1 tn=tn—1+1 r¢1+---+rin:d

where C' is a constant, R is an integer and (Z(®)), = Tr(ppZ(®) is the expectation of the
operator Z(®. We note that the output functional h (the right hand side of the above) is
a multivariate polynomial in the variables (Z("), (i = 1,...,n). Thus, computing §; only
involves estimating the expectations (Z (i)>k and the degree of the polynomial R can be

chosen as desired. If R = 1 then g is a simple linear function of the expectations.

More generally, we can choose the output functional to be a multivariate polynomial in the
variables (X @), (Y®), and (Z®), (i = 1,...,n). The class of QRCs with this more gen-
eral output functional is also universal since this class contains members of the QRC class
with the output functional . Increasing the number of observables can potentially im-
prove the emulation ability of a QRC, at the expense of performing more measurements.
Since the observables XY@ Z() are non-commuting, quantum mechanics prevents si-
multaneous measurements of these observables. Therefore, to obtain (X®),, (Y (), and
(Z@),, we need to perform 3n measurements instead of n measurements. In Sec. m
of the next chapter, we will present a method that utilizes pre-measurement single-qubit
rotations to obtain the linear combination 321" 1 >~ p/—rx v, 2} WM(M®), with n measure-

ments. This means that forming the QRC prediction with a linear output (R = 1) requires
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only n measurements instead of 3n measurements. For simplicity, we will consider the out-
put functional (3.5)) in this thesis. All mathematical proofs presented in this chapter and

the next chapter also apply to this alternative output functional.

The class specified above with output functional [3.5]is a variant of the QRC model in [54]
but is universal by the theory of the previous section. The differences are in the general
form of the output and, in our model, the ancilla qubit is not used in computing the output.
Also, we do not consider time-multiplexing. We remark that time-multiplexing can be in
principle incorporated in the model using the same theory. However, this extension is

more technical and will be pursued in a future work.

This family of QRCs exhibits three important properties. Let Hy(2"%) be the hyperplane
of of 2K x 2™k traceless Hermitian operators. Firstly, if for each subsystem K there exists
ex € [0,1) such that for all uy € [0, 1], |7 (ug)| gy (2ns) |2—2 = SUP ac 1, (271 ), 420 W <
€x, then the QRC governed by is 2—uniformly convergent. We only consider 2—
uniformly convergent QRCs in this chapter, and will drop the prefix ‘2’ from now on.
Secondly, the family forms a polynomial algebra consisting of systems that implement
fading memory maps. Lastly, uniformly convergent single-qubit QRCs with a linear out-
put (n = 1, Ny = 1 and R = 1) separates points of [0, 1]Z*. These properties and an
application of the Stone-Weierstrass Theorem [103, Theorem 7.3.1] guarantee the univer-

sality property for this family of QRCs.

3.2.1 Uniform convergence

We provide a sufficient condition for the QRC governed by (3.4)) to be uniformly conver-
gent.

Lemma 3.2. An n-qubit QRC governed by (3.4)) is uniformly convergent with respect to

[0, 1)%= if, for each subsystem K there exists ex € [0,1) such that for all u; € [0,1],

T A
1T () g2 ll2—2 3= SUPAe 1y 2n10), A0 A2 < €.

Proof. For each of the K subsystem, let pi p& € D(27). Then pif — p& is a traceless
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Hermitian operator. For any u; € K, we have,

1T (ur)(p1 — p2)ll2 < 1T (ur) o (2ni)ll2—2llp1 — p2ll2 < exllpr — p2ll2.

By Theorem in Chapter [2] each of the K subsystem is uniformly convergent. Since
the subsystems are non-interacting and the QRC is always initialized in a product state,

hence the QRC governed by (3.4) is uniformly convergent. O

We remark that if Tk (-) satisfies the conditions in Lemma then any two density
operators converge uniformly to one another under Tk (). This observation will be used

in the following subsection.

3.2.2 Fading memory and polynomial algebra

Let F = {Fry} be the set of functionals induced by uniformly convergent QRCs gov-
erned by and . We will show in Lemma that the uniform convergence
and continuity of Tk (-) are sufficient to guarantee that Fr} is fading memory with
respect to any null sequence. In Lemma [3.5] we show that F forms a polynomial al-
gebra, made of fading memory functionals. In the following, let £(C2") be the set

of linear operators on C2?", and for a CPTP map 7(:) and for all ux € [0,1], define

T (ur)ll2—2 = sup ge(c2my, ) llo=1 T (ur) All2-

Lemma 3.3 (Fading memory). Consider an n-qubit QRC with dynamics (3.4) and output
(13.5). Suppose that for each subsystem K, the CPTP map Tk () satisfies the condition in
Lemma[3-3, so that the QRC' is uniformly convergent. Then for any null sequence w, the

induced filter Mt ), and the corresponding functional Frj, are w-fading memory.

Proof. We first state the boundedness of CPTP maps [105, Theorem 2.1].

Lemma 3.4. For any CPTP map T : L(2"K) — L(2"K), we have ||T|y_o < V275,
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Further, Tk (+) defined in (3.4) is uniformly continuous. That is, for any z,y € [0, 1],

1Tk (2) = Tk (Y)ll2—2 = sup |[(Tk(x) = Tk (y))All2
AeL(c?")
[|All2=1
= sup HTrfg(e*iHKTA ® (z — y)ZeiHKT)Hg
AeL(c2™)
I Allz=1 (3.6)
=lz—y| sup HTrfg(efiHKTA ® ZeiHKT)HQ
AeL(c?")
[[All2=1
= |z — y[lI Tk |22
where || Tk |la_2 < oo since Tk is a linear operator defined on a finite dimensional normed
space. Also recall that Tr(-) is continuous, that is, for any € > 0, there exists dp.(¢) > 0

such that |Tr(A — B)| < e whenever ||A — B||2 < d1y(€) for any complex matrices A, B.

Let w be any null sequence. We will show the linear terms in the functional Fr} are
continuous with respect to the weighted norm ||-||,, defined in Definition and the con-
tinuity property of Frr, follows from the fact that finite sums and products of continuous

elements are also continuous.

Let p_oo = @R, p% and for any u € [0, 1%, let L(u) = Tr (Z(K) ( z":OT(u_k)) p_oo>
be a linear term in Frp,(u), where ﬁ%’:OT(u,k) is a time-ordered composition from left to
right. Since the Ny subsystems are non-interacting, L(u) = Tr (Z(K) ( ol (u_k)> pl_(oo).

Now for any u,v € [0,1]%-,

Tr (Z(K) ((ﬁzoonK(uk)) pl—<oo - (ﬁzO:OTK(Uk)> pl—{oo))

Denote pX = (ﬁzozNTK(u_k)) pX . and pX = (ﬁg":NTK(v_k)) pK_ for some 0 < N <

oo, then

HZ(K) ((ﬁi’;oTK(uk)) JAE (ﬁzoonK(Uk)) PKOO> H2
< |29, (Hﬁff@lTK(u_k) D) | (T Ticew) ot = ot

(3.7)

[ L(u) = L(v)| =

)

pk

2-2 ‘

)

Since Tk (uy) satisfies conditions in Lemma any two density operators converge uni-

formly to one another. Therefore, for any € > 0, there exists N(e) > 0 such that for all
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N’ > N(e),

H (ﬁkNéoTK(ka (py — pﬁ()H2 < m (3.8)

Choose N’ = N(¢) + 1, bound the first term in the sum of (3.7) by rewriting it as a

telescopic sum:

— —
“H]kv:(B)TK(U—k) ~ I T (o)

2—-2
N(e)
=1I1> (TK(UO) T (v 1) Tk (u—) T (u—(41)) - Tre (- N (o))
=0

—Tr(vo) - Tr (v_1—1)) Tk (v—1) Tk (u_(141)) - - - TK(qu(e)))

2-2

N(e)
<> HTK(UO)"'TK(Uf(lfl))HZ_z 1 Tr (u—t) = Tre(v-1)[l3—2 HTK(W(M)) "'TK(“fN(e))H
=0

N(e)

< 2" Tk (u—g) = T (v=1)|lo_s »
=0

2-2

(3.9)

where the last inequality follows from Lemma [3.4] We claim that for any ¢ > 0, if

lu—vllw = sup |up — vkl w_g < o ore(c) = Wy (o)
keZ- 2nitL|| ZE||, (N (€) + 1)[| Tk |22

then |L(u) — L(v)| < €. Indeed, since w is decreasing, the above condition implies that

oy (€) ] wy
2ni || ZE) ||, (N (€) + 1) || Tk |22 ©

max |(u—;—v_j|w <
0§l§N(e)’ | Wi e)

. [
Since wy() > 0, for all 0 < I < N(e), |uy —vy| < 2”K“HZ(K>||?1576()6)+1)||T~KH2_2' By
2
uniform continuity of Tk (-) established in (3.6)), we bound (3.9)) by
N(e) N(e)

2 S T () = Tie (vl < 27 S

=0 =0

S1v(€) ~ On(e)
2t [ZE), (N() +1)  2[Z2®],

(3.10)

Since ||p&

<1 @), @) and @I0) give

oo, (| Tt - TR mte

< OTy (6)

e+ (TR o) = )

)

The result now follows from the continuity of Tr(-). O
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Lemma 3.5 (Polynomial algebra). Consider a family of QRCs described by (3.4) and
(13.5) satisfying the conditions in Lemma so that the QRCs are uniformly convergent.
Let F = {Fr} be the induced family of functionals. Then for any null sequence w, F

forms a polynomial algebra consisting of w-fading memory functionals.

Proof. Consider any two QRCs described by and , with n; and ny system
qubits respectively. Let T0™ be the CPTP map and h(™ be the readout function of
QRC m = 1,2. Since both QRCs satisfy the conditions in Lemma hence they are
uniformly convergent. Further, by Lemma [3.3] given any null sequence w, their induced
functionals Fipm) ,m) € F are w-fading memory. We prove the result by showing that there
exists uniformly convergent QRCs described by and satisfying the conditions

in Lemma@ implementing Fira) ) X Fpe) p2) and Fra) pa) + AFpe) pe) for any A € R.

Let pém) € D(C?"™) be the state of the m-th QRC. Let j; = 1,...,ny and jo = 1,...,ns
be the respective qubit indices for the two systems. For the observable Z (Um) of qubit Jms
Tr (Z(jl)pg)> — Ty ((Z(jl) & I)(pl(cl) ® ,053))) ’

T (202p2) = e (10 252)(p) @ pi))
where [ is the identity operator. Therefore, we can relabel the qubit for the combined
system described by the density operator p,gl)®p,22) by j, running from j = 1 to j = ni+no.

Using this notation, the above expectations can be re-expressed as
T (209p0) = Tr (29000 @ o7}, =i
Tr (Z(jz)pl(f)) —Tr (Z(j)pl(j) ® pl(f)) . j=n1+jo

Following this idea, write out the outputs of two QRCs as follows,

ni

R m i1 5 Tip, C VT i Tin
A LD YD S S Wl (g gy

di=lir=1  iny=ing—1F1ry+Fri, =d1

Ro  no no
(2 Tj1 e in N7 i W\ Tin
T 70 3TN VD D e U
do=1j1=1  Jno=fng—1+1rj +Frj,, =do
Let n’ = ny + ny and R = max{R, Rz}, then for any A € R,

n/

R n
R R <R I DD DD S A A A
d=1ki=1 kn=kn,_1+1 7'k1+"'+7'kn =d
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where the weights nglk:k" are changed accordingly. For instance, if all k,, < nq, then

W,:flk:k" =W , corresponding to the weights in the output ;ﬁ,g,l). Similarly, let

TigseTing

7;1,---7'Ln1
R = R; + R», then
R n n’

d=1ki=1  kn=kn_1+1rg, +fry,=d
where W;flk:k” are changed accordingly. Therefore, g),(gl) + )\@,(62) and g),(j)g,(f) again have

the same form as the right hand side of the multivariate polynomial readout function ([3.5)).

Furthermore, the QRC implementing gj,(cl) + /\Q,(f) and gj,g,l) gj,(f) is governed by TW @ T3,

again of the form (3.4). Since the two QRCs governed by T (M and T® respectively are
non-interacting and are always initialized in a product state, hence the QRC governed by

TW @ T3 is uniformly convergent.

Finally, since sums and products of w-fading memory functionals is also w-fading memory,

it follows that F forms a polynomial algebra of w-fading memory functionals. O

3.2.3 Separation of points

Consider a family of uniformly convergent QRCs described by (3.4) and (3.5)) satisfying
the conditions in Lemma Let F = {Fr} be the induced family of functionals. To
show that the family F separates points of [0,1]%~, we state the following lemma whose

proof can be found in [106, Theorem 3.2].

Lemma 3.6. Let f(0) = 3272 z;607 be a non-constant real power series, having a non-zero
radius of convergence. If f(0) = 0, then there exists 5 > 0 such that f(0) # 0 for all 6
with |0] < 5 and 6 # 0.

Lemma 3.7 (Separation of points). Consider a family of uniformly convergent QRC's
described by (3.4) and (3.5)) satisfying the conditions in Lemma . Their induce a family
of functionals F = {Fr,,} separates points of [0,1]%-.

Proof. Consider a single-qubit QRC with a single subsystem and a linear readout function

(n=1,Ngy = 1,R = 1) governed by (3.4), interacting with a single ancilla qubit. Order
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an orthogonal basis of £(C?) as B = {I,Z, X,Y}. Recall that the normal representations

of a CPTP map T and a density operator p are given by [43]

7, TBTE) L TB)

where B; € B. Without loss of generality, let 7 = 1 and set J{l’jQ =J e R for all 1,72 in
the Hamiltonian given by (3.3). We obtain the normal representation of the CPTP map

1 0 0 0

Tuy) = sin?(2J)(2u — 1) cos?(2J) 0 0
0 0 cos(2J) cos(2at)  — cos(2J) sin(2a)
0 0 cos(2J)sin(2a)  cos(2J) cos(2a)

When restricted to the hyperplane of traceless Hermitian operators,

cos?(2J) 0 0
Tlro(2) = 0 cos(2J) cos(2a)  — cos(2J) sin(2a)
0 cos(2J)sin(2a)  cos(2J) cos(2a)

with HT|H°(2)H2—2 = Omax(T|py(2)) = |cos(2J)|. Here, ||-[|o_5 is the matrix 2-norm and
Omax(+) is the maximum singular value. Choose J # ZF for z € Z, then |cos(2J)| <
1 — e for some € € (0,1]. By Lemma this QRC is uniformly 7cﬂonvergent and we
choose an arbitrary initial density operator p_., = (1 /2 1/2 0 0) , corresponding to
P—oo = |0)(0]. Only taking the expectation (Z) in the output by setting the degree
R =1, then this QRC induces a functional Frj(u) = W [(ﬁj@’iOT(u_j)) ﬁ_OOL + C, for
all u € [0,1)%-. Here, W € R is the readout parameter and [-] refers to the second element
of the vector, corresponding to (Z) given the order of the orthogonal basis elements in B.
Choose W # 0. Given two input sequences u # v in [0, 1]%~, consider two cases:

(i) If ug # vo, choose J = T such that cos?(2J) = 0 and sin?(2J) = 1. Then
Frp(u) — Frp(v) = W(ug — vo) # 0.
(ii) If up = vo, we have Frj(u) — Frp(v) = Wsin?(2J) 2720 (cosQ(QJ))j (u—j —v_j).
Let 6 = cos?(2J), then given our choice of J, we have 0 < § < 1 — € and sin?(2J) > e for

some € > 0. Consider the power series f(0) = >>72 609 (u_; —v_j), since |lu_; —v_;| <1,
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f(6) has a non-zero radius of convergence R such that (—1,1) C R. Moreover, f(6) is

non-constant and f(0) = 0. The separation of points follows from invoking Lemmal[3.6] [

3.3 Numerical experiments

We demonstrate the performance of the universal class introduced above. We focus on
single subsystem (N = 1) with system qubits n = {2,3,4,5,6}, and denote this subclass
as SA. We will drop the subsystem index K from now on. We introduce S > 0 such that
the Hamiltonian parameters J7172/S, a/S = 0.5 and 78 = 1 in are dimensionless.
As in [54], we randomly choose J71+/2/S from [—1,1] and test the uniform convergence
property by checking if 50 initial density operators converge in 500 timesteps under an
input. Input u = {uy}, with each uj randomly uniformly chosen from [0, 0.2], is applied to
all tasks. We apply multitasking, in which the expectations (Z (i)) i for all k are recorded
once, while the output weights in are optimized independently for each task.

Three tasks are presented here. The first task is LRPO [26,102],

rp = Axp_1 + cup
Yk = ﬁ(xk:)a

where h is chosen to be a degree two multivariate polynomial, whose coeflicients are ran-
domly chosen from [—0.1,0.1]. We set A to be a diagonal block matrix A = diag(A;, A, As),
where A1, Ay and As are 200 x 200, 500 x 500 and 700 x 700 real matrices, respec-
tively. In this setting, each linear reservoir defined by A; evolves independently, while
the output of the LRPO depends on all state elements z;, € R™%. Elements of A;
(1 =1,2,3) are randomly chosen from [0,4]. After randomly choosing elements of A;, let
Omax(A;) be the maximum singular value of A;. We linearly re-scale each element of A;
by A = Ai/omax(Ai) x 0.9 and use these re-scaled A} in the numerical examples. This

ensures the uniform convergence and fading memory properties of the LRPO system [26].

The next two tasks test SA to emulate systems that do not strictly implement fading
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memory maps as defined here. We simulate a missile [107] using ‘ode45’ in MATLAB [108],

i1 = x9 — 0.1cos(z1) (51 — 423 + 23) — 0.5 cos(z1) @
ig = —65z1 + 5025 — 1527 — 19 — 1004

where y = x5 is the output, with a sampling time of 4 x 10™%s for 1s and zero initial
condition. We make a change of variable & = 5u—0.5 so that the input range is the same as
in [107]. The NARMA models are often used to benchmark learning algorithms. NARMA

models depend on its time-lagged outputs and inputs, specified by a delay TnarMA,

TNARMA —1

Yr = 0.3yk—1 + 0.05yx—1 ( > yk—j—l) + LOUk—ryapma Uk + -
=0

We consider Tnarma = {15,20,30,40}. For 7narma = {15,20}, we set v = 0.1. For

TNARMA = {30,401}, v is set to be 0.05 and 0.04 respectively.

Initial conditions of SA and all tasks are washed-out with 500 timesteps, followed by 1000
training timesteps, where output weights are optimized via ordinary least squares. We
associate the output weights C' and VVZ;”MTZ" in (3.5) with computational nodes. While
the number of computational nodes for SA can be chosen arbitrarily by varying the degree
R in the output, the state-space size of SA is 4. This state-space size corresponds to
the number of real variables to describe the system density operator. Since the density

operator has unity trace, only up to at most 4™ — 1 of these nodes are linearly independent.

We compare the SA performance with the ESN’s and the Volterra series’s. An ESN with
state-space size m (Em) is given by [109]

xy, = tanh(W,xp_1 + Wjug) (3.11)

O = W, xp + we,
where 73, € R™ and W, € R™, w, € R are output weights and tanh(-) is an element-wise
operation. The number of computational nodes is m + 1. Elements of W,. are uniformly
randomly chosen from [—2,2] with opmax(W;) < 1 to ensure the uniform convergence
and the fading memory properties. The Volterra series with kernel order o and memory p

(Vo,p) is gx = ho+>.0_4 Z?l_l =0 h‘gl"" T, ug—j, [102]. The number of computational
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P —p +1. We analyze the performance of all schemes using 1000 evaluation data

nodes is T

and the normalized mean-squared error

2500 2500 ] 2500 2
NMSE = Z |Gk — yil*/ Z Y~ 1000 Z Yk|
k=1501 k=1501 k=1501

where y is the target output and ¥ is the approximated output. For each task and each

n, NMSEs of 100 convergent SA samples and ESNs are averaged for analysis.

The average NMSE for ESNs is obtained as in [54] to reflect the average ESN task per-
formance over different choices of reservoir parameters. Let S denote the set of 10 points
evenly spaced between [0.01,0.99]. For each state-space size m and each of 100 ESNs, we
linearly re-scale elements of W, as for LRPO so that oyax(W,) = s for all s € S. For
each s, the elements of W; are randomly chosen within [—d, 4], where § is chosen from the
set Z of 10 points evenly spaced between [0.01,1]. Now, for the i-th (i = 1,...,100) ESN
with parameter (m, s,d), its NMSE is NMSE,, 5. For each m, the average NMSE is

ﬁ%lﬁlo ZSES 2561 Zzlg(i NMSE(m,s,(S,i)'

3.3.1 Overview of SA performance

We present an overview of SA performance in the LRPO, Missile, NARMA15 and NARMA20
tasks. The degree of the multivariate polynomial output is R = 1. Fig. shows
the typical SA outputs during the evaluation phase. It is observed that as the number of
system qubits n increases, the SA outputs better approximate the target outputs. This is

quantitatively shown in Fig. [3.2] which plots the average SA NMSE as n increases.

From Fig. 3:2] SA with a small number of computational nodes performs comparably as
ESNs and the Volterra series with a large number of computational nodes. The average
NMSE of 6-qubit SA with 7 computational nodes is comparable to the average NMSE of
E100 with 101 computational nodes in the LRPO task. On average, 5-qubit SA with 6
computational nodes performs better than V2,22 with 504 computational nodes in the
Missile task. Similar observations hold for the NARMA tasks. Our results are similar

to the performance of the QRCs with time multiplexing reported in [54]. However, for
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Figure 3.1: Typical SA outputs during the evaluation phase, for the (a) LRPO, (b) Missile
(c) NARMA15 and (d) NARMAZ20 tasks. The leftmost, middle and rightmost panels show
the outputs for timesteps 1501-1530, 2001-2030 and 2471-2500, respectively.
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Figure 3.2: Average SA NMSE for the (a) LRPO, (b) Missile, (c) NARMA15 and (d)
NARMA20 tasks, the error bars represent the standard error. For comparison, horizon-
tal dashed lines labeled with ‘Em’ indicate the average performance of ESNs with m
computational nodes, and horizontal dot-dashed lines labeled with ‘Vo,p’ indicates the
performance of Volterra series with kernel order o and memory p. Overlapping dashed
and dot-dashed lines are represented as dashed lines.
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the small number of qubits investigated, the rate of decrease in the average NMSE is
approximately linear despite the dimension of the Hilbert space increases exponentially as
n increases. For the NARMA tasks, the average NMSEs for 2-qubit and 6-qubit SA are
of the same order of magnitude. This suggests that a larger number of additional system

qubits is required to substantially reduce the SA error.

3.3.2 SA performance under noise

We further investigate the feasibility of SA under dephasing, and GAD channel; also
see [43, Chapter 8] and Sec. We simulate the noise using the Trotter-Suzuki formula
[57,[110], in which we divide 75 = 1 into §; = 7.5/50, and alternatively apply the unitary
interaction and each noise on system and ancilla qubits with noise strength /S, each for
a duration of ;. We set v/S = {107%,1073,1072}, which are experimentally feasible for

NMR ensembles |111] and some current superconducting machines [112].

_225s —22s . .
The dephasing noise gives rise to the evolution p — ¢ 5 i p+1=¢ 5 5 Z@ pz0) for the

j—th qubit. The GAD channel gives rise to the evolution p — Z?:o M l(j ) p(M l(j ))T for the
j—th qubit, where Ml(j) = Ml(j)(%, A) (1=0,1,2,3) acts on the j—th qubit and

1 0 0
Mo =V , Mo = VA VP ;
0 VI=p 0 0

1 — 0 0 O
PO v =via ,

0 1 N

M= VI—a

with /1 —p = e 25% and VP =\1- e 5% We investigate the SA task performance
for A = {0.2,0.4,0.6,0.8,1}. When A = 1, we recover the decaying noise which takes a

state into the ground state |0)(0| in the long time limit.

Fig. plots the average SA NMSE under the dephasing, decaying and GAD with A =
{0.4,0.6} for all noise strengths. Fig. indicates that for /S = {10™*, 1073}, all noise

types do not significantly degrade SA task performance. However, the impact of the noise
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Figure 3.3: Average SA NMSE under decoherence. Error bars represent standard errors.

strength /S = 1072 is more pronounced, particularly for a larger number of system

qubits. The same observations hold for GAD with A\ = {0.2,0.8}.

SA is impacted by the decaying noise and the GAD channel since the expectations (Z ( )) k
in the output depend on the diagonal elements of the system density operator, which are
affected by both noise. However, SA is also affected by the dephasing noise, which does
not change the diagonal elements. A possible explanation is that the off-diagonal elements
of the density operator become smaller and the density operator looks more like a classical
probability distribution. Alternatively, this could be viewed as the off-diagonal elements
contributing less to the overall computation. To support this explanation, for each n, we
average the sum of the complex modulus of off-diagonal elements in the system density

operator for the 100 n-qubit SA samples simulated above; see Fig.
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Fig. shows that as A/S increases, the average sum decreases, particularly for /S =
1072. Similar trends are observed for the GAD channel for all A chosen, and the trend
persists as the timestep increases to 2500. This further indicates that although the output
of SA depends solely on the diagonal elements of the system density operator, nonzero off-
diagonal elements play a role in the SA emulation performance. This provides a plausible
explanation for the improved performance achieved by increasing the number of qubits,
thereby increasing Hilbert space size and the number of non-zero off-diagonal elements.

Further investigation into this topic is presented in Sec. [3.3.4
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Figure 3.4: Average sum of complex modulus of off-diagonal elements in the system density
operator for timesteps 1501-1550, under the (a) dephasing noise, (b) decaying noise, (c)
GAD with A = 0.4 and (d) GAD with A = 0.6. Row n — 1 corresponds the n-qubit SA.

3.3.3 Effect of different input encodings

Our proposed universal class encodes the input u; € [0,1] into the mixed state p;, ; =
ug|0)(0] + (1 — ug)[1)(1]. Other input encoding possibilities include the pure state p;, , =

(v/r]0) + /T = ugl 1)) (y/ur (0] + /T = ug(1]) used in the QRC model [54], the phase p;, ; =

2(10) + e~ |1))((0] + €™ (1]), and non-orthogonal basis state p;, x = ug|0)(0]+ 5% (|0) +
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11))((0] 4 (1]). We denote these encodings as mixed, pure, phase and non-orthogonal. For

the last three encodings, the universality of the associated QRCs has not been proven.

For all encodings, the Hamiltonian parameters are sampled from the same uniform dis-
tribution, and we choose the resulting uniformly convergent QRCs. We again test the
uniform convergence property by checking if 50 random initial density operators converge
to the same density operator in 500 timesteps. The number of system qubits and the
number of computational nodes for all encodings are the same. We average the NMSEs
of 100 uniformly convergent QRCs for each encoding. Fig. shows that for all tasks,
the mixed state encoding performs better than other encodings on average. However, the
average NMSE for different input encodings for all computational tasks are of the same
order of magnitude. Moreover, as the number of system qubits increases, the errors of
different input encodings decrease at roughly the same rate. This comparison indicates

that the effect of different input encodings on the learning performance is not significant.
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Figure 3.5: Average NMSE for different input encodings, for the (a) LRPO, (b) Missile
(¢) NARMAL15 and (d) NARMA20 tasks. Error bars represent standard errors.

3.3.4 Further comparison with ESNs

Our numerical results so far and both suggest that QRCs with a small number of
qubits achieve comparable performance to classical RCs with a large number of computa-
tional nodes. However, these comparisons do not address quantum system’s exponential
state-space size. One can also increase the state-space size of ESNs and the number of

computational nodes of SA, such that the state-space size and the number of computa-
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Table 3.1: Average 4-qubit SA and E256 NMSE for the LRPO, Missile, NARMA15,
NARMA20, NARMA30 and NARMA40 tasks. Results are rounded to two significant
figures. The notation (£ se) denotes the standard error.

Task SA NMSE (£ se) E256 NMSE (+ se)

LRPO 0204+1.5x1072 0.019+7.7x 1074
Missile 0484+22x10"2 0.49+3.3x103
NARMA15 0.61+80x10"3 0.32+1.6x10™*
NARMA20 0.68+1.0x 1072 0.67+32x107*
NARMA30 0.67+71x1073 0.67+4.0x 1074
NARMA40 0.64+53x1073  0.66+59x 10~*

tional nodes are similar for both models. Here we present a further comparison between

the SA model and ESNs, and provide insights on the possible advantage the SA model.

We focus on 4-qubit SA with a state-space size of 256 and 210 computational nodes (by
setting R = 6 in (3.5))). We compare this 4-qubit SA model’s average performance with
the average E256 task performance. The number of computational nodes for K256 is 257
and the average NMSE of 100 convergent E256s is reported. As shown in Table for the
Missile and all the NARMA tasks, the average NMSEs for both models are of the same
order of magnitude, while E256 outperforms SA in the LRPO task. This comparison
suggests that when the state-space size and the number of computational nodes for both

models are similar, ESNs can outperform the SA model.

We further investigate under what scenario SA may perform better. We observe that
while the number of computational nodes is kept constant, increasing the state-space size
of SA induces an improvement. To demonstrate this, NMSEs of 100 4-, 5- and 6-qubit
SA samples are averaged for analysis. For each n-qubit SA, we vary its output degree R
such that its number of computational nodes ranges from 5 to 252. The chosen degrees
for 4-qubit SA are Ry = {1,...,6}, for 5-qubit are R5 = {1,...,5}, and for 6-qubit SA
are Rg = {1,...,4}. For comparison, we simulate 100 convergent ESNs with reservoir
size 256 to perform the same tasks. For n-qubit SA, let N, (n = 4,5,6) denote the
numbers of computational nodes corresponding to its output degrees R,. The number of

computational nodes C for E256 is set to be in Ny UN5UNg. We first optimize 257 output
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weights for E256 via standard least squares during the training phase. When C < 257 for
E256, we select C — 1 computational nodes (excluding the tunable constant output weight)
with the largest absolute values and their corresponding state elements. These C — 1 state
elements are used to re-optimize C computational nodes (including the tunable constant
output weight) via standard least squares. During the evaluation phase, 256 state elements

evolve, only C — 1 state elements and C output weights are used to compute the output.
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Figure 3.6: Average SA NMSE as the state-space size and the number of computational
nodes vary for all computational tasks. The average NMSE for E256 with the same number
of computational nodes is plotted for comparison. The data symbols obscure the error
bars, which represent the standard error

Fig. [3:6] plots the 4-, 5-, and 6-qubit SA average NMSE as the number of computational
nodes increases. Two important observations are that increasing the number of compu-
tational nodes does not necessarily improve SA task performance, while increasing the
state-space size induces a noticeable improvement. For most tasks, despite 4-qubit SA

might perform worse than E256, increasing the state-space size allows SA to outperform
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Figure 3.7: Average ESNs NMSE as the state-space size and the number of computational
nodes vary for all computational tasks. The data symbols obscure the error bars, which
represent the standard error

E256, without extensively increasing its number of computational nodes.

In contrary, increasing the state-space size of ESNs while keeping the number of compu-
tational nodes fixed does not induce a significant computational improvement. To nu-
merically demonstrate this, the state-space size of ESNs is further increased to {300, 400,
500}, whose number of computational nodes is set to be the same as E256’s. These com-
putational nodes are chosen and optimized as above for E256. We average the NMSEs of
100 convergent ESNs for each reservoir size. As shown in Fig. noticeable performance
improvements for ESNs are observed as the number of computational nodes increases, but
not as the state-space size varies. For the NARMA30 and NARMAA40 tasks, the error in-

creases as the number of computational nodes increases. This could be due to overfitting,
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occurs when too many adjustable parameters are trained on limited training data [113].
On the other hand, this observation is less significant for SA. It would be interesting to

conduct further investigation into this behavior in future work.

The above observations have several implications. To improve the SA performance, one
can increase state-space size while only optimizing a polynomial number of computational
nodes. In contrary, enhancing emulation performance of ESNs requires more computa-
tional nodes and hence a larger state-space size. In the situation where the state-space
increases beyond what classical computers can simulate with reasonable resources (such as
memory), the ESN performance saturates, whereas the SA performance could be further
improved by increasing the number of qubits in a linear fashion. To further test this hy-
pothesis, the SA performance would need to be evaluated for a larger number of qubits on
a physical quantum system. A possible hardware implementation is on NMR ensembles
as suggested in [54]. Motivated by the availability of NISQ machines, a quantum circuit
implementation of the QRC would also be attractive. This will be the topic for Chapter

3.4 Conclusion and outlook

We have developed a general theory for learning nonlinear I/O maps with fading memory
using QRCs implemented by dissipative quantum systems. This theory allows dissipative
quantum systems (that meet certain requirements but is otherwise arbitrary) to be com-
bined with a classical processor to learn I/O maps. We apply the theory to demonstrate

a universal class of dissipative quantum systems implemented by Ising Hamiltonians.

Numerical examples suggest that with a small number of qubits and a linear output,
this class can achieve comparable performance, in terms of the average normalized mean-
squared error, to ESNs and the Volterra series with a large number of parameters. More-
over, numerical results indicate that increasing QRC state-space size while fixing the num-
ber of computational nodes can improve performance on some tasks, whereas increasing

the ESN state-space size while fixing the computational nodes does not lead to noticeable
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improvement. This suggests that the possibly large Hilbert space of the quantum system
presents a potential resource in this approach, particularly for state-space sizes beyond
what can be simulated on a digital computer. To investigate this hypothesis, the scheme
would need to be tested for a larger number of qubits on a quantum hardware. In the
next chapter, we introduce a universal class of QRCs that can be implemented on current

NISQ devices, paving a path towards larger-scale experiments in the future.
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Chapter 4

Gate-model quantum reservoir

computers

Motivated by the increasing availability of NISQ devices, we propose a gate-model QRC
for temporal information processing on NISQ quantum computers. The use of quantum
systems as QRCs was initially proposed in [54] to harness disordered-ensemble quantum
dynamics for temporal information processing. This scheme is suitable for ensemble quan-
tum systems such as NMR [56]. However, it remained an open problem to show this QRC
class is universal. In the previous chapter, we address this problem by demonstrating that
a variation of the scheme proposed in [54] is universal for nonlinear fading memory maps.
However, realizing these previous QRC proposals on gate-model NISQ machines remains
challenging due to the large number of quantum gates required to implement the dynamics

via Trotterization [57].

This chapter is based on the publications [114] and |115]. The contribution of this chapter

is twofold:

e We propose a class of QRCs endowed with the fading memory and universality
properties that is not necessarily implemented by Ising Hamiltonians, circumventing

the need for Trotterization required in previous proposals.
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e We propose a realization of a subclass of the universal QRC class on NISQ devices
and present proof-of-principle experiments on remotely accessed IBM superconduct-
ing quantum processors [44], i.e., NISQ devices not yet equipped with quantum error

correction.

The QRC dynamics in this subclass can be implemented using arbitrary but fixed quan-
tum circuits, as long as they generate non-trivial dynamics. This could be, for instance,
quantum circuits that are classically intractable to simulate. The quantum circuits can
be of short lengths and can be implemented using single-qubit and multi-qubit quantum
gates native to the quantum hardware, without the need for precise tuning of their gate
parameters. Our proof-of-principle experiments show that QRCs with a small number of
noisy qubits can tackle nonlinear temporal tasks, even under current hardware limitations
and in the absence of readout and process error mitigation techniques. This work serves
as a theoretical and experimental realization of applying near-term gate-model quantum
computers to nonlinear temporal information processing tasks, opening an avenue for time

series modeling and signal processing applications of these devices.

This chapter is organized as follows. Sec. presents our QRC proposal and the universal-
ity result. In Sec. we then propose a subclass of the universal class suitable for imple-
mentation on current noisy gate-model quantum computers. Sec.[d.3]details two hardware
realizations of the aforementioned subclass of the universal class and presents more effi-
cient versions of both schemes. These efficient schemes could enable QRC’s potential for
more scalable temporal processing on gate-model quantum devices. Sec. [£.4] details our
proof-of-principle experiments performed on cloud-based IBM superconducting quantum
devices. We then discuss some future directions in Sec. Lastly, concluding remarks

are provided in Sec. [£.6] Detailed experimental settings are provided in Appendix [A]
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4.1 A universal class of QRCs

As in the previous chapter, we consider a QRC consists of Ng non-interacting subsystems
initialized in a product state, each subsystem K has nx number of qubits so that the
QRC has n = 2%21 nx qubits. The QRC’s system density operator pi at time k evolves
according to

pr = T(ug)pr— 1—®T (uk) pk 17 (4.1)

(K)

and the K-th subsystem density operator p,’ undergoes the evolution
T (ug) o) = (1= exe) (w5 + (1= ) 1) i) + excore, (42)

for input ug € [0,1]. Here, ex € (0, 1], ok is an arbitrary but fixed density operator, and
T éK) and T: 1(K) are two arbitrary but fixed CPTP maps. Examples of such maps include
some naturally occurring quantum noise channels such as dephasing or GAD channels
discussed in Sec. No precise tuning or engineering of the CPTP maps TéK),Tl(K) is
required for the QRC scheme and it should not generate trivial dynamics (e.g., we should

not choose T(K) = TI(K)).

The QRC governed by (4.1)—(4.2]) is 1-uniformly convergent as shown in the following

lemma.

Lemma 4.1 (Uniformly convergent). The QRC governed by (4.1) and (4.2)) is 1-uniformly

convergent with respect to inputs [0, 1]%.

Proof. We first show that each subsystem governed by (4.2]) is 1-uniformly convergent.

For any density operators p,o € D(2"K), u, € [0,1] and ex € (0,1], we have

IO ) (o = o)l = (1= exc) || (kTS + (1 = u)T{0) (0= )|

< (I —ex)llp—olli <2(1 - ex),

! (4.3)
where the last inequality follows from [43, Theorem 9.2] and the convex combination

ukTéK) + (1 —ug)T I(K) is again a CPTP map. Applying Theorem in Chapter |2[ shows

that each subsystem is 1—uniformly convergent.
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4.1. A UNIVERSAL CLASS OF QRCS

Since the N4 subsystems are non-interacting and the QRC is always initialized in a product

state, the QRC governed by (4.1))—(4.2)) is 1—uniformly convergent. O

In this chapter, we only consider 1—uniformly convergent QRCs and will drop the prefix ‘1’
from now on. We again specify the multivariate polynomial readout function (4.4)) for the
QRC introduced above. This is the same readout function as in the previous chapter; see

(3.5). A simple linear form (R = 1) will be employed in our proof-of-principle experiments
in Sec. [4.4]

U = h(pr)
n (4.4)

R n n
=C+ Z Z Z ... Z Z W:,l’,z;% <Z(11)>2i1 . <Z(zn)>7l;in

d=1i1=143=01+1 in=tnp—1+1 T¢1+---+T'in=d

Recall from Sec. that (4.1) and (4.4]) define a QRC implementing an I/O map Mrp,.
This I/O map depends on the QRC dynamics T' and the readout function h. We now

show that M7 has the fading memory property.

Lemma 4.2 (Fading memory). For any null sequence w, Mt j, induced by a QRC described

by (4.1) and (4.4) is w-fading memory.

Proof. Using the same argument in Lemma in Chapter [3] it follows that My, is w-
fading memory if each K-th subsystem dynamics 7%) (ug) is uniformly continuous with
respect to the inputs ug € [0,1] for all K =1,..., Ns. Let 2,y € [0,1] and A € CZ"*x2"¥,
|70 (@) = T () 11 = sup |(T5) (@) = 15 () 4|
AeC2" K x2"K 14|l =1

K K
= (1= ex)le —y| sup |75 () - T )|
AeCH 2K A1 =1

<=l (|5, + 1)

1

<2(1 —ex)lz —yl,

where the last inequality follows from [105, Theorem 2.1]. We remark that Lemma in
Chapter [3] is stated with respect to the Schatten—2 norm, but the same argument holds
for the Schatten—1 norm. O
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For any null sequence w, consider the class M,, of w-fading memory maps Mr . These w-
fading memory maps may be implemented by QRCs with different number of subsystems
Ng and number of qubits n. They may also be implemented by QRCs with different
readout parameters and readout degree R. Our main result shows that the class M,, is

universal for approximating nonlinear w-fading memory maps.

Theorem 4.1 (Universality). Let w be any null sequence. For any nonlinear w-fading

memory map M, and any 6 > 0, there exists Mr; € M, implemented by some QRC
described by ([(@.1) and (4.4) such that for allu € [0,1)%, supyeq | M (u)| — My p(u)|i| < 6.

Proof. We employ the Stone-Weierstrass Theorem [3.1] as in Chapter 8] We have shown
the uniform convergence in Lemma and the fading memory property in Lemma
Let F, = {Fr} be the corresponding induced family of w-fading memory functionals. It
remains to show that F forms a polynomial algebra consisting of w-fading memory maps

and it separates points.

The family F, forms a polynomial algebra follows from Lemma in Chapter [3] and
the observation that for any two QRC dynamics T} (ux) = %321 Tl(K)(ul) and Th(u;) =
®£fil TQ(k)(ul), where each Tl(K),TQ(K) has the form , we again have T'(ug)(p1 ® p2) =
T (uk)p1 ® To(ug)ps is of the form (4.1)). Furthermore, T'(ux) = T1(ux) ® To(uy) is again
uniformly convergent when initialized in a product state. Therefore, F,, forms a polyno-

mial algebra consisting of w-fading memory maps.

Constant functions can be obtained by setting I/Vl:”lnn" = 0in (4.4). It remains to show

that F,, separates points. We proceed similarly to Chapter [3]

Consider a single-qubit QRC with a linear readout function (n = 1, R = 1, Ny = 1). For
the rest of this proof, we drop the subsystem index K. This QRC consists of one system

qubit and one ancilla qubit denoted as p,. Choose the dynamics

pr = T (ur)pr—1

=(1-¢) (Uk:Tra (e_iH(Pk—1 ® pg)eiH> + (1 — ug)Tr, (e_iH(pk—l ® P}l)eiH» +eKy,
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where pJ = |j)(j| for j = 0,1, Tr, denotes the partial trace over ancilla p, and € € (0, 1).
The map K% is a CPTP map defined as Ké(X) = Tr(X)L for any X € C*2. The
Hamiltonian H is of the Ising type H = J(XO XM 4+ yOy 1) 4 0‘2}:0 7z, where
X,y and ZU) are the Pauli X,Y and Z operators on qubit j, with j = 0 being the

ancilla qubit.

We order an orthogonal basis for C2*2 as {I, Z, X, Y}. The matrix representation of the
above CPTP map is

T (ug) = |00){00]

0 0 0 0
sin U — coS 4.5
-0 22J)(2u — 1) cos?(2J) 0 0 (4.5)
0 0 cos(2J) cos(2a)) — cos(2J) sin(2a)
0 0 cos(2J)sin(2a)  cos(2J) cos(2a)

Since the QRC is uniformly convergent, we can choose any initial condition p_., = |0)(0|
with the corresponding vector representation p., = % <1 1 0 0) . Taking a linear
readout function, the QRC implements Frp(u) = 2W [(ﬁ?’;OT(U_jD ﬁ_ooh + C, where

[-]2 is the second element of the vector corresponding to (Z). Furthermore, choose W # 0.

Now given two distinct inputs u,v € [0,1]%~, suppose that ug # vg. Then choose .J such

that cos?(2J) = 0, then Frp(u)o — Fru(v)o = 2W(1 — €)(ug — vo) # 0.

Suppose that uy = vg. Choose € € (0,1) and J such that (1 — €)cos?(2J) € (0,1 — e).
Then Fr(u)o — Frp(v)o = 2Wsin?(2J)(1 — €) 352, ((1 —¢) cosz(2J))j (u—j —v_j).

The above is a power series of the form f(0) = 2W sin?(2J)(1—¢) 720 09 (u_;—v_j), where
f(6) has a nonzero radius of convergence and is non-constant since § = (1 — €) cos?(2J) €
(0,1 —¢) and (1 —€)sin?(2J) € (0,1 — ¢). Furthermore, since we assume that ug = vg, we
have f(0) = 0. Invoking [106, Theorem 3.2], there exists 8 > 0 such that f(#) # 0 for all
0] < 38,0 # 0. This concludes the proof for separation of points. The universality of M,

now follows from the Stone-Weierstrass Theorem. O

Besides the universality property, our proposed universal QRC class exhibits invariance
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properties under certain hardware imperfections; see Sec. below.

4.1.1 Invariance under certain noise

The universal family of QRCs is invariant and remains universal under certain stationary
Markovian noise processes modeled by CPTP maps. The K-th subsystem’s dynamics
(4.2) during some time interval 7(k — 1) < ¢t < 7k, where k is the time step and 7 > 0, is

A = (1= exe) (T o T + (1 — ) T o 1)) ) 4 e T (1),

where 7)o T].(K) is again some CPTP for j = 0,1 and 75 (o) = o) is again some
fixed density operator. The resulting noisy dynamics again has the form (4.2)) and the
form of QRC dynamics (4.1]) also remains unchanged. That is, the universal family is

invariant and remains universal under such stationary Markovian noise processes.

Such a noise model is the noise model adopted in the IBM Qiskit simulator |116]. The
Qiskit noisy simulation approximates the hardware noise as a CPTP map being applied
after the application of a unitary gate. The noise parameters are estimated during periodic
calibrations on the hardware. Between two calibrations, the calibrated noise parameters
remain unchanged. However, during the experiments, the underlying hardware noise could
potentially be time-varying. Considering these factors, the agreement between our exper-
imental and Qiskit noisy simulation results (see Appendix for the data) indicate the
underlying hardware noise approximately preserves the QRC dynamics of the form (4.1))
during the experiments. If the underlying noise is non-stationary but changes slowly, the
QRC output weights can be re-trained periodically using most recently gathered data.
This remains challenging to demonstrate on current cloud-accessed NISQ devices but may

be possible on future NISQ machines.

Furthermore, QRC predicted outputs remain unchanged under time-invariant readout er-
ror whenever a linear readout function is used (i.e., R = 1 in (4.4)), which is often employed
in practice and in our proof-of-principle experiments). This is because time-invariant read-

out error introduces a time-invariant linear transformation of the measurement data and
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DEVICES

Pi—1
Ao | o oo T swiT ol
p(w) ! : ll
ok { sw
Per 1

Figure 4.1: Quantum circuit interpretation of the QRC subclass described in Sec.
(K)

Here p; "1 and o are two quantum registers (i.e., groups of qubits) whereas p(uy) and
t
Pey are two single-qubit states. The unitaries Ul(K), UéK) act on p,(ff)l, controlled by p(ug).

The right-most operation (SW’s) swaps the states of ﬁgf)l and o, controlled by pe, .

T . . . . .
L " and C' are optimized via linear regression, the resulting
IR

Tiqseees

when the output weights W;
QRC predicted outputs g remain unchanged; see Appendix [A.] for the derivation.

4.2 A subclass implementable on noisy gate-model quantum

devices

With a limited number of qubits and current hardware restrictions, not all QRC dynamics
of the form (4.1)—(4.2) can be efficiently implemented. Here we describe a subclass of the

above universal QRC class implementable on current gate-model NISQ devices.

QRCs in this subclass are governed by (4.1)—(4.2) with unitary evolutions Tj(K) (p,(ff)l) =

U](K)p,(ff)lUJ(»K)T (j = 0,1), where the unitaries U((]K) and Ul(K) are arbitrary but fixed.

In practice, UJ(K) can be implemented by native quantum gates of the NISQ devices,
possibly composed of single-qubit and multi-qubit gates each parameterized by some gate

parameter. These gate parameters can be chosen arbitrarily but fixed and should not

UéK) = 1(K)), thus precise tuning of
these parameters is not required. In Sec. we suggest some natural choices of U](K)

generate trivial dynamics (e.g., we should not have

tailored for the cloud-based IBM quantum devices [44]. The QRC dynamics in this subclass

has a natural quantum circuit interpretation, see Fig.
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In Fig. the state p(ug) encodes the input uy as a classical mixture p(uy) = ug|0)(0] +
K () ()T

(1 — ug)|1)(1], meaning that we apply Uy p;_1Up with probability up, and apply
t t t t
U U U oI o U Ul = o U™ with probability 1 — . Let py )

denote the QRC’s K-th subsystem state after these operations. The state p, is a classical
mixture pe, = (1 — €x)|0)(0] + ex|1)(1| that encodes the rate ex at which the K-th

subsystem forgets its initial conditions. That is, with probability e, the states ﬁgff)l and

o) are exchanged, equivalent to resetting the state pgff)l to the fixed density operator og;

otherwise the state ﬁ,(ff)l is unchanged with probability 1 — ex. We again associate the

readout function (4.4)) to this QRC subclass.

4.3 Realization of a subclass on current quantum hardware

We present two implementation schemes of the subclass in Sec. 1.2 on current gate-model
NISQ computers. The first scheme takes into account some current hardware limita-
tions, and the second scheme employs quantum non-demolition (QND) measurements to
substantially reduce the number of circuit runs required. We further show that QRC’s
uniform convergence property leads to more efficient versions of both schemes. A method
to efficiently obtain the QRC prediction as a function of the quantum expectation values

of non-commuting observables is also introduced.

4.3.1 Implementation schemes

Here, we focus on n-qubit QRCs with a single subsystem (N; = 1 in (4.1])) and drop the
subsystem index K in (4.2]). The case with multiple subsystems (Ng > 1) is a straightfor-
ward extension. We may choose o = |¢) (1| with an easy to prepare pure state |¢). In all

schemes, we initialize the QRC circuits in |0)®".

The first implementation is employed in our proof-of-principle experiments (see Sec. [4.4)).
We consider NISQ devices that only allow pure state preparation. Instead of realizing

Fig. that requires mixed state preparation, we implement QRCs through Monte Carlo
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sampling. We construct N, circuits, such that for each circuit and at each timestep
k, we apply Uy and U; with probabilities (1 — €)uy and (1 — €)(1 — ug), respectively;
otherwise the circuit is set in |¢)) with probability e. Therefore, for each N, circuits and
each time k, implementing the input-dependent QRC dynamics T'(ug) in amounts
to applying the gate sequence realizing Uy or Uy, or resetting the circuit in [¢)). As N,
is increased, the average of all measurements gives a more accurate estimate of the true
expectation <Z(i)>k in the output , see Appendix Furthermore, some current
NISQ devices do not allow qubit reset, meaning that once a qubit is measured, it cannot
be re-used for computation. To estimate (Z());, we re-initialize Ny, circuits in [0)%" and
re-apply T'(u;) from time [ = 1 to time [ = k, and only measuring Z® at the final time k.
Each of the N, circuits is run for S shots for each time k. To process a length-L input
sequence under the pure state and qubit re-set limitations requires N,,SL circuit runs and

NpS(1+---+ L) = NpS(L+ 1)L /2 applications of T'(uy).

If qubit reset is available, a more efficient scheme using QND measurements [117-120] can
be realized. QND measurements allow us to measure observables during the evolution
of a quantum system without increasing the uncertainty of the measurement outcomes.
More precisely, QND measurements can be defined as follows. Let K be a set of times (we
consider QND measurements in discrete-time here). At any time k € IC, we can choose to
measure some observable Oy, of a quantum system. Note that one can measure a different
observable at each time. Suppose that up to time k, the quantum system undergoes the
unitary evolution Uy. Let j(Of) = UII OyUy. Then a sequential measurement of {Og }rex
is said to be a QND measurement if the commutator [ji(Op), js(Os)] = 0 for all k, s € K.
A QND measurement {jx(Ox) trei is a well-defined classical stochastic process in the sense
that {jr, (Ok,), Jks (Oky), - - -, Jk,, (Ok,, ) } has a joint probability distribution for any n € Z>;
and any k1, ko, ..., k, € K. In particular, the process {jx(Ox) }rex has well-defined sample
paths. When a measurement is not QND, {jx(Op) }rex is not a classical stochastic process.
This process can be thought of as a genuine quantum stochastic process that cannot be
realized on some classical probability space. For an introduction to quantum stochastic
processes, see [121,/122]. In Appendix we detial this more efficient implementation

using QND measurements.
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Using QND measurements, we no longer need to re-run the N, circuits from time 1 to
estimate (Z();. Instead we just run each of the N,, circuits S shots, meaning that for
each circuit we perform a QND measurement of Z(9) at time k, continue running the circuit
until the next measurement, and so forth. QND measurements ensure information encoded
in pi is retained from one timestep to the next. This scheme requires N,,SL applications
of T(ug) but only N,,S circuit runs as opposed to N,,SL runs in the first scheme. Since
qubit reset was not available when our proof-of-experiments were conducted in 2019, we
employed the first implementation scheme. More recently, the qubit-reset functionality
has become available on some NISQ devices such as the Honeywell device [123] and the
IBM devices [124]. It will be interesting to implement this QND scheme in such a device

in the future.

The QRC’s uniform convergence property leads to more efficient versions of both schemes.
Let M > 1 be a fixed integer and suppose that we want to estimate (Z(*),, at a sufficiently
large timestep k (that depends on ¢). Suppose we initialize N, circuits in [0)®", re-
apply and re-run T'(u;) from [ = 1 as before. We then obtain the QRC states py_ps at
timestep k — M and pj at timestep k. Thanks to the uniform convergence property, we
can instead re-initialize the N, circuits in |[0)®" at timestep kK — M and from this time
onwards re-apply and re-run 7T'(u;) according to inputs {ux_ps41,...,ur}. At timestep
k, we have the corresponding QRC state p. By the uniform convergence property, we
can make the difference between p, and pi negligible by choosing M appropriately based

on €. If we perform repeated measurements on pi and g, the estimates of (Z (i)>k and

<ZA/(1)> r = Tr(ppZ®) will also be close; see Appendix for the analysis.

The uniform convergence property can be readily exploited on current NISQ machines,
leading to efficient versions of both schemes. The first scheme now requires N,,,SL circuit
runs but only N,,SM applications of T'(ug). The second scheme now only needs N,,S
circuit runs and N,,,SM applications of T'(ug), both are independent of the input length
L, enabling QRC’s potential for fast and scalable temporal processing. In all schemes, it is
possible and perhaps advantageous to set S = 1 and run N,, circuits for a sufficiently large

N,,. It is possible to run the N, circuits in parallel if multiple copies of the same hard-
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ware are available. The average of N, measurements estimates (Z()), whose estimation

accuracy increases as N, increases; see Appendix [A.2] for the analysis.

Lastly, we remark that it is possible and perhaps advantageous to set S = 1 in all schemes
and run N,, circuits (possibly in parallel if multiple copies of the same quantum hardware
are available), for a sufficiently large N,,. The average of N,, measurements at time k

estimates (Z (’)> &, With estimation accuracy increases as N, increases.

4.3.2 Unitary trick for efficient QRC predictions

As alluded to in the last chapter, a more general form of the output functional as a
multivariate polynomial in the variables (X®),, (Y®), and (ZW),(i = 1,...,n) can be
used as the QRC output. However, since these observables are non-commuting, we cannot
measure them simultaneously. Using the first implementation scheme above, we need to
prepare each of the N,, L circuits 3 times and perform a total of 3/V,;,SLn measurements.
Using the QND implementation scheme, we need to prepare each of the NV, circuits 3

times and perform a total of 3/V,,Sn measurements.

In this subsection, we present a unitary trick to obtain any linear combination of the form
D i1 2 M={X,V,2} WM(M®), efficiently. A crucial observation here is that a linear QRC
output (with R = 1) is a linear combination of expectations. Once we have optimized
and fixed the output weights WiM , we can form the linear combination as the QRC pre-
diction without obtaining the individual expectations (X®)z, (Y®), and (Z®),. Using
this trick, the first implementation scheme only requires preparation of the N, L circuits
once and N,,SLn measurements. The QND implementation only requires preparation of
the N, circuiits once and N,,,Sn measurements. That is, this trick allows us to increase
the number of observables in the QRC output without increasing the number of measure-
ments. We remark that when training the output weights, we still need to obtain the
individual expectations (X ®),, (Y@), and (Z("),. Hence, this trick should only be used

after training and fixing the output weights.
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The unitary trick exploits the fact that W7 Z® 4+ WYY ® 4 WX X0 = C’iViTZ @V;, where

G = W)+ (W) + (W2 )2,

(WX)2+(WY)? WX — WY
V, = Miy M;
wXe2+wr)2  wX-w} |’
M;o M;

M1 =\/2(C2 = WZCy),

Mo =1/ 2(012 + WIZCQ)

In particular, we can re-express V; as an arbitrary single-qubit rotational gate Us(6;, ¢i, A),

cos(0;/2) —eNisin(6/2)
ePisin(0;/2) e Pt cos(0;/2),

9 — ena—l [ VWD )2H(WE)? L R iy S | /AR W
where 6;/2 = cos < e >, ¢; = 0, and \; = —cos ( (WiX)2+(WiY)2> if

WY >0 and \; = cos™! ((WX)WZ(WY)?) if W < 0. The single-qubit gate (4.6) can

be implemented on current NISQ machines. We can now express the linear QRC output
by Gk = Yry Cemxyizy WMD), = S0, CiTe(V 2@ Vipy,). To estimate the linear
QRC output g, we can apply the single-qubit rotational gates (4.6) on each of the i-th

qubit before measuring all the qubits.

We remark that applying the rotational gates at each time step before measuring all
the qubits is equivalent to augmenting the QRC dynamics by the unitary ®;*;V;. That is,
the original QRC dynamics pgy1 = (1— e)(ukapkUg +(1—- uk)UlpkUlT) + eo is augmented
t0 prr = (@1, Vi) (1 = &) (wellopr(Uo)T + (1 = u)Urpr(U1)T) + 0 ) (&1, Vi)

4.4 Proof-of-principle experiments

Two temporal information processing problems are posed to learn the I/O relationship
based on the given I/O data u,y. The first is the multi-step ahead prediction problem, in
which we are given inputs {uy,...,ur} and the corresponding outputs {yi,...,yr}. The

first Ly < L input-output data is the training data. The goal is to use the training data to
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optimize the QRC readout parameters via ordinary least squares, so that the QRC output
match the target output for Ly + 1,..., L. The second problem is the map emulation
problem, that is to optimize the QRC readout parameters to emulate an I/O map using p
different I/O train data of length L', so that the total number of train data is pL’. When
given a previously unseen input, the task is for the QRC to approximate the corresponding

output of the target I/O map.

Five nonlinear tasks are chosen to test different computational aspects of the QRC pro-
posal. Tasks I-IV have the fading memory property. Tasks I and II test the QRC’s ability

to learn high-dimensional nonlinear maps. Both tasks are LRPO governed by [26,(102],

xp = Axp_1 + Buy,
Y = 7’L($k)7

where A € R2000x2000 3nq B € R?000, To have the uniform convergence and fading memory
properties, we re-scale the maximum singular value so that opax(A) = 0.5 for Task I and
Omax(A) = 0.99 for Task II, meaning that Task II retains the initial condition and past
inputs for a longer time duration. The sparsity of A determines the pairwise correlation
between state elements. We set A to be a full (dense) matrix for Task I and 95% sparse
for Task II using the Scipy ‘sparse’ command [|125]. The readout function h is a degree 2

polynomial in the state elements.

Task IIT is SAS, a recently proposed classical reservoir computing model that achieves

good performance in chaotic system modeling [26], described by
zy, = p(uk)zr—1 + q(ug)
Yk = WTxk7

where p(uy) = Z?:o Ajui and q(ug) = 232':0 Bjui are matrix-valued polynomials in the
input ug, A; € R7OX70@RM0X70 5nd B; € RO QR™XL where @ is the direct
sum. To have the uniform convergence and fading memory properties, we re-scale A;’s

maximum singular values so that omax(A4;) < 3 for all j. Task IV tests the short-term
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memory by emulating a Volterra series with kernel order 5 and memory 2 [102],
5 2 o
Yp = We + Z Z wibd H Uk -
1=1 ji1,...,5i=0 k=1
For the first three tasks, elements of A, A;, B, B; and w are uniformly randomly sampled
from [—1,1]. The coefficients of readout function h in Task IT and the kernel coefficients
J1yeesJi

w; and w, in Task IV are also sampled from the same distribution.

Task V is a long-term memory map for testing the capability of the QRC beyond its
theoretical guarantee. Task V is a missile moving with a constant velocity in the horizontal
plane [107],

i1 = 29 — 0.1cos(z1) (51 — 423 + 23) — 0.5 cos(z1)u

iy = —65x1 + 5023 — 1529 — 29 — 100u,
with y = 5. This missile dynamics is simulated using the (4,5) Runge-Kutta formula in

MATLAB, with a sampling time of 7 = 1/80 for 1 second.

We implement four distinct QRCs from the subclass described in Sec. on three IBM
superconducting quantum processors [44]. Each QRC consists of a single subsystem (N =
Lin (4.1)) with a linear output function (R = 1in (4.4)). Hereafter, we drop the subsystem
index K. A 4-qubit and a 10-qubit QRCs are implemented on the 20-qubit Boeblingen
device; qubits with lower gate errors and longer coherence times are chosen. The 5-qubit
Ourense and Vigo devices are used for two distinct 5-qubit QRs. These 5-qubit quantum
devices admit simpler qubit couplings but lower gate errors than the 20-qubit Boeblingen
device; see Appendix [A.4] for hardware specifications. Through comparison among the
four QRCs, we can investigate the impact of the size of QRCs, the complexity of quantum
circuits implementing the QRC dynamics and the intrinsic hardware noise on the QRC’s

emulation performance.

4.4.1 Quantum circuits for QRCs

We require the uniformly convergent QRCs to forget initial conditions for approximating

fading memory maps. Traditionally, initial conditions are washed-out with a sufficiently
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long input sequence. Here we bypass the washout by choosing o = (]0)(0])®™ and Uy so
that |0)®™ is the steady state of under u; = 1, meaning that we can initialize the
QRC circuits in |0)®™. Furthermore, Uy and Uy should be different and hardware-efficient
(e.g., easy to implement on the hardware) but sufficiently complex to produce non-trivial
quantum dynamics. We choose a circuit schematics (also see Fig. |4.2[a) and (b)),
No
Uo(0) =TT (U5 (0;)CX;.5, U5 (65,)7)
! N (4.7)
Ui(@) = @Us" (¢, [ (® Ug“(cpji)cxjcjt) ,

i=1 j=1 \i=1
where 0, = (B?t, O}t, B?t) and ¢, = (d)?i, qul-i, qbi) are gate parameters, each independently
and uniformly randomly sampled from [—27,27]. Here Uéi) is an arbitrary rotation on
single qubit i [95] with inverse U?Ejt)(ﬁ’jt)T = Uéjt)(—G?t,—Oi,—O}t), and CXj,;, is the
CNOT gate with control qubit j. and target qubit j;; also see Sec. [2.3] These quantum
gates are native to the aforementioned IBM superconducting quantum processors, meaning
that no further decomposition into simpler gates is required to implement these chosen
gates [44]. The numbers of layers Ny and Nj are sufficiently large to couple all qubits
linearly while respecting the coherence limits of these devices. Here, linear coupling means
that qubit 0 is coupled to qubit 1 via CNOT, qubit 1 is coupled to qubit 2 via CNOT
and so on, but qubit 2 might not directly be coupled to qubit 0 via CNOT. Owing to the

more flexible qubit couplings in the Boeblingen device, circuits implementing the 4-qubit

and 10-qubit QRCs have more gates and random parameters than the 5-qubit QRCs’.

a) . Y . S ><N0

@ Us™ (6,,) U5 (6, |—
Je :

(b) e T N x N
Ji U§ (¢y,,) U (¢;,) —P———
Je UY (¢, ) US (0,.) ‘

Figure 4.2: Quantum circuit schematics for (a) Up(€) and (b) Ui(¢) employed in proof-
of-principle experiments, described by . Here j; and j. are the target and control
qubits, respectively. The unitaries Uy(0),U;(¢) consist of Ny, N1 layers of highlighted
gate operations, with each layer acting on a different qubit pair (jy, j.).

For the 4-qubit and 10-qubit QRCs on the Boeblingen device, we choose the number of
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O Qubit
<«2=Coupling

Figure 4.3: Qubit coupling maps of the IBM superconducting quantum processors. (a)
The 20-qubit Boeblingen device. (b) Both the 5-qubit Ourense and Vigo devices.

layers Ng = N1 =5 in (4.7)). For the 5-qubit Ourense QRC, we implement a simpler form
of [@7), given by Up = [T, CXj.j, and U1(¢) = @2, Us” (¢,).

To implement a different QRC dynamics on the 5-qubit Vigo device, we choose

5

Uo(6) = TT (RY” (000X, B (0:01), Ui(¢) = R RY (¢1)-

j=1 i=1
Here Rgf) and Rg? are rotational Y and X gates on qubit ¢, respectively. For all QRCs,
natively coupled control and target qubits for the CNOT gates are chosen, meaning that a

CNOT gate can be directly applied to the qubit pair without additional gate operations.
See Fig. for the device qubit coupling maps and Appendix for the circuit details.

4.4.2 Experimental implementation

We report on experiments demonstrating the first implementation scheme described in
Sec. We choose a sufficiently large IV,, = 1024 and € = 0.1 for a moderate short-term
memory. To estimate (Z (i)>k at time k, each of the NV, circuits implementing the QRCs
on the Boeblingen device and the 5-qubit QRs are run for S = 1024 and S = 8192 shots,
respectively. These shot numbers are chosen according to circuit execution times of the

devices, so that the experiments can finish in a reasonable amount of time.

We apply the four QRCs to the five nonlinear tasks on the multi-step ahead prediction and
map emulation problems. To implement the same washout as for the QRCs for each target

map, we inject a constant input sequence ur = 1 of length 50 followed by train and test
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inputs uniformly randomly sampled from wuy € [0,1]. This change in the input statistics
leads to a transitory target output response. We remove the associated transients by
discarding the first four target input-output data and the corresponding QRC experimental
data, see Appendix [A.6]for all data. For the multi-step ahead problem, training and testing
timesteps run from k£ = 5 to L7 = 23 and Ly + 1 = 24 to L = 30, respectively. For the
map emulation problem, p = 2 train input-output pairs running from k = 5 to L' = 24
are used, followed by one unseen test input-output pair with the same time steps. The
number of train and test data in our proof-of-principle experiments is limited by the
length of quantum circuits allowed on the IBM quantum processors. Furthermore, these
cloud-based quantum processors are shared among users, making continuous experiments
infeasible and durations of experiments lengthy. Yet our work indicates that despite these
current limitations, NISQ devices can demonstrate learning of input-output maps and
supports QRC as a viable intermediate application of NISQ machines on the road to

full-fledged quantum devices equipped with quantum error correction.

To harness the flexibility of the QRC approach, a multi-tasking technique is used, in which
the four QRCs are evolved and the estimates of (Z (i)>k for all time steps are recorded once,
whereas the readout parameters are optimized independently for each task. We evaluate
and compare the task performance of QRCs using the normalized mean-squared error

between prediction ¢ and target y, computed as

L
NMSE = > |y — 9[*/AL,
k=Lp+1

where p = ﬁ ZézLTH Yk, A?/ = Zé:LT-&-l(yk — )2, While the success of experimen-
tal demonstration of hybrid quantum-classical algorithms often requires error mitigation
techniques to reduce the effect of decoherence [126,/127], we remark that our results are

obtained without any process or readout error mitigation.

4.4.3 QRC task performance

As the number of qubits increases, the 10-qubit Boeblingen QRC is expected to perform

better than other QRCs. For the multi-step ahead prediction problem, we observe that
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Figure 4.4: The QRC’s predicted outputs for (a) the multi-step prediction problem and
(b) the map emulation problem. Rows and columns in (a) correspond to different tasks
and QRCs, respectively. The first column in (b) corresponds to the multiplexed QRC.

two qubits in the 10-qubit Boeblingen QRC experienced significant time-varying devia-
tions between the experimental data and simulation results on the Qiskit simulator; see
Appendix [AT7] To remedy this issue, we set the corresponding readout parameters to
be zeros. The resulting 10-qubit Boeblingen QRC (with NMSE<0.08) outperforms other
QRCs with a smaller number of qubits on the first four tasks, and achieves an almost two-
fold performance improvement on Tasks II and III; see Table [.1] for all NMSEs on the
multi-step ahead prediction problem. The 10-qubit Boeblingen QRC predicted outputs
follow the target outputs relatively closely as shown in Fig. M(a). The 5-qubit Ourense
QRC admits very simple dynamics, in the sense that Uy is only a product of CNOT gates
and Uy consists only of single qubit rotational gates. On the other hand, the 5-qubit Vigo
QRC has more gate operations and gate parameters. The 5-qubit Ourense QRC is out-
performed by the 5-qubit Vigo QRC in all tasks. Considering that the Ourense and Vigo
devices have similar noise characteristics and the same qubit coupling map, this suggests
the QRC performance can be improved by choosing a more complex quantum circuit, in

the sense of having a longer gate sequence.

The 10-qubit Boeblingen QRC performs better on all tasks than the 5-qubit QRCs except

on Task V. This could be due to the impact of the higher noise level in the Boeblingen
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Table 4.1: NMSEs on the multi-step ahead prediction problem.

Task 10-qubit 4-qubit 5-qubit  5-qubit
Boeblingen  Boeblingen = Ourense Vigo

1 0.051 0.088 0.24 0.070
1II 0.072 0.12 0.68 0.22
11 0.043 0.10 0.25 0.081
v 0.079 0.092 0.34 0.11
A% 0.47 0.41 2.3 0.20

Table 4.2: NMSEs on the map emulation problem.

Task Multiplexed 5-qubit 5-qubit
QRC Ourense Vigo
I 0.20 0.26 0.32
IT 0.13 0.27 0.23
III 0.16 0.46 0.26
v 0.25 0.30 0.36
\Y% 0.20 1.1 0.17

device and the fact that the output sequence is generated by a map that is not known
to be fading memory. Our universal class of QRCs can exploit the property of spatial
multiplexing as initially proposed in [55]; also see Fig. H Outputs of distinct and non-
interacting 5-qubit QRCs can be combined linearly to harness the computational features
of both members. Since the combined Ourense and Vigo devices have 10 qubits overall
as with the 10-qubit Boeblingen QRC but with lower noise levels, it would be meaningful
to combine the 5-qubit Vigo and Ourense QRCs via spatial multiplexing on the map
emulation problem. The results of this multiplexing is summarized in Table

Quantum reservoir 1

Figure 4.5: The spatial multiplexing schematic. The same input sequence is injected into
two distinct 5-qubit QRCs. The internal states Tr(p,Z®) of the two QRCs are linearly
combined to form a single output.

The combination of two 5-qubit QRCs as discussed above achieves NMSE = 0.20,0.13,0.16,

0.25, 0.20 for the five tasks without any readout or process error mitigation. The predicted
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multiplexed QRC outputs corresponding to the unseen inputs follow the target outputs rel-
atively closely as shown in Fig. (b) Without spatial multiplexing, the 5-qubit Ourense
or the 5-qubit Vigo QRC show a worse performance in the first four tasks. The spatial
multiplexed 5-qubit QRC combines computational features from the constituent QRCs
and can achieve comparable performance to the individual members as well as gaining an
almost two-fold performance boost on Tasks II and III. We anticipate that spatial multi-
plexing of QRCs with more complex circuit structures and a larger number of qubits can

lead to further performance improvements.

4.5 Discussion

Current gate durations in the IBM superconducting NISQ devices can be as short as 35.5 ns
for single-qubit gates and 427 ns for CNOT gates (see Appendixfor all gate durations).
Consider the scenario when QND measurements and a large number of identical quantum
hardware are available, so that the N, circuits can be run in parallel (recall that we can
set S = 1). These fast gate operations suggest the QRC’s potential for real-time signal

processing.

However, the time it takes to measure the qubits poses a bottleneck. Current readout
durations are of one to ten microseconds on these superconducting devices [128]. Such
readout durations are very long considering that most qubit coherence times are only of
tens to a hundred microseconds. To minimize the time required for measurements, instead
of performing QND measurements and resetting the ancilla qubits at each timestep, we
can allocate L ancilla qubits for each QRC ‘system’ qubit and defer their measurements at
the last timestep. In this setting, measurements of these ancilla qubits can be performed
in parallel and the QRC can operate in a microsecond time-scale. Since this requires a
large number of qubits with sufficiently long qubit coherence times, real-time processing

for QRCs is more plausible on full-fledged quantum machines.

Recently, there are many different quantum computing platforms being studied in the QRC
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context. For instance, the work [129] proposes a photonic QRC, which has the potential
to implement fast input encoding and measurements. Such fast quantum devices may be

more feasible to facilitate real-time QRC in the near future.

4.6 Conclusion

We have proposed a class of QRCs endowed with the universality property that is im-
plementable on available noisy gate-model quantum hardware for temporal information
processing. Our approach can harness arbitrary but fixed quantum circuits native to
noisy quantum processors, without precise tuning of the circuit parameters. Our theo-
retical analysis is supported by proof-of-concept experiments on current superconducting
quantum devices, demonstrating that small-scale noisy quantum reservoirs can perform
non-trivial nonlinear temporal processing tasks under current hardware limitations, in
the absence of readout and process error mitigation techniques. We also detail more ef-
ficient implementation schemes of our QRC proposal that could enable QRC’s potential
for fast and scalable temporal processing. It is a future work of interest to realize these
more efficient protocols on quantum hardware. Our work indicates that quantum reservoir
computing can serve as a viable intermediate application of NISQ devices on the road to

full-fledged quantum computers.

Our approach is scalable in the number of qubits by offloading computations to noisy
quantum systems and utilizing classical algorithms with a linear (in the number of qubits)
computational cost to process sequential data. Guided by our theory, we applied the
spatial multiplexing technique initially proposed in [55], and demonstrate experimentally
that exploiting distinct computational features of multiple small noisy quantum reservoirs
can lead to a computational boost. As NISQ hardware becomes increasingly accessible
and the noise level is continually reduced, we hope that the quantum reservoir approach
will find useful applications in a broad range of scientific disciplines that employ temporal
information processing. We also hope for useful applications to be possible even with a

noise level above the threshold for continuous quantum error correction.
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Chapter 5

Interconnected reservoir

computers

In chapters [3| and 4] we focus on specific quantum implementations of reservoir comput-
ers for approximating nonlinear fading memory I/O maps. In the following chapters,
we abstract away from physical implementations to theoretical explorations of reservoir
computers. In particular, in this chapter, we explore interconnected RCs in closed-loop
configurations for emulating I/O maps. In the next chapter, we show that RCs with
output-feedback implement stationary and ergodic infinite-order nonlinear autoregressive

models.

This chapter is based on the publication [130]. We focus on approximating target 1/O
maps in a black-box or data-driven fashion, i.e., approximation is solely based on I/O
data collected from the target I/O maps. Example nonlinear models for black-box system
identification include NARMAX [131], the Volterra series [25] and block-oriented models
|76,[77]. The use of closed-loop structures, such as in the Wiener-Hammerstein feedback
model, is motivated by modeling systems that exhibit nonlinear feedback behavior [77].
To approximate I/O maps, we require candidate models with closed-loop structures to

asymptotically forget their initial conditions. This leads to the main contributions of this

80



chapter:

e We derive a small-gain theorem to ensure that interconnected dynamical systems

are UC and induce a well-posed I/O map in the sense of [132].

e We introduce interconnected RCs as nonlinear models with closed-loop structures

for emulating I/O maps, expanding the toolbox of available nonlinear models.

To derive this small-gain theorem, we introduce the uniform output convergence (UOC)
and the uniform input-to-output convergence (UIOC) properties. Roughly speaking, a
UOC system has a unique reference state solution with its reference output defined and
bounded both backwards and forwards in time. All other outputs asymptotically con-
verge to the reference output, independent of their initial conditions. The UIOC property
adapts the uniform input-to-state convergence (UISC) property [133] to output-feedback
interconnected systems. A UIOC system is UOC and the perturbation in its reference
outputs are asymptotically bounded by a nonlinear gain on the input perturbation. We
present a small-gain theorem for output-feedback interconnected systems to be UIOC, and

that the closed-loop system induces a well-posed I/O map in the sense of [132].

Our UIOC small-gain theorem is based on a small-gain theorem for time-varying discrete-
time systems in the uniform input-to-output stability (UIOS) framework, also presented
herein. This latter small-gain result is used to establish the UIOC small-gain theorem for
interconnected UOC systems. Small-gain criteria for time-invariant discrete-time input-
to-state stable systems can be found in [134},/135], however, they do not carry over to time-
varying systems [136]. On the other hand, small-gain criteria for time-varying continuous-
time interconnected systems in the UIOS framework have been established [99}|137H139].
Ref. [140] develops a generalized small-gain theorem and can be applied to recover the
previous results derived in [99,/137,/138]. Ref. [138] is based on [141, Lemma 3, Prop.
2.5], which concerns continuous-time systems, and is not obvious that it is immediately
applicable to our setting. Here, we adopt the techniques in [140] to establish a UIOS small-

gain theorem for output-feedback interconnected time-varying discrete-time systems. In
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particular, we establish a link to bridge the continuous-time results of [140] with our

time-varying discrete-time setting.

This chapter is organized as follows. Sec.[5.1]introduces relevant stability concepts. Sec.[5.2]
presents our main UIOC small-gain theorem. We also present the UIOS small-gain the-
orem, an intermediate result to arrive at the UIOC small-gain theorem. In Sec. we
introduce interconnected RCs as candidate models with closed-loop structures and numer-

ically demonstrate their efficacy. We provide concluding remarks in Sec.

Notation: we introduce some additional notations for this chapter. For a sequence u on Z,
%okl = SUPky<j<k lu(f)]| for any ko € Z and k > ko. We write |uy, 1| for a real-valued
sequence u. For any sequences uj,us on Z, u = (uy,ug) is given by u(k) = (uy(k), u2(k))

forall k € Z.

5.1 Stability concepts

This section defines the uniform output convergence (UOC) (Definition and the uni-
form input-to-output convergence (UIOC) (Definition properties. See Table for a

summary of relevant stability definitions. We first set some preliminaries.

For k € Z, consider a time-varying discrete-time system,

w(k+1) = f(k, z(k), u(k)),

y(k) = h(k, z(k),u(k)),

(5.1)

where x(k) € R™ is the state, u(k) € R™ is the input and y(k) € R™ is the output.
Throughout this chapter, we assume that u € [;° (recall that [3° is the set of infinite
sequences of vectors in R™) and define all stability concepts with respect to inputs u € I5°.
We also assume that for each k € Z, || f(k,z(k),u(k))|] < oo and ||h(k,z(k),u(k))| < oo.
The last two conditions ensure that the system is non-singular at any time and for any

initial condition.
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The following definition of UOC adapts the uniform convergence (UC) property with
respect to inputs [5° ( [22, Definition 3] or Definition in Sec. [2.4.1)) to systems with

output of the form (5.1)).

Definition 5.1. For any u € I, a solution z*(k) to (5.1)) and its corresponding output
y*(k) = h(k,x*(k),u(k)) are a reference state solution and the corresponding reference
output, respectively, if they are defined for all k € Z, with ||x*||oc = supsez ||z*(k)| < oo

and ||y*|loo = SUDPgcz ly* (k)| < oo.

Definition 5.2. System (5.1)) is uniformly output convergent (UOC) if, for any input

u €y,

(i) There exists a unique reference state solution x* with its corresponding reference

output y*.

(i) There exists § € KL independent of u such that, for any k, ko € Z with k > ko and
.I(k’o) € R,

ly* (k) = y(B)]| < B(ll=" (ko) — x(ko)l, k = ko)- (5:2)

We remark that the UOC property reduces to the the UC property when the output is
the state, i.e., y(k) = (k). We emphasize that in this chapter, all gain functions (e.g., 8
in (5.2))) are independent of the input u € I°.

Just as UC systems induce their unique filters (see Sec. for a detailed discussion
on filters), so do UOC systems. Explicitly, a UOC system induces a filter (or an I/O
map) My, : 15 — (R™)% that depends on f and h, such that My (u)ly = yj = h(z}),
where z* and y* are the reference state solution and the reference output. The filter My,

is time-invariant and causal by construction. Furthermore, using the same argument in
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Theorem [2.3] this filter can be constructed as

yr. = Myn(u)lr = h(k, f(k =1, 2(k = 1),u(k — 1)), u(k))

=h(k, f(k—1,f(k—2,2(k — 2),u(k — 2)),u(k — 1)), u(k))

— Flulk), ulk — 1), u(k —2),...),
where
Flalk),ulk — 1), u(k—2),...)
= i h(k, f(... f(ko + 1, f(ko, z(ko), u(ko)), u(ko + 1)) ..., u(k)).

Using and applying a similar argument as in the proof of Theorem we can see
that the above limit exists and is independent of the initial condition z(ky). Note that
Theorem is derived for UC systems. While in Theorem [2.3| we require h(-) to be
uniformly continuous, we do not need this condition for the above limit to exist for UOC
systems. This is because directly upper bounds ||y*(k) —y(k)|| by a KL gain whereas
a UC system only has an upper bound for ||z*(k) — z(k)| (see (2.6)) and ||y*(k) — y(k)|

for a UC system is not necessarily upper bounded by a KL gain.

The UIOC property further extends the UOC property, and ensures that the perturba-
tion in the reference outputs is asymptotically bounded by a nonlinear gain of the input
perturbation. The following definition of UIOC is a discrete-time analogue of the UISC
property defined in [133, Def. 3] adapted to systems with output of the form .

Definition 5.3. System (5.1)) is uniformly input-to-output convergent (UIOC) if it is UOC

o0

no s with the reference state solution x* and its reference output y* as-

and for any u,u €1
sociated to u, and any solution T(k) with any initial condition T (ko) and the corresponding
output G(k) associated to u, there exists f € KL,y € K such that, for all ko, k € Z with
k > ko,

ly* (k) = (k|| < max{B(||a" (ko) — F(ko)ll, k — ko), v (| (w =Dy gl )} (5:3)

If y(k) = x(k), then system (5.1)) is uniformly input-to-state convergent (UISC) if it is UC
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and

Ja* (k) — (k)| < max{B(1l" (ko) — (ko). k — ko). (I~ Do)} (5:4)

We conclude this section by summarizing the aforementioned stability concepts and their

acronyms in Table

Table 5.1: Summary of stability concepts and their acronyms.

Stability concept ‘ Acronym ‘ Definition
Uniformly output convergent UuoC Definition |5.2
Uniformly convergent ucC Definition |2.1

Uniformly input-to-output convergent UIOC Definition |5.3
Uniformly input-to-state convergent UISC Definition |5.3

5.2 A UIOC small-gain theorem

In this section, we present our main UIOC small-gain theorem (Theorem [5.1)). For k € Z,
consider the interconnected system (see Fig. ,

z1(k+1) = fi(z1(k),v1(k),u1(k))

y1(k) = ha(z1(k), v1(k), u1(k)),
(5.5)

ra(k + 1) = fa(xa(k), va(k), uz(k))

Yy2(k) = ha(x2(k), va(k), ua(k)),

with interconnections v (k) = y2(k) and va(k) = y1(k).

Ui

—— f1, 1= v

X1

f2?h2
Y2 =u1 6‘ U

Figure 5.1: Schematic of the interconnected system (5.5)).
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CHAPTER 5. INTERCONNECTED RESERVOIR COMPUTERS

For subsystems j = 1,2, xj(k) € R" are states, y;(k) € R™ are outputs and u,;(k) €
R"™i are inputs with u; € lﬁf;j. Throughout this chapter, we assume that the inter-
connected system is well-posed [99]. That is, for any k,ky € Z with k > ko, any
initial conditions zj(kg) and any inputs wuj,us, there exists a unique solution y(k) =
(y1(k),y2(k)) € R™11"2 golving the algebraic equations y1(k) = hyi(z1(k), y2(k),u1(k))
and ya(k) = ha(wa(k), g1 (k), ua (k).

For a well-posed system (5.5)), let z(k) == (z1(k),z2(k)) € R™1™"=2 be the closed-loop
solution to input u(k) == (u1(k), uz(k)) € R™1 "2 starting at z(ko) = (x1(ko), z2(ko))-

Note that the closed-loop system is causal by definition.

We also assume that the subsystems in (5.5) are UOC. Each UOC subsystem induces an
I[/Omap F; : [5° xI3° — Iy, defined by Fj(vj,u;) = yj, where y; is the reference output.
J J J

By construction F; is causal, meaning that for any 7 € Z and any v; € I;° ,u; € I3
J J
II; o Fj o Il (vj,uj) = IL; o Fj(vj, uy ), (5.6)

where I1-(vj,uj) = (vj(k),u;(k)) for k < 7 and zero otherwise. We say that system ({5.5)
induces a well-posed closed-loop I/O map if the algebraic equations y; = Fa(y2, u2) and
Y2 = Fi(y1,u1) have a unique bounded solution y} = (37 4,95 ) € lny +n,,» and the

closed-loop I/O map F(u) = y} is causal [132], where u = (u1,u2) € I° We

Tuq +nu2 :

emphasize the difference between a well-posed system (/5.5)) and a well-posed closed-loop
I/O map induced by (5.5).

We now state our main UIOC small-gain theorem.

Theorem 5.1. Consider a well-posed system with UOC subsystems j = 1,2. For
any inputs u; € lj’f;j U € lflf’)j, let x5 and y; be the corresponding reference state solutions
and outputs. For any other inputs u;,v; withu; € l,‘;ij , let T; and y; be any corresponding
solutions and outputs with initial conditions Tj(ko). Suppose that there exists 5; € KL
and 7?,7;*,03-,0}‘,0? € K such that, for all ko,k € Z, k > ko and any T;j(ky) € R™,

1y (k) = 7 (k)| < max{B; ([l (ko) — Zj(ko)l, k — ko), 57

VI =) ko p 15 75 (N5 = T o, 1D}
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5.2. A UIOC SMALL-GAIN THEOREM

[l (k) — z5(k)|| < max{o;([|l<} (ko) — Z;(ko)l]), 5:5)

o (1(w; = T3) o k-1 1), 05 (1 (w5 = ) kg -1y 1) }-
If v{ 04§ (s) < s (or equivalently ~§ o ~{(s) < s (142, Chapter 8.1]) for all s > 0, for any
ko € Z and z(kg) € R™1 "=z the closed-loop solution and its output are bounded, i.e.,

SUPy >k, |7(k)|| < 00 and supgsy, [[y(k)|| < co. Furthermore, the closed-loop system (5.5)
induces a well-posed closed-loop 1/O map and system (5.5) is UIOC.

We remark that although Theorem ensures the closed-loop solution z(k) is bounded,
in general, it does not guarantee the closed-loop system (|5.5)) is UISC, which would require
additional conditions; see Corollary

The main idea in the proof of Theorem is to use the Banach fixed point theorem
to prove that system induces a well-posed closed-loop 1/O map. To show that
system is UIOC, we apply a change-of-coordinate argument in which the system
under consideration becomes time-varying of the form . We then apply a uniform
input-to-output stability (UIOS) small-gain theorem (Theorem|[5.2) to system (5.10). The
UIOS small-gain theorem establishes the UIOC property of . We first define the UIOS
property and state Theorem whose full proof is given in Appendix

Definition 5.4. System (5.1) is uniformly input-to-output stable (UIOS) if there exists
p e KL and v € K such that, for any u € I57 , k, ko € Z with k > ko and z(ko) € R"*,

ly(k) || < max {8 (ko) k — ko) v (|[urmon|) } - (5.9)
Theorem 5.2. Consider a well-posed time-varying dynamical system

Aa:l(k: + 1) = fl(k, Al‘l(k}), Avy (k‘), Aul(k:))

Ay (k) = hi(k, Az1(k), Avi (), Aui(k)),

Azy(k+1) = folk, Axo(k), Avg(k), Aug(k)) (5.10)

Ayg(k) = ilg(k, Aajg(k), Avg(k), AUQ(k)),

A’Ul(k) = Ayz(k), Avg(k‘) = Ayl (k‘)

87
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For j = 1,2, suppose that there exists B; € KL and ’yj/,’y;?,aj,a}‘,ag € K such that, for

any Avj, Auj with Auj € l;’fmj, ko, k € Z with k > ko and Az;(ko) € R™5,

1Ay; (B)| < max{8;([|[Az;(ko)ll, k — ko), 75 (1 Avj oD (1A, 11D}, (5.11)

1Az (k)| < max{o;([|Az;(ko)l), o3 (| Qv 1oy 1)s 07 (1A% 1D} (5.12)

If v{ o~Y(s) < s for all s > 0, then for any ko € Z and Ax (ko) € R™1 "2 the closed-loop
solution and its output are bounded, i.e., supg>y, [|Ax(k)|| < 0o and supgsy, |Ay(k)|| <
oco. Furthermore, the closed-loop system is UIOS; i.e., there exists B € KL and
v € K such that, for all k, ko € Z with k > ko and any Az(ky) € R"1 72

[Ay(R)I| < max{B(IAa (ko) k — ko), y(| Mgy )}
We now detail the proof for Theorem
Proof of Theorem [5.1. For any fixed inputs u; € I7° , the I/O map induced by each sub-
J

J
take the supremum over k € Z in ,

system is given by f;j : l%jj — l%‘;j,fyj (vj) = y}“ For any v;,v; € l?zijv let kg — —o0 and

1757 (v3) = F37 @i)llso < 7§ (lvj = Tjlloo)- (5.13)

Consider the composition F;'"* o F3? : l;’lij — l;’sz. Applying inequality (5.13) twice, we

have [[F1" o F52(v2) — Fi™* © F5* (D) lsc < 71 © 73 ([[v2 = D2]loc) < [z = T2lo. Therefore,

F1t o Fy? s a strict contraction on (177 .|| - [|oc)- Its unique fixed point yj ; € 77 given
by the Banach fixed-point theorem [143] is the reference output of subsystem j = 1. The

corresponding reference output of subsystem j = 2 is y3 ;, = F5? (yicl). A symmetric

argument shows that F5? o F}"! is a strict contraction defined on (5, 1 llso)-
To show that the closed-loop I/O map is causal, for any 7 € Z, consider Yim, € l?ziQ
the unique fixed point of ]-"F ) ]:2H r(uz), Causality follows if I1;(yj1,) = Hr(y7 )
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Re-express (5.6) as II; o F;[T(uj) o I+ (v;) = II; o F,” (v;), we have

HT(yicl) H ° fl ;2 (yicl)
=10, o F17 ) o T (F2 (v 1))
=1, 0 77 o 1L 0 A7) o T (37 )

=1l o Fy o Fa ) I (47 1)

Simﬂarly7 HT(yiHT) = ]___[7_ OFPT(Ul) OF;]T(UQ) O]-_-[T(yiHT)‘ Note that ]-_-[7' Ofl ‘r(ul) OF;_IT(UQ)

is a strict contraction, by the Banach fixed point theorem we have I1;(yj ) = IL- (4] 1)

To establish closed-loop UIOC, let 27 ; be the reference state solution to subsystem j = 1
with respect to input (y;cl,ul) and analogously for z3 ;. Then z7; = (a:’{ycl,aja"d) is the
closed-loop reference state solution. Let (k) = (Z1(k),Z2(k)),y(k) = (y,(k),7ys(k)) be
any other closed-loop solution and its corresponding output to another input @ = (a1, u2),
starting at T(kp). From and , the same argument as in the proof of Theorem

shows that supysp, [|[25(k) = Z(k)|| < 00, supgsy, [lys(k) —g(k)|| < occ.

For j = 1,2 and k > ko, define Ax;(k) = z;(k) — 2} 4(k), Ay;(k) = 7;(k) — y; 4(k) and
Au;(k) = u;(k)—u;(k). Let vi ;, =y3 4 and v3 , = y7 ., we have the time-varying systems
with states Ax;(k), outputs Ay;(k), inputs Au;(k), and interconnections Avq (k) = Aya (k)
and Awvq(k) = Ay (k),

Azj(k+1) = fi(Azj(k) + 2} 4(k), Avj(k) + v} o (k), Auj(k) + u;(k))

_f]( jcl( )7v;,cl(k)?uj(k))
= fi(k, Aj(k), Avj (), Au;(k)),

Ayj(k) = hj(Axj(k) + x5 (k), Avj (k) + vj o (k), Awj(k) + u;(k))
= hj(5 (k) 5 a (k) ui ()
= hj(k, Az;(k), Avj(k), Au;(k)).
From (5.7) and (5.8)), Az;(k) and Ay;(k) satisfy (5.11)) and (5.12)) in Theorem[5.2] Finally,

closed-loop UIOC follows from applying Theorem [5.2] to the above interconnected systems.
O
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Sometimes it is convenient to upper bound ||y (k) — y(k)|| in (5.7) by a sum instead of

max of nonlinear gains. That is,

ly; (k) = 5;(R) || <Bj(ll2j (ko) — (ko). k — ko)

+ 7 (105 = T3 o i 1) + 5 (11 (5 = 25 g 1 11)-

(5.14)

Theorem can be applied to this scenario by re-writing in terms of max of
nonlinear gains. If system satisfies instead of , to ensure UIOC of ,
the condition 7Y o 73 (s) < s for all s > 0 needs to be strengthened. We first present a
lemma (first discussed in [140]) that allows us to re-write in terms of max.

Lemma 5.1. Given any A\ € K, for any a,b > 0, it holds that a+b < max{a+ A(a),b+
A7)}

Proof. Since A € Ky, its inverse A\~! exists and is in K. Consider two cases. Suppose
b < Aa), then a+b < a+\(a) < max{a+\(a),b+A"1(b)}. Otherwise, b > A(a). Applying
A1 on both sides gives A71(b) > a and a+b < A71(b) +b < max{a+A(a),b+A"1(b)}. O

Theorem and Lemma lead to the following Corollary.

Corollary 5.1. Consider a well-posed system (5.5)) with UOC subsystems. For any inputs

*

u; € lf;;j,vj € l,‘fﬂ)j, let ]

and y; be the corresponding reference state solutions and
outputs. For any other inputs u;,v; with u; € lgij, let T; and y; be any corresponding
solutions and outputs with initial conditions Tj(ko). Suppose that there exists 5; € KL
and 'y;-’,’y;-’“,aj,a;-*,ag € K such that, for all ko, k € Z with k > ko and any T;(ko) € R""J,

(5.8) and (5.14) hold. If there exists \j € Koo such that for all s > 0,

(id 4+ A1) o] o (id+ X2) oYY (s) < s, (5.15)

where id is the identity map. Then for any ko € Z and z(ko) € R"1 12 the closed-
loop solution and output are bounded, i.e., Supysy, [|2(k)|| < 0o and supgsy, |ly(k)|| < oc.

Furthermore, system (5.5)) is UIOC and induces a well-posed closed-loop 1/0O map.
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5.3. INTERCONNECTED RCS FOR TEMPORAL TASKS

Proof. In Lemma identify a with ’yjy(H (0;=05) ko1 I) and b with B; (||} (ko) —; (ko) |, k—
ko) + 3 ([|(wj — @j)[ko,x)|I) for each j =1,2. Applying Lemmato (5.14) gives

ly; (k) = 7;(k)| < max{(id + A;) o v/ (Il(v; = U;) ko1 ),
Bj(llx (ko) — T (ko)ll, k — ko) + 5 ([ (uj — W) o sy 1)
+ A8 (125 (ko) — (ko) b — ko) + 73 (I (uj =) o 1 11)) }
< max{; (||} (ko) — T; (ko) ||, k — ko), (id + A;) o ¥/ (I (v; — ) ey )+

75 (1w = %5) ko 1D

where Bj(sa k) = Smax{ﬁj(sak)7)‘;1(2/8j(sv k))} and PAY;L(S) = 3maX{’Y§L(5)>)\J_1(2ﬁ(5))}7
with Bj € KL and 4; € K. The result now follows from Theorem O

We can further apply Theorem [5.1jand Lemma [5.1|to system (5.5) with y;(k) = z;(k). In
this case, Theorem ensures the UISC property of system (5.5)), leading to the following
Corollary.

Corollary 5.2. Consider a well-posed system with y;(k) = x;(k) and UC subsystems.
For any inputs u; € l?;;j,vj € lj‘lfjj, let x5 be the corresponding reference state solutions.
For any other inputs u;,v; withu; € l%ij , let T; be any corresponding solutions with initial
conditions T;(ko). Suppose that there exists B; € KL and ’y;*',’y}‘ € K such that, for all
ko, k € Z, k > ko and any Tj(ko) € R",

2% (k) — (k)| <B; (|l (ko) — T (ko) ||, k — ko)

1w =T ko e—17 1) + 75 (5 = @) g k1 11)-

(5.16)

If (5.15) holds, then for any ko € Z and x(ky) € R™ 1 "2 the closed-loop solution is
bounded, i.e., supg>y, ||v(k)|| < oo. Furthermore, system (5.5) is UISC.

5.3 Interconnected RCs for temporal tasks

Nonlinear closed-loop model structures, such as the Wiener-Hammerstein feedback models,

have been proposed to better capture nonlinear feedback phenomena of the unknown
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system [76,77]. Here we introduce interconnected RCs as candidate models, expanding
the toolbox of available nonlinear models for approximating I/O maps. We apply the
UIOC small-gain theorem to ensure that the closed-loop RC is UOC (or UC for state-
feedback interconnections), so that the estimated outputs for large times are determined
by the inputs but not by the closed-loop RC’s initial condition. As a concrete example,
we will apply the theorem to interconnected ESNs and QRCs to emulate the output
of an observed-based feedback-controlled Lur’e system modified from [144, Example 1],

described by

z(k +1) = Az(k) + Byu(k) + Byw(k) 4+ 0.1G sin(H z(k)),

(5.17)
y(k) = Cz(k),
where w(k) € R is the input and
1 1 1 —0.5 0.5
A= yBu=| |, Buw= G = ,H:{l 1],C=[0.1 0.5}.
0 1.1 1 1 1

We implement a Luenberger observer with gain L = P~'Z € R? for the Lur'e sys-

tem (5.17)), governed by
2(k 4+ 1) = A2(k) + Byu(k) + Byw(k) + pGsin(H2(k)) — P~ ZC(3(k) — z(k)),

where P = 0. We then consider a linear state-feedback u(k) = — K 2(k) with gain K™ € R2,

In Appendix [B.2, we show that with LT = [2.3258 2,1104} and K = [0.4956 1.006],
the feedback-controlled Lur’e system ((5.17)) is UC.

Suppose that we have inputs w;(k), w}, (k) € R and their corresponding outputs y;(k), y; (k) €
R of the unknown system for 1 < k < L, 1 <[ < M and 1 <" < M'. T/O data
wy(k),y;(k) are for parameter estimation (using | = 1,..., M) and model selection (using
=DM +1,...,M) based on Akaike’s final prediction error [145]. I/O data wy, (k),y; (k)
are for model evaluation. For each [ and I’, we first washout the effect of RC’s ini-
tial condition for k = 1,...,L,. Let g;(k) and gy(k) be the RC’s outputs under in-
puts w;(k) and wy (k), respectively. To optimize the RC output parameters, we minimize

f\ill Zé:[/w"l‘l lyi(k) — 41 (k)|?. We estimate the model order based on FPE;, computed as

1 L L—Ly,+p
FPE; = k) —gi(k) | —2—X
e A LR ey er
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where p is the number of RC output parameters. For each p, we randomly generate N
RCs and select a model out of Np models with the minimum FPE := Zl]‘iMﬁl FPE;.
Here, FPE is the sum of all FPE; over the model selection data. For each of the model

validation data I’ = 1,..., M’, the selected model is assessed using the mean-squared error

MSE; = ﬁ Sker 1l (k) — 97, (k)2

We set Ly = 500, L = 1500, N = 10, M = 10,M; = 8 and M’ = 2, with inputs
wy(k) and w)(k) sampled uniformly over [—2,2], independently for each k (persistently
exciting [145] with an order of 50 estimated by the ‘pexcit’ Matlab command), whereas

wh(k) = sin(27k/25) + sin(7wk/5) as in [146].

5.3.1 Echo-state networks (ESNs)

Consider state-feedback interconnected ESNs of the form,

21 (k + 1) = tanh(A 21 (k) + A%, (k) + Brw(k)), (5.18)

wa(k + 1) = tanh(Aswa(k) + AL va(k) + Bow(k)),
with interconnections vi(k) = z2(k) € R™2 and va(k) = z1(k) € R"1. Here, w € I§° is
the input and tanh(-) is applied to a vector element-wise. We choose an output §(k) =
Wi x1 (k) + Wy z9(k) + ¢, where W, € R™ and ¢ € R is a bias term. The UC property
of each ESN is guaranteed by choosing omax(A4j) < 1 and noticing its compact state-
space [22, Theorem 13]. We apply Corollary to establish the UISC property for the
interconnected ESNs (5.18)). For any k, ko € Z, let z;(k),Z;(k) be any solutions to (5.18)
under inputs vj, w and v, W respectively. Let 07;(k) = z;(k) — Z;(k), 0U; = v; — U; and

0w = w — w, then ({5.16)) in Corollary is satisfied since

fb
_ k—ko || 5= Omax(A57) | Bl _
1075 (k) || < omax(A;)" |07 (ko) + m“‘s%ko,k_H I+ m’5w[ko,k—l]\~

In Corollary choose Ai(s) = Aa(s) = As for some A > 0. The interconnected
ESNs ((5.18) is UISC if

Omax (A{b) Omax (Agb) < 1
1 — omax(A41) 1 — omax(A2) (1+ )\)2'

(5.19)
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Example 5.1. We consider interconnected ESN with ng, = ng, € {2,...,5} (i.e.,
with number of output parameters p = 2n,, + 1) to model the feedback-controlled Lur’e
system . For each ESN, elements of Aj,A;cb,Bj are sampled independently and
uniformly over [—1,1]. We fix omax(4;) = 0.5, O'maX(Agb), and scale O'maX(A{b) so that
holds. The minimum FPE achieved is FPE = 0.0023, with ng, = ng, = 4 and
p = 9. For this selected ESN, O'max(A{b) = 0.15,amaX(A£b) = 1.65 and holds for
= 0.003. This results in MSE, = 0.0012 and MSE, = 0.0028 corresponding to the
evaluation data ' = 1,2, respectively. See Fig. for the target y, (k) and the closed-loop
ESN outputs 4, (k).
: )—e— (k) —=—41(k) o —o— (k) —oo— (k)
a)l 1
h A
0 of ™ ) Y 1
| } !
-1 -1 ng

501  Time (k) 540 501  Time (k) 540

Figure 5.2: Target outputs yj (k) and the closed-loop ESN outputs g, (k) fo
l

501,...,540 with (a) I’ = 1 under a uniform random input wj(k) and (b) I’ = 2 un-
der a sum of sinusoidals wj(k) = sin(27k/25) + sin(wk/5).
5.3.2 Quantum reservoir computers (QRCs)
Consider output-feedback interconnected QRC of the form (also see Fig. ,
pilk +1) = T (w(k), v;(R)p; (k) + e 95, 520,

9i(k) = 32, Tr(Z2Wp;(k)),
with interconnections for j = 1, 2. Here T;(w(k), v;(k)) = Eg)Tu(;j)(w(k:)) + e T (vj(k)),
( ) + e( 7 + €<(b) = 1 and eg),eq(f), U > . Subsystem j has n; qubits so that p;(k)
and ¢; are two 2™ x 2" density operators, with ¢; being fixed. For S € {w,v}, the
input-dependent CPTP maps are

T @)pi () = [9(2)TY

)

L+ (1= g@)TE)] pj (k)
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where g(z) = 1/(1 + exp(—=)) is the logistic function with a globally Lipschitz constant
Ly, =1/4 and TéJ%,Téj% are input-independent CPTP maps. We choose the output of the
closed-loop QRC as

ni n2
g(k) = S WITH(ZDpi (k) + S WO Te(Z2D pa(k)) + ¢,
=1 =1

where I/Vi(j), (eR(j=1,2andi=1,...,n;) are the output parameters to be optimized

via ordinary least squares.

w ~

£ QRC%W’
Y
:l +TW§2)
—g» R

w

Figure 5.3: Schematic of an interconnected QRC described by ([5.20)).

Note that interconnected quantum systems do not generally take the form ; see [147],
[148] and [149, Chapter 5]. System can describe ensembles of identical quantum sys-
tems such as NMR ensembles [54], and quantum systems that can emulate such ensembles;
e.g., [115,[150]. Such quantum systems have dynamics constrained by quantum mechanics,
but can otherwise be viewed as deterministic systems. Since the quantum subsystems
here do not interact quantum mechanically, the composite state p(k) for can be
described by the direct sum of the subsystem density operators, p(k) = p1(k) @ p2(k), as
for interconnected classical systems. Consequently, the closed-loop system is of the
form and Theorem is applicable. We remark that Theorem and its subsequent

corollaries also hold for the Schatten 1-norm.

We now employ Corollary to establish the UIOC of system (5.20). Recall from
Lemma and [43, Theorem 9.2] that for any density operators p,p and any CPTP
map T, IT(p — B)ll1 < llp— Bl - For any &, ko € Z with k > ko, let p;(k), 5;(k) be any
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solutions to inputs v;, w and v, W, respectively. Let 6p;(k) = p;(k) — p;(k), we have

16p; (k)11

< (e + e9N)16p;(k — 1)
+ ONTD (v (k = 1)) = TV (@;(k — 1))]l1-1
+ N T (wk — 1)) = TP @k — 1))]l1-1

< () + €)M 18p; (ko)

+ e { (@) + IR 7O (v (ko)) = T (@3 (ko)) -1
oo T (05 = 1) = T (@06 = 1)1 |

+ e { (D) + D)o TG (w(ho)) = T (@ (ko)1 -1
oo I (ol = 1)) = T gk = 1)1}

Define 07; = v; — v; and 0w = w — w. Using the fact that e((ﬁj) =1- (eg) + eq(jj)) and
178 (5) = T (8) 1121 < Lo TS) — T 1-1]s — 5] for any s € R and S € {v,w}, we have

167; (k)11 < () + 9k 167, (ko)
+ (9 e L T = T 111675,y
+ () /e LI TS~ T 1[0y 1y _—
< 3max{ () + Y= 97 (ko) 1. |
(e /e Lol T = TR 11675, -
(e /N LT} — T 110110 -1}
Furthermore, let y;(k),7; (k) be the outputs associated to p;(k), p,; (k). Applying Lemma

in Appendix [B:3] gives

i Tr(296p;(k))

=1

ly; (k) = g; (k)] = < n;l|9p; (F) |1 (5.22)

To show that each QRC subsystem is UOC (with respect to the Schatten—1 norm), consider
6v; = 6w = 0. From (5.21), we have [[69; (k)| < (62 + €)= ||5p; (ko) |1 with e +
eq(jj ) < 1. Applying Theorem shows that each QRC subsystem is UC with respect to
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the Schatten—1 norm. Furthermore, from (5.21) and (5.22)), we have |y;(k) — 7;(k)| <
nj(eg) + eq(;j))k_koﬂéﬁj(ko)Hl, and hence UOC of each QRC subsystem.

We can upper bound ||T§31) - Tgé)Hl_l < 2 for S € {w,v} |105, Theorem 2.1] in (5.21]).

Equations (5.21)), (5.22)) show that (5.8]), (5.14) in Corollary hold. Choose Ai(s) =
A2(s) = As for some A > 0 in Corollary the closed-loop QRC (5.20)) is UIOC if

(46D e Ly Lyning) /() el)) < 1/(1+ N2 (5.23)

Example 5.2. We consider an interconnected QRC with ny = ng € {2,...,5}
(i.e., p = 2ny + 1) to model the feedback-controlled Lur’e system ((5.17)). For each QRC,
we fix ey = 0.25,¢") = 0.1,e) = 0.65 and € = 0.1,e?) = 045,67 = 0.45, such
that holds for all values of n1 considered here. For j = 1,2, ¢; is chosen with
its 1,1-th element (¢j)1,1 = 1 and zero otherwise. Each input-independent CPTP map is

S,m? m

S € {w,v}. More explicitly, we choose vl = Uiglz) =U® = U1§22) =QMn, Z0. Other

w,l w,l

governed by a unitary matrix Uy defined by Téj) (p) = é{gnp(Uéjzn)T forj,m=1,2 and

. . ] _,0Sm,J 3 (3) .
unitaries are Uéj) = Q" e Wy X M,

S.
m . Parameters 0;

are uniformly distributed on
[—m, 7|, independently for each S,m,j and i. The unitaries employed here are simple,
more complex unitaries that entangle qubits within a QRC subsystem can also be used;

e.g., see Chapter[{

The minimum FPE is achieved at FPE = 0.0032 with ny = ny =5 and p = 11, and (5.23))
holds for A\ = 0.019. This selected QRC achieves MSEq = MSEy = 0.0015. See Fig.[5.4 for
the QRC outputs §;,(k) against the target outputs y, (k) for the evaluation data I’ =1,2.

In practice, QRCs implemented on NISQ hardware experience decoherence; see Sec. [2.2.3
for a brief introduction. To investigate the effect of decoherence on the modeling perfor-
mance measured by mean-squared error, we simulation the selected interconnected QRC
under dephasing and GAD channels, and apply a multi-qubit error modeled by a depolariz-
ing channel [116]. Output parameters of these QRCs are re-optimized under decoherence.
We simulate GAD channels with finite temperature parameters A = {0.2,0.4,0.6,0.8,1}.
The decoherence strengths 1 = {1074,1073,1072} for both channels are set to be experi-

mentally feasible in superconducting quantum devices [44]; see Appendz’x for detailed
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—— (k) —=— (k)  —o— yi(k) —— (k)

(b)1f. A

J R
{E&‘vfx ﬂj*

Y
-1 *%!

501 Time (k) 540 501 Time (k) 540

Figure 5.4: Target outputs yj (k) and the closed-loop QRC outputs g (k) for k =
501,...,540 with (a) I’ = 1 under a uniform random input wj(k) and (b) I’ = 2 un-
der a sum of sinusoidals w}(k) = sin(27k/25) + sin(wk/5).

numerical settings. The simulated decoherence is a Markovian and stationary approrima-
tion of hardware noise. The proof-of-principle and numerical experiments in Chapter [{]

suggest that this approximation is reasonable for some superconducting quantum devices.

The modeling performance under the GAD noise is similar to the noiseless case. Under
the GAD channels with decoherence strengths 1 = {1074,1073}, the selected QRC achieves
the same MSE; = MSEy = 0.0015 as before. Under decoherence strength 1 = 1072, the
selected QRC achieves MSE; = MSEg = 0.0016 when A = {0.2,0.4,0.6,0.8} and MSE; =
0.0015, MSEs = 0.0016 when A = 1. The modeling performance under the dephasing noise
is the same as the noiseless case. These observations suggest that decoherence does not

significantly impact the interconnected QRC’s emulation ability.

The expectation values Tr(Z®) p;) for j = 1,2 are estimated by averaging M,, measure-
ments, whose variances decrease at a rate proportional to 1/M,,; see Appendix for
the proof. So far, we have assumed that the finite sampling noise can be made negligible

by taking M,, to be very large. In practice, we must take this noise into account.

The framework presented in this chapter can accommodate the finite sampling noise.

Given a realization of the noise, the output-feedback interconnected QRC is governed by

pi(k +1) = Ti(w(k), v; (k))p; (k) + €5 b5,

9j(k) =312, Te(Z2Dpj(k)) + e5(k),

(5.24)
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with interconnections vy (k) = g2(k) and va(k) = 91 (k). Here, e;(k) = 312, gi)(k'), where
eg-i)(k) is the finite sampling noise when estimating the expectation value Tr(Z® p;(k)).
We remark that e; is a bounded sequence with e;(k) € [—2n;,2n;] for all k € Z. This is
because for any i = 1,...,n;, Tr(Z®p;(k)) € [~1,1] and its estimate also takes value in
[—1,1]. Let z1(k) = ea(k), z2(k) = e1(k) and w;(k) = (w(k), z;(k)) be a concatenation of
w(k) and zj(k) into a column vector for j = 1,2. We can re-express in a form such

that w;(k) (j = 1,2) are viewed as external inputs to the QRC subsystems. That is, we
can re-write as
pi(k +1) = Tj(@;(k), 5;(k))p;(k) + ef;f)qﬁj,
gi(k) =322, Te(Z 9 pj(k)),
with interconnections 01 (k) = g2(k) and v2(k) = 91(k). Each QRC subsystem is governed
by Tj(@;(k), 0;(k)) = Tj(w(k), (k) + 2; (k).

(5.25)

We will apply Theorem to ensure that the interconnected QRC (5.25) under finite
sampling noise is UIOC. The analysis below closely follows the analysis when there is no
finite sampling noise. Let p;(k), p}(k) be any solutions to inputs @;,1; = (w,z;) and
~/

v],u?; = (v ,zj) respectively. We have

i (k) = p(k)Il < (€9 + eFN)ER0 ) ps(ko) — 0] (o)1

+ (€9 /e LT — T -1 1(5) — T + 25 — 23 ro—1)
+ (€2 /e LTI, — TIY -1 (w — 'Yy o]
< () + YR (ko) — pl ko)l + 2(e9) /€))Ly (B — T) o o1y

+%#%9mﬂq—wW%ﬂ+%¢/%ﬂ@w—wmwwr
< () + YR (o) — pf(ko)llx + 2(e) /€5 )Ly (B — T) o oy
+ 20 /eI Lol (07 — @) g go— | + 20 /€ Lyll (15 — @) g iy,
(5.26)
where the second inequality follows from HTEE - Té{%”l_l < 2 for S € {w,v} [105,
Theorem 2.1] and [(3; — 0} + 2j — 2D ko h—1)] < [0 — Pk p—1)l + [(z5 = 2)) kok—1)|-

Moreover, the last inequality follows from [(zj — 2}) kg k—1)| < (W5 — @W)) ke k-1l and

(W — W) k=11 < (@5 — D) kg k—17 -
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Let g;(k),7;(k) be the outputs associated to p;(k), p}(k). Applying Lemma in Ap-

pendix B3] again gives

195 (k) — 7;(k !— < njllpj(k) — p(k)ll1- (5.27)

( ) = p(k)))

: ~. o o
Consider 9; = ¥; and w; = ;. From (5.26), we have

loj (k) = o (R)llx < () + €)=l p; (ko) — pf (ko) 1.

Applying Theorem [2.2]shows that each QRC subsystem is UC with respect to the Schatten—

1 norm. Furthermore, each QRC subsystem is UOC since

155 (k) — 75 (k)| < nj(ed) + e9N)ERo|| s (ko) — oy (Ko) 1.

To show that the interconnected QRC is UIOC, define

5 (I = @l g jo—1)
= 2max{2(el?) /) Ly | (5 — ) -1l 2068 /€ ) Lg | (85 — ) o [}

Then ~j € K. From (5.26) and (5.27), we have

loj (k) = pi (k)11 < (i) + )l pj (ko) = pf (ko) I
+ 2(67(Jj)/€ Lyl(5; — 07) ko o—1] | + 75 (105 — D) || (kg k1))
< 3max{ (e + )" p;(ko) — pj(ko) 1,
2(ef) e Lol (05 = 5 woe—11 | 75 (15 = 0 kg -)3-
15 (k) = 5 ()] < nj(ed) + €)Ml p; (ko) — pf (ko) I

+ 2n;(eF) /€ ) Lyl (B = 5)) .- + 157} (185 — |y —1y)-
Therefore, conditions and in Corollary [5.1] hold. We can again choose A;(s) =
A2(s) = As for some A > 0 in Corollary the closed-loop QRC is UIOC if

(Ve Ly Lyning) /(e ey < 1/(1+ 1)

Note that this condition is the same as the condition ([5.23)) derived under the assumption

that we can obtain the expectation values Tr(Z\"p (@) ;) exactly without finite sampling noise.
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Example 5.3. To investigate the impact of finite sampling noise on the emulation per-
formance, we simulate the selected QRC with M, = {103,10%,10%}. For M,, = 103, the
selected QRC achieves MSE; = 0.0157 and MSEy = 0.0222. These errors are signifi-
cantly larger than before, indicating that the finite sampling noise can megatively impact
the emulation performance. As M,, increases, the emulation performance improves. For
M,, = 10*, we have MSE; = 0.0057 and MSE, = 0.0063. For M,, = 10°, we have
MSE; = MSEy = 0.0024. These observations indicate that further investigations is needed

to understand and quantify the impact of finite sampling noise on emulation performance.

5.4 Conclusion

We present a small-gain theorem for output-feedback interconnected systems to be UOC
and UIOC systems, as a discrete-time counterpart of the continuous-time results in [151].
Our proof is based on a small-gain theorem for time-varying discrete-time systems in the
UIOS framework, also derived herein. The latter result bridges the gap between time-

invariant and time-varying discrete-time small-gain theorems in the literature [135,[136].

Our small-gain theorems are applicable to important control problems, such as output
regulation and tracking [152]. We demonstrate an application of our small-gain theorems
to design parameters of interconnected reservoir computers for black-box system identifi-
cation. We introduce interconnected ESNs and QRCs as candidate models equipped with
closed-loop structures and demonstrate numerically their efficacy in modeling a feedback-
controlled system. We further investigate the effect of decoherence and finite sampling
error on the QRC’s estimation quality. In the next chapter, we will consider RCs with
output feedback dynamics which is a special case of the general interconnection considered
in this chapter. We will explore the use of uniformly convergent output-feedback dynamics

for stochastic modeling.
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Chapter 6

Nonlinear autoregression with

reservoir computers

The on-going quest for modeling increasingly complex systems has motivated a fruitful de-
velopment in nonlinear time series modeling and system identification [153|/154]. These are
challenging problems that involve inferring unknown models from observed data. Substan-
tial interest has been focused on model structures that can capture nonlinear phenomena
of the unknown system. For instance, threshold model has been widely applied for ecol-
ogy and hydrology times series [155] and the autoregressive conditional heteroscedastic
model is useful for describing volatility clustering in financial data [156]; see [153] and
references therein. For nonlinear system identification, well-known model structures in-
clude the Volterra series [25], neural networks [146], nonlinear autoregressive exogenous

models [157] and block-oriented models [77].

In this chapter, we explore the use of RC for nonlinear time series modeling and system
identification, and demonstrate that a wide class of nonlinear autoregressive models can be
realized in this emerging computational paradigm. Together with their energy and memory
efficiency, our scheme makes RC an attractive and versatile scheme for signal processing

and control-oriented tasks. This chapter is based on the publication [158]. Central to our
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development is the uniform convergence property; see [22}23] and Sec. m The main

contributions of this chapter are

o We show that RCs with uniformly convergent output feedback dynamics implement
infinite-order nonlinear autoregressive models with exogenous inputs, or NARX (c0)

models.

e We establish asymptotic stationarity and ergodicity of the output of NARX(c0)
models induced by RCs with uniformly convergent output feedback dynamics, and
further show that their outputs are ergodic in the sense of Birkhoff-Khinchin [84)
Theorem 24.1].

A key observation here is that the NARX(00) models induced by uniformly convergent RCs
can also be expressed as infinite-order nonlinear moving average models with exogenous
inputs, or NMAX(c0) models. By exploiting this equivalence, we establish the asymptotic
stationarity and ergodicity of these NARX(oc0) models.

Previous works [80,81] have investigated the potential of RC for approximating input-
output maps under stationary stochastic inputs. Different from [80}81], this chapter is
concerned with developing a general theory for realizing NARX(oco) models with RCs,
taking into account the stability of the model, and establishing conditions for the asymp-
totic stationarity and ergodicity properties of the output process of the NARX(0co) model.
We then use the NARX(co) models for time series modelling and system identification
using synthetic and real-world data sets, and perform validation diagnostics to evaluate

the quality of the model fit.

To highlight the versatility of our proposal, we employ QRCs, ESNs and RCs implemented
by globally Lipschitz Lur’e systems to model several data sets. We cast parameter esti-
mation for these RCs as convex optimization problems. The data sets are collected from
diverse fields of interest, including nonlinear quantum optics (simulated on QuTiP [159]),
finance [160] and a coupled electric drive system [161]. Numerical experiments indicate

that ESNs, Lur’e systems and QRCs with only three to five parameters are able to describe
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these data sets.

The outline of this chapter is as follows. Sec. presents NARX(o0) models realized by
RCs with uniformly convergent output feedback dynamics and establishes stationarity and
(Birkhoff-Khinchin) ergodicity of their outputs (under certain conditions). Sec.[6.3|details
parameter estimation for ESNs, Lur’e systems and QRCs as NARX(oo0) models. Sec.
presents applications of RCs on modeling synthetic and real data. In Sec. [6.5] we discuss
the impact of RC state measurement noise on stochastic modeling. Concluding remarks

and future directions are presented in Sec.

6.1 Uniformly convergent feedback dynamics

We are interested in implementing NARX(co) models using RCs with output-feedback

(also see Fig. [6.1]),

Tr+1 = g(xlﬁaukayk‘)a (6 1)

O = h(wy),
for all k& € 7Z, where x; € RY is the state and u € (R")% is the input. The target
output yr € R is related to the one-step ahead prediction ¢ via yr = i + er, Where
er € R is an external noise. Later on, we will consider e and u modeled by discrete-
time stochastic processes. For now, we view e and u as sequences. We also consider an

equivalent representation of (6.1)) given by

Tpt1 = f(@p, ug, ex),

(6.2)

gk) - h(xk)7

where u and e are viewed as external inputs and
f(@p, up, e) = gk, ug, h(zk) + ex). (6.3)

In system identification, u is often designed to be persistently exciting [145] to sufficiently
excite all modes of the plant. In time series modeling, RCs make (one-step ahead) pre-

dictions g of yx based on past observations and are not driven by input u. That is, (6.1
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becomes

Tk+1 :g(xkayk)a (6 4)

Ok = h(zy).
We view time series modeling as a special case of system identification and present our

results on the latter problem.

Uk
—> RC +

g,h Uk + Yk

Figure 6.1: Schematic of RCs operating in an output-feedback configuration described by
(6.1), where 27! is the one-step time delay operator.

As alluded to in the Introduction, the uniform convergence property is central to our
ensuing development. This chapter focuses on RCs that are uniformly convergent with
respect to inputs v € (R")% and e € R”. We say that is uniformly convergent if and
only if is uniformly convergent.

Recall from Sec. that if an RC governed by is uniformly convergent (e.g., if
it satisfies Theorem for classical RC or Theorem for QRC), then it induces a
unique time-invariant and causal filter Uy p, : (R")Z x RZ — RZ such that when evaluated
at any time k € Z, g, = Upp(u,e)|y = h(xy), where 2* is the reference state solution
to . There is a bijective correspondence between Uy ) and its associated functional
Frp o (RM)E= x RZ- — R, defined as Fyp(u',€') = Upp(i',&)]o [25]. Here @, & are
arbitrary extensions of v’ € (R")%~ and €’ € R?- to (R")? and R?, respectively. We can

~k(u), P2~ o z7%(e)) for any k € 7Z

recover Uy, from Fyp via Ugp(u,e)|r = Ffﬁ(Pg’ oz,

(recall that z* is the time shift operator 2, *(u)| = up _, for any k' € Z). This bijection
will be useful for establishing statistical properties of the output of NARX(oco) models

realized by uniformly convergent RCs; see Lemma [6.2) and Lemma [6.3] below.

Furthermore, if /1 is uniformly continuous, the filter Uy j, can be constructed by taking the

initial time kg — —oo as in Theorem [2.3]in Sec. [2.4.3]
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Theorem 6.1. Consider an RC described equivalently by (6.1) or (6.2) such that (6.2) is
uniformly convergent. Let Uyy be the unique time-invariant and causal filter induced by

(6.2). If h is uniformly continuous, then for any u € (R™)%, e € R% and any k € Z,

yr = Upn(u,e)|r + ek
=ho f(zp_1,ux—1,€ex—1) + ek

=ho f(f(xr—2,Uk—2,€x—2),Ug—1,€k—1) + €k (6.5)

= F(Ug—1,Uk—2y .-, Ck—1,€k—2,-..) + €k,

where the following point-wise limit

Upn(u,e)l = F(ug—1,Up—2, .., €k—1,€k—2;-.-)
(6.6)
= kol_ifl_looh © f( . f(f(fa Ukg s ek0)7 Uko+15 €k0+1) .. )

exists and is independent of initial condition & € RN,

In Theorem [6.1}, we have written xxy; = f(x, ug,ex) as in (6.2). Alternatively, we can
write zp41 = g(x, ug, yr) as in (6.1), where g and f are related via (6.3]). This leads to
the following Corollary.

Corollary 6.1. Consider an RC described equivalently by (6.1) or (6.2) such that (6.2))
is uniformly convergent. Let Uy be the unique time-invariant and causal filter induced by

(6.2). If h is uniformly continuous, then for any u € (R™)%, e € R% and any k € Z,
Yk = G(Uk—1,Uk—2, - - - Yk—1, Y2, - - -) + €k,
where the following point-wise limit

g(uk—la Uk—25 -+ y Yk—15Yk—2, - - )
(6.7)
= lim hog(...9(g(§ kg, Yko)s Uko+15 Yko+1) - - )

ko—>—oo

exists and is independent of initial condition & € RN .
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6.2 NARX(oc0) models

We apply Corollaryto show that RCs described equivalently by or , such that
is uniformly convergent, f is continuous and A is uniformly continuous, implement
NARX(oc0) models defined in below. By Theorem such NARX(co) models can
also be expressed as NMAX(co) models, defined in below. We first introduce a

probabilistic framework.

Let (2,%,P) be a complete probability space on which all random variables are defined.
For an R™-valued discrete-time stochastic process z, for any w € €, z(w) = {zx(w) }rez
is a realization of z. We view z as a random sequence, i.e., z is a stochastic process if
z: (Q,2) = (R™Z,(R™)%) is measurable, where (R™)% is the o-algebra generated by
cylindrical sets in (R™)%; e.g., see [84) Sec. 36].

Consider RCs described by (6.1]) or (6.2)) under R™-valued and R-valued stochastic pro-
cessesuand e; i.e., u: (Q,%) = (R")%, (R")%) and e : (Q,%) — (R% R%) are measurable.
The state x; and the one-step ahead prediction ¥, are described by a stochastic RC:
X1 = 9(Xk, U, Vi),
yk‘ = h(xk)v

where y, = ¥, +e. Stochasticity of y arises solely from the stochasticity of u and e, and

the maps g, h are deterministic.

For a uniformly convergent RC described by (6.1 or (6.2]) with uniformly continuous #,
by Corollary v}, is described by a NARX(0co) model such that for all k € Z,

Vi =0g_1,95-2,. ., Yr_1,Yi_2,---) + €k (6.8)
For each w € 2, the point-wise limit

g(uk—lauk‘—27'"7Yk717yk:727"‘) = hm h‘og(“‘g(gauk‘o’eko)"‘)
k0—>—oo

exists almost surely (a.s.) and is independent of initial condition & € R,
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Equivalently, for a uniformly convergent RC described by (6.1) or (6.2) with uniformly
continuous h, by Theorem [6.1} y,, is also described by a NMAX(oco) model, such that for
all k € Z

Yi = Urn(u,e)|r + e
d (6.9)

=F(up_1,ut 2,...,€¢1,€ 2,...) + €.

For each w € 2, the point-wise limit
F(up_1,0p 2,...,€ 1,€ 2,...) = lim ho fC f(&upg, ex,y) .- )
exists a.s. and is independent of initial condition ¢ € RY.

We now show that if in addition, f defined by (6.3) is continuous, then the output y of
a NARX(oc0) model given by is a well-defined stochastic process. The proof utilizes
the equivalence between the NARX(o0) model and its corresponding NMAX(oco) model.

We also employ the following result.

Lemma 6.1. [84, Theorem 13.4] Suppose that fi, fa,... are real functions measurable
with respect to some sigma algebra 3. Iflim,, o fr exists everywhere, then it is measurable

with respect to X.

Lemma 6.2. Consider an RC described equivalently by or such that 18
uniformly convergent. Let Usy @ (RM)Z x RE (R™)Z x RE) — (RZ,RZ) be the unique
time-invariant and causal filter induced by . Suppose that h : RN — R is uniformly
continuous and f : RN x R” x R — RN defined by is continuous. Then Uyy is

measurable and for any stochastic processes w and e, the output y of the NARX (c0) model

defined by 1s a well-defined stochastic process.

Proof. Since y is also the output of the corresponding NMAX (o) model (6.9)), it follows
that y is a stochastic process if Uy, is measurable. Recall the bijection between Uy,
and its functional Frj. This bijection also implies that Uy, is measurable if and only if

Fyp is measurable; see [80, Sec. II]. To this end, it suffices to show that the functional

Frp o (RY)Z- x RE-(R™)2- x RE-) — (R, B(R)) is measurable. By Theorem for
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any v’ € (R")?- and ¢ € R?-|

Ff,h(u/’e/) = lim hof("'f(gauﬁcoaegco)"')a

k0—>foo

where the limit exists and is independent of initial condition ¢ € RY. Fix ¢ € RV, for any

ko € Z_, define Ff5, : (R")%~ x RZ~ — R by

FFs (€)= ho f(... f(€,ufy,ehy) - -)-

Then limy, oo F }“}L(u’ ,e') = Fyp(v, ') point-wise and by Lemma Ftp, is measurable

if ij‘;t is measurable for all kg = {...,—2,—1}. To show this, we write
Ff5 (€)= ho fy (PR (1)), PR (e)),

where PR = [[.1, PJ : (R")%- — (R")~ho, Pho = TT-L PI . RE- — R™%. Here,

Jj=ko " 1
Pi(u') = uj and PI(¢') = €}. Furthermore, f : (R")7% x R™% — R is given by

Fro(Pro(u'), PR () = f(o f(€ iy €hy) - )-

Since h, P,’fo and P are measurable, it remains to show that 7k0 is measurable. To this
end, to simplify notation, for any 7,j € Z., let “;ﬂo—j:—l—z’ and e}c(ﬁj:flﬂ- denote the con-
catenation of {uy _;,...,u’;_;} and {e} ,...,e_;_;} into a column vector, respectively.

We can define fko recursively via

?kofl(uko—h—p 62;0—1:—1) = f(?ko (UZO—L—% 6’20—1:—2)&,—17 6’/—1)-

Using this recursion and continuity of f, an inductive argument on kg shows that ?ko is
continuous. Hence Fyj and Uy ) are measurable, and y defined by is a well-defined

stochastic process. O

In practice, when we are using NARX(oo0) models for system identification, we are only
given the input time series u and the output time series y. With these data, we can produce
an one-step ahead predictoin ¥, = G(ug_1,ux_2,...,Yp_1,Yi_2,---) of the target output
data y. For time series modeling, the one-step ahead predictionis ¥, = G(¥i_1, Yi_2,- - -)-

In both cases, the noise process e cannot be observed but it is useful for evaluating how
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well the NARX(oc0) model fits the target data. More explicitly, we can impose a statistical
assumption on e and check if the residual &, =y, — ¥, has the same statistical properties
of eg; see [153] for further detail. This suggests that the one-step ahead prediction captures
useful information of the data. Throughout this chapter, we impose the following standard

assumptions on u and e:

Assumption 6.1. u and e are independent, and e is identically and independently dis-

tributed (iid).

Assumption lays the basis for analyzing the RC residual &; = y, — y5. If the RC
prediction y describes the target data y adequately, € should be a proxy for e. We will

introduce some statistical tools to test this in Sec. [6.4]

6.2.1 Asymptotic stationarity and ergodicity

In this subsection, we derive conditions for which y defined by is asymptotically
stationary and/or ergodic given that u, e are stationary and/or ergodic (see Definitions
and below). We equip R™ with the Borel o-algebra B(R™).

Definition 6.1 (Stationarity). An R™-valued stochastic process z is stationary if for any

T, ki € 2,1 € Z4 and H; € B(R™), where i =0,...,1, it holds that

P(iko € Hy, ... ,Zkl < Hl) = P(2k0+~r € Hy, ... 72kl+7' S Hl)

A stochastic process z induces a probability measure P; = P oz~ on ((R™)%, (R™)%).

Ergodicity of z is defined as followed.

Definition 6.2 (Ergodicity). An R™-valued stochastic process z is ergodic if for any
A€ (R™Z with (2;1)"Y(A) = A, either Pz(A) = 0 or Pz(A) = 1, where (2,,))"1(A) is

the pre-image of A under the shift operator z,,,!.

Definition 6.3 (Birkhoff-Khinchin ergodic). An R-valued process z is Birkhoff-Khinchin

ergodic if imy o 7 Zﬁ;& zr, = E[Zo| a.s., where B[] is the expectation over P.
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Combining the discussion on [84, Page 526] and [84, Theorem 24.1], we also have the

following theorem.

Theorem 6.2. Suppose that Zj, = H(z,(%)) for all k € Z, where Z is an R™-valued
stationary and ergodic stochastic process. If H : (R™)? — R is measurable and integrable,

then 7' is Birkhoff-Khinchin ergodic.

To establish statistical properties of the output of a NARX(oo) model defined by ,
we again exploit the bijective correspondence with its associated NMAX(oc0) model given

by . We will also apply the following result.

Theorem 6.3. (84, Theorem 36.4] Suppose that an R™—valued stochastic process z is
stationary and ergodic. Let U : ((R™)% (R™)%) — (R%,R%) be measurable. Then the

stochastic process y defined by y, = U(2)|x for all k € Z is stationary and ergodic.

Lemma 6.3. Consider an RC described equivalently by or such that
is uniformly convergent. Under the assumptions of Lemma [6.9, the process y defined by
is stationary (resp. ergodic) if w and e are stationary (resp. ergodic). Furthermore,
suppose that h o xy and ey are integrable, where x* is the reference state solution to .
Then under the assumptions of Lemma [6.3, y is Birkhoff-Khinchin ergodic if u, e are

stationary and ergodic.

Proof. By , we have y, = Ugp(u,e)|, + e, where Uy, is the unique filter induced
by . By Lemma Ut is measurable. Now y is stationary (resp. ergodic), given
that u,e are stationary (resp. ergodic), follows from Theorem To show the second
part of the Lemma, by Theorem it suffices to show that Ff,h(Pf_ (u), PZ=(e)) + e :
(2,3,P) — R is integrable, where Fy ), is the functional induced by . Recall that

|| Frn (P2 ), P~ (e(w)) + eafe) | ()
= [ 165 () + ea() Pldw)
< [ (i) + leow))) B(dw)

Integrability of Ff’h(PT% ~(u), P2 (e)) + e now follows from the integrability of hox} and
€. ]
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Remark 6.1. We remark that when h is uniformly continuous (as a sufficient condition
in Theorem , a sufficient condition for the integrability of h o x is that there exists
0 < M < oo such that ||xi]| < M a.s.. This holds for RCs with compact state spaces,
such as ESNs and QRCs. We also point out that e is stationary and ergodic due to the
iid assumption on e (Assumption /84, Sec. 36].

6.3 Parameter estimation

In previous sections, we have shown that a large class of NARX(co) models can be realized
by uniformly convergent RCs of the form . In this section, we present three example
RC classes, including ESNs, QRCs and RCs realized by Lur’e systems, as NARX(o0)
models. ESNs are pioneering software implementation of RC and have found successful
applications in chaotic system modelling [10]. Recently, there is substantial interest in
physical RC, hardware implementation of RCs for real-time stochastic modeling with low
energy and memory requirement. One potential hardware RC scheme is the Lur’e system,
which is ubiquitous in robitics [162]. While Lur’e systems have been of interest in stability
analysis and observer design [144], few stochastic modeling applications of them have
been developed. Here, we demonstrate that Lur’e systems, such as one-link flexible joint
robots, can implement NARX(oo) models for stochastic modelling. Another hardware
implementation of RC is the QRC, implemented on current noisy quantum machines, see
Chapter [l Here, we extend the single-input QRCs introduced in Chapter [4 to multiple

inputs, and employ them for stochastic modeling.

These RCs are described by or equivalently , where f and h satisfy the assump-
tions in Lemma [6.3] Furthermore, ESNs and QRCs admit a compact state-space, and
we will show that there exists 0 < M < oo such that ||xj|| < M a.s. for a uniformly
convergent Lur’e system considered here. With these observations, by Lemma [6.3] these
RCs realize NARX(0o) models whose output y and their one-step ahead prediction y
are stationary and ergodic. For these RCs, the one-step ahead prediction has the form

Vi = WTh(xy) + We, where W € RN, W, € R are the output parameters to be estimated.
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Given time series data {yg, ...,y } and {uo,...,ur}, parameters W, W, are optimized via
least squares based on {y,1,...,¥,} and {ur,41,...,uz,}, so that y, approximates
the target y;. (the first L data are for washing out the effect of the RC’s initial condition).
We apply Theorem to to ensure the RC’s convergence, the resulting optimization

of W, W, becomes a constrained least squares problem,

Lo
1
Vr[%[r/l L Z lye — ¥i|?, subject to G(W) <0, (6.10)
e k=L 41

where Ly = Ly — Ly. We will derive a convex constraint G(-) for each example RC model.

If 2, y? and yy are Birkhoff-Khinchin ergodic, then parameter estimation is consistent in
the sense that as L; — oo, the cost function given in (6.10)) becomes minw w, E[|ly, — ¥o|*]

a.s..

6.3.1 Echo-state networks (ESNs)

An ESN with state x, € RV is governed by

Zp+1 = tanh(Axg + Buy + Cyg), (6.11)

Y = Wka + W,

where tanh(-) applies to a vector elementwise. Elements of A, B,C are drawn indepen-
dently and uniformly from [—1,1] (for time series modeling, we set C' = 0). To apply
Theorem [2.1] we re-express in the form of by substituting yx = Jx + ex =
W ay, + W, + e, into (6.11)):

Trt1 = frsn(zk, uk, ex)

= tanh((A + OW Ny, + O(W, + ex) + Buy,).

We set P = I sothat ||x||p = ||z||. Then for any u € (R")% and e € R%, supcy, || frsn (0, ug, ex)|| <
oo and (2.8]) in Theoremholds. To derive a convex constraint on W, for any z1, zo € RY

and any k € Z, we have

| fEsN (21, uk, ex) — frsn (22, Uk, ex)|| < Tmax(A + CW N)||zy — 22,
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where omax(+) is the maximum singular value. By (2.9)) in Theorem an ESN is uni-
formly convergent if opax(A + CWT) < 1. We optimize W, W, for the ESN using Se-
DuMi [163] through YALMIP [164] by passing the non-strict inequality constraint:

I A+cwT 5
= 107°1. (6.12)
(A+cocwhT I

6.3.2 Lur’e systems

Consider a Lur’e system with state z; € RY described by

Zpr1 = Axg + Btanh(ug) + C tanh(yy), (6.13)

G = W lap + W,

where tanh(-) applies to a vector elementwise. Elements of A, B, C are drawn indepen-
dently and uniformly from [—1,1] (for time series modeling, we set C' = 0). Given any

P >0, u € (R")? and e € R%, we re-express (6.13) in the form of (6.2)) by substituting
Yk = Uk + ek into (6.13)),

Trt1 = frurre(Th, Uk, k)

i= Az, + Ctanh(W Ty + W, + ex) + B tanh(uy)
and ([2.8) in Theorem holds since

sup HfLur’e(Oa Uk, ek)”P = Mu,e < Q.
keZ

We show that (2.9)) in Theorem and hence the uniform convergence of a Lur’e system,
holds if for some P = 0, 0 > 0 and # € (0, 1), the linear matrix inequalities (LMIs),

P—-461I<0,
[ _op ATP swCT ATP |
PA P 0 0 (6.14)
<0
SCWT 0 —6I 0
| PA 0 0  P—6I
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are satisfied (we set 6 = 0.001 and € = 0.99 in our numerical examples).

More generally, we can consider Lur’e systems ((6.13|) with other globally Lipschitz func-
tions besides tanh(-). Here, we derive (6.14) for a more general class of globally Lipschitz

Lur’e systems described by

Thy1 = frure(Tr, Uk, ) = Azy + BO(ui) + CP(xy, ug),

where for any P = 0, u € (R")Z and e € RZ, supyez, || frure (0, uk, ex)||p < 0o, so that (28)
in Theorem holds. Suppose that there exists a N x N matrix X such that, for any

x1, 22 € RN and uy, € R?,
[C® (w1, up) — CP(w2, up) || < [[ X (21 — x2)|. (6.15)

Let z = 21 — x9 and w = C®(x1, ux) — CP(x2, ug), becomes w'w —z' X Xz <0,
that is,
-X'X 0f |z

0 I |w

<0. (6.16)

Now (2.9) in Theorem [2.1| holds if there exists 6 € (0, 1) such that (Az +w)" P(Az +w) —

02T Pz <0, that is,

ATPA—6P ATP| |z

21w <0. (6.17)
PA P w
From (6.16), (6.17) holds if there exists § > 0 such that
ATPA—0P ATP -XTX 0
-0 =< 0. (6.18)
PA P 0 I

Assuming that P — 01 < 0 and § > 0, we claim that (6.18)) is equivalent to

9P ATP §XT ATP |
PA —-P 0 0
X 0 -6 0
PA 0 0 P-4l

< 0. (6.19)
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To see this, under the assumptions P — 6/ < 0 and J > 0, the Schur complement shows
that (6.18)) is equivalent to ATPA — P +5X"X — ATP(P —§I)"'PA < 0. The same
condition is obtained by applying the Schur complement twice to ((6.19)).

For the Lur’e system governed by , the Lipschitz condition holds for X =
CW'T, leading to . We optimize W, W, for the Lur’e system using SeDuMi [163]
through YALMIP [164] (by replacing the strict LMI P — §I < 0 in with the non-
strict LMI P — 61 < —107*1I).

To show that ||x§]] < M < oo a.s. for a uniformly convergent Lur’e system (so that

Lemma holds), first note that ||z§||p < % [23, Theorem 1], where z* is the reference

state solution under u,e. Therefore, it suffices to show that sup,cgnyz cerz Mu,e < 00.

Let P = LLT be the Cholesky decomposition of P for which (6.14]) holds, then
Mu,e = sup ||fLur’e(07 Uk, ek) ||P
kEeZ
< iurz) (||C tanh(W, + eg)||p + || B tanh(ug)|| p)
€

< |ICllp + sup | LT B tanh(uy ||
kEZ

<||C|lp + |LT B||v/n.

Therefore, SUDy ¢ (R7)Z,ecR” My, < oo.

6.3.3 Quantum reservoir computers (QRCs)

Consider an N-qubit QRC described by

pr+1 = (1 — )T (ur, yr) pr. + €px,
(6.20)

g = SN WiTe(Z2D ) + W,

where py, is a 2V x 2V density operator, p, is an arbitrary but fixed density operator, Z®
is the Pauli-Z operator acting on qubit i and € € (0,1). Throughout this chapter, we set

p« with (1,1)—th element to be one and all other elements zero. The dynamics T'(ug, y)
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is a CPTP map determined by wug and yi. We consider

1
n+1

T(up, yi) = ( " 9PV + gy T + (n +1- fjg<u§>> - g(yw) m) ,
j=1

j=1

where u,gj ) is the j-th component of u, € R™. Here, g(-) € [0,1] is a continuous function
which can be chosen suitably according to the task. More generally, different ¢g’s can be
applied to u,ij) and yi (for time series modeling, we set g(ux) = 0). In this chapter, we

find that the globally Lipschitz logistic function g(s) = =5 with Lipschitz constant

TFeRb(3)
L, = 1/4 performs well. The input-independent CPTP maps 7; for [ = 1,...n + 2 are
governed by unitary matrices U; = Uj(7y;) such that Tj(px) = UlpkUlT. Fori=1,...,n+1,
~; are randomly chosen and fixed at the onset, and we fix all elements of 7,2 to be 7; see
Appendix for the details. Such QRCs are multi-input extension of the QRCs proposed
in Chapter [4|or [115]. They can be implemented on current NISQ machines using schemes

proposed in Chapter [4]

To establish the uniform convergence property, we invoke Theorem with respect to
the Schatten 1-morm. That is, a QRC is 1-uniformly convergent if there exists some
6 € (0,1) (independent of u,e) such that, for any density operators p; (j = 1,2), any
k€Z,ue (R and e € RZ,

(L — €)1 (uk, yr,1)p1 + €p — (1 — )T (ug, y,2)p2 + €ps) |1 < Ollpr — p2|1,

where y;, ; = Zfil WiTr(Z(i)pj) + W, + ey, is the output associated to p;. An upper bound

for the left-hand side of the above inequality is

(1 — )T (ug, yr,1)p1 + €px — (1 — )T (ug, Yr,2)p2 + €ps) 1
l9(y1) — g9(y2)|
n——l—l”Tn—H - Tn+2H1—1

N
< ((1 —o+ sz) o1 = pall,

n+l o

<=9 (lor =l +

where the last inequality follows from ||T,,+1 — Thi2|l1—1 < 2 [105, Theorem 2.2] and

l9(n1) — 9(y2)| < Lglyr — yol < Ly 3y [Willlpr — pall1; see Appendix A QRC
described by (6.20]) is 1—uniformly convergent if there exists some 6 € (0,1) such that the
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following convex constraint holds:

N
04+e—1n+1
E Wil — —— < 0. 6.21
i:1| il 1—e 2L, — ( )

Throughout, we set # = 0.99. We optimize W using the “fmincon” command in Matlab

by setting W, W, = argminWWcL% ZiiLﬁl lyr — ¥5|? as the initial guess.

We remark that (6.12)), (6.14]) and (6.21]) are only sufficient for the uniform convergence.

Nevertheless, numerical experiments developed below suggest that ESNs, Lur’e systems
and QRCs under these constraints are adequate in describing the data sets considered.
It is an interesting and important future direction to find relaxation of these sufficient

conditions.

6.4 Numerical examples

We employ ESNs, Lur’e systems and QRCs to model three time series. For a non-
stationary time series, we remove its trend and seasonal components and model the remain-
ing stationary part. Stationarity is tested based on the augmented Dickey-Fuller [165] and
KPSS [166] tests within 95% confidence interval (CI). Given time series data {yg,...,y.},
we randomly generate 50 ESNs, Lur’e systems with N = 2,...,10, and 50 QRCs with qubit

number N = 2,...,5, so that the number of output parameters is NV + 1.

For each ESN, Lur’e system and QRC, we washout the effect of their initial conditions
using {yg,...,¥r,}» with L, = L; + 1 washout data points. Output parameters W, W,
are optimized via constrained least squares (see Sec. based on {yy, 41,.-.,¥,}, with
L; = Ly — Lq training data. The fitted ESNs, Lur’e systems and QRCs are selected

via Akaike’s final prediction error (FPE) criterion using validation data {y;,.1,...,yr},
defined as
L,+N+1
FPE = | ————— | MSE
(L’U - N + 1> ’
where L, = L — L9 is the number of validation data and
L L
1 R 1 .
MSE = — ez = - (yi — Yk:)2'
Y k=Lo+1 Y k=Lo+1
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We remark that FPE assumes the estimated output parameters are unbiased; e.g., see
[167]. Although this cannot be guaranteed in general, we observe that the decrease in
MSE is small as N increases and FPE prefers the lowest order N = 2. Furthermore, RCs
selected by FPE achieve residuals that satisfy Assumption [6.1] suggesting that they are
adequate in describing these time series data. We therefore choose N = 2 for all RCs on
all time series modeling tasks. It is a future research theme to develop model selection
methods for the proposed scheme. We test if the RC residuals é; are uncorrelated using
sample autocorrelation (ACF) via the ‘ggAcf’ command in R [168], and test if e are
Gaussian using the Lilliefors test [169] and Q-Q plot (via the ‘lillietest’ and the ‘qgplot’

commands in Matlab).

Throughout, we set ¢ = 0.9 in for QRCs. In practice, QRCs implemented on
NISQ devices experience decoherence. To investigate its effect on stochastic modeling
tasks, we simulate the selected QRCs under decoherence as in Appendix [B:4] Output
parameters of these QRCs are re-optimized under the constraint . We simulate GAD
channels with finite temperature parameters A = {0.2,0.4,0.6,0.8,1}. The decoherence
strengths ¢ = {1074,1073,1072} for both channels are set to be experimentally feasible

in superconducting quantum devices [44].

We employ the root mean-squared error (RMSE) to compare among different models on
the same time series data, where RMSE := +/MSE; see [170] for further discussions on
RMSE in the context of time series modeling. We report the selected RC’s RMSE and
the average RMSE of 50 randomly generated RCs with the same dimension N (or qubit
number) as the selected RC.

6.4.1 Nonlinear quantum optics

This example demonstrates that RCs can act as nonlinear Wiener filters to extracting the
signal part of a highly noisy time series from nonlinear quantum optics. Kerr-nonlinear
optical cavities are fundamental building blocks in realizing photonic sequential logic [171].

We consider a low-photon-number Kerr cavity with two input-output ports (Fig. [6.2(a) or
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[171} Fig. 2(a)]), whose internal mode is governed by a Hamiltonian Hy = Aa’a+x(a')?a?,
where a is the annihilation operator, A = 100 is the detuning from a reference frequency,
and x = —5 governs the nonlinearity. The cavity is coupled to two incoming fields ain;(t)

via operators L; = —t,/K;a, where ¢« = \/—1 and k; = 25 for j = 1,2. Here, ain1(t) is a

coherent field with a constant amplitude n = 21.5 and aina(t) is in the vacuum state.

K1 K2

/ Qout2
All\ /Oéin2:

Figure 6.2: (a) Kerr-nonlinear cavity with two input-output ports. The top mirror is
fully reflective (without loss) and the other mirrors are partially transmitting. (b) The
simulated trajectory of 8 and the data employed.

Time (s)

We obtain a discretized trajectory S = Tr((Le +L£) pk)+n from homodyne measurement
on the second output port with sampling time 1072 on Qutip [159]. Here, py, is the state at
time k and 7 is a quantum Gaussian white noise. Our goal is to employ RCs to separate
the ‘signal part’ o, = Tr((L2 + L;)pk) from the highly noisy 8;. We simulate [ starting
in the vacuum state on a truncated Hilbert space of dimension 1000 for 6.4s and employ

the data after bs until p reaches a steady state, see Fig. b).

We set L, = 99, Ly = 1000 and L, = 300. ESN, Lur’e and QRC with N = 2 achieve
comparable RMSE and average RMSE, their residual sample ACFs show no autocorre-
lation within 95% CI and pass the Lilliefors test. See Table for the p-values of the
Lilliefors test, dimension (or qubit number) N, RMSE and average RMSE. We report 0.5

for p-values> 0.5.

In Fig.|6.3(a)(b)(c), we observe that the ESN, QRC and Lur’e predictions follow the signal
ZLLQH(Q’C*S’I@)Q B

Zi:L +1 ajp
0.0047,0.0048, 0.0040, respectively. These suggest that these RCs can act as 221 nonlinear

ap with a normalized root mean-squared error between them of

Wiener filter, separating the signal aj from the noisy time series 5.
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By ap — ~—— ESN prediction — — QRC prediction — —— Lure prediction
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Figure 6.3: The noisy time series [, the signal oy = Tr((Lo + L;)pk), (a) the ESN
prediction, (b) the QRC prediction and (c) the Lur’e perdiction on the first 100 validation
data. (d) The ESN residual sample ACF (horizontal blue lines show the 95% CI). (e) The
ESN residual Q-Q plot. (f) The QRC residual sample ACF. (g) The QRC residual Q-Q
plot. (h) The Lur’e residual sample ACf. (i) The Lur’e residual Q-Q plot.

Table 6.1: Dimension (or qubit number) N, p-value, RMSE and average RMSE (RMSE)
of RCs for stochastic modeling.

‘ Optics ‘ Finance ‘ Coupled eletric drive system
| ESN | Lur’e | QRC [ ESN | Lwr'e | QRC [ ESN [ Lure |  QRC
N 2 2 2 2 2 2 2 2 2
p-value | 0.5 0.5 0.5 0.5 0.23 0.5 0.5 | 0.29 0.44
RMSE | 1.12 | 1.10 1.12 | 0.047 | 0.047 | 0.049 | 0.10 | 0.11 0.11
RMSE | 1.12 | 1.12 | 1.12 | 0.055 | 0.058 | 0.048 | 0.12 | 0.14 0.11

Fig.[6.3]also plots the RCs’ residual sample ACF and Q-Q plot. For all numerical examples,
we plot the residual sample ACF up to L,/4 lags (L,/4 is recommended for obtaining
reliable estimate of sample ACF [153]). We observe that all RCs’ residuals show no

autocorelation and pass the Lilliefors test with p-value> 0.5.

For all decoherence strengths, QRC obtains RMSE = 1.12 as the noiseless QRC, and its
residuals show no autocorrelation and pass the Lilliefors test with p-value> 0.5. Further-

more, QRC under decoherence can still effectively extract oy from .
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6.4.2 Finance

This time series describes weekly 5/1-year adjustable rate mortgage average (2005-2020) in
the US . After removing trend and seasonal components using the ‘mstl’ R command
, the data is highly correlated up to 300 lags. This example tests RCs’ ability to
model highly correlated data. We set L,, = 100, L; = 580 and L, = 100. All RCs achieve
comparable RMSE. The QRC and Lur’e average RMSEs are similar to their RMSE,
whereas the difference for ESN is more pronounced. All RCs achieve uncorrelated residuals
(within 95% CI) and pass the Lillefors test; see Table and Fig. In Fig. we
plot the target and predicted time series with the trend and seasonal components. These

observations suggest that these RCs are capable of modeling this highly correlated time

series.
Target — o— ESN prediction — o— QRC prediction — o— Lure prediction
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Figure 6.4: The finance time series, (a) the ESN prediction, (b) the QRC prediction and
(c) the Lur’e prediction on validation data. (d) The ESN residual sample ACF. (e) The
ESN residual Q-Q plot. (f) The QRC residual sample ACF. (g) The QRC residual Q-Q
plot. (h) The Lur’e residual sample ACF. (i) The Lur’e residual Q-Q plot.

QRC under GAD experiences an increased RMSE. Despite this, QRC residuals under
decoherence show no autocorrelation within 95% CI and pass the Lilliefors test with p-

value> 0.35. This suggests that decoherence does not significantly impact the QRC’s
ability to model highly correlated data.
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6.4.3 Coupled electric drive system

We test the efficacy of RCs on modeling a single-input (i.e., ux € R) single-output nonlinear
system consists of two electric motors driving a pulley using a flexible belt [161]. Input
data is a pseudo-random binary sequence with amplitude 0.5 and only L = 500 (10s at a

sampling time Ts = 0.02s) data are available, presenting a challenge for RCs.

We exploit spatial multiplexing, see Fig.[6.5] Outputs of two distinct and non-interacting
RC members are combined linearly. The first member processes both y, and uy as de-
scribed in Sec. and the second only processes u;. We label each member’s parameters
with subscripts 1,2. For simplicity, we set N = Ny = Ny so that dimensions of both
members (or numbers of qubits) are the same, with N = 2 preferred by FPE for all RCs.
For the second ESN and Lur’e member, we set Cy = 0 and oy, (A2) = 0.7, where the latter
ensures convergence. For the multiplexed QRC, we set ¢, = 0.5 and e5 = 0.9, and set the

second QRC’s CPTP map T3 (uy,) as

T (uy) = g(u) T + (1 = glug)) TS,

where TZ(Q) (pr) = Ul(Q)pk(Ul(Q))Jr for some arbitrary but fixed unitaries UZ(Q) for I = 1,2; see
Appendix for the details of these unitary matrices. The second QRC has no feedback
component and is uniformly convergent by construction; e.g. see Sec. For all multi-
plexed RCs and QRCs, output parameters of their second member are not constrained.
As before, we perform model selection (see Appendix for the selected RCs’ parame-
ters) and residual analysis for all RCs, and check whether their residuals and inputs are
independent based on their sample cross-correlation via the “ggCcf” command in R [168].

We also numerically investigate the effect of decoherence on QRCs.

We set L, = 20, L; = 400 and L, = 79. All RCs achieve comparable RMSE and average
RMSE, and they pass the Lilliefors test. Residuals of ESN and QRC are uncorrelated and
independent of inputs (within 95% CI); see Table and Fig. However, residuals
of the Lur’e system exhibit autocorrelation at lag 1, and this observation persists for

N =2,...,10, suggesting that the Lur’e system is unsuitable for this task.
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Figure 6.5: Schematic of spatial multiplexing. Here, x; and Ty are the states of the first
and second RC member, respectively. The one-step ahead prediction of the multiplexed
RC is Y = WlThl(.%'k) + WQThQ(Tk)
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Figure 6.6: The target output, (a) the ESN prediction, (b) the QRC prediction and (c)
the Lur’e prediction on validation data. (d) The ESN residual sample ACF. (e) The ESN
residual Q-Q plot. (f) The QRC sample ACF. (g) The QRC residual Q-Q plot. (h) The
Lur’e residual sample ACF. (i) The Lur’e residual Q-Q plot. The sample cross-correlation
between inputs and residuals for (j) the ESN, (k) the QRC and (1) the Lur’e.

Under both decoherence channels, residuals of QRC show autocorrelation at lag 1. Despite
this, the increase in the QRC RMSE is small, by at most 0.01 compared to the noiseless
QRC.
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6.5 Discussion

So far we have assumed that stochasticity only arises from the stochastic input u and
external noise e. For physical RCs, state measurement noise is another source of stochas-
ticity. Suppose that we can only obtain X = xi + 7%, where 7 is measurement noise. In
general, the framework presented here does not apply to this setting unless the RC output
is a linear combination of the state elements. For a linear output y, = W%y, we can
write yr = W x, + WTnk + e and identify e; = WTnk + ey, as the external noise. The
resulting NARX(00) model is stationary and ergodic as long as u and €’ satisfy Assump-
tion However, finite sampling noise for QRCs is not iid and the resulting NARX(oc0)

model may not be stationary.

Here, we numerically investigate the effect of finite sampling noise on the QRC’s ability
to model time series. We simulate the selected QRCs with M,, = {103,10% 10°} number
of measurement for the three tasks presented above. For the nonlinear quantum optic
example, under all values of M,,, the selected QRC achieves the same RMSE = 1.12 and
RMSE = 1.12 as before. Its residuals show no autocorrelation and pass the Liliefors test
with p—value=0.44, 0.50, 0.50 corresponding to each value of M,,. Furthermore, the QRC
can still effectively extract the signal aj, from [, with normalized root mean-square errors
0.0046,0.0048, 0.0048 for each M,,. These observations suggest that the finite sampling
noise does not impact the QRC’s ability to model the nonlinear quantum optic time
series. However, it shows a larger impact on the finance time series task. The QRC
shows a larger error with RMSE = 0.089, 0.067,0.050 and RMSE = 0.096, 0.071, 0.051 for
each value of M,,, compared to RMSE = 0.049 and RMSE = 0.048 when there is no
finite sampling noise. For M,, = 103, the QRC residual shows autocorrelation at lags
1-4. For larger values of M,,, the QRC residual shows no autocorrelation and passes
the Liliefors test with p—value= 0.34,0.50. For modeling the coupled electric system,
we observe RMSE = 0.19,0.15,0.12 and RMSE = 0.21,0.16,0.12 for each value of M,,.
These errors are larger than when there is no finite sampling noise (RMSE = 0.11 and
RMSE = 0.11). For M,, = 103, the QRC residuals again show autocorrelation at lags 1

and 2. For larger values of M,,, the QRC is able to describe the output time series of the
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coupled electric system, whose residuals show no autocorrelation and pass the Liliefors

test with p—value=0.50, 0.31.

6.6 Conclusion

We have introduced RCs with uniformly convergent output feedback dynamics as sta-
tionary and ergodic NARX(c0) for stochastic modeling. Our approach can harness high-
dimensional nonlinear dynamical systems (with certain properties but are otherwise arbi-
trary) for temporal information processing, making RC an efficient and versatile scheme
for control and signal processing tasks. We present and employ three example RC schemes,
including the ESNs, RCs realized by Lur’e systems and QRCs, to model several synthetic
and real data sets. Numerical experiments demonstrate that these RCs with a few tunable

parameters are adequate in modeling these data.

We have explored the application of RC for nonlinear stochastic modeling. Many exciting
problems remain open for future research, such as relaxing the current sufficient conditions
for the uniform convergence property, developing suitable model selection methods for the
proposed scheme and improving the modeling performance through optimizing the choice
of reservoir. With this view, this work opens the potential for the emergent reservoir
computing paradigm to tackle traditional challenges encountered in control and time series

modeling, further bridging these scientific disciplines.
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Chapter 7

Reservoir design

In previous chapters, we have explored quantum implementations of the RC scheme and
different architectures of RCs for nonlinear system identification and time series modeling.
So far, we have exploited the training efficiency of RCs by choosing the internal parameters
of the reservoir dynamics randomly (with the uniform convergence property), and fixing
them at the onset. However, it has been observed that the RC emulation performance
can be significantly influenced by the internal parameters and the optimal parameters are
highly dependent on the task at hand [87,/172]. These observations have motivated the

reservoir design problem.

The reservoir design problem is the optimization of the reservoir internal parameters to
improve the RC emulation performance. In [21,|81], it has been shown that an RC’s
emulation ability depends on the number of independent state variables. Generally speak-
ing, to increase the number of independent state variables, one needs to also increase
the state-space dimension of the RC. This introduces additional computational costs for
software-based RCs and additional complexities for physical RCs. With this view, the
reservoir design problem is important when the RC has a fixed state-space size. In this
case, to improve the RC emulation performance, one can optimize the reservoir internal

parameters.
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The reservoir design problem has been tackled in [81,87] using a Taylor expansion to
approximate a special class of time-delay RCs to simplify the optimization problem, but
this method may not fully capture the nonlinear model. Global optimization algorithms
have been employed for the reservoir design problem [88,89]. However, these algorithms
often incur large computational costs. To remedy this issue, heuristic FORCE learning
algorithm and its variants [90,91] have been introduced. Despite their promising empirical

results, these heuristics may not provide a convergence guarantee.

Furthermore, for physical RCs, measurement noise is ubiquitous and should be taken into
account in the reservoir design problem. To our best knowledge, an efficient algorithm
that provides convergence guarantee even under state measurement noise is yet to be

developed. This leads to the main contributions of this chapter

e We propose an efficient stochastic approximation algorithm to optimize the reservoir

internal parameters.

e We show that the the proposed algorithm exhibits almost sure convergence to a

Kuhn-Tucker (KT) point under the effect of state measurement noise.

The proposed algorithm is based on the simultaneous perturbation stochastic approxima-
tion (SPSA) algorithm, which only uses two noisy measurements of the cost function to
approximate the gradient, regardless of the number of parameters to be optimized [92].
Our algorithm ensures convergence even when the RC output is a polynomial of arbitrary
degree in the noisy state elements. Roughly speaking, the key to the convergence is to
ensure that the gradient approximation is asymptotically unbiased. To achieve this, we
take inspirations from the publication [173] to design regressors using four noisy state
measurements, adopting the ‘double measurements’ technique used in econometrics for
unbiased off-line nonlinear regression [174]. These four noisy state measurements are used
to approximate the gradient to ensure that it is asymptotically unbiased. We employ our
algorithm to optimize the internal parameters of ESNs under state measurement noise to

emulate outputs of an LRPO and a finance time series. Numerical results suggest that
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the proposed algorithm can reduce the negative impact of noise on the emulation quality,

particularly for higher-order RC polynomial outputs.

This chapter is organized as follows. In Sec. 7.1} we introduce the reservoir design problem
and lay the assumptions on the state measurement noise. In Sec. we introduce the
SPSA algorithm. Sec.[7.3|motivates the construction of the regressors using four noisy state
measurements and introduces our algorithm. We then prove its almost sure convergence
to a KT point. In Sec. we demonstrate the efficacy of our algorithm in numerical
experiments. Discussions on future outlook of the reservoir design problem are presented

in Sec.[7.5] Finally, concluding remarks are presented in Sec. [7.6]

7.1 The reservoir design problem

We first introduce a probabilistic framework for this chapter. Random variables are defined
on a complete probability space (2, X, P) and let E[-] = Ep[-] denote the expectation over P.
As in the previous chapter, z is a stochastic process if z : (2, %) — ((R™)%, (R™)%) is mea-
surable, where (R™)Z is the o-algebra generated by cylindrical sets in (R™)? [84, Sec. 36].
For any random variable x, o(z) is the sigma algebra generated by z. Recall the definitions

of stationarity (Definition and Birkhoff-Khinchin ergodicity (Definition [6.3).

Consider an RC under a stochastic input process u : (Q,%) — ((R")%, (R")%)

xp+1(7) = fy(xk(7), ak), (7.1)

Yi(7) = hw (xk(7)),
for all k € Z, where x;(7) € RY is the reservoir state and ¥,(7) € R is the output. The
reservoir dynamics f, is parametrized by v € C C RP, where p is the number of parameters
and C is a compact set. Here, we constrain the reservoir parameters in a compact set to

reflect physical and numerical constraints in practical implementations.

The output function Ay (-) is a multivariate polynomial of degree R in the components of

x5 () with coefficients W. We can write hy (x(v)) = W h(xx(y)), where W € R and
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h(xr(7v)) € R? whose components consist of polynomial combinations (up to degree R) of
elements in xx(). That is, ¢ = R+ (]2%) + o+ (R]EI) + 1. In general, not all polynomial
combinations need to be used, i.e., ¢ < R+ (g) +o (lel) + 1. Since this is equivalent
to setting some elements of W to be zero, for ease of notation, we assume that h(x(7))

contains all polynomial combinations throughout this chapter.

Given a target output process y, the reservoir design problem is to optimize v to minimize
F(y) = miny E []yk - WTh(xk(y))P] Note that F(v) is only a function of v since the
solution for W is the Wiener solution Wyiener(7) = E[h(x1 (7)) (x1(7)) T B[R (x1 (7)) ¥ 4]

(assuming that E[h(xx(y))h(xx(7)) ] = 0) , also parametrized by .

In practice, we are often given a single realization of the target output y = y(w) and
the corresponding input u = u(w) of finite length L. Suppose that y? yy and y? are
stationary and Birkhoff-Khinchin ergodic, then

E [!yk - WTh(xk(v))P] = lim % >y — W h(zk()) [ ass.,

where zi(7v) is the RC state under the (deterministic) input u. We can approximate

the mean-squared error E [|yk - WTh(Xk(v))\Q} by %Z%:l lye — W Th(zk(v))|? and the

problem is to optimize v to minimize F(v) = minw + SE Ly — W h(zr()) .

To write the cost function F'(y) in vector form, define

h(z1(y)" 1
H(vy) = : Y=1:1. (7.2)

h(zp ()" yL
Then F(v) = minw 7Y — H(y)W|*>. Provided that the ¢ columns of H(v) are linearly

independent, the solution for W is W (y) = (H(y) "H(v))"'H(y) 'Y and hence

F) = 7 | ~ HO)HEE) T HE)  HE Y

We emphasize that since we are only given a realization u of the input process u and y of
the output process y, we view u and y as deterministic sequences. Hence, the vector Y is

also viewed as a deterministic vector throughout this chapter.
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7.1.1 Noisy state measurements

Noise is ubiquitous for physical RCs. We assume that we can obtain M noisy state
measurements :ﬁi(v) = zx(y) + ei, where j = 1,..., M and {e{t} is the state noise. We
consider state noise that is independent of -, this setting is generally encountered for
classical dynamical systems. However, for quantum systems, the finite sampling noise
depends on the state and . This will be further discussed in Sec. We impose the

following assumptions on {ei} throughout this chapter:
Assumption 7.1. The noise processes {ei} (7 =1,...,M) are independent processes.

Assumption 7.2. For any k € Z and j = 1,..., M, components of ei are independent

with zero odd moments.

We remark that Assumption applies to a broad class of noise processes {ei;} admitting

symmetric (around zero) distributions, e.g., Gaussian distribution.

7.2 Simultaneous perturbation stochastic approximation

Under the effect of state measurement noise, we can only obtain a noisy version F (y) of the
cost function F'(). To optimize the reservoir internal parameters, an algorithm should
accommodate noisy measurements as well as preserve the training efficiency of the RC
framework. SPSA [92,175] is a promising candidate that uses two noisy objective function
measurements to approximate the gradient regardless of the number of parameters; see

Algorithm

At each iteration | of the SPSA algorithm, the gradient estimate §PT54(y;) of the true
gradient g(7;) (i.e., g() is the gradient of the noiseless cost function F(-) evaluated at

V) is

~SPSA
P () =

~ N N . T
i FOH-FGD) . FOH-FGD) (7.3)

v ) = 2017 1 2017 ’
where %i = v + ¢A; and A; € RP is a vector of p mutually independent zero-mean

random variables {A; 1,2, -+, A} that satisfy |A;;| < My a.s., ]E[|Al_7jl]] < M; and

131



CHAPTER 7. RESERVOIR DESIGN

E[A;f] < M/ for j = 1,...,p and some My, My, M} < oo [92, Section III]. Often A, ;
is chosen to be distributed according to a symmetric Bernoulli distribution with support
in {—1,1}. For simplicity, we allow 7; £ ¢;A; to lie outside of C but keep 7; € C at all
times using a projection Il¢(-) onto C as in [175]. Here, II¢(7y) is defined as the nearest
point to v on C, where the norm is the Euclidean norm. For some physical RCs whose
internal parameters are required to be strictly within the constraint set C at all times,
we can project y; onto a closed set C; C C to obtain Pj(v;) so that P(vy;) + ¢ € C.
See [175 Page 890] for the explicit construction of C;. We remark that our results also
apply to this setting when C is convex. We further remark that other choices of the gain
sequences {a;},{c;} in Algorithm [1| are possible, as long as they satisfy a;, ¢; > 0 for all
[, limy o0 a; = 0,limy o0 cp = 0, Y27°; a7 = 0o and 352, (a;/c;)? < oo |92, Section IT1-B].

The choices presented in Algorithm (1| are found to perform well in practice [176].

Algorithm 1 Constrained SPSA algorithm [175]

1: procedure SPSA (agpsa, Aspsa, @SPSA, CSPSA, PSPSA s Fspsa)

2: for [ =1: Kgpga do

3: a; = agpsa /(1 4+ Agpga )sPsA

4: 1 = cgpsa /1PSPSA

5: W=t ad

6: v = ald

7: g () = ﬁ(vgc)l;f f”f ) ... E (72C)l Af 15% 1N > Gradient estimate
8: Yie1 = He(y — alngPSA('yl)) > ITe () projects onto a compact set C

9: end for
10: return yrgpg, > The optimized reservoir internal parameters

11: end procedure

The attractiveness of Algorithm [I]is that under certain conditions, we have lim;_,o, 7 = 7*

a.s., where v* is a KT point [175, Proposition 1], [177, Theorem 3.5]. That is, there exists

pj > 0 for j = 1,...,s such that g(v*) + 37 I/L]dq] ) — 0 with gj(v*) = 0. Here,
g(+) is the gradient of the noiseless cost function and ¢;(-) are the inequality constraints

determined by the constraint set C. That is, we can write C = {7y : ¢;(7) <0;5=1,...,s}.
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7.3 Algorithm and its analysis

The crucial condition required for Algorithm [I] to converge a.s. to a KT point is that the
noisy cost function satisfies

F(vf) = F(vi) + ¢,

where
Ele — ¢ |vi, Ar) =0 as. (7.4)
for all iterations [. This condition ensures that the gradient estimate @lSPSA () is asymptot-

ically unbiased in the sense that lim;_,o. E[gPT5 (77) — g(71) 7] = 0 a.s.; see [92, Lemma 1].

However, under noisy state measurements, our noisy cost function does not necessarily sat-

isfy (7.4).

7.3.1 Motivation

We provide some insight into why the noisy cost function does not necessarily satisfy ([7.4]).
Define

h(@1())T h(z1 (7))
Hy. = : JHip = : (7.5)
h(zL ()" h(z ()T
where Z;(v) = zk(v) + er with measurement noise e for k = 1,..., L. Assuming that

fll,lflz,i = 0 and HJin,i = 0, we have

1 _ 1 _

F(yjf) = EHY — Hy o (H L H 3 ) HLY || = T (YTY ~Y"H 4 (H H 1) leTiY) :
A 1 A A~ A~ 1A ]_ A A A 1A
F(yf) = ZHY — Hy o (H L H ) HLY | = T (YTY —Y T H (0 H, ) 1HlTj:Y>

and

1 B e
G = 7 Y Hs (B He) T LY =Y T s () T LY

To check if ((7.4) holds, we may check if E[ﬁl:t”’)/l, Al = 0 a.s.. However, checking this is
often difficult and cumbersome since eli is a nonlinear function of the noisy regressors H 1+

that involves matrix inversion. To circumvent this problem, we propose to optimize the
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reservoir internal parameters v and the RC output parameters W separately in a round
robin fashion. Explicitly, we first optimize W using some noisy measurements of the state,
with W* being the solution. We then optimize + by fixing W* and using another set of

noisy state measurements. That is, our noiseless cost function becomes
1 * 12
Fly) =7 Y = HW"|

and we employ the noisy cost function

A

1 A 2
P(y) = ||y - HEW?

for the optimization of v using a stochastic approximation method.
The above modification still does not guarantee (7.4) in general. To see this, we write

1 1
FOi) = 2 1Y = Ha WP = - (YTY =2V T H W+ (W) H W)

2 1

FOi) = 2 [V = e | = £ (YTY -2 T i W+ (W) H W)

and observe that
1 * ] * * 3 3 * * *
=1 |2 T Hy W = 2 T H W (W T H W~ (W) H ] H W
where -ﬁll,i and H; 1 are defined in (7.5)).

To check if ((7.4) holds, we may check if E[eﬂ’yk, Ag] = 0 a.s.. However, this is generally
nonzero since eli contains even degree terms of the state measurement noise. For instance,

even if h(-) is linear, that is, consider H; 4+ = X; + and H; + = X; 1, where

w1(v) " #1(75) " (er)"
X4+ = : Xy = yE 4+ = :
e ()T 2r()7T (ep)"

with X'l,i =X+ + E;+ and ef correspond to the state noise when measuring the states
Tk ('yli) Using the tower property of conditional expectations and under Assumption

we have
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1 A
Elef |y, A) = _EE [2YTXl,iW* —2Y T X s W |y, Az}
1 N N
+ LB (W) XKW = (W) XXy W |, A
1
= = 2V "EAE [ W 0, A W, At
1
+ ZE {(W*)TE {EMW*,% Al} X1 W, Az}
1
+ ZE {(W*)TXZ,TiE (B |[W* i, A W, Az}
1 *
+ T E{W)E BB
1
= —Z2YTE {E[E+] Wy, A}

W*ﬁz,Az} W*}’YI,AI}

+ ZE{W)TE[BL] X e &)
1

+7E {(W*)TXZ,TiE [E1 ] W™ |, Al}

| |

+-FE {(W*)TE [E,TiEli} W* |y, Al}
1
E

—

(W*)TE [El:riEl,i} W*|’)/l, Al} a.s.

=~

which is nonzero in general since the even moments of the state noise is nonzero. Here,
the second equality follows since X; 1 is measurable with respect to o(W*,~;,4A;). The
third equality follows since Ej + is independent of W*,~;, A; and the last equality follows
from Assumption [7.2| that E[E; +] = 0.

To address this problem, we propose to modify the noisy cost function by

— 1

F(y) =7 (¥ - VW) (Y - e)wr). (7.6)

with V(’y) and V (7) essentially replacing the role of H(v) defined in (7.2) and

1 * ‘ * 9 *
E[eli]'yl, Al] :Z [QYTHLiW — YTW,iW — YTWiW ”yl, Al} ( 7)
7.
1 * * * 9 7 *
- 7E (W H L H W = (W) TRV, A

We want to construct regressors V(v) and V(v) such that (7.7) is zero a.s.. A possible
choice is to obtain 2R noisy state measurements :%i(y) = zi(y) + ei (j =1,...,2R) for

each k =1,... L, where R is the degree of the output function Ay (). Let %m(’y) denote
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the m—th component of i‘i (7), we define

@k(fY):[i‘llc,l(/y) i‘llc,n(V) 5%1%,1(7)5%%,1(7) 95%,1(7)%,2(7)

B (NI (N1 () B (AR (NEk(1) o (B (M3, () 2 )]
() =25 ) T E() T (0Es ()

FT R NEP ) T T (M EE ()

@ (a2 () - 23R ()]

The regressors 0 () and () now essentially replace the role of h(zy(v)). Components

in 9 () and ¥ (y) do not contain products of i“i’l(y) for any fixed [, j of more than degree

2 2

33%:2(7) Defining the regressors

one, e.g., they do not contain (:fc{cl(fy)) or (%1(7))

b1(y) " ()" o1(y)" w1(%) "
V(y) = : Ve = : V(v) = : Ve = : ,  (7.8)
or(v)" o))" or(v)" or()T

then under Assumptions and (7.7) is zero a.s. since it no longer contains even
moments of elements in ei for any j = 1,...,2R. The caveat is that the number of

measurements increases as R increases.

7.3.2 Constructing regressors from four noisy state measurements

We show that only four measurements are sufficient to ensure that ([7.7)) is zero. From the

four noisy state measurements, we have

24(7) +23(7) _ () + tep  2p(v) —33() _ ep— e}
2 2 2 9
By + 3¢ e t+e ) -2 e —e

These are the building blocks for 0 () and 0 (y). Recall that 0, (), Uk(7y) replace the role
of h(zk(vy)), whose components are polynomial combinations (up to degree R) of elements
in (7). For each component m = 1,..., N of the state x (), we recursively construct
variables tA](Cl,’ZTL(’Y)’ fgjzn(v), e ,f,(:’z('y) to replace Tk (7), Tem ()% - - -, Tem ()T appearing

in h(zg(y)). For instance, for the first- and second-order terms:
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+e2

o Let f,(glgn(v) = Tpm () + 225", This plays the role of z (7).

1 2

2
o Let f,(fzn(*y) = (f,gl) (7)) — <e’”"26’”"> . This plays the role of zj m (7).

. (1 2
To see this, note that (t,(a) ())? = 2em(1)? + Tem(Y) (e,lg’m + e%’m) + % (e}am + e%’m) )

m
To eliminate the even degree terms of e,1€7m,e%7m, we subtract i(e,{am — e%m)2 from the

above, leading to £\°) () = 2m(Y)? + Tpm () (e}g’m + eim) + €} m€h m- More generally,

k,m

for the r—th degree term, we have

1 2 d
T n r T\ 2(r—d Ckm — Ckm
CORIGHCHEDS (d)t;,m%v) (2> . (79)
d=2k,
1<k<|r/2]

Replacing e,lcvm,e%,m by e%m,ei’m in (7.9), we can define fg?)n('y) analogously. We then

define 0 (), 0% (7y) using these new variables:

0 =[N0 - BN B0 RN e NG
~(3) ( ~(2) (1) ~(3) NR) T
7) (Vto(y) - () - Ml
k,1 k,1 k,2 k,N k,N (7‘10)
~ ~ ~(1 ~ ~(1 ~
(7) = [ () A O I ot O B WA GO 3 A ) 12N ()
i1y BT () 1) el

Remark 7.1. Observe that we can write t(y) = h(xk(y)) + f(zk(7), ex, €2) and T(y) =

h(zk(v)) + f(:vk(’y),e%,ei), where f(mk('y),e}g,e%) and f(ack('y),e%,ei) are random vectors
with ¢ components, and their m—th components have the form

My,
f($k(7)v 6llcv ez)m = Z Q5 (xk(’)/))ﬁmd(ellw 6%)7
! (7.11)

f(l‘k('wa 627 ei)m = Z Am,j (xk(’Y))BmJ(e%, ei)
j=1

Here, o j(zk(7)) is a polynomial of elements in x(y) and Bm j(er,er), Bm.j(es,et) are

polynomial of odd degrees of elements in e,lﬂ, e% and ei, e%, respectively.
Remark [7.I] will be a key observation in our analysis.
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Equipped with regressors V (v) and V() defined by (7.8) and (7.10)), we propose a modified

constrained SPSA algorithm in Algorithm [2] and prove its almost sure convergence to a

KT point in the next subsection. Incorporating the round robin method to optimize

and W iteratively, we arrive at the overall algorithm shown in Algorithm

Algorithm 2 Modified constrained SPSA algorithm

1: procedure MSPSA (W™, apmspsa, AMSPSA; OMSPSA , CMSPSA , PMSPSA , KXMSPSA )

2:

3:

4:

9:

10:

11:

for/=1: KMSPSA do
a; = amspsa /(1 + Angpsa ) “MSPSA

c = CMSPSA/ZPMSPSA

N=m+ Al
V== ald
F(’yli) =1(Y - VieWH (Y = VioW*) > Vg, Vs are defined in (7.8),
glM SPSA(y)) = {F(’ch)l;i(%_) f(”/l; C)l;i%_ ) ! > Gradient estimate
Yi+1 = Il (w - azglMSPSA(w)) > II¢(+) projects onto a compact set C
end for
return g, opsa > The optimized reservoir internal parameters

12: end procedure

Algorithm 3 Reservoir design algorithm

1: procedure RCDESIGN(anspsa , AMSPSA s OMSPSA; CMSPSA » PMSPSA » Kvspsa , K)

2:

3:

4:

8:

9:

10:

Randomize g € C

Construct V(o) > V(7o) is defined in (7-),
Wi = argminy G(V(y0), Y, W)

for{=1: K do

Y=MSPSA(W}" |, anspsa, AMSPSA, OMSPSA ; CMSPSA , PMSPSA s KXMSPSA )

Construct V() > V(v) is defined in (7.8), (7.10)
Wy = argminy G(V (y),Y, W)
end for

return yg, W > The optimized internal and output parameters

11: end procedure
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7.3.3 Almost sure convergence

To show that Algorithm [2| converges to a KT point a.s., we first prove the following lemma.

Lemma 7.1. Using regressors V(v) and V(v) defined in (7.8) and (7.10)), under Assump-
tions and we have Ele)" — € |y, Ar] = 0 a.s. for alll, where € = F(~i") — F(;")
and F(’yli) is defined by ([7.6]).

Proof. As alluded to before, we prove a stronger property in which E[elihl, Ayl =0 as.
for all [, where
1 - N
Elef" [, A = E 2 THa W = YT ViaW" = YT VW |, Ay
1 s\ T 7 T * N\ TYrT 17 * (712)
- EE {(W ) Hy fHi 2 W™ — (W) V Vi W |%Al],
and H; 4 is defined in (7.5). We examine the first summand in ([7.12). Using the tower

property of conditional expectations, we have
E YTV W i, A = Y TE{E [V [W*, 3, A W, A} as.

Recall from Remark that 0, = h(zy) + f(zk, e}, e?). Let 0pm(77) be the m-th com-
ponent of ﬁk('yli). The k-th row and m—th column of the matrix conditional expectation

E {VZ,HW*,% Az] is

E[Vial W A = B (o 0F)W" 0,

k,m

= E [h(@x(5i))m + Far(3): ehs )| W 70, A

Mp,
= W@k Nm + Y g @k ())E | B ek )W 71, Al
j=1
M
= W@k (7 )m + Y @k (5))E | B ek, })]
j=1

= h(zx(3))m a:5..

where the third equality follows since h(ack('yli))m and ap, j(z, ('yli)) are measurable with
respect to o(W*,v;,4;), the second last equality follows since 6116, ez are independent of

o(W*,4;,A;) and the last equality follows from Assumptions and Therefore,
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E [‘A/i’i|W*,’)/l, Al} = Hl,:i: and E [YTW’:‘:W*|’W, Al} = E[YTHL:‘:W*’W, Al] a.s.. A similar
argument shows that E [YTVl,iW*hl,Al} = E[YTHl,iW*\’yl,Al] a.s.. As a result, the
first summand in (7.12)) is zero a.s..

We now examine the second summand in ([7.12)). Using the tower property of conditional

expectations, we have

E (W) VL VW |, A = E{ W) TE [V Va W3, A W, A} s

The j—row and m—column of the matrix conditional expectation E {V Vi+

Vs Az] is
E [‘ZLW,HW*,% Az]j.’m

E [(h(ak(o); + Fr(i) ebs ) hlan (i )m + Fax (i), s efhm) W, ]

I
M=

k=1

h(ak () ih (@ (3E))m

I
™=

e
Il

+
="

Wk () | @r (), ek b W70, Al

i
I

+
M=

Mk ()mE [ (@ (), ek )i W, Al

B
Il
—

_|_

M=

E {f(l'k(%i)vel%;aei)jf(xk’(%i)?e%aei)m|W*¢7l7Al} a.s.,

B
Il
—

where the last equality follows since h(xx(y5)); and h(zp(y;5))m are measurable with

respect to o(W*,7;, ;). Expressing f(zx(7), ef,e7) and f(xx(7i5), €3, ef) as in

Remark using Assumptions and we have E [f(xk(’yl ), €3, €q) Y| W*, 1, Al} =

E [f(mkwf) ek )i W71 At = B [F(an (), e ), (@r (7)€ )| W, A = 0
. Hence, E[ ARl ,’yl,Al] [H,Tiﬂmw*,%m} a.s. and

E {(W*)TVZLEVZ,iW*\’n, Al} =E [(W*)THZ—L&HZ,iW*"Yl: Al} a.s

As a result, the second summand in ([7.12]) is zero a.s.. O

We now establish the almost sure convergence of Algorithm [2 by applying a simplified

version of [175, Proposition 1] stated below.
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Theorem 7.1. [175, Proposition 1] Suppose that the following hold:

1. F(-) is three times continuously differentiable.
2. apycp >0, limy oo ap = 0,1imy o0 ¢ = 0,37°, a7 = 00 and 352, (a;/¢)? < oo.

3. The constraints q;(-) where C = {y : ¢;(v) < 0;j = 1,...,s} are continuously
differentiable and at each v € OC, the gradients of the active constraints are linearly

independent.

4. Define m(g(v)) = lims—os>0(Ilc(y + 09(v)) — )/ [177, Page 191]. Let v* be
an asymptotically stable point (which is a KT point) of the differential equation
dvy(t)/dt = —7(g()), where g(-) is the gradient of the noiseless cost function F(-).
Let D(v*) be the domain of attraction for ~*. Suppose that there exists a compact
set A C D(v*) such that v, € A infinitely often.

5. For each 1, {A;;} are independently identically distributed for j = 1,...,p and

symmetrically distributed about 0 with |A; ;| < My < oo a.s., EHAZ_JIH < My < oc.

6. For alll, E[AZJZ] < M} < 00, E[(67)?] < M| < oo and E[F(v)?] < M} < .
Then under Algorithm[3, lim;_ v = 7* a.s..

We remark that Theorem is a simplified version of |175, Proposition 1]. In [175,
Proposition 1], the author includes an additional projection P;(7;) onto a closed set C; C C
so that Pj(vy;) + ¢;A; € C. In Theorem m we allow 7, £ ¢;A; to lie outside of C but keep
v € C for all I. The proof for both Theorem and |175 Proposition 1] are the same.

Proof. The proof is identical to the proof of |175, Proposition 1], which is based on [92,
Proposition 1] and [177, Theorem 5.3.1]. We sketch the proof here for completeness. The

main idea is to write

Vi1 = Te(n — aig(n) — abi(i) — ai&i(n)),

where b;(1) = E[gM5P52 (7)) ] — g(w) and &(v) = P54 () — E[GMSPSA () [l
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Recall from Lemmathat Ele) —¢; |vi] = E{E[¢; —¢; |1, Ailjvi} = 0 a.s.. Using the same
argument as [92, Lemma 1] shows that ||b;(7;)]| < oo a.s. for all I and lim;_, b;(7y;) = 0
a.s.. Furthermore, following the same argument as in [92, Proposition 1] shows that for

any n > 0,

i ar&(m)

k—o0 m>k ||1=p

lim P (sup

> n) = 0. (7.13)
Then the assumptions of [177, Theorem 5.3.1] are satisfied, and the result follows.
O

Remark 7.2. In the above proof, we have used (7.13)) instead of A5.5.2 in [177], which
states that there is a T' > 0 such that for each n > 0,

m(3T+t)—1
. ()] > —
TJLH&OP ?ggr%a%( Z a:i& ()|l = n 0,
= i=m(jT)

where m(t) = max{n : Y =y a; <t} fort >0 and m(t) = 0 otherwise. While A5.3.2 is
sufficient to show the result of Theorem condition (7.13|) is a stronger condition and

can often be easier to verify; see (177, Page 29].

7.4 Numerical examples

We employ the proposed reservoir design Algorithm [3|to optimize the internal and output
parameters of ESNs to model the outputs of two tasks. Recall that the ESN is governed
by [10]

Tht1 = tanh(Axk + Buk),

Uk = hw (zk),
where opax(A) < 1 to ensure the uniform convergence property. We optimize internal
parameters A and B using Algorithm[2] To preserve the uniform convergence property, we
set A to be diagonal and constrain its diagonal elements to [—0.9,0.9]. We also constrain
elements of B to [—1,1]. At each iteration of the algorithm, we apply an independent

additive Gaussian noise with mean zero and standard deviation ogy = {0.05,0.1,0.2} to
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the state to investigate the effect of noise on the optimization. This state measurement

noise satisfies Assumptions [7.1] and [7.2]
The first task is the LRPO task [25[26] described by

xy = ALrPOZk—1 + BLrPOUL,

A~

Yk = h(l‘k),

where il() is chosen to be a degree two multivariate polynomial, whose coefficients are
randomly and uniformly chosen from [—0.2,0.2]. We set Aprpo to be a 500 x 500 real
matrix with omax(ALrpo) = 0.5 to ensure its uniform convergence property. Elements
of ALrpo and Brrpo are randomly and uniformly generated from [—1,1]. The input
sequence is randomly and uniformly chosen from wuy € [0,1] for each k. For this task, we
use the first L,, = 100 data points to washout the effect of ESN’s initial condition. We
then optimize the internal and output parameters using the next Li.ijn = 500 data points.
At each iteration of Algorithm [3] the output parameter W is optimized via ordinary least
squares, that is, W} = (V(’yl)TV(’yl)) - V(7)Y . We test the ESN performance using the
last Liest = 100 data points. The ESN output during the testing phase is g, = 0y, (%)TW*,

where 4, and W, are the optimized internal and output parameters.

The second task is to perform one-step ahead prediction of the finance time series em-
ployed in Chapter @ Recall that this time series describes weekly 5/1-year adjustable
rate mortgage average (2005-2020) in the US [160]. As before, we remove the trend and
seasonable components using the “mstl” command in R [168]. For this task, we consider
implementing a NARX(oc0) model using an ESN with output-feedback as in Chap-
ter[6l The first L,, = 100 data are used to washout the effect of the ESN’s initial condition.
The internal and output parameters are optimized using Lirain = 500 data and the ESN
performance is evaluated using the last Liesy = 180 data. At each iteration of Algorithm 3]
the output parameter W is optimized by solving the following convex constrained program

using CVXPY [17§]:
. > —y2
min |V ()W ~ Y|

subject t0 opmax(A + C’WT) < 0.99.
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As shown in Sec. this constraint ensures that the ESN with output-feedback is uni-
formly convergent and hence induces a stationary and Birkhoff-Khinchin ergodic NARX (c0)
model. As for the LRPO task, the ESN output during the testing phase for the finance

time series is §r = O (%) | Wi.

7.4.1 Sensitivity of reservoir internal parameters

The effect of optimizing the reservoir internal parameters depends on the sensitivity of the
RC’s performance to these parameters. In this subsection, we investigate the sensitivity
on the LRPO and finance time series tasks. In Figs. and we show the box plots of
the mean-squared error (MSE) for 100 randomly generated ESNs against the reservoir size
(i.e., the state-space size of the ESN) and the degree of the readout function at g4 = 0.05.
For each ESN, we randomly and uniformly sample diagonal elements of A from [—0.9,0.9]

and the elements of B from [—1,1].

In Figs. and (a), we observe that the median ESN MSE decreases as the reservoir
size increases for the two tasks. However, the MSE quartile also decreases dramatically as
the reservoir size increases, suggesting that performance of ESNs with large state spaces is
less sensitive to their internal parameters for the chosen tasks. This means that optimizing
the ESN internal parameters when the state space is large may not be effective to improve
performance for the two tasks. The same trend is observed for different readout degrees
(linear, quadratic and cubic as shown in Figs. and and other values of ogg. An
exception is shown in Fig. (b), where the median MSE during the testing phase increases
for the cubic readout function as the reservoir size increases from 25 to 50. This behavior
could be caused by overfitting, which occurs when the model fits against the training
data extremely well and becomes unable to generalize well to test data. Indeed, Fig. [7.2]
suggests that the ESN has a tendency to overfit when modeling the finance time series,
indicated by the steady decrease in MSE;.in but a slower decrease in MSEie; and its
large quartile as the reservoir size increases from 25 to 50. Based on these observations,

we choose a reservoir size of two for the ESN, which appears to be highly sensitive to
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changes in the reservoir internal parameters for the two tasks, to illustrate our proposed

algorithm.
(§2) —— Linear (b) —— Linear
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Figure 7.1: Box plot of the MSE of ESNs during (a) the training phase (MSEi,in) and
(b) the testing phase (MSEgest) for the LRPO task. The inset in (a) shows the box plot
for reservoir size 50 during the training phase.
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Figure 7.2: Box plot of the MSE of ESNs during (a) the training phase (MSE¢ain) and
(b) the testing phase (MSEiest) for modeling the finance time series.

The above observations also suggest two directions to improve ESN performance. The
first is to increase the ESN state-space size, this has also been observed in Chapter [3] on
the NARMA tasks. The second is to optimize the internal parameters when the ESN
state-space size is small. With this view, reservoir design is suitable in situations where
increasing the reservoir size is more costly than the computational cost of the optimization

algorithm employed to tune the internal parameters.
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7.4.2 Performance

We employ Algorithm [3]to optimize the diagonal elements of A, elements of B and output
parameters W of the ESN. We set the number of iterations to be K = 250 in Algorithm
and the number of iterations for Algorithm [2] to be Kyispsa = 500. Furthermore, we set
amspsa = 0.7501, epspsa = 0.1 and pyspsa = 0.25 in Algorithm [2] for both tasks. For
the LRPO task, we set Apispsa = 10 and apspsa = 0.1. For the finance time series task,
we set Aypspsa = 100 and apspsa = 0.001. These choices satisfy the condition Point #2
in Theorem [7.I] The hyper-parameters for Algorithm [2] are determined as follows. The
values of anspsa, pMspsa are set to be the same as in [92]. We then fix c¢ygpsa = 0.1 for
both tasks and choose anspsa, Amspsa for each task for an appropriate step size a;. We
set these values manually such that the internal parameter +; lies in the interior of the
constraint set C for most iterations. We remark that these hyper-parameters can influence
the performance of the algorithm on these tasks and there is no systematic procedure for
selecting them yet. Nevertheless, the work |[179] provides some guidelines in setting these
values and some recent Python packages have implemented hyper-parameter optimization

based on grid search [180].

To investigate the effect of state measurement noise on the reservoir design algorithm, we
also employ Algorithm [I] to optimize the ESN internal parameters. We emphasize again
that in Algorithm (1} the noisy cost function is computed using the noisy regressor h(Zy)

instead of the regressors 05 and ¥ in Algorithm

Fig. plots the average ESN MSE against iteration for modeling the LRPO output,
averaged over 10 random initial guesses of the internal parameters. For all readout de-
grees, we observe that as ogq increases, the ESN performance worsens, indicating the
negative impact of noise. As the readout degree increases, the ESN performance under
Algorithm (dashed lines in Fig. denoted by SPSA) does not improve noticeably. This
is in contrast to the ESN performance under Algorithm (solid lines in Fig. denoted by
MSPSA), which shows noticeable improvement as the readout degree increases. Further-

more, as the readout degree increases, the performance discrepancy between Algorithm
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and Algorithm [2] is more pronounced. In particular, for a cubic readout function under
Algorithm [2 the ESN performance at 054 = 0.2 achieves a comparable ESN performance
under Algorithm[2at oy = 0.1. This suggests that the proposed algorithm can reduce the
negative impact of the noise, particularly when the readout degree and the noise variance

are large.

In Algorithm (3] W* is optimized using the regressor V(V) instead of H (7). This is chosen
because we optimize the internal parameters using V(v),V(y) instead of H(v). As a
result, it is natural to optimize W* in terms of V(v) We provide numerical evidence to
demonstrate that optimizing the output parameter W using V(’y) instead of H (7) provides
a better performance. To test this, we optimize the ESN internal parameters using our
proposed modified SPSA Algorithm [2| as before using V' (v), V(v) but optimize the output
parameter as W} = (f] (v)TH (m))_l H(y)Y at each iteration of Algorithm this is
referred to as USPSA. Fig. [7.4] plots the average ESN MSE for the LRPO task with a
cubic readout function under these methods. It is observed that MSPSA performs better

than USPSA for all values of o044 considered.

We further test the proposed algorithm on modeling the finance time series. Fig.
plots the average ESN MSE against iteration for the finance time series task with a cubic
readout function, averaged over 10 random initial guesses of the internal parameters.
Similar observations as for the LRPO task can be found. For this task, the advantage of
our algorithm is more pronounced as o4 increases. At the last iteration, the percentage
decreases in the average MSE between our algorithm and Algorithm [1|are 20.2% at ogq =
0.2, 9.8% at o4q = 0.1 and 1.6% at o4q = 0.05 during the training phase. The percentage
decreases during the testing phase are 21.2% at o9 = 0.2, 10.7% at o4q = 0.1 and 6.2%
at o4q = 0.05. This again suggests that the proposed algorithm is effective at reducing

the negative impact of the noise when the noise variance is large.
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Figure 7.3: The average ESN MSE against iteration for the LRPO task. The first col-
umn shows the average ESN MSE during the training phase (MSEain) and the second
column shows the average ESN MSE during the testing phase (MSEegt). The first row
corresponds to a linear output, the second row corresponds to a quadratic output and the
third row corresponds to a cubic output. MSPSA refers to Algorithm [2] and SPSA refers
to Algorithm

7.5 Discussion

The work in this chapter presents a stochastic approximation approach for designing the

reservoir under state measurement noise. There are several interesting extensions of the
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Figure 7.4: The average ESN MSE against iteration for the LRPO task with a cubic

readout function under Algorithm |3 (labelled as SPSA) and Algorithm [3| where W} =
A . ~1 .

(H('yl)TH('yl)) H(m)Y (labelled as USPSA). (a) shows the average ESN MSE during

the training phase (MSEqain) and (b) shows the average ESN MSE during the testing

phase (MSEqegt).
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Figure 7.5: The average ESN MSE against iteration for the finance time series task with
a cubic readout function. (a) shows the average ESN MSE during the training phase
(MSE¢;ain) and (b) shows the average ESN MSE during the testing phase (MSEest).

current proposal.

Throughout this chapter, we have assumed that the state noise is independent of the
internal parameter 7. Although this is a reasonable assumption for most classical RCs, for
QRCs this is not true. This is because the finite sampling noise from measuring a quantum
system depends on the quantum state; see Sec.[2.2] Furthermore, Assumption [7.2] may not

hold for QRCs. Consequentially, Lemma and Theorem may not hold. It remains
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an open problem following from this chapter to extend the approach herein to the setting

of QRC, if possible.

Another possible challenge of this extension is the barren plateau problem for quantum
systems [181]. The barren plateau problem was initially recognized in hybrid quantum-
classical algorithms for classical optimization problems and is derived using the Haar
measure on the unitary group. Roughly speaking, the Haar measure is akin to the uniform
distribution on the unitary group. A detailed discussion of the Haar measure is out of
the scope of this thesis, however, excellent references are available on this topic [182-184].
Hybrid quantum-classical algorithms often employ parametrized quantum circuits of the

form
L
U®) =100,
=1

where Uj(6;) = exp(—t0;V}) is a unitary gate parametrized by ;. Consider an objective

function F'(0) expressed as the expectation value over some Hermitian observable O,
F(0) = Tr (poU () OU (0)) (7.14)
where pg is the initial state. The partial derivatives are of the form
OF (6)/96,, = (Tr (ponn,,[vm, Ul +0Um,+]Um,,) ,

where Uy, - = [[}"7 Ui(6;) and Uy, 4 = [/, U(6;). Suppose that the circuit U(6) is cho-
sen such that U,, —, U, + or both of them match the Haar distribution up to the second
moment (also referred to as unitary 2-designs), and the circuits Uy, —, Uy, + are indepen-
dent. In this case, the expectation value of 0F(6)/06,, over the Haar measure is zero.
Furthermore, the variance of 9F(0)/00,, decreases exponentially as the number of qubits
increases. This poses a challenge for gradient-based methods to optimize . Examples of
such random quantum circuits include [185,|186]. In [186], the authors construct approx-
imate unitary-2 design circuits using gates that are diagonal in the Pauli-Z and Pauli-X

bases. Such approximate unitary-2 design circuits also cause the barren plateau problem.

For QRCs on gate-based quantum computers as in Chapter 4], their dynamics are described
by
1 = (1 — €)(welo(0) prUo (0)" + (1 — w) U1 () prUr (9)7) + €0,
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7.5. DISCUSSION

where Up(0) = [T, U(6)), U1 () = HZL:/I U'(¢) are two unitaries parametrized by 6 and ¢
respectively. Here, U(60;) = exp(—0;V}) and U’(¢;) = exp(—t¢;V}). For ease of notation,
we will consider QRCs with linear outputs. The ensuing discussions also apply for poly-
nomial outputs. We also consider optimizing the QRC internal parameters 6, ¢ and its

output parameters W = [Wl e Wn} in a round robin fashion. Here, n is the number

T

of qubits. Let W* = {Wl* .- Wx| be the optimized output parameters. For a QRC

with linear output, the objective function is
1 T n ) 2
Fl6.6)= 23 (yk S W (pkz@)) |
k=1 i=1
The partial derivatives are of the form

aF( ;zi: <yk—zan£*Tf (pe2t )> ( ZI/VZ*iTr (kaU))

i=1 Om

and similarly for OF(0, ¢)/0¢.,. Note that the expectation value Tr (ka (”)) can be writ-

ten as a sum of expectation values of the form ([7.14). For instance, when k = 1,

Tr (plZ(i))
= (1= ) {urTx (poUn(8)' Z20U0(0) ) + (1 = u)Tr (o1 (6)T 200 () } + €Tr(0 2

and %Tr (plZ(i)) = (1 — e)upTIr (ng:n’_[Vm, UL7+Z(i)Um7+]Um7,), where Uy, - =

™t UN6) and Uy, = [T, U6). If Uy, Uy or both of them are unitary 2-
designs and they are independent, then the expectation of %Tr (plZ (i)) over the Haar
measure is zero. Moreover, its variance decreases exponentially as the number of qubits
increases. When this is true for all k = 1,...,T, the partial derivative 0F (0, ¢)/00,, is
exponentially vanishing and poses a difficulty for our proposed gradient-based algorithm
to optimize the QRC internal parameters. To make matters more complicated, it has been
shown that quantum circuits comprising of only a few parametrized gates (as few as almost

linear in the number of qubits) can construct (approximate) unitary 2-designs [185,(186].
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7.6 Conclusion

We have introduced a stochastic approximation algorithm to optimize the reservoir in-
ternal parameters that exhibits almost sure convergence to a KT point, even under state
measurement noise. Our proposed algorithm only uses four noisy state measurements to
approximate the gradient, making it efficient for high-dimensional problems. Key to our
algorithm is the construction of regressors using four noisy state measurements to ensure
that the gradient estimate is asymptotically unbiased. Numerical examples demonstrate
that our algorithm can mitigate the negative impact of state measurement noise for the

ESN on certain tasks, in particular for higher-order ESN polynomial outputs.

This chapter has only considered state measurement noise that is independent of the state
and the internal parameters. Although this assumption may be true for most classical
dynamical systems, for quantum systems, it is not valid. It may be challenging to extend
the current algorithm to QRCs. Furthermore, to investigate the reservoir design problem
for QRCs, it is important to address the barren plateau problem. These directions are
crucial to further improve the emulation ability of QRCs as well as to gain more insights

into the feasibility of quantum systems for other applications.
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Chapter 8

Conclusion and Future Directions

In this thesis, we have explored three main directions in using uniformly convergent dy-
namical systems as RCs for temporal information processing—quantum implementations
of the RC scheme, new architectures of RC with stability guarantee for system identifica-
tion and time series modeling, and an efficient algorithm for reservoir design. Although
our works have demonstrated some initial promising results in theoretical analysis, exper-
iments and numerical simulations, there are many challenging open problems to further

advance these works. We will discuss some of these open challenges below.

The first main question posed for QRCs is can they take advantage of the exponentially
large quantum state space to provide a speedup over their classical counterparts? Some
preliminary arguments have been put forward in the literature [54,69]. It is argued that
a quantum speedup is most likely to occur from QRCs that process quantum information
[69]. This is because both encoding classical data in quantum states and reconstructing
classical representations of a quantum states generally require an exponential number of
operations. This belief is challenged by the recent work [187], which proves that quantum
kernel methods provide an exponential speedup for certain datasets with only classical
access to data. However, this work considers processing of (random) input vectors for
classification on a full-fledged quantum computer. This opens an opportunity to extend

this approach to the QRC that processes (infinite) input sequences for time series modeling
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and time series classification.

Another related question is the choice of quantum circuit structure that can provide a
performance advantage. This is referred to the expressive power of quantum circuits.
Notable examples are Boson sampling [39] and instantaneous quantum polynomial time
(IQP) circuits [188]. These works demonstrate a form of ‘quantum supremacy’ in which
the probability distribution generated by quantum devices can not be efficiently and ac-
curately sampled classically. More recently, this expressiveness has been studied in the
quantum machine learning context; see e.g. [189,/190]. The work [189] proves that cer-
tain parametrized quantum circuits with a simple structure can outperform any classical
neural network for generative tasks under the polynomial hierarchy hypothesis. In [190],
the authors show that shallow alternating layered circuits are almost as expressive as
hardware efficient circuits with a longer gate sequence measured by the frame potential
and KL—divergence. Such shallow alternating layered circuits are particularly suitable for
NISQ computers as the effect of noise is less severe for a shorter gate sequence. Taking
inspirations from these works, it would be interesting to develop methods for choosing

quantum circuit structures based on their expressive power for QRCs.

In this thesis, we have only considered QRCs implemented on superconducting NISQ
computers for proof-of-principle experiments. As discussed in Chapter 4] we are limited
by the long measurement times of these platforms, which make fast or real-time QRC
difficult to realize. Nevertheless, there are many other quantum computing platforms being
pursued in the QRC context. For instance, the work [129] considers QRCs implemented
on photonic quantum computers, which have the potential for fast input encoding and
fast measurements (e.g., the input data may be encoded using fast femtosecond lasers). A
study on implementing QRCs on these fast quantum devices will be important to facilitate

real-time QRCs.

Another avenue to explore is quantum—inspired RC instead of quantum implementation
of the RC scheme, where the gate-model QRC in Chapter [4is implemented as a software-
based RC (for a small number of qubits on classical computers). The advantage of this

quantum-inspired RC scheme is that the uniform convergence property is always guaran-
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teed. This is closely related to the recent work [191], which proposes a convex parametriza-
tion of stable recurrent neural networks [[] and observes a significant increase in the speed
of training and model performance. Furthermore, when simulated on classical computers,
we can control the memory depth of the quantum-inspired RC by choosing the € parameter
appropriately. In the linear case, we can take g = Tr(Wpy) as the output, where the
output weight W is any complex Hermitian matrix of the same dimension as the density

operator pg.

With regard to employing interconnected RCs for system identification and time series
modeling, our framework could be improved in several directions. A natural future exten-
sion would be to relax the small-gain condition in Chapter [5] and the sufficient conditions
for the uniform convergence property in Chapter [l A possible avenue to investigate this
relaxation is to consider local stability analysis as some systems only operate in specific
regimes. While we have derived a general theoretical framework to ensure the uniform
convergence property of interconnected RCs, guidance for selecting suitable models would
be useful for end-users. Many model selection methods based on information criteria have
been studied in the literature; see e.g. [145}/153,/167]. Nevertheless, most of these model
selection methods are developed for unconstrained optimization of the parameters, only a
few tackle model selection under constraints [192/196]. While developing a model selection
method for general constrained problems is challenging, we may be able to exploit the con-
vexity in the parameter optimization problems for a number of RC schemes. Investigating

model selection under convex constraints would be a natural extension of Chapter [6]

For the reservoir design problem, a natural continuation of the stochastic approximation
approach presented in Chapter [7] is to optimize the internal parameters of QRCs. This

may require a major extension of our current proposal, since the current framework only

IThe authors consider stability using contraction analysis, which is closely related to
the uniform convergence property and also imposes conditions that all solutions ‘forget’
their initial conditions and converge to each other. However, these concepts were derived
independently and motivated distinctly, and should be distinguished. See [22] for an in-
depth comparison and the relationship between the uniform convergence property and
contraction analysis.
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considers state measurement noise that is independent of the state and the internal param-
eters. Another challenge is the barren plateau problem for quantum circuits [181]. Since
its initial recognition, many studies have proposed methods to mitigate the barren plateau
problem. The work [197] proposes an initialization strategy to ensure that the gradient
during the first parameter update is non-zero in expectation. However, there is no guar-
antee that the barren plateau problem does not occur for subsequent parameter updates.
The work [198] shows that the barren plateau problem is cost function dependent and that
defining a cost function with local observables leads to a polynomially vanishing gradient
as opposed to an exponentially vanishing one. However, this requires the parametrized
circuit to be short (in the order of the natural log of the number of qubits). In [199],
the authors show that limiting entanglement can mitigate the barren plateau problem, at
the expense of circuit expressiveness. A recent work [200] further shows that gradient-free
algorithms do not resolve the barren plateau problem, making gradient-free algorithms
inefficient to optimize gate parameters. To our best knowledge, the barren plateau prob-
lem is still a crucial challenge for the quantum community. Nevertheless, [201] shows that
quantum convolutional neural networks (QCNNs) do not suffer from the barren plateau
problem. The variance of the gradient vanishes no faster than polynomially, providing
an analytical guarantee for the trainability of randomly initialized QCNNs. Can we take
inspirations from this work to design QRCs without barren plateaus? This is a crucial to

further the development of the QRC scheme.
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Appendix A

Appendix for Chapter 4

A.1 Invariance under time-invariant readout error

When R = 1 in , the QRC predicted outputs ¢ remain unchanged under time-
invariant readout error. Let B = {|i)} be the computational basis for an n-qubit system,
with¢ =1,...,2". The readout error is characterized by a measurement calibration matrix
A whose i, j-th element A; ; = Pr(i|j) is the probability of measuring the state |i) € B

given that the state is prepared in the state |j) € B.

We employ the readout error correction method described in [47]. For an n-qubit QRC,
at each timestep k, we execute 2" calibration circuits with each circuit initialized in one of
the 2™ computational basis elements. The outcomes are used to create the measurement
calibration matrix Ay. The readout error at time step [ is corrected by applying the

pseudo-inverse of Ay to the measured outcomes from the experiments.

For all experiments, the measurement outcomes are stored as the count of measuring each

basis elements in B. Let v = (V}g v%" 1>, where Vz is the count of measuring
|i) € B at timestep k. Let z, = <<Z(1)>k e (Z(m)y, 1), where (Z(®), is the finite-
sampled approximation of <Z(i))l for i = 1,...,n. Then we have z; = v B, where B is
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a linear transformation. After applying readout error correction, we have zj = vagB,
where A,j is the pseudo-inverse of Aj. Let w denote a column vector of the readout
parameters, with C' being the last element. To optimize w collect all measurement data
in a matrix v = (VlT VI)T so that z = (zlT ZI>T = vB, where L is the
sequence length. The linear output of the quantum reservoir computer is y = vBw.
Append a corresponding row and column to AlT to account for the bias term. Suppose
the readout error is time-invariant, then A% = A; for k =1,...,L. The QRC output
after readout error correction is ' = vAtBw’. Assume that AT has all rows linearly
independent, then ordinary least squares yields Bw' = ABw. Now given test data with

readout error correction, ViestATBW = Viest ATABW = Vit Bw. Therefore, the QRC

predicted outputs are invariant under time-invariant readout error.

Back to Sec. |4.1.1]

A.2 Monte Carlo estimation

For all schemes described in Sec. we can set S = 1 and run N,, Monte Carlo sampled
circuits (possibly in parallel if many copies of the same hardware are available) for a
sufficiently large N,,. We show that the average of all N,, measurements at timestep k

estimates (Z()), and its variance vanishes as N,, tends to infinity.

First consider estimating (Z()), by re-initializing each N,, circuit in [0)®” and re-running

them from time 1 to time k according to inputs {ui,...,ur}. Recall that
(Z2D) = Te(Z pr) = Te(ZDT (ug) - - T(ur)(|0)(0) =),

where T'(vy;) is the input-dependent CPTP map defined in (4.1)) for I = 1,..., k. Define

independent discrete-valued random variables X}, such that

Pr(Xp=0)=(1—-€ug, Pr(Xpi=1)=1—-¢€)(1—u), Pr(Xpz=2)=e

158



A.2. MONTE CARLO ESTIMATION

To implement the QR, for each time k, we independently sample N, random variables

Xij (7 =1,...,Ny,) from the same distribution as Xj. Define

To, if x = 0,
T, = Ty, if x = 1,
K,, ifz=2,

where K,(p) = o is a constant CPTP map that sends any density operator p to the
constant density operator o in (4.2). The random CPTP maps T X, ; follow the same

distribution as X ; and are independent for each k and j. Furthermore, E[T, .| = T (uy).

For the j-th circuit, we implement a sequence of (random) CPTP maps Tx, ;- Tk, ; so
that at timestep k, the (random) QRC state is pXki = Tx, ;- Tx,,;(|0)(0])®", where
Xr; = (X14,...,Xk;). For each j-th circuit, we measure Z® and denote its random
outcome by ﬁk,j- Note that for j = 1,..., N, ﬁk,j are independent (but not neces-

sarily identically distributed) random variables taking values £1 (eigenvalues of Z(*)) with

conditional probabilities (conditional on the random variables X ;)

Pr (ﬁkﬁj = z|Xk’j) =Tr (pX’“ijz(i)) ,  z= 21,
where Pj(gl) are the projectors such that Z() = PJ(:l) — Pizl) Consider the average of all IV,

measurement outcomes, by the law of total expectation,
1 & o 1 —
mo=1 mo=1

= L SR (20,50)]
Ni &
- LS (2RI, )BT J00) 0D

N

N
= ST (20T ) T (0){0)°)

= Tr(pr2) = (20,

therefore the finite-sample estimate is unbiased. Moreover, using the fact that

E|(Z04)"] = 0 2P (200, =2) = 1

z==1
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the variance of the average of N,, measurements is

Var = % %Var [ﬁm} = NL (1 — <Z<z‘>>g) :

m oj=1 m

AL p—
o2 2k
m i1

Using the uniform convergence property, to estimate (Z (i)> i for a sufficiently large k (that

depends on €), we re-initialize N, circuits at time k — M and run the circuits according

to inputs {up_ar41,...,us}. Let (Z@), = Tr(Z®p;,) where

P = T(ug) - T(uwg—nr11)(10){0]) 7.

In this setting, for the j-th circuit, we implement a sequence of (random) CPTP maps

Tx, ;=" Tx)_yr41, 50 that the (random) QRC state at time & is

pXk,j — TXk,j - TXk7M+1,j(‘O> <0|)®n,

where X’w‘ = (Xp—m+1,45---,Xg;). Let Z(i);w be the random outcome of measuring Z®.

The conditional probabilities are
Pr (2\(;) = z\fk,j) =Tr (pi’w'PZ(i)> , z==l1.

A similar argument as above shows that the average of all N,,, measurements satisfies

N N
E ijz:lZ()k,j =(Z®), Var Nm]Z:IZ()k’j :N7m(1_<Z()>k>'

The uniform convergence property ensures that the bias (in mean) vanishes exponentially

fast,

— (2D = |1 (290 = p))| < 7k = prll < 201 = ),

1 &
E|—> 20,
Nim =

where we have used the fact that for any Hermitian matrix A, |Tr(Z® A)| < omax(ZO)| All1,
with omax(Z (i)) = 1 denotes the maximum singular value of Z(®). This shows that the
bias can be exponentially suppressed by choosing M appropriately based on ¢, so that the

estimates of (Z()), and (Z®), are also close.

Back to Sec. [{.3.1]
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A.3 Implementation using QND measurements

We detail the second (more efficient) implementation scheme based on QND measurements

[120] described in Sec.

To explain QND measurements, we first show that direct measurement of Z on a ‘system’
qubit is equivalent to coupling the qubit with an ancilla qubit via CNOT and measuring
Za, the Pauli Z operator acting on the ancilla qubit ‘a’ [43]. To see this, let [1))sys =
a|0)sys + B|1)sys be the state of the system qubit. Prepare the ancilla qubit at the ground
state [0),. We write CNOT = [0)(0]sys @ In + |1)(1]sys ® Xa, where I, and X, are the
identity and Pauli X operators acting on the ancilla qubit. The system and ancilla state

after applying CNOT is |¥) = CNOT|¢))sys ® |0), = a|00) + S|11).

Measurement of Z, on the ancilla qubit is described by the projectors Py = Isys ® [0)(0]a

and P_ = I ® |1)(1]a. The probabilities and post-measurement system states are
T, (P 9) (9]Py)
P = (V| PL|P) = |of? =
r(+) = (V| PL[¥) = |af, Pr(t) 10){Olsy
Tr, (P_|U)(¥|P-)
Pr(=) = (WP-¥) = |32, 2 1)1,

where Tr,(+) is the partial trace over the ancilla qubit.

[V k-1 — UL H U

0)°" 0)Fr———

Figure A.1: Quantum circuit implementing the QND measurements by coupling ancilla
qubits [0)®" with the QRC system qubits |1}, _1.

Now for an n-qubit QRC, we associate each system qubit in the QRC with its ancilla
qubit. All n ancilla qubits are prepared in the ground state. Suppose that when restricted
to pure state preparation, we have drawn N, circuits using Monte Carlo sampling. For
each of the IV, circuits and each time step k, we apply the aforementioned ancilla-coupled

measurement of Z(® for each system qubit in the QRC. After measuring the n ancilla
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qubits, we reset and re-prepare them in the ground state for measurements at next time

k + 1; see Fig.

In Fig. |)k—1 denotes the state of the system (QRC) qubits and |0)®™ denotes the
ancilla qubits initialized in the groud state. Here we have grouped the system and ancilla
qubits and represent them using single wires. The unitary operator Uy, is Uy or U; with
probabilities (1 — €)uy and (1 — €)(1 — ug) and U(k) = U.C, where C is a product of n
CNOT gates each acting on the i-th system-ancilla qubit pair. Measuring Zéi) on the ¢-th
ancilla qubit and resetting it at each time step kK = 1,...,L is equivalent to having L
ancilla qubits associated to the i-th system qubit and measuring Za(f,l (i.e., the k-th ancilla

qubit associated to the i-th system qubit). The resulting QRC dynamics is
T(ug)pr—1 = (1 =€) (ugTo + (1 — ug)Th) pr—1 + €0,

where Tj(pr—1) = Tra(U;Cpr—1 ® (\O><0])®"CTUJT) for j = 0,1, and Tra(-) is the partial

trace over all n ancilla qubits denoted by ‘A’.

We now show that the measured observables Z((IZL commute at different times as required
by QND. More generally, we will show that Z, , = Qi OSL (k=1,...,L), where for
each ¢ we have OSL = IO (the identity operator on the i-th qubit) or Og@ = Zéf,)c, are
QND observables. Firstly, we have the commutator [Zg i, Z, ;] = 0 for all k,j =1,..., L.

Denote the evolved observables in the Heisenberg picture by
Zo(l) =UW)" - UW) 20U (1) U(1) = Uy ZagUsa,
where Uy =U()---U(1). For k,j =1,...,L with j < k, we have
Za(j): Za(K)) = ULy Zo U Ul Zo Ukt — Uy Za wUria ULy Za jUja

= U1 Za U 1 ZaUkt — ULy Za kUnijs1Za jUja

= U];le[Za,ja Za,k]Uksl = 07
where in the second last equality we have used the fact that Z,; commutes with the
future unitary operations Up.;41. If j > k, apply the same argument as above shows

[Za(7), Za(k)] = —[Za(k), Za(j)] = 0. The commutativity of Z,(j) and Z,(k) for all
J,k > 1 means that the sequence {Z,(j),j = 1,2,...} has a joint probability distribution
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and constitutes a classical stochastic process. QND measurements on the sequence gives

a realization of this stochastic process.

Back to Sec. [4.3.1]

A.4 Hardware specifications

The experiments were conducted on the IBM 20-qubit Boeblingen (version 1.0.0), 5-qubit
Ourense (version 1.0.0) and 5-qubit Vigo (version 1.0.0) superconducting quantum proces-
sors [44]. The gate duration for an arbitrary single-qubit rotation gate Us |95] is 77, ~ 71.1

ns for all qubits whereas the CNOT gate durations differ for different qubits.

See Fig. for the 4-qubit and 10-qubit Boeblingen QRC quantum circuits. The circuits
are chosen such that both QRCs have the same number of layers in Uy and U;j. In this
setting, the maximum duration of a circuit executed on the Boeblingen device is the same
for both QRCs. The chosen qubits for the 4-qubit QRC and the 10-qubit QRC on the
Boeblingen device are Q = 0,1,2,3 and ) = 0,1,2,3,5,6,7,8,10,12. These qubits were
chosen due to their longer coherence times, shorter CNOT gate durations, smaller gate
and readout errors. During the experiment, the maximum readout error was 1072 and
the maximum Us gate error implemented was 1073. The maximum CNOT gate error
implemented was 4.3 x 1072 and the maximum CNOT gate duration was 7cnoT ~ 427 ns.
We assume that commuting gates can be executed in parallel. We choose Ny = N; =5
numbers of layers for Uy and U;j in the 4-qubit and 10-qubit Boeblingen QRCs. The
maximum length of any input sequence (including the transient) for the multi-step ahead
prediction and the map emulation problems is L = 30. Therefore, the maximum numbers
of Us gate executions and CNOT gate executions is 5L = 5 x 30 = 150. The maximum
duration of a circuit executed on the Boeblingen device was 150 X (71, + TonoT) ~ 150 X

(71.1 +427) = 74.7 us, within the coherence times (77, 7T%) for most qubits chosen.

The 5-qubit Ourense device achieves the same order of magnitude in readout errors, co-

herence times and CNOT gate durations as the 20-qubit Boeblingen device, but lower
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CNOT gate errors. For the Ourense device, the maximum Us gate error and readout error
implemented were 0.9 x 1073 and 4.1 x 1072, and the maximum CNOT gate error imple-
mented was 8 x 1073, a lower error compared to the Boeblingen device. The maximum
CNOT gate duration implemented was TcnoT =~ 576 ns. For the 5-qubit Ourense QRC,
the circuit implementing Uy is longer than that for U;. The Uy circuit consists of four
CNOT gates, and the maximum duration of a circuit executed for the 5-qubit Ourense

QRC was 4L x tcnoT =~ 70 ps, also within the coherence limits of most qubits.

The 5-qubit Vigo device is similar to the 5-qubit Ourense device. They have the same qubit
couplings and share similar noise profile and hardware specifications. Rotational X and Y
gates were used on this device, with gate duration 7 = 35.5 ns. The maximum single-qubit
gate error implemented was 0.8 x 1072 and the maximum readout error implemented was
7.8x1072. The maximum CNOT gate error and gate duration implemented was 1.3 x 1072
and TonoT & 462.2 ns, respectively. For this QRC, Uy is the longer circuit consisting of
three layers of single-qubit rotation Y gates and two layers of CNOT gates. Therefore,
the maximum duration of a circuit implemented was (37 + 27cnor)L = (3 X 35.5 + 2 X

462.2) x 30 ~ 31 ps.

Back to Sec. |4.4)

A.5 Quantum circuits for QRCs

We detail the circuits implementing the QRC dynamics in our proof-of-principle experi-
ments presented in Sec.[£:4] The quantum circuits for the 4-qubit and 10-qubit Boeblingen
QRCs are shown in Fig. The quantum circuits for the 5-qubit Ourense and 5-qubit
Vigo QRCs are shown in Fig.

Back to Sec. [{.4.1}
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10-qubit Boeblingen Uj

10-qubit Boeblingen U,

Ug(—2.63,1v62.5,91)U3(2.63,—5.91,—1.62) -

2 { Us(~0.899, —4.86, —2.25) o

U3(2.12,0.629, —4.63
U5(0.747,4.23,4.41)
Us(1.02,2.89, —4.92)

)

N
U3(0.899,2.25, 4.86) T

U3(0.739, —4.6, —0.00326)

Us(2.11, ~8.46, —1.36)

Qs @5 —{ Us(~2.89, ~1.89, ~5.64) {Us(0.969, 0461, 987) }—
Q6 {Us(~1.89, ~1.02, ~5.26) {U5(189,526,1.02) F Q6 —us(431. —232,5.36) U5(2.64,6.37,6.29) U5(4.06,1.12, ~0.749)
Qr Qr —15(1.33,3.61,2.78) Us(1.94,-7.08.2.87) Us(1.62, -3.25, ~3.36)
Qs QX—{ Us(1.79, -5.61,3.14) Us(—5.37, —2.24,-0.252) }7—{ Us(1.85, ~6.07, 6.01) -
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Figure A.2: Quantum
Boeblingen device.
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o
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Figure A.3: Quantum
QRC.

circuits for the (a) 10-qubit QRC and (b) 4-qubit QRC on the

5-qubit Ourense Uy (b) 5-qubit Vigo Uy 5-qubit Vigo Uy
Qo -{Us(426,-1.14,—0198)| @ Qr{R(—0.398) }
0 —{ Us(—1.84,354,—207) |- Ql—l—{ R/(~5.95) }—é—{ R(59) Q-{R(-358)F
Q2 — Us(5.34,0.186, 2.96) Q:{R,(—42)-b—] R (42)] o—R(43)—
Qs —| Us(—3.31,4.03, -3.7) Qs Q— R(2.41)|—
Qi—{ Us(3.69, -3.84, -3.92) - Q. {R,(62) }_QL_{ R(-62)}———— @ R(557) |

circuits for the (a) 5-qubit Ourense QRC and (b) 5-qubit Vigo

A.6 Full input-output sequential data

In Fig. [A74] we show the full washout, train and test input-output target sequences for

both the multi-step ahead prediction and the map emulation problems. Fig. plots

the full target output sequences, the train and test QRC outputs on the multi-step ahead

prediction problem. Fig. [A.0] plots the full target output sequences, the train and test

QRC outputs on the map emulation problem. In all figures, the transitory responses are

indicated by dotted lines.

Back to Sec. [}
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Figure A.4: Full washout, train and test input-output sequences for (a) the multi-step
ahead prediction problem and (b) the map emulation problem. The first row in (a) and
(b) shows the input sequences.

A.7 Measurement and simulation data

We simulate the four QRCs using the IBM Qiskit simulator under ideal and noisy condi-
tions. The noise models used are obtained from the device calibration data. We fetched
the updated device calibration data each time a job was executed on the hardware. The
circuits simulated are the same as the circuits employed for the experiments and so is the
number of shots. For the multi-step ahead prediction problem, the 10-qubit Boeblingen
QR experienced a significant deviation from simulated results on qubits @ = 1,8 (see
Fig. , resulting in larger NMSE = 0.26,0.29,0.068,0.15,6.1 for the four tasks. After
setting the readout parameters for () = 1,8 to be zero, this issue was circumvented at the
cost of using a fewer number of computational features. The resulting 10-qubit Boeblingen
QRC still achieves performance improvement over other QRCs with a smaller number of
qubits on the multi-step ahead prediction problem in the first three tasks. Although the
QRC predicted outputs are invariant under time-invariant readout errors as derived in Ap-

pendix However, for the 10-qubit Boeblingen QR, the deviations in qubits Q = 1,8
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Task 10-qubit Boeblingen 4-qubit Boeblingen 5-qubit Ourense 5-qubit Vigo
0 0 0 0
I a0f 40} ; 401 ; W 4o W
80} 8o 80| 8o
10 20 30 10 20 30 10 20 30 10 20 30
350" 350 350 350
II 200} - 200} 200} 200}
sof 50 50 50
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5}, 5}, 5}, 5},
L -esp W 88 WA_/ i WW w51 M
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0 /’\/\\f\ 0 W 0 Fﬁ‘\M 0 /.\/V\
vV 05 05} 05 05
A At At At

o

20 30
Time step (1)

10 20 30
Time step (1)

10 20 30
Time step (1)

20 30
Time step (1)

o

Figure A.5: The full target output sequences, the train and test output sequences of
the four QRCs for each task on the multi-step ahead prediction problem. Each column
corresponds to each n-qubit QRC outputs and each row corresponds to each task.

were time-varying. On the other hand, the 5-qubit Vigo device experienced almost time-
invariant deviations in qubit @ = 0 as shown in Figs. [A77] and [A§] but this does not
affect the performance of this QRC noticeably. The experimental results of the 5-qubit
Ourense QRC follow the noisy simulation results closely. For the map emulation problem,
the experimental results of both 5-qubit QRCs follow the simulated results closely, with
an almost time-invariant shift in @@ = 0 for the 5-qubit Vigo QRC.

Back to Sec. [{.4}
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Figure A.6: The full target output sequences, the train and test output sequences of
the QRCs for each task on the map emulation problem. (a) Shows the two train output
sequences and (b) shows the test output sequence. The columns (from the left to the right)
correspond to the multiplexed 5-qubit QRCs, 5-qubit Ourense QRC and the 5-qubit Vigo
QRC. Each row corresponds to each task.
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Figure A.7: Input sequence, experimental and simulation results for each qubit of the four
QRCs at each time step k =1,..., 30, for the multi-step ahead prediction problem.
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Figure A.8: Experimental and simulation results for each qubit i = 0,...,4 and each time
step £ = 1,...,24, for the map emulation problem. Three input sequences are used in

this problem, labeled as inputs I, II and III. Row ¢ in a sub-figure corresponds to the
experimental data for the i-th input sequence. Column j corresponds to the experimental
data for the j-th qubit. (a) Shows the experimental data for the 5-qubit Ourense QRC.

(b) Shows the experimental data for the 5-qubit Vigo QRC.
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Appendix B

Appendix for Chapter 5

B.1 Proof of the UIOS Theorem 5.2

To prove Theorem [5.2] we will apply Lemma below.

Lemma B.1. Consider a well-posed system (5.5). Suppose that for j = 1,2, there exists
Bj e KL, 77;?,’7? € K with ’yjy(s) < s for all s > 0 such that,for some M € Z with M > 2,

for any input Au € I2° any ko € Z and ky € Z>o, and any Az (ky) € R"=1 "2

up FNug?

1Ay; (ko + k)| < max{ (|| Az(ko)ll, k1)s 37 (1A 4 1y ar g oy 1D T3 T AURG ko011
(B.1)

and

sup ||Ay;(ko + k1) < oo.
k‘1EZZO
Then there exists Bj € KL such that, for all ko € Z, k1 € Z>y,

1Ay; (ko + k)| < max{ B (| Az (o) |, k1), 35 (| Ak ko 411}

The main idea in the proof of Lemma is to apply a continuous extension argument

and 140, Lemma A.2| stated below in Lemma
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Lemma B.2. Given 0 € Ko and T : (0,00) x (0,00) — Rsq such that, (i) for all
€ > 0, s1 < sy implies T(e,s1) < T(e,82); (i) for all s > 0, lim,_,o+ T'(€,5) = 0.

Then there exists B € KL such that, for each s > 0 and t; € R, there exists some

€€ Agyy, ={€ €(0,00) | t; >T(¢,5)} U{oo} such that min{e,5~1(s)} < B(s,t1).

Proof of Lemma[B.1l Fix ko € Z. For any ki € Z>o, define zj(k1) = ||Ay;(ko + k1)]| if
Ay (ko+ k)l > 5 (| Atjrg ko +£y) 1) and zj (k1) = 0 otherwise. From the assumption (B.1)
in Lemma we have that for some M € Z, M > 2,

2j(k1) < max{ B (|| Az (ko) |, k1), 75 (1250, ary e - (B.2)

We emphasize the implicit dependence z;(k1) = z;j(k1,z(ko), Au). We sample and hold
the left points to extend z; to a piecewise continuous function w;. For any ¢; € R>q, define
wi(t1) = 350 Ly ky+1)(t1)25 (K1), where T, g 41y(t1) = 1if t1 € [k1, k1 + 1) and zero
otherwise. For any 7,7" € R, let [w;__, | = sup,czcr [w;(T)|. Since [t1] <ty < [t1] +1,

we have wj(t1) = zj([t1]) = w;([t1]) and

= |wj, Wi ey aasienn | = 2t g e - (B.3)

Wity rat,011 o] =

For s € RZO, let 5j(8,t1) = E/@“j:o 1[k17k1+1)(t1),3j(8,k1). Then 5]' € KL and 6j<8,t1) =
B;(s, [t1]). From (B.2) and (B-3), we have that for all ¢; € Rx,

wj(t1) < max{B;(| Az (ko)ll, t1), 75 (1wj,, jariy - (B-4)
To apply Lemma [B.2] we first show the following claims.
Claim (i): There exists § € Koo such that for all t1 € R>¢ and Ax(ky) € R™11"=2 e
have wj(t1) < 5 1(||Ax(ko)|).
Proof of Claim (i). Note that |wj, | = sup; er., wj(t1) = supy, ez, [|Ay;(ko + k1)l <
oo. From (B.4)), we have

W50,y | < max{B; (| Az (ko) [, 0), 75 (wjg ) )}
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Since 7/ (s) < s for all s > 0, it follows that for any ¢; € Rxo,
wj(t1) < |wjy, )| < Bj([|Az (ko) 0). (B.5)

Choose § € Ko such that §~(||Az(ko)|]) > B(||Az(ko)|,0) (e.g., 61 = id + B;(-,0))
gives the desired result. O

Claim (i1): For any €,r > 0, there exists Tg,r € R>q such that for all t; > Te,r; wji(ty) <e

whenever ||Ax(ko)|| < r.

Proof of Claim (ii). The proof uses and proceeds as in [138, Lemma 2.1]. Let €,7 >
0, it B;(|Ax(ko)],0) < B5(r,0) < €, then by (BF), w;(t) < F(|Az(ko)],0) < ¢ for all
t1 € R>g. Otherwise, since ’y;-/ is strictly contractive, there exists n., € Zx>q such that the
ne p-times composition (’7;-’)(””)(@ (r,0)) <e Fori=1,...,nc,, let 7; € R>q be the first
time instance such that 3;(r,7;) < (ﬁ;’)(i) (Bj(r,0)) so that 7; < 7 for j =i+ 1,...,n¢y.
Define 79 = 0 and 7; = max{r, M7;_1}. We will show by induction that for ¢; > 7,

w;i(ty) < (79)D(B5(r,0)).

Claim (i) establishes the case for i = 0 (with (’y;’)(o) = id). Suppose the induction
hypothesis holds for ¢; > 7;. For t; > 7,11, we have t; > 7,41 and ¢;/M > 7;. From (B.4)),
wj(t1) < max{B;([|Az (ko) Ti+1), 7] o (7)) (8;(r,0))}

= (7)) (8;(r, 0)).

Claim (i) follows from choosing T}, > T O

Let T., be given by Claim (ii). As in [140, Proposition 2.7], define T'(e,r) = r/e +
inf{TE/,T/|r < r'¢ € (0,¢]}. Then T(:,-) satisfies the conditions in Lemma Fix
s = ||Axz(ko)|| > 0 (the case for s = 0 is immediate), any ¢; € R>¢ and the set Ag;,. By
Claim (ii), wj(t1) < efor all e € Agy,. Let Bj € KL and € € A4, be given by Lemma
such that min{e, 51 (||Az(ko)|)} < Bj(HAx(ko)H,tl). Then

o If 57 1(|Ax(ko)|) < € then by Claim (i) we have w;j(t1) < 7 (||Az(ko)|]) <
Bi(ll Az (ko). ).
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o If € < 67 1(||Ax(ko)l|), then € < 0o and w;(t1) < € < B;(||Az(ko) ||, t1).

Therefore, for all t; € Rsq, w;j(t1) < B;(|Az(ko)|[,t1). In particular, for all k; € Zso,
wi(k1) = zj(k1) < Bj(||A:1:(ko)H,k1). By definition of zj(k1), we have the desired result.
O

We now prove Theorem The proof adapts [138, Theorem 2.1] to discrete-time systems
of the form (5.5). We first show that supys, [|Az(k)|| < oo and supysy, [[Ay (k)| < oo,
then we apply Lemma with M = 4 to show that system (/5.5 is UIOS.

Proof of Theorem[5.3. From (5.11]), we have that for all k > ko and j = 1,2,

1AY;14 10 | < max{ B ([ Az (ko) l, 0), 75 (| Avsig ol 77 (1A, 41D}

Substituting Avy = Aya, Avy = Ay; and the bound for ||Ayz, || into that of [[Ayy, |,
we have
A1, 0| < max{B1([|[Az1(ko)l, 0),7{ o Ba([|Az2(ko)l|, 0),
7?{ © 73(‘|Ay1[ko,k] 1) ’7% ° 73(||Au2[k0,k] 1, 7%(||Au1[k0,k] 1}
< max{B1(|| Az1(ko)||, 0),7{ o Ba([[Az2(ko)|, 0),

(B.6)

M o3 ([Augy D7 ([Au 1D},

where the last inequality follows from ~{ o 7§ (1AY1, 411 < [[Ay1y, ol A symmetric

argument shows that

[Ay2, Il < max{Ba([|Aza(ko)|, 0),73 o Ai([[Az1 (ko) 0), B

5 © 7%(||Au1[k0,k] 1) Vg(HAu?[ko,k] )}

Recall that Au; € l%‘;j for j = 1,2. From and (B.7), supysy, Ay (k)] < oo.
Substituting Avy; = Ays and Avy = Ayy in (5.12)), it follows that supysy, [|Az; (k)| < oo.
It remains to show that system (/5.5)) is UTIOS.
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Upper bound HAUj[kO,k—l]H in by and , using ||Axz;(ko)| < ||Az(ko)|l and
1805 0l < [ Augg g, we have
1Az (k)| < 2 max{ || Az (k)]], | Az (k)[[}
< 2max {o5 (| Az ko)), o7 (1805, ). o3 ([Aupo i )} (B28)
< max {a (|| Az (ko) ), 7(|| Augeo 1) }
where 7(s) = 2max{o1(s), 02(s), o (B2(s, 0)), 0§ (81 (5, 0)), o015 (81 (s, 0)), o or{ (Ba (s, 0))}

and ¥(s) = 2max{oy(s), 03(s), 07 073 0 1{'(s), 03 0 1 073 (s), 07 0 73 (s), 05 0 71'(s)}-

Consider subsystem j = 1 and (5.11)). For any k1 € Z>¢ and ko € Z, let ko + [k1/2] be
the initial time and k = ko + k1. Then k — (ko + [k1/2]) = [k1/2] and
[Ay1(ko + k1) || < max{fr([|Az1 (ko + [k1/2])]; [k1/2]),

W AV, 1 g 1D WA o1 g D
< max{f(||Az(ko + [k1/2])]], [k1/2]),

fy?lJ(HAy2[k0+(kl/2'|7k0+k1] H)? 7?(”Au[ko,k()+k1] ||)}

(B.9)

Consider subsystem j = 2 and (5.11)). Let ko+|k1/4] be the initial time. For any [k;/2] <
El <kp,letk = /ﬂo—i—%l. Then k—(k‘o—l— Lk1/4J) = El— Lk1/4J > “61/21 - |_k‘1/4J > [/{1/41,

HAQQ(]CO +E1)H < max{fa([|Axa(ko + [k1/4])|l, k1 — [k1/4]),
k0+U€1/4J,kO+E1] ||)77;(||AU2[

< max{fa([|Az(ko + [k1/4])|, [k1/41),

I

Y
VQ(HAyl[ Ko+ LK1 /4] ko+%1] (B.10)

73(”Ayl[k0+\_k1/4j,ko+kl] H)7 Vg(HAu[k’o,ko-i-kﬂ H)}

Note that the right-hand side of the last inequality in (B.10]) does not depend on k1. Now
taking sup (et /2] <y <ky OO0 both sides of (B.10) shows that

1Y s g s | < max{Ba(l| Az (ko + (k1 /4])], [k /47),
W AYL gy D 5 et sy 11D

Upper bounding [|Ayz, 1y /o1 kg iy I 0 using (B.11)) and upper bounding || Az (ko +

(B.11)
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[k1/2])|| in using (B.§)), we have
1Ay (ko + k)|l < max{B1(@([| Az (ko)) [%1/2]),
1 o Ba(@(|Az(ko)ll), [k1/4]),
M VUYL 4 14 /)00 400y 1D T © 72 (N AUpg g1 ) (B-12)
M AU g 4111 1> BTV Aty o] 1) 0),
7 o Bo (V| Afig ko+x4111), 0) }-

Let 3 (s) = 1013 (s), Bi(s, k1) = max{B1(a(s), [k1/4]), 71 0B2(0(s), [k1/4])} and 7i(s) =
max{v{ o 74(s),7¥(s), B1(V(s),0),7{ o B2(F(s),0)}. By a symmetric argument, we can
define 35 and 73 analogously. Here, Bj € KL and 7} € K for j = 1,2. Re-writing
in terms of Bj and 7;, we have

Iy (ko + ko)l < masx{ B (12 (ko) s k1) 7 Ui 1y g g e 1055 (ttio o 1D

where 7/ (s) < s for all s > 0 by strict contractivity of 77 0 45(-) and 73 0 7{(). Recall
that we have shown supy, ¢z [|Ay;(ko + k1)|| < oo. Invoking Lemma with M = 4,
there exists Bj € KL such that for all ky € Z and k1 € Z>y,

18y; (ko + k)l < max{B;([|Az(ko)ll, k1), 7 (| Auge ko 4441113

Let k = ko + k1, v(s) = 2max;=1 2{7}(s)} and B(s, k) = 2max;—12{f;(s,k)}. Tt follows
that

1Ay (k)| < 2max{[|Ays (k)] |Ay2(k)[[} < max{B([[Az(ko)ll, k — ko), v([[ Aupry )}

for all k, kg € Z with k > k¢ and any initial condition Az (kg) € R™1 "2, d

Back to Sec.[5.2.

B.2 Uniform convergence of Lur’e system

We show that the observer-based feedback-controlled Lur’e system (5.17)) is uniformly

convergent. The design is based on a convergence approach, which has been applied to
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plant
w—> f Vo = X%
b
e
f <
vy = Az & < W
observer error
dynamics

Figure B.1: Schematic of the closed-loop system (B.13) consisting of the plant and the
observer error dynamics.

observer-based control in continuous-time [133]. To illustrate this for a more general class

of nonlinear systems, we consider a nonlinear plant

z(k +1) = f(z(k), u(k), w(k)), y(k) = h(z(k)),

with state z(k) € R"#, control u(k) € R, external input w € > and output y(k) € R™.
Construct an observer,

2k +1) = f(2(F), u(k), w(k)) — L(h(2(K)) — y(F)),
where u(k) = ¢(2(k)) and L(s) = 0 if s = 0. In general, L can be a nonlinear function.
Let Az(k) = 2(k) — z(k), then u(k) = ¢(Az(k) + z(k)) and the observer error dynamics is
F(Az(k), 2(k), w(k))
F(Az(k) + z(k), u(k), w(k))
= f(2(k), u(k), w(k)) = L(W(Az(k) + 2(k)) = h(z(F))),
where z(k),w(k) are viewed as inputs to the error dynamics. Consider the interconnected

system (see Fig. ,
z(k+1) = f(2(k), o(vi(k) + z(k)), w(k)),

A

Az(k+1) = f(Az(k), v2(k), w(k)),

Az(k+1)

(B.13)

with interconnections vy (k) = Az(k) and va(k) = z(k). Here, w is the input. Our goal is
to employ Theorem [5.1| to design the observer gain L(-) and the controller u(k) = ¢(2(k))
such that the above closed-loop system is UISC and hence UC. To this end, we consider

the following Corollary.
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Corollary B.1. Consider a well-posed system (B.13)). Suppose that for any inputs vy, w
with w € [0, there exists B2 € KL such that, for any k, ko € Z,k > ko and Az(kg) € R™4=,

[Az(K)[| < Ba(l[Az(ko)ll, k — ko)- (B.14)

Suppose that the z-subsystem is UC and let z* be the reference solution to vi,w. For

any other input v, w with w € I3°, let Z be any solution. Suppose that there exists

B € KL, v € K such that for any ko, k € Z,k > ko and Z(ko) € R"=,

[2%(k) — Z(k)|| < Bi([[" (ko) — Z(ko)|l, k — ko)
(B.15)
+ 97 ([ (v1 = 71) g k=1 1) + 21 (N (w — @) g 13 1)-

It follows that system (B.13)) is UISC.

Proof. By [22, Remark 5], for any inputs vy, w, Az; = 0 is the unique and bounded
reference state solution, so that the Az-subsystem is UC. To show closed-loop UISC, let
AZ(k) be any solution to inputs Ty, w with initial condition Z(kg). Equation implies
that for any gains 75,74 € K,
[AZ(R)[| = |Az" (k) — AZ(k)||
< Ba([|Az" (ko) — AZ(ko)ll, k — ko) + 73 (Il (v2 = T2) g -1y 1)
+ 75 (I(w = W) o 111D }-

The above equation and shows that in Corollary hold. We now show
that in Corollary is satisfied and hence the closed-loop UISC of system .
Observe that id + 7] € Koo with (id +~7) ! oY (s) < s for all s > 0. Let A\, A2 € Ko be
arbitrary. The result follows from choosing v§(s) = ((id+\1)o(id+~{)o(id+X2))~1(s). O

For the Lur’e system (5.17)), the observer error dynamics Az(k) = 2(k) — z(k) satisfies
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(B-14) if there exists Z € R%, P = 0, ¢ > 0 and 6 € (0, 1) such that

(P—el) <0,
[ 9P ATP-CTZT p(GH)T ATP-CTZT
PA—ZC _P 0 0 (B.16)
<0
epGH 0 —el 0
|PA-ZC 0 0 P—el |

This can be shown by applying the Schur complement in essentially the same way as in

Sec. [6.3.21

Under a linear state-feedback law u(k) = —K2(k) with gain KT € R2, the Lur’e system

becomes
2(k+1)=(A— ByK)z(k) + pGsin(Hz(k)) — ByKAz(k) + Byw(k)
= f(2(k), Az(k), w(k)),
where Az(k),w(k) are viewed as inputs. Let z(k),Z(k) be any solutions starting at

z(ko),Zz(ko) to inputs Az(k), w and AZ(k),w, respectively. Let §z(k) = z(k) — z(k), then

(B.17)

16Z(k)I| < Asl|6Z(k = DIl 4+ omax(BuK)||Az(k — 1) — AZ(k — 1)||
(B.18)
+ | Bulllw(k = 1) —w(k = 1)],
where Ay = o0pmax(A — BuK) + pomax(GH). We employ Theorem to show that the
plant (B.17)) is UC. Firstly, consider Az = AZ,w = w. From (B.18§]), we have ||0Z(k)| <

As||0Z(k — 1)||. Furthermore, note that for any Az € [3° and w € 1§°, we have

Sup 1F(0, Az(k), w(k)I < | Bulllwlloc + Tmax(BuK) | Azlloo < oo

By Theorem , if there exists K such that A\s < 1, then the plant (B.17)) is UC. Further,
the condition Ag < 1 also ensures that the plant satisfies (B.15]) in Corollary Finally,
applying Corollary shows that the closed-loop system (B.13)) is UISC.

In this example, we can choose LT = [2,3258 2,1104} and K = {0,4956 1,006}, then
As = 0.8687 and the linear matrix inequalities (B.16]) hold for § = e = 0.001. Hence, the
closed-loop system (B.13)) is UISC and hence UC.

Back to Sec.[2.3.
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B.3 Trace inequality

Lemma B.3. For any nxn Hermitian matrices A and B, we have |Tr(AB)| < omax(A)||B|1.

Proof. Let B = 377 )\jvjv;f be the spectral decomposition of B, where {v;} forms an
orthonormal basis for R", where t is the adjoint. Let {e;} be the standard basis for R".

Then there exists a unitary matrix U such that v; = Ue; for 1 < j < n. Therefore,

<> Il ‘(UTAU)J'J'

Jj=1

Zn: A Tr (e}UTAUej>
j=1

Te(AB)| =

9

where X; is the (3, j)-th element of a matrix X. For any Hermitian matrix A, by the min-
max theorem, we have Apin (A) = min z Az < Aji < Amax(4) = max -, ' Ax.
Therefore, |A;;| < max{|Amin(A)|, [Amax(A)|} = omax(A). By unitary invariance of singu-
lar values, |Tr(AB)| < omax(A) 2721 [Aj] = omax(A) | B|1- O

Back to Sec.[5.3.2.

B.4 Noisy QRC simulation

We simulate decoherence by applying the Kraus operators of dephasing and GAD channels
for all qubits, followed by a multi-qubit error modeled as a depolarizing channel T),(p) =
(1 — pp)p + pplon /2V acting on all N qubits [116], where I,n is the 2V x 2V identity
matrix. Noise strength p,, is set to be typical controlled-not gate errors on superconducting
quantum devices [44]. Typically, p, = 1073 ~ 1072 and we set p, = 1072. The dephasing
channel’s Kraus operators are My(y)) = \/#Ig,Ml(zp) = \/#Z, where 1) is
the decoherence strength and Z is the Pauli-Z operator [43]. GAD channels are further

parametrized by a finite temperature parameter A, with Kraus operators Mj(¢,\) =

Al ey =va |t VP sy = v [V ) =

0 VIi—p 0 0 0 1
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0 O
V1= , where /T—p =e"?¥ and \/p = V1 — e~ [43]. We remark that some
vp 0

NISQ machines can achieve a nominal 1) = 1073 [44].

Back to Sec.[5.3.2.
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Appendix C

Appendix for Chapter 6

C.1 Unitary gates for QRCs

We provide details on the unitaries Uj(y;) employed in Sec. for the QRCs. In Sub-

secs. [6.4.1] and [6.4.2] QRCs only process yi and are governed by two unitaries. We set

Uo(70) = Iime,moer Cy <™ (1), a sequence of controlled rotational-Y gates Cy*=™ (vg*).
Here, m., m; denote the control and target qubits for the m-th qubit pair, and ~§* is the
rotational angle. On some NISQ devices [44], Cy*™ (7§") is implemented by decomposing
it as a sequence of controlled-NOT and single-qubit rotational-Y gates. The coupling map
E denotes the set of qubit pairs on which a controlled-NOT gate can be directly applied
without further decomposition. We set E to be the coupling map of the IBM Ourense
device [44]. We set Uy (y1) = [1Y_; R%(r), where R () is the rotational-X gate on qubit

m with angle w and N is the number of qubits.

In Subsec. we employ the spatial multiplexing technique. The first QRC member
processes both input u; € R™ and output y; € R, and it is governed by n + 2 unitaries.
For this QRC member, we have Ul(l)(fyl) = Mmemer Cy <™ (") for j = 1,...,n + 1.
We set U7E£22(’Yn+2) = H%:l R% (7). The second QRC only processes input wuy, and it is

governed by n+ 1 unitaries. We set Ul(z)(ﬁl) = memner Cy <™ () for L =1,...n and

182



C.2. PARAMETERS OF SELECTED RCS

Ug}l(ﬁn +1) = [T _y R%(r). For all unitaries, their angles 4", 77" are uniformly randomly

sampled from [—m, 7|, independently for each m and I =1,...,n + 1.

Back to Sec.[6-])

C.2 Parameters of selected RCs

We detail all parameters of the selected RCs in Sec. The parameters for the selected
ESNs and Lur’e systems are summarized in Figs. [C.I] and [C.2] respectively. Note that
for the coupled electric drive system, Ai, By, Cy are the system matrices for the first ESN
or Lur’e member in their multiplexed configuration. Matrices As, By describe the second

ESN or Lur’e member.

For the nonlinear quantum optics time series, we have 44 = —0.15 and fix 7{ = r for
j = 1,2. For the finance time series, 7} = —1.81 and fy{ = 7 for j = 1,2. For modeling the
coupled electric drive system, all selected multiplexed QRCs are 2-qubit, i.e., each QRC
member in the multiplexed QRC has 2 qubits. We set 7§ = 2.72,7f = —0.25, 7} = 0.84

and’y{:ﬁ:ﬂforj:l,z

Optics Finance Coupled electric drive system
A BT A BT Ay By Cy Az By
~0.09 —0.01 T | [-056 —0.55 T [-047 0527 | [-0.58] | [-0.84] | [-0.16 —0.43] | [ 0.66
: 0.75 —0.88 . ~0.37 0.44 5
{0403 *UW} [o.75 } {0-30 0433] [ ] [70.08 70.14] [7035] —0.02 | |[-0.18 —0.50] | [0.39
Figure C.1: Parameters of the selected ESNs.
Optics Finance Coupled electric drive system
A BT A BT Ay By (& Az B,
~049 0.18 ) - | 033 —0.50 X T [-044 —0.45]| [o0.64 0.32 7| [0.51 —0.081] |[-0.015
Lo.w ()485] (035 —0.44] {o.zo 70.61} [~086 0.12] [0426 019 || |0.70] | |—0.22] | |0.47 —0.087) || 0.17

Figure C.2: Parameters of the selected Lur’e systems.

Back to Sec.[6-])
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