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CHAPTER 1

Introduction

Ergodic theory is the study of ergodic measures or systems. Walters [1982]
gives a broad definition of ergodic theory as the study of the qualitative prop-
erties of actions of groups on spaces. The space has some structure which
we suppose in this thesis to be that of a measure space (other alternatives
in the literature are a topological space or smooth manifold). Ergodic the-
ory originated from the study of statistical mechanics by Boltzmann, Maxwell
and others in the 19th century. Boltzmann was trying to understand the gas
problem, that is, to understand the state of the particles in a gas after a long
time. To solve this problem, Boltzmann introduced the ‘ergodic hypothesis’,
which was the assumption that in the long run, the system would pass through
every dynamical state which was consistent with the equations of energy. As
Lebowitz and Penrose [1973| note, like good physicists, “they assumed that
everything was or could be made all right mathematically and went on with
the physics.” The word ergodic comes from the Greek word ergon, meaning
work, and odos, meaning path.

As stated, the ergodic hypothesis is not true. Fixing this required the de-
velopment of measure theory in the early 20th century. The measure theoretic
study of ergodic theory began with the ergodic theorems of von Neumann
[1932a], von Neumann [1932b] and Birkhoff [1931]. For a discussion of the
history of ergodic theory see Walters [1982] and Halmos [1956].
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To illustrate some of the concepts in ergodic theory we introduce a couple of
standard dynamical systems. Two important transformations in ergodic theory
are the one-sided and two-sided Bernoulli shift transformations. A one-sided
Bernoulli shift transformation is the map 7' : Z — Z where (z1,x9,...) € Z
defined by (T (z),,) = Zn41. Note that this map simply shifts each element of
Z to the left. A one-sided Bernoulli shift is a measure-preserving transforma-
tion, that is the measure of the inverse image is equal to the measure on the
set. A two-sided Bernoulli shift is defined similarly to the one-sided shift, the
difference is that for the two-sided shift Z = RZ instead of Z = R” .

Ergodicity is the concept of irreducibility of non-singular transformations.
A non-singular transformation is a transformation such that the measure of
the inverse image is zero if and only if the measure on the set is zero. The
two-sided Bernoulli shift transformation is ergodic but the one-sided shift is
not. This clearly holds since the one-sided shift is not invertible as it is not
one-to-one, therefore it cannot be non-singular. For a proof that the two-sided
Bernoulli shift is ergodic see [Walters, 1982, pp. 32-33].

Ergodic theory overlaps several other branches of mathematics (to name
a few, these include probability theory, harmonic analysis, number theory,
topological groups and Hilbert spaces).

There are two main types of problems in ergodic theory. The first in-
volves understanding measure-preserving transformations and when they are
isomorphic. The second gives applications of measure-theoretic ergodic theory.
These consider how the theory can be applied to problems in other branches
of mathematics and physics.

‘Entropy is a measure of randomness or disorder.” [Petersen, 1983, p. 227|

In this thesis we will not be looking at the concept of entropy. However, we
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think that it is an important area of ergodic theory which requires some discus-
sion to complete a general discussion of ergodic theory. Entropy is a categorical
concept, therefore variations of this concept exist in other areas of mathemat-
ics. The concept of entropy was introduced to ergodic theory by Kolmogorov
[1958|. There are two important theorems about entropy in ergodic theory.
One of these, introduced by Kolmogorov {1958, 1959] and reformulated by
Sinai [1959], is called the Kolmogorov-Sinai Theorem on entropy. This states
that the entropy of a transformation can be calculated by finding its entropy
with respect to a generator. Consequently, the entropy can sometimes be
calculated and it can be concluded that the Bernoulli shifts with different en-
tropies are not isomorphic. For example, [Walters, 1982, p. 102| show that the
2-sided (%, %)—Shift has entropy log 2 and the 2—sided(%, %7 %)—shift has entropy
log 3, therefore these transformations are not isomorphic.

Another important theorem by Ornstein [1974] states that two Bernoulli
shifts are isomorphic if and only if they have the same entropy. Thus, for
example, any two measure-preserving transformations of a finite space have
zero entropy and are therefore isomorphic (see Walters [1982]). Note that it
is not always possible to calculate the mean entropy of a transformation, for
example the limit used to calculate the mean entropy of a non-singular system
which is not measure-preserving does not, in general, exist.

Michael Keane [1972]), studied Gibbs measures in statistical mechanics and
introduced the notion of a g-function, where g is a C'* [0, 1] function which is the
normed space of continuously differentiable functions on [0, 1] (see |Kreyszig,
1989, p. 110]. G-measure formalism was first introduced by Brown and Dooley
[1991], where the notion of G-measures was used to generalise certain Riesz

product measures. The discussion here is based on Dooley [2007].
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Every quasi-invariant probability measure is a G-measure for the group of
finite coordinate changes. We begin our discussion of G-measures with a simple
example of a measure, a Markov measure. A Markov measure is a special case
of a G-measure. In standard statistical theory a stochastic process is called a
Markov process if the conditional distribution of any future state on the past
and current states depends only on the conditional distribution of the current
state.

Another important example of a G-measure is a Riesz product measure.
This is not a product measure nor a Markov measure.

Riesz [1927] introduced a construction of a measure on the circle (that is it
is on T or equivalently on the infinite product space ZZZerhere [ is an integer
such that | > 2), which has since become known as a Riesz product. This
measure is originally from classical Harmonic Analysis. Riesz products in their
modern form were introduced by Sidon in his study of lacunary trigonometric
series in his theorems of 1927 and 1937 (for a more detailed discussion of this
see Kahane [2006]). These are in general singular with respect to Lebesgue

measure and are weak-x limits of measures of the form

N—00 -

dp = lim H (1 + a; cos 27 (3% + qzﬁl)) dx.
=1

Note that z € [0,1), {a;} is a sequence of real numbers with —1 < a; <1
and {¢;} is a sequence of phases in [0,1). Riesz showed that for any choice of
z, {a;}, and {¢;} there exists a unique weak-* limit measure u, which is often
singular with respect to Haar measure. Note that Haar [1933| introduced the
notion of a Haar measure. A Haar measure is as a translation invariant measure
on any locally compact topological group. In this thesis, we let {ji,},,+ be

a sequence of probability measures on (X, B, ). Recall that the sequence pu,
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converges weakly to a measure u, written g, — g if

n—oo

lim fd#n—>/ fdu,
X X

for all C (X)), the space of all bounded continuous functions on X.

Work on Riesz products by Brown and Moran [1974] showed that they
were absolutely continuous with respect to Lebesgue measure if and only if
3" a? < oo, and otherwise they were singular.

Brown [1978] showed that if we consider the action of the triadic rationals
on the circle, that is v : x + x + £ for values of n and p (which are relatively
prime to 3), then p o~y ~ p and the measure p is ergodic for the action of the
group of triadic rationals.

G-measure formalism originated from generalising the description of the
Riesz product measure. Here, the functions g; are a given family of functions

on the circle. We can think of the terms in the Riesz product as
Ji (3%) = (1 + a; cos (27r . SZI))

fori>1,2€[0,1) and §
G, (x) = Hgi (3’x) .
i=1
The functions G,, are related to the Radon-Nikodym derivative of the mea-
sure with respect to its translation by triadic rationals. We can see from this
definition that Brown and Dooley [1991] generalise Keane [1972] and Riesz
[1927]. Brown and Dooley [1991]| generalised both Keane’s construction and

that of the classical Riesz products in the notion of GG-measures. The term

g-function is used for the case when all the g,’s are the same function.
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This thesis extends the method and formalism of G-measures to the set-
ting of the infinite permutation group. A measure associated to a normalised
compatible family, {Gr}, is called a G-measure. In this thesis we will consider
G-measures for the symmetric group. A family of functions G is compatible

if for finite subsets F; C F, € ZT
GF1 (ZE) GF2 (O‘ZE) - GF1 (O'I‘) GF2 (‘r) )

for all o in the symmetric group, Xp. It is normalised if for any finite set

FCZ*

\ELH Z Gr(oz) = 1.

oEX R

We will give conditions under which G-measures exist.

The general contents of each chapter are described below.

We begin Chapter two by outlining some simple concepts in ergodic and
measure theory. These include definitions of different types of maps, ergod-
icity and invariant and quasi-invariant measures. In the section on measure
theory we discuss infinite product measure spaces and whether two measures
are mutually singular, absolutely continuous or equivalent. We then discuss the
important concepts of the Radon-Nikodym Theorem and the Radon-Nikodym
derivative. We also outline Kakutani’s Theorem which gives conditions for
when two measures are mutually singular or absolutely continuous.

The main topic in Chapter two is exchangeability and de Finetti’s Theo-
rem. A sequence is exchangeable if its distribution is unchanged after being

permuted. That is, an infinite sequence x = (21, x9,...), is exchangeable if

d
(101) (.1'1, T, .. ) = (xa(l)a Z’U(g), .. )
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for o an element of the symmetric group, where 2 denotes equality in distri-
bution. Note that if x1, 9, ... are independently and identically distributed
i.i.d. , then they are exchangeable, but the converse is not true. A sequence
or other collection of random variables is i.i.d. if each random variable has the
same probability distribution as the others and all are mutually independent.

De Finetti’s Theorem says that every infinite, exchangeable sequence of
random variables is mixed i.i.d. , that is, the distribution can be written as a
weighted average of i.i.d. sequences. A more refined version of this theorem is
that if an infinite sequence is exchangeable then it is conditionally i.i.d. . Using
the results that have been developed in the literature since the first proof of
de Finetti’s Theorem allows this more succinct version of this theorem. The
conditions above are for an infinite sequence. It is possible to derive a similar
condition for finite exchangeable distributions.

We then discuss Aldous and Pitman’s Theorem of exchangeability. Let
(X, B, 1) be a probability space, then the exchangeable o-algebra is the collec-
tion of events B € B where B is a measurable subset of sequence space which is
invariant under the permutations of finitely many coordinates. This theorem
states a necessary condition for the exchangeable o-algebra to be ergodic. We
then give examples to illustrate this theorem.

We define permutations and the symmetric group since this is the main
group of interest in this thesis.

We give two different proofs of de Finetti’s Theorem. The first proof is
by Glasner [2003]. The other proof uses the notion of G-measures which we
discuss in more detail in Chapter four.

Chapter two draws on the literature and we begin to introduce our own

work in Chapter three. The major topic we discuss in Chapter three, is the



1. INTRODUCTION viii

concept of G-measures. Firstly, as already discussed above both G-measures
and g-functions are weak-x limits of measures which are often singular (with
respect to Haar measure). Secondly, the functions, G,,, are products of the g;
functions such that G,, = g1 --- g,. For the special case of G-measures all the
g; are the same function (equal to ¢). Original content in this thesis includes
the discussion in Chapter three of G-measures for the symmetric group.

The construction of G-measures from a G-family of functions uses a certain
family of averaging operators. Note that for the group of finite coordinate
changes this bounded linear operator converges uniformly to a constant if and
only if there is a unique G-measure (which is therefore ergodic). This is not
the case for the bounded linear operator for the symmetric group. This may
not converge to constant and there may not be a unique G-measure. This
part of the thesis is original work. In Chapter four we look more closely at
these operators and show that they are conditional expectation operators with
respect to suitable measures. This leads to a consideration of martingales.

We give another proof in Chapter four of de Finetti’s Theorem using the
theory of martingales. This version of de Finetti’s Theorem states that if an
infinite sequence is exchangeable then it is conditionally i.i.d. . We show how
normalised compatible families are naturally associated to martingales. This
link between the proof of de Finetti’s Theorem using the theory of martingales
and G-measures is our own work.

Note that the Radon-Nikodym derivative of any probability measure which
is quasi-invariant for the finite coordinate changes form a normalised compat-
ible family. We adapt this approach to the infinite permutation group acting

on an infinite product space.



CHAPTER 2

Ergodic Theory and de Finetti’s Theorem

Ergodic theory is the study of ergodic measures or ergodic systems. Note
that it is not just the study of dynamics on a measure space since non-ergodic
systems are included in dynamical systems. In this chapter we begin by out-
lining some basic concepts in ergodic and measure theory. We then go on to
discuss ergodicity and invariant and quasi-invariant measures. This is followed
by the Hewitt-Savage zero-one law which gives conditions under which a mea-
sure is ergodic (for a transformation). We also define permutations and the
symmetric group for both the finite and infinite case.

In the section on measure theory we begin by discussing infinite product
measure spaces. We then go on to discuss the important concept of the Radon-
Nikodym Theorem and the Radon-Nikodym derivative. This is followed by a
discussion of Kakutani’s Dichotomy Theorem which gives the criteria under
which two measures are mutually singular or absolutely continuous.

The starting point for the theory on exchangeability is the following exam-
ple. Suppose that we have n balls labelled 1,...7n in a bag which are drawn
out randomly from the bag, without replacement. Let x; denote the random
variable giving the label of the ith ball. The sequence x = (z;) just gives
the ordered list of labels of the balls, and since the balls are equally likely to
have been pulled out in any order, the distribution here is just the uniform

distribution supported on the permutations of [n] = {1,...n}. The sequence

1
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of random variables x;, although identically distributed, is clearly not inde-
pendent.

Note in particular, that if o : [n] — [n] is any permutation, and z, = (SL’U(Z-)>
is the corresponding permutation of the sequence of random variables, then the
distribution of x, is identical to that of z. In cases such as this we say that x
is an exchangeable sequence of random variables.

In general, if z = (z;) is an i.i.d. sequence of random variables, then z
is clearly exchangeable. As the above example shows, independence is not
necessary for exchangeability.

For a second example, suppose that we have n bags, and that the ith
bag contains one blue ball and ¢ red balls. Choose one ball from each bag,
and let y; be the random variable which is one if the 7th ball is blue and
zero otherwise. The sequence y = (y;) consists of random variables which are
independent, but which are not identically distributed. They are certainly not
exchangeable. Certain events however, do not depend on the ordering of the

bags. Consider for example

E1 = {(Cl,) € {0, 1}n Lap = 1}

E2 = {((IJ c {O,l}n : Zai = 3} .
i=1
Suppose o : [n] — [n] is a permutation. Unless o (1) = 1, it is clear that
Prob (y € Ey) # Prob(y, € Ey). However, Prob (y € Ey) = Prob (y, € E»).

Events such as Fy whose probabilities are invariant under permutations of the

sequence are called exchangeable events.
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De Finetti’s theorem characterises infinite exchangeable sequences of ran-
dom variables. It says that an infinite sequence of random variables is ex-
changeable if and only if it is a “mixture” of i.i.d. sequences of random vari-
ables.

If x = (x;) is a sequence of i.i.d. (and hence exchangeable) real-valued
random variables each with distribution m and A is a suitable subset of R>

then

Prob (z € A) =m™ (A),

is given by the infinite product measure determined by m. This will be defined
more formally in Section 2.2.

We say that a sequence x = (x;) of random variables is a mixture of
i.i.d. random variables if there exists a set 1" of parameters equipped with a
measure v such that for each t € T', m; is a probability measure on R and so
that

Prob (z € A) — / m® (A) dv (¢),
T

for suitable A C R*°. That is, z = (x1, 2, ...) is a type of average of i.i.d. se-
quences with distributions my, t € T. This will be made more precise in
Sections 2.6 and 2.7.

As shown by the example above, de Finetti’s Theorem may fail for finite ex-
changeable sequences, x = (z1,...,x,). In Section 2.8 we will state conditions
for finite sequences to be exchangeable.

We will give two proofs of de Finetti’s Theorem. Let B (Z) be the set of
probability measures on Z. The first proof, shows that m{® € B (Z) if and
only if m{® is X -ergodic. The second proof uses martingales and is given in

Chapter four.
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2.1. Introduction to Ergodic Theory

This section introduces some basic concepts in ergodic theory. We sum-
marise some of the background material which will be used in this thesis. Most
of this can be found in Aaronson [1997] (or even wikipedia).

Ergodic theory is the study of ergodic measures or systems. We define
here what it means for a transformation to be measurable, non-singular and
measure-preserving.

Throughout this section we shall let (X, B, i) denote a measure space. That
is X is a nonempty set, B is a og-algebra of subsets of X and yx is a non-negative
measure on B. We shall say that (X, B, 1) is a probability space, and that u

is a probability measure if p (X) = 1.

DEFINITION 2.1.1. Royden [1969, p.238]. Let (X, B) be a fixed measurable
space and p and v be two measures on (X, B).

(i) We say that p and v are mutually singular if there are disjoint sets
A and B in B such that X = AU B and pu(A) = v(B) = 0. We write this as
uluv.

(il) We say that p is absolutely continuous with respect to vif v (E) =0

implies p (E£) = 0 for all £ € B. This is written as p < v.

(iii) If both p < v and g > v then p and v are called equivalent, this is

written as pu ~ v. It is easy to see that ~ is an equivalence relation.

DEFINITION 2.1.2. We let B(X) be the set of probability measures on X

and v is a probability measure on the Borel sets of X.
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DEFINITION 2.1.3. Suppose that P is a property that elements of X may
satisfy. This may be encoded by a True/False valued function 7 defined on X,
where of course 7 (z) is true if x satisfies P. We shall say that P holds almost

everywhere (a.e.) or () is true almost everywhere if

p({x e X :m(x) is false}) = 0.

Here we give definitions used to classify transformations.

DEFINITION 2.1.4. [Walters, 1982| Let (Xi, B, 1) and (Xs, Bs, o) be

probability spaces. A transformation 7" : X7 — X5 is

(1) Measurable if T7'B, € B, for all By € Bs.

(2) Measure-preserving if T is a measurable map and pu; (7! (By)) =
2 (Bs) for all By € Bs.

(3) An invertible measure-preserving transformation if 7" is a measure-
preserving, bijective, and T~! is also measure-preserving.

(4) Non-singular if it is a measurable transformation, such that p; (T~ (By)) =

0 if and only if py (B2) = 0 for all By € Bs.

If T: X — X is a non-singular transformation, then we shall call the

quadruple (X, B, u, T) an abstract dynamical system.

DEFINITION 2.1.5. Suppose that (X, B, u, T) is an abstract dynamical sys-
tem.

(1) We say that p is invariant under 7" if for every measurable set B € B,
w(T=1(B)) = u(B). That is, p is an invariant measure under T, if T is

measure-preserving, or equivalently, that po 77! = p.
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(2) We say that p is a quasi-invariant under 7 if p is equivalent to the
measure j o 7!, This is equivalent to requiring that p (B) = 0 if and only if
w(T=1(B)) =0 for B € B.

We have now given enough definitions to explain the concept of ergodicity.
We can think of ergodicity as the concept of irreducibility of non-singular
transformations. The following definition is from Aaronson [1997, p. 51|. This

uses the set symmetric difference, denoted by A.

DEFINITION 2.1.6. Suppose that (X, B, u) is a probability space, and that
G is a locally compact, second countable topological group. A non-singular

action of G on (X, B, 1) is a map
GgxX — X

defined by
(g7 I) = TgSE,

where each T, : X — X is a non-singular transformation and
Tg o Th = Tgh

for all g,h € G. We say that this action is ergodicif A € B, p(AAT,A) =0
for all g € G , implies that p(A) =0 or u(A°) =0.

Note that (A AT, A) = 0 if and only if 4 (A AT, 'A) = 0. The set S is
a.e. invariant if ;1 (S AT,S) =0 for all g € G. It is ergodic if every invariant

set has measure zero or its complement has measure zero.
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DEFINITION 2.1.7. Let (X, B, 1, T) be an abstract dynamical system. We
shall say that p is an ergodic measure for T"if i is a T-invariant probability

measure and the only T-invariant sets have measure 0 or 1. That is, for A € B,

T (A) = A implies p(A) =0 or u(A) = 1.

2.2. Measure Theory and Ergodicity

This section outlines some definitions from measure theory. We begin by
discussing infinite product measure spaces, see Bogachev [2007, pp. 187-
188]. This is followed by the Radon-Nikodym theorem and the concept of the
Radon-Nikodym derivative, drawing heavily on Halmos [1950] and Capinski
and Kopp [2004].

DEFINITION 2.2.1. Let (X, B;, ui;) denote a family of probability measure
spaces indexed by elements of i € ZT. Let X denote the Cartesian product of

these spaces

X=]] X ={()2 : 2 € X3}

i€zt
A (measurable) cylinder set in X is a set of the form

A=A x Ag x -+ X Ay, X X1 X Xppg X -0 -

where n € Z* and A; € B; for i =1,2,...,n.

One can define a map p on a cylinder set by

The cylinder sets do not form a o-algebra. If one denotes by B the smallest

o-algebra containing the cylinder sets, then it can be shown in [Walters, 1982,
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p. 5| that u can be extended to a measure on (X, B). In particular, if the
spaces (X, B;, i;) are all probability spaces, then so is (X, B, ). We shall
write B = ®°,B; and p = ®2, ;.

The same construction applies (with fewer technical difficulties) for finite

Cartesian products, X =[], X;, B=®,B; and p = Q" p;.

The most standard example of this (which we shall return to often) is as

follows.

EXAMPLE 2.2.2. Let X; ={0,1,...,l — 1} where [ is an integer such that
[ > 2 and p; is a normalised counting measure for each ¢ = 1,2,.... Then
X = Jlicz+ Xi can be identified (up to sets of measure zero) with [0,1) via
the map (@1, 29,...) = Y oo, 207" In this case p = @2, u; is just Lebesgue

measure on B = ®3°, B; which comprises the Borel subsets of [0, 1].

We shall say that two sequences x = (z;) and y = (y;) are eventually equal

if there exists n such that x; = y; for all ©+ > n.

THEOREM 2.2.3. (Hewitt-Savage 0-1 Law) Let (X,B,u) be the infinite
product space generated by the sequence of spaces (X;, B;, j1;);o,. Suppose that
Y € B has the property that x = (x;) is in Y if and only if every sequence
y = (y;) which is eventually equal to x is also in' Y. Then p(Y') is either 0 or

1.

Suppose that o : ZT — Z7 is a finite permutation of Z", that is, o fixes
all but finitely many of the elements of Z*. Let X = [[2, X; where all the
X; are the same. Define T, : X — X by T, ((z;)) = (2, (i)). If A € Bis
invariant under all 7, then the Hewitt-Savage 0-1 Law implies that p (A) is

either 0 or 1. This means that y is ergodic for (75),.y, . The set of such finite
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permutations forms a group X, which we will formally introduce in Section

2.4. The measure p is therefore ergodic for the action of the group ...

Let (X, B,u,T) be a probability space. For every non-negative integrable

real function f: X — R, it is straightforward to show that the set function

EHV(E):/EfdM

defines a measure v on (X, B), for example, see Capinski and Kopp [2004,
§7.2]. In this section we discuss how the Radon-Nikodym Theorem answers

the question of which measures v can be constructed using this method.

DEFINITION 2.2.4. We say that a measure space (X, B, u) is o-finite if

there exist sets {A4;};~, C B with X = J;°, A; and p (4;) < oo for each 1.

THEOREM 2.2.5. Royden [1969, pp.258-40]. Radon-Nikodgm Theorem.
Let (X, B, 1) be a o-finite measure space. Let v be a measure on B which is
absolutely continuous with respect to u, that is v < p. Then there exists a

non-negative measurable function f such that for each set E € B we have
v(E) = /fdu.
E

The function f is unique up to sets of pu-measure zero. The function f
is called the Radon-Nikodym derivative of v with respect to v and can be

denoted by g—:.
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THEOREM 2.2.6. [Glasner, 2003, p. 80]. A dynamical measure-preserving

system, (X, B, u, T), is ergodic if and only if for every f, g € L* (i) (or L' (1)),

n—1

1 )
lim — T gdu = du | gdpu.
”gg"”izo/fo gdu /fu/gu

2.3. Kakutani’s Dichotomy Theorem

Kakutani’s Dichotomy Theorem gives criteria for when two infinite product
measures are mutually singular or absolutely continuous. Note that Brown and
Dooley [1994] extend Kakutani’s Dichotomy Theorem to G-measures for the
group of finite coordinate changes. The following section is based on Hewitt

and Stromberg [1965].

THEOREM 2.3.1. Kakutani’s Dichotomy Theorem. Let X = [[2, X,
be an infinite product space and for i =1,2,3,..., let pu; and n; be probability
measures on X;. Let p = @2, and let n = ®2,m;. Then either

(i) n < por

(i1) nLpu.

Let f; be the Radon-Nikodym derivative % as defined in Theorem 2.2.5.
Then (i) holds if and only if

(iii) T2, (fxz fi% dﬂz’) >0,

and (ii) holds if and only if

(i) T2 (fi, £ dui) = 0.

EXAMPLE 2.3.2. Hewitt and Stromberg [1965]. Let X; = {0,1} for all
i € Z*, and let « be a sequence {o;};~, such that 0 < a; < 1. Let p, be
the measure on (X, B), that is the product of measures y; on {0, 1} such that
i ({0}) = ayy, p; ({1}) = 1 — . Suppose that o and § are any two such

sequences. Then exactly one of the following assertions holds:
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(i) pa < pg and pg < plo, or

(ii) faLps.

This follows directly from Kakutani’s Theorem, Theorem 2.3.1. Property
(i) holds if and only if

(i) 3%, (1- 087 — (1—a)? (1- B)F) < o0,

and property (ii) holds if and only if this series in (iii) diverges.

2.4. Symmetric Groups

In this section we give definitions of the finite and infinite symmetric groups.
The following definition can be found in Dooley and Fan {1997, pp. 113-114],
Dummit and Foote [2004, pp. 28, 82] and Olshanski [2008].

DEFINITION 2.4.1. Let A be any non-empty set. The set of the permu-
tations of A, is a bijection from A to A, denoted by ¢ : A — A. We denote
the set of all such maps by > 4.

The set >4 is a group under function composition: o. This group is called
the symmetric group on the set A. In the special case of permutations of
the index set [n] = {1,2,...,n} the symmetric group on A is denoted 3,,, the
symmetric group of degree n. The cardinality of this group is |X,| = n!.

We can generalise this as follows. Suppose that Z is a set with symbols

{z1,...2,}, 0 € 3, acts on Z via
A A

such that
g (l’Z) = mo(i).

If o € 3, we let o act on the positive integers by permuting {1,2,...,n}

and fixing integers greater than n. In this way we can consider X, to be a
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subgroup of the infinite group >z+. We define the infinite symmetric group to
be

Yo = QEn.

Note that this is sometimes called the finitary symmetric group.
Obviously, > is a countable, locally finite group. Note that the symmetric

group, Y,, is not commutative for n > 2.

We can compare the symmetric group to the group of finite coordinate

changes.

DEFINITION 2.4.2. (The group of finite coordinate changes, see Brown
and Dooley [1991]) Let [ (i) > 2 be a sequence of integers. Let I' = @2, 7Z;;
be the direct sum of the groups Z), consisting of all sequences v = (v;)
with v; € Zy;) and 7; = 0 except for finitely many coordinates. The set I'

forms a group under elementwise addition mod [ (i) and this group acts on
Z = 121 Za by

7$:($1+’7175E2+’727---)7

where each addition is done mod [ (7). The group I is called the group of finite

coordinate changes. For each n € Z* and for all i > n, let

FTL:{7€F71207VZ¢n}

Clearly, I = |2, ...

2.5. Exchangeable Random Variables and Events

Aldous [1985] provides a survey of articles on exchangeability from a sta-

tistical view. The study of exchangeability began with the publications of
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de Finetti [1972b, 2011]|. Lauritzen [2007| provides a summary of exchange-
ability and de Finetti’'s Theorem. This section draws heavily on [Olav, 2005].

Suppose that (X;, B;, 1), i € Z* is a sequence of probability spaces. Let
X =TI;2, X be the infinite product of these spaces equipped with the product
measure = ®°,1; on B, the smallest o-algebra containing all the cylinder

sets.

DEFINITION 2.5.1. Suppose that z = (z;) is a sequence of random variables,
with each x; taking values in (X;, B;, p;) where all X; are equal. We say that
x is exchangeable if for every finite permutation o € Y, the distribution of
0 (2); = (T4(;) is the same as that of z. That is, given an infinite sequence of

random elements x = (x1, 2, ...), we say that x is exchangeable if

d
(2.5.1) (Thyy Thyy « oy Ty ) = (T1, X2, oo, Ty

for any distinct elements kq, ko, . . ., k,,, of the index set, where 2 denotes equal-
ity in distribution. For this to be the case, it is clearly enough to require that
Equation 2.5.1 be satisfied for any finite permutation. Note that x is exchange-

able if its distribution is invariant under finite permutations.

EXAMPLE 2.5.2. If the random variables x; € X; are i.i.d. then they are

certainly exchangeable.

DEFINITION 2.5.3. Let X = [[;2, Y for a fixed Y. The o-algebra of sym-
metric events B is defined by Hewitt and Savage [1955, p. 474] to be the set of
events A C X which are invariant under finite permutations of the indices in
the sequence (z;). That is, if z = (2;);-, € A then o (x) € A for all 0 € X

This is referred to as the exchangeable o-algebra.
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|Hoffmann-Jorgensen et al., 2012| show that p € Prob (X, B) is an ex-

changeable probability measure on (X, B) if

H (HBZ> =K (Ba(l) ®...Q0 Ba(n) & Bn+1 .. )
=1

forall 0 € ¥, and B; € B with ¢ >1and n > 1.

EXAMPLE 2.5.4. In addition to the example of symmetric and non-symmetric
events discussed in the introduction to this chapter, we give a simple example
here of an exchangeable sequence. We can consider the example of Polya’s
Urn as discussed in Lauritzen [2007]. Consider an urn with b black balls and
w white balls. Choose a ball at random. Add «a balls of the same colour to the
urn together with the withdrawn ball. Repeat the process. Let z; = 1 if the
ith ball is black and z; = 0 otherwise. Let X; = {0,1} and pu = ®! ;. Here

the z; are not independent and they are not a Markov process. However,

b b+a w b+ 2a
Prob(1,1,0,1) = : ’ '
rob (1,1,0,1) btw btwt+a b+rw+2a b+w+3a
w b b+a b+ 2a

b—l—w.b+w+a.b+w—l—2a.b+w+3a
— Prob(0,1,1,1).

It is relatively straightforward to generalise this special case to show that

x = (x;) is exchangeable.

Let (z;) be a sequence of random variables taking values in Y and let p;
be the probability measures defined on (X, B) by p; (B) = Prob (z; € B) for
B € B;. The following theorem gives a condition for B to be an exchangeable

o-algebra.
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THEOREM 2.5.5. [Aldous and Pitman, 1979, Theorem 1.6/ A necessary

condition for a o-algebra B to be exchangeable is that for all A € B,
> min (i (A) , i (A%),
i=1

18 either 0 or oo.

2.6. Examples of Exchangeabiliy

We give an example here of an application of de Finetti’s Theorem as a

mixture of i.i.d. sequences.

EXAMPLE 2.6.1. Suppose t € [0,1]. Let x; denote the sequence of outcomes
from the toss of a coin C; which satisfies Prob (C; = 1) = ¢. Then z; is an
example of an i.i.d. sequence. As we have already discussed, a sequence of
random variables is an i.i.d. sequence if each random variable has the same
probability distribution as the others and all are mutually independent. This
is clearly the case here. As discussed in the introduction to Chapter two, while
independence is not necessary for exchangeability, if x; is an i.i.d. sequence it is
clearly exchangeable. This explains the exchangeability of the outcomes from
this coin toss.

Let v be a probability measure on [0,1]. We can now define a random
sequence x = (x1,Z,...) by choosing ¢ at random (according to v) and then
letting x; be the result of the ith toss of the coin Cj.

Let m; denote the (Bernoulli) probability distribution of such a coin toss, so

my ({1}) =t and my ({0}) = 1 — ¢. Then for measurable A C X =[[;2, {0, 1}

Prob (z € A) — /01 m® (A) dv (£),
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where m>™ = m X m X --- denotes the product distribution.

Therefore, x is exchangeable since it is a mixture of i.i.d. sequences.

In fact, any average of i.i.d. sequences will have the same property. De
Finetti’s Theorem states that all exchangeable sequences are of this form.

Note that this does not depend on the measure v.

2.7. De Finetti’s Theorem

We consider several different versions of de Finetti’s Theorem in this sec-

tion.

THEOREM 2.7.1. De Finetti’s Theorem. FEvery infinite, exchangeable

sequence of random variables x = (x1,xo,...) is mized independently identi-

cally distributed (i.i.d. ).

REMARK 2.7.2. While everyone agrees with de Finetti’s Theorem as stated
in Theorem 2.7.1. There are several alternatives to the theorem in the liter-
ature. This is because the concept of “a mixture of i.i.d. sequences” can be
defined differently. The definitions and lemmas stated here are from Aldous
[1985].

In Bayesian statistics, de Finetti’s Theorem derives a general infinite ex-
changeable sequence (x;) by choosing a distribution m at random from some
prior. Equivalently, we let the (z;) be i.i.d. variables with distribution m. De
Finetti’s Theorem says that we can associate to (x;) a random distribution
i (w, -) conditional on pu = m.

We can define a sequence (z;) by
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(i) Select m at random from a probability distribution on R given by
{mq,...,my} such that

Prob (m = m;) = p;,

where pq,...,pr > 0 and Zlepi =1;

(ii) Let (x;) be i.i.d. with distribution m.

As an alternative to (i) we have

(") Select m at random from the distribution v.

Here we give the idea from Bayesian statistics that (x;) are i.i.d. variables
with distribution m, where m has the prior distribution v. Similar to our
discussion in the introduction to this chapter, we can write this as
(2.7.1) Prob (z € A) = / m*> (A) v (dm),

meR(Z)
where A C R* and that is the z = (21, x9, .. .) are random variables with values
in R*®. Let m* = m x m X --- denote the distribution of an i.i.d. sequence
on R*°, based on the measure m. Therefore, we have defined the distribution

of a sequence which is a mixture of i.i.d. sequences.
The following discussion of de Finetti’s Theorem is from Aldous [1985].

DEFINITION 2.7.3. Suppose that (2,S) and (Y, .A) are measurable spaces.
A probability kernel with source (2,S) and target (Y,.A) is a map p :
Q x A —[0,1] such that

1. A pu(w,A) is a probablity measure on A, for each w € €.

2. wr pu(w,A) is a random variable, for each A C A.

Some authors use the terms random measure, Markov kernel or stochastic

kernel rather than probability kernel.
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A very simple example would be with Q@ =Y = [0,1] and S = A being the
Borel subsets of [0, 1]. The map

is a probability kernel. For each w € [0, 1], the measure A — p(w, A) is just
the Dirac measure at w. For each A € A, the function w — p(w, A) is just
the characteristic function x4 of A.

Suppose now that (2, S,r) is a probability space and that F is a sub-o-
algebra of S. For each f € L' (Q,S,v) the Radon-Nikodym theorem ensures

that there exists an F-measurable function g on €2 such that

[ rav= [ gav

for all S € §. The function ¢ is unique up to sets of v-measure zero and is called
the conditional expectation of f with repect to F, written E (f|F). The
operator E (-|F) is in fact a norm 1 projection of L' (2, S, v) onto L' (Q, F,v).

Suppose now that z : (Q2,S,v) — (Y, .A) is a random variable. Each A € A

determines a function x4 : Q@ — {0,1} by

Given a sub-o-algebra F of S there exists a probability kernel 1 with source

(Q, F) and target (Y,.A) such that for every A € A

(2.7.2) 1w, A) = E (2] F) ()
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for almost all w € 2. This probability kernel is called a regular conditional

distribution (r.c.d.) of z given F.

REMARK 2.7.4. [Sun, 2014]| Let = : (,S,v) — (Y,.A) be as defined in
Definition 2.7.3. If Y is a complete separable metric space with Borel o-field

A, then there exists a r.c.d. (u(w,-)), .o for x given F.

we

EXAMPLE 2.7.5. Let Q = [0, 1], S be the Borel subsets of [0, 1] and let v be
the Lebesgue measure on [0,1]. Let Y = [[;2, Z, with A the natural product

o-algebra. Let : Q2 — Y be
173
z(t) = (t1,t2,...), where t = E —.

Let F = B X B X 7Zgy X 7o X ... where B is the o-algebra for the power set,
P (Zs), on Zy, so F is generated by 4 ‘atoms’. (If we identify Y with [0,1)
these atoms are just [O, i),[i, %), [%, %)and [%, 1)) Given w € €, let D,, be

the atom containing = (w). A small calculation then shows that for any w € Q
and A € A.

E (24]F) (w) = %

One can check that setting p (w, A) = E (24| F) (w) does define a probabil-
ity kernel and so is a regular conditional distribution of x given F.
Note that in general, ‘the’ regular conditional distribution of z given F is

not uniquely determined.

REMARK 2.7.6. An alternative version of de Finetti’s Theorem can be given
without directly referring to a random measure. Here we give the definition of

a conditionally i.i.d. sequence.



2.7. DE FINETTI'S THEOREM 20

DEFINITION 2.7.7. Let (x;) be random variables and F a o-algebra. The
standard definition of a conditionally i.i.d. sequence (z;) given F is given
by the properties below. We say that (z;) is a mixture of i.i.d.’s directed by pu
if 41 (w);2, is ar.c.d. for (x;) given F. This condition is equivalent to

(i) the (z;) are conditionally i.i.d. given F. We can write this as
Prob (z; € A|F) = Prob (z; € A|F) a.e., for each A CR, i # j.

and,

Prob (z; € A,1 <i<n|F)= HProb (x; € A|F).

=1

(ii) the conditional distribution of (z;) given F is u. Using our notation

here gives Equation 2.7.2, that is

The following lemma allows us to define a mixture of i.i.d. sequences if we

have a conditionally i.i.d. sequence.

LEMMA 2.7.8. [Aldous, 1985, Lemma 2.12]. Let (x;) be conditionally i.i.d. given
F and p be a r.c.d. for (x;) given F. Then
(i) A mizture of i.i.d. s directed by p is given by (x;).

(i1) Given p, (x;) and F are conditionally independent.
We give an example of conditionally i.i.d. sequences here.

EXAMPLE 2.7.9. This example is based on Lauritzen [2007]. The sequence

of outcomes from the toss of a coin are as described in Example 2.6.1 where
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we let (X, F) be a measure space. A binary sequence x; is {0, 1}-valued and
exchangeable if and only if there exists a distribution function v such that for

all n,

1
PI'Ob (.’L‘l =C1y...,Tp :Cn) :/ ptn (1—p)n_tn dV (p),
0

where ¢, = Z?:l ¢;. Note that as defined here, v is the distribution of the
limiting frequency

n

x.
2.7.3 = limsu =y,
(2.7.3) y n%op; —=p
where
(2.7.4) Prob (y < z) = v (2)

That is, the sample average converges to the expected value, p, where p is
the probability of tossing a head. This can be defined by the conditional

probability
n—tn

Prob (z; =cy,...,1, = cply = p) = p™ (1 — p)

That is, for a single toss,

D ift=1
Prob (z; =tly =p) =
(1—p) ift=0
Conditionally on y = p, x = (21, ..., %y, ...) are independent and Binomial

with parameter p.
This example gives a conditionally i.i.d. sequence which by Lemma 2.7.8

above is a mixture of i.i.d. sequences. We can say that (z;) is a mixture
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of i.i.d. sequences if and only if the (x;) are conditionally i.i.d. given the o-
algebra F generated by the random variable y. The (z;) in this example
are a mixture of i.i.d. sequences which are conditionally independent given
y = p. Hence by de Finetti’s Theorem (Theorem 2.7.1) and Lemma 2.7.8,

exchangeable sequences are of this form.

2.8. Finite case of de Finetti’s Theorem

De Finetti’s Theorem may fail for finite sequences © = (z1,...,x,). There
are many examples of this in the literature. See, for example, Diaconis [1977]
which uses a geometric interpretation of independence and exchangeability
resulting in an understanding of the failure of de Finetti’s Theorem for a fi-
nite exchangeable sequence. |Olav, 2005, p. 30| notes that while de Finetti’s
Theorem may fail for finite sequences we may derive a general representation

formula for exchangeable distributions that resembles that for the infinite case.

EXAMPLE 2.8.1. Let X = {0,1} x {0,1}. Define z = (z1,25) as a pair of

random variables with z; € {0, 1} with distribution

X
0 1
X, |00 0 3
1|4 0

Let & = (x9,21) be the non-trivial permutation of x. Then clearly the dis-

tribution of  amd & are the same so x is exchangeable (but not an i.i.d. pair).
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An i.i.d. pair y = (y1,y2) would have distribution

Prob (y1 = t1,y2 = t2) = pt (1- P)zit ;

where t = t; + t5. If z is a mixture of i.i.d. sequences then

1
(2.8.1) Prob (z1 = t1, 20 = t3) = / P —=p)* " du(p),
0

for some measure p on [0, 1].

Diaconis and Freedman, 1980a show that for finite exchangeable sequences
(r1,9,...,x,), Equation 2.8.1 need not hold. This is illustrated by the fol-
lowing example. Consider the following finite exchangeable sequence where we
let

Prob (z; =0, 2o =0) = Prob (z; =1, 2o = 1) = 0.

Here 1 and x5 are exchangeable, but if a representation like Equation 2.8.1

holds then we get the following for
Prob (z; =0, 20 =0) =0

we have t; = ty = 0 gives fo (1—p)*~ fo (1—p) u(dp) = 0.

Similar working gives for

Prob(zy =1, 20=1)=0

we have t; = t, = 1 hence fo (1—p)° pu(dp) = fo p?u (dp) = 0. Therefore, if

the finite representation applies we have

/01p2u(dp) = /01(1 —p)* u(dp) = 0.
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This implies that p puts the probability of one at both 0 and 1, which is
impossible.
Therefore, this shows that de Finetti’s Theorem may not apply for finite

sequences.

REMARK 2.8.2. Although, de Finetti’s Theorem potentially fails for fi-
nite sequences we may be able to derive a general representation formula
for exchangeable distributions that is similar to that for the infinite case.
We are still able to derive a similar property for exchangeable distributions
to that of the conditional i.i.d. property in the infinite case. Suppose that
Xi=Xo=-=X,=X,Z=1["_, X, and v = (z1,...,2,) € [[_, Xi;. We
can define the Dirac measure' by y, = >, d,,, this is a measure on X. The

associated factorial measure ug;n) on Z is defined by

,u;(pn) - Z 5aoz-

oES

The measures u,, and ué”) are clearly unchanged if the order of the elements
xi,...,T, is permuted. An urn sequence, z = (zy,...,2,), is obtained by
successive drawing without replacement from a finite set. The measure u&n) /n!
arises as the distribution of the urn sequence z = (xy,...,2,). Every finite
exchangeable sequence is a mixture of urn sequences. For a proof see Olav

[2005, pp. 31-32|. Note that ui”) has the one-dimensional marginals .

EXAMPLE 2.8.3. We can give a simple example of a Dirac and a factorial

measure as follows. Let n =2, X; = {0,1,2}, z = (0,2) and y = (y1,92) C Z.

INote that this is not a Dirac measure but a sum of Dirac measures.
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The factorial measure uf,:) on Z is given by

Z (0 1 2
010 0 1
110 00
211 0 0
e |1 0 1

which has p, as its marginal distribution.

REMARK 2.8.4. This section builds up to an important theorem by Diaconis
and Freedman [1980a, p. 746| for finite exchangeable sequences by providing
the definitions used in the theorem.

Let 1,29, ..., %k, Tg11, . . . x, be exchangeable random variables taking val-
ues in a set S = {sy,...5}. Let S be a finite set of cardinality [ and S* be
the set of k-tuples of elements of S. That is, x = (x;);_, takes values z; € S
where x € X =[]/, S; and v € P (5), the set of probabilities on S.

De Finetti’s Theorem shows that each exchangeable sequence of random
variables © = (z;);2, on an infinite product space occurs as a mixture of
i.i.d. random variables. This is not true in general for finite exchangeable se-
quences, |[Diaconis and Freedman, 1980a] however showed that for a finite ex-
changeable sequence x1, . .., x,, the distribution of each subsequence x1, ...,z
is, if k& < n, close in a certain sense to a mixture of i.i.d. random variables.

More precisely, if each x;, takes values in the finite set S = {s1,...s;} then the
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variation distance between the distribution of x1,...,x; and the closest mix-
ture of i.i.d. random variables is at most 27“ The variation distance between
two measures p and v on a measure space (X, B) is (following [Diaconis and

Freedman, 1980a|?)

lp = vl = 2sup u (A) — v (A)

where the supremum is taken over all A € B.

It is more convenient here to work directly with the probability distribu-
tions rather than the random variables. Suppose then that P is a probability
distribution on S™ = [["_, S where S has [ elements. For each k& < n, this
determines a probability distribution P, on S* by taking the corresponding

marginal distributions. That is
Pr(A)=P(A® 5" %), Acsh
As in Section 2.6, each mixture of i.i.d. distributions on S* is of the form
(2.8.2) P (A) = / m"* (A) v (dm), AcCS*
meP(S)

where B (S) is the set of probability distributions on S, m* is the k-fold product

measure on S* generated by m € 3 (S) and v is a measure on the Borel subsets

of B (S).
THEOREM 2.8.5. Diaconis and Freedman [1980a, p. 746]. Let S be a finite

set with | elements and suppose that P is an exchangeable probability on S™

and S* is the set of k-tuples of elements of S . Then there exists a probabilily

2Many authors omit the factor 2.
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v on the Borel subsets of B (S) such that for all k <n,

(2.8.3) 1B — Bl] < 22
n

In other words, if P is an exchangeable probability distribution on S,
then there is a probability distribution Q = Q, on S™ which is a mixture
of i.i.d. distributions and for which all of the projections satisfy the bounds
P, — Q|| < 22 [Diaconis and Freedman, 1980a] give examples to show that
the upper bound here is close to optimal.

The proof of Theorem 2.8.5 uses the idea of an ‘urn sequence’. Consider an
urn U which contains n balls, each of which is labelled with one of the [ elements
of S. (Of course, for a given n and [, the set 4 (n, 1) of urns of this type is always
finite.) Given k < n, the urn generates two random variables x = (z1,...xy)
and y = (y1,...yx) taking values in S¥, resulting from recording the sequence
of labels of k£ balls drawn at random from the urn either without, or with
replacement. The distribution of z will be a hypergeometric distribution Hy
and that of y will be a multinomial distribution My ;. Both random variables
are clearly exchangeable, but z,...x, are not independent. The important
point is that every exchangeable distribution P on S™ is a weighted average of

finitely many hypergeometric distributions

J
P= E CjHUjm
j=1

with 0 < ¢; < 1 and Zj ¢; = 1 and each U; € U (n,l). The distribution
Q= Z;le ¢jMy, n is then a mixture of i.i.d. random variables giving

J J

E CjHUj,k_ E CjMUij

J=1 J=1

J
<Y ¢ |[Hope — My, i) -

J=1

1Py — Qx| =
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The bound in Theorem 2.8.5 then reduces to finding a bound on HHUj,k — My, «

for U € U (n,l).

[Diaconis and Freedman, 1980a| also use these ideas to determine when
an exchangeable distribution on S* is the projection of one on S™. That
is, suppose that P is an exchangeable distribution on S*. If there exists an
exchangeable distribution P on S™ so that P = P, we shall say that P can be
extended from k-tuples to n-tuples. The distribution in Example 2.8.1 is one
which cannot be extended. What is noted by |Diaconis and Freedman, 1980a]
is that an exchangeable distribution on S* can be extended precisely when it

is of the form P = Y7 | ¢;Hy, 1.

ExaMPLE 2.8.6. The above discussion explains what finite exchangeable
sequences taking values in a finite set need to look like, and allows one to
construct illustrative examples.

Fix a large n and let S = {red, blue}. Take two urns

e Urn U; with one red ball and n — 1 blue balls
e Urn U; with n — 1 red balls and one blue ball.

For j = 1,2 and k < n, let Hy,r and My, ) be the distributions from tak-
ing k random draws from the urns, without and with replacement. Then, for
0<e¢<1, P, =cHy i+ (1—c)Hy, is an exchangeable probability distri-
bution on S* and Q = cMy, x + (1 — ¢) My, is the corresponding mixture of
i.i.d. distributions.

For small values of k£ one can easily explicitly calculate the various proba-

bilities. For ¢ = % and k = 3 these are given in the table below.



2.8. FINITE CASE OF DE FINETTI'S THEOREM

v | Hy3(x) | My, s(x) | Hy,s () | My, s (z) | Ps Qs
RRB| 0 n-l 1 ST U
RBR 0 nl L <n;;>2 1| =
REB| 4 | R 0 | o (g g
BRR 0 ot 1 (=D )L ool
BRB| L | s )0 R N
BBR 1 (";31)2 0 nl 1| n
BEB n3 (71;31)3 0 L n- 1+(27:;1)3

The variation distance between P3 and Q3 in this case is % which is rather

29

better than the general bound 1n—2 provided by Theorem 2.8.5. More compli-

cated examples could be constructed by increasing the number of colours (the

size of S), increasing the number of different urns, or by combining the urn

distributions less symmetrically.

THEOREM 2.8.7. Diaconis and Freedman [1980a, p. 746] and [Freedman,

1977]. Let S be a set of infinite cardinality and suppose that P is an exchange-
able probability on S™ and S* is the set of k-tuples of elements of S. Then

there exists a probability v on the Borel subsets of P (S) for all k < n, such

that
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1Py — B < ¥E=D

2.9. Choquet Theory and Other Background to de Finetti’s

Theorem

There are many different proofs of de Finetti’s Theorem in the literature.
For a discussion of finite forms of de Finetti’s Theorem on exchangeability,
see, for example, de Finetti [1972a, p. 213], Ericson [1973|, Diaconis [1977],
Diaconis and Freedman [1980a| and Kerns and Székely [2006]. For the infinite
case, some proofs include Diaconis and Freedman [1980a| and Olav [2005].

We give two proofs of de Finetti’s Theorem in this thesis. The first is by
Glasner [2003]. The second proof which uses martingales is given in Chapter

four. The following definitions are used in the first proof.

DEFINITION 2.9.1. [Makarenkov, p. 22]|. Let (X,B) and (Y, F) be two
measure spaces, suppose that 7 : X — Y is a measurable map and p is a

measure on X. We define the push-forward measure 7. on (Y, F) by the

formula . (A) := p (771 (A)) for every A € F.

DEFINITION 2.9.2. Suppose that V' is a vector space. Then {vy,..., v} C
V are affinely independent if and only if for each collection of m distinct
points {wy, ..., w,} € {v1,..., v} there is no m-dimensional affine subspace
containing {wy, ..., w,}. Equivalently, {vy,...,v;} are affinely independent if

the vectors vy — v1,v3 — vy ..., v, — v; are linearly independent in R".
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[Basener, 2006] and |Taylor, 2009| define the convex hull of
{v1,...,u} € V to be the smallest convex set containing {vq,...,vx}. It

is denoted C'H {vy,...,v;}. Thus

CH{vy,...,us} = {w € R": there exists cy,...c; € [0, 1] such that

w:Zciviandcl+62+~~~+ck:1}.

Since all k-dimensional simplices are homeomorphic we shall talk about
the standard k-dimensional simplex and denote this by A*. The vertices

{v1,..., v} give the set
AF =i Feuy - Fagup €R" e+ g+ -+ ey =1and ¢p,...¢ €[0,1]}.

The standard k-dimensional simplex or unit k-simplex is the convex hull
of k affinely independent points. That is, a simplex is the smallest convex set

which contains the given vertices.

DEFINITION 2.9.3. Rudin [1966, p. 251] A point, z € K, in a convex set K
is called an extreme point if = does not lie in the interior of any line segment

joining two points of K.

THEOREM 2.9.4. [Elliott et al., 1999, p. 194] and [Phelps, 2001]. Let X
be a compact convex subset of a locally convex topological space E. Then X is

the closed convex hull, denoted CH, of its extreme points.

DEFINITION 2.9.5. A Choquet simplex is a compact convex subset of a

locally convex topological space which is also a simplex.
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Haydon [1975, p. 97]. The extreme boundary of a compact convex set
is the set of all extreme points of that set. [Elliott et al., 1999, p. 195 A

Choquet simplex with closed extreme boundary is called a Bauer simplex.

The following discussion of Prokhorov’s theorem is based on Capinski and

Kopp [2004], Tao [2009] and Laurinicikas [2012].

We use Prokhorov’s Theorem to prove that there is a measure. We begin

by defining when a sequence of Borel probability measures is tight.

DEFINITION 2.9.6. A topological space is o-compact if it is the union of
countably many compact subspaces.

Let X be a locally compact metric space which is o-compact and let p,, be
a sequence of Borel probability measures on X. We call a sequence p, tight
if for every ¢ > 0 there exists a compact set K such that u, (X \ K) < ¢ for

all n.

DEFINITION 2.9.7. A family, B, of probability measures on X, is rela-
tively compact if every sequence of elements contains a weakly convergent

subsequence.

THEOREM 2.9.8. Prokhorov’s Theorem. If a family of probability mea-
sures on (X, B) is tight then it is relatively compact.
That is, if p, is a tight sequence in B (X) then there exists a subsequence

fin, and a probability measure p € P (X) such that

w

Py, — f-
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2.10. Proof of de Finetti’s Theorem

In this section we shall give a proof of a special case of de Finetti’s theorem
which characterises exchangeable random variables taking values in an infinite
product of finite spaces.

Suppose then that X = {z1,...2,} is a finite set, equipped with the power
set o-algebra, and let Z = [[;~, X, with the usual product o-algebra B. Note
that in this case PB(X) is just an n-simplex. Let J denote the set of all ex-

changeable probability measures on (Z, B).
J={PeP(Z):P(cA)=P(A) forall Ac Band 0 € ¥,}.
Our aim is to show that each P € J has a unique representation
(2.10.1) P(A) = / m>* (A)v(dm), AeB
meP(X)

for some measure v € B (P(X)) .

THEOREM 2.10.1. De Finetti’s Theorem: Every exchangeable measure

on Z s an average of product measures. That s, if P € J, then there exists

v € B (P(X)) such that

P=9¢(v) = /em(x) m>dv (m).

Note first that given any m € P (X) and A € B, m™ (A) = m™ (A)?,
so for any v € P (P(X)), the integral ¢ (v) = fmG‘B(X) m>v (dm) does define
an exchangeable measure (Z,B). Our aim then is to show that the map ¢ :
B (P(X)) — J is onto.

The proof of this depends on the simplicial structure of the sets P (P(X))

and J. Since P(X) is a complete metric space, it follows (from Prokhorov’s
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Theorem, for example) that the set B (P(X)) is compact (in the usual weak
topology on the space of signed Borel measures on PB(X)). It is easy to see
that B (P(X)) is convex and hence that it is a Choquet simplex. Indeed the
extreme points of P (P(X)) are precisely the Dirac measure §,, for m € P(X)
(see for example, [Simon, 2011, Example 8.16 in Chapter 8|). This set of
extreme points is closed and so B (P(X)) forms a Bauer simplex.

The space J also shares this structure. Again it is easy to check that J is
a closed subset of the weakly compact set of probability measures on Z and

hence is compact, and that J is convex.

FAcT 2.10.2. [Glasner, 2003, p. 167/ Two Bauer simplices are affinely
homeomorphic if and only if their closed sets of extreme points are homeomor-

phic compact spaces.

Recall that A € Bis p-a.e. Y-invariant if 4 (cAAA) = 0forallo € ¥,
and that the measure p is Y -ergodic if every u-a.e. Y -invariant set A has
i (A) either zero or one.

In light of Fact 2.10.2, it is sufficient that we check that ¢ maps the extreme
points of B (P(X)) bi-continuously onto the extreme points of J. In particular,
J is a simplex, the simplex of ¥ -invariant Borel probability measures on the
compact space Z. Therefore, as we prove below a measure P € J is an extreme

point if and only if it is a X .-ergodic measure in J.
Let J={p €P(Z): pis Lo-invariant} .

LEMMA 2.10.3. A measure p on (Z,B) is Y -ergodic if and only if it is an

extreme point of J .

PROOF. Suppose first that ;4 € J is not ergodic. Then there exists 0 € Y,

and a p-a.e.invariant set A € B with 0 < u(A) < 1. Let B = Z \ A. Define
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the disjoint probability measures pa and pup by

_K(ANF)
=

Now, if FF'€ B and 0 € ¥, , then

B(F) = ——77"

u(ANoc™1F)
p(A)
clANoIF .. :
= L ( A ) (as A is p-invariant)
plo ' (ANF))
p(A)
p(ANF)
p(A)

= pa(F).

pia (071 F)

(as p €3)

Thus p4 (and obviously also ug) is in J. Now it is easy to check that

po=p(A) pra+p (B) pp = p(A) pra + (1 — p(A)) s

and hence that p ¢ Ext (J).

Suppose conversely that u € J is not an extreme point of J. That is

po=apr+ (1 —a)ps

for some « € (0,1) and distinct pq, po € J. The following theorem is similar
to Theorem 2.2.6. Since p € J, the ergodic theorem says that if 0 € X, and
fe L' (Z B, u), then

S [
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for p-almost all x. Of course py, o € J, so for each j,

1 & A
lim — 'r) = du;

for pj-almost all . Elementary measure theory says that we must therefore

/Zfdu:/zfdm:/zfduz-

The continuous functions on Z already separate the elements of B (Z), and so

have

this is more than enough to deduce that yu = p; = ps which contradicts that

/4 is not an extreme point. 0

LEMMA 2.10.4. For any m € P (X), m™ is X -ergodic. Thus, ¢ maps the

set of extreme points of P (P(X)) into the set of extreme points of J.

PROOF. This proof is based on [Walters, 1982, pp. 32-33|. Suppose that

A € B is m™-a.e. Y -invariant set. Forn =1,2,3,..., let
A, ={z = (x;) € Z: there exists y = (y;) € A such that x; = y; for 1 <i <n}

denote the set of sequences whose first n coordinates match the first n co-
ordinates of some element of A. Thus A = (2, 4, and so m™ (A4) =
lim,, oo m™ (A,).

Fix ¢ > 0. Choose n so that m>® (A, \ A) < e. Let ¢ € X, be the
permutation which swaps the first n coordinates with the next n, and let

B = 0A,. Since m™ is a product measure,

m™ (A, N B) =m™ (A,)*.
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Now (using the general set /measure theoretic inequalities |m™ (F) — m™> (G)| <

m>® (FAG) < m>® (FAH) +m™ (HAG) for any suitable sets I, G, H),

m™ (A) —m™ (A, N B)| < m™ (AA (A, N B))

IN

m™ (AAA,) + m™ (AAB)

IN

m™ (AAA,) + m™ (AAc A) + m™ (¢ AAB)

IN

e+ 0+m™ (AAA,)

IN

2¢.
Also

™ (A, N B) = m™ (A = [m™(4,)* — m™ (A)?|

= [m™ (An) —m> (A)] - |m> (An) + m™ (A)]

IN

2¢.
Thus

Im™ (A) — m™ (A)°| < [m™ (A) —m™ (A, N B)|+|m™ (4, N B) — m™ (4)?| < 4e.

Since this is true for all € > 0, we have that m™ (4) = m® (A)* and hence

that m> (A) is either zero or one. O

LEMMA 2.10.5. If P € J is X-ergodic, then P = m™> = ¢ (0,,) for some
m € P (X).

PROOF. Suppose that P € J is Y -ergodic. For n = 1,2,3,... let 7, :

Z — X be the coordinate map =, (x) = m, (1,22, 23,...) = x,. Define the
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measure m, = myp on X by the push-forward measure,

Since P € J, it is clear that these measures each have an identical dis-
tribution which we will denote m. If we can show that these measures are
independent then (by [Williams, 1991, Section 8.7| for example), P = m®.

It suffices to show that for all n,k > 1 and a,b € X
P (7, (x) = a and 7y (z) = b) =P (m, () = a) P (m () =b).

Let 1, , denote the indicator function which takes the values 1 if 7, (z) = a and
0 otherwise. Thus P (m, (z) =a) = [, 1,4 () dP (). By the Mean Ergodic
Theorem (similar to Theorem 2.2.6) it follows that

P(r (@) =) P(m(@) =) = [ L@ (@) [ 1) dP o)

Z

— lm % 3 /Z Lo (02) ey (2) dP (z).

N—oo
TEXN

Now, let Hy = {c €Xy:0(n)=k}. If 0 € X5\ Hy, then there exists

o' € ¥y such that o' (k) = k and (¢’ 0 o) (n) = n. In this case, since P € J

/Z Lo (02) Lo (@) dP(2). = | Do (0" 0 0) () Tps (o (x)) dP ()

N

= Lna () Ly (z) dP (2)

Il
=
—~ N

7 () = a and 7, (x) = b) .
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Clearly |Hy| = (N — 1)! and so

P (mn (2) = a) P (7 (x) = b)

:1\}1_{20@2/ n,a 01’ ]lkb dIP) Z/ n,a 0.% ﬂkb( )d]P()

oc€EHN U¢HN
. (N=1)! N!—(N-1)!
<
=P (m, (x) = a and 7, () = b)

P (7, (x) = a and 7y, (z) = b)

as required. O

REMARK 2.10.6. This proof of de Finetti’s Theorem is for the case where

* in Equation 2.10.1 is an invariant measure under .. We can see this

m
because the proof that for any m € P (X), m™ is X-ergodic assumes that
we have a Y.-invariant set. In the other direction suppose that we have a
measure which is Y -ergodic then this measure is m*. Note that this also
does not apply for the quasi-invariant case. This is because the pushforward

measure used in this proof m, (A) depends on n in the quasi-invariant case

and we need it to not depend on n .

2.11. Extensions of de Finetti’s Theorem

There are many applications of exchangeability in the literature. Diaconis
and Freedman [1980b] discuss a generalisation of exchangeability called partial
exchangeability. Similarly, Aldous [1981] discuss arrays of random variables
such that the rows or columns are exchangeable and show that these arrays
may be represented as functions of underlying i.i.d. random variables. Some

of the uses of de Finetti’'s Theorem are discussed in Aldous [2010].



CHAPTER 3

G-measures And Quasi-Invariant Measures

The space Z = [~ Zy forms a compact space which can be identified,
via binary expansions, with the interval [0, 1] or the circle T. In this chapter
we shall look at the actions of various groups of transformations that act on Z.
Our starting point is the work of Brown and Dooley [1991] which addressed
the problem of characterising the probability measures on Z which are quasi-
invariant and ergodic under the action of the group I' = @2°,7Z, of finite
coordinate changes.

The central concept in Brown and Dooley’s work is that of a ‘G-measure’.
The first step in this direction is to give a correspondence between probability
measures on Z and certain families of functions G = {Gr}. on Z. A measure
which corresponds to a family G is called a G-measure. Their main result
gives conditions on the family G under which the corresponding G-measure is
unique and hence ergodic for the action of I'.

In this chapter we extend this analysis to the case where the group I' is
replaced by the group Y. of permutations of finitely many components of
Z. To this end we shall define ‘G-measures’ for this permutation group. In
addition to the discussion of G-measures for the general case of a finite group.

This is original content.

40
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3.1. Brown and Dooley’s G-functions

We show how to use a probability measure p on Z to construct a family
{Gpu}y of functions on Z. The aim here is to investigate appropriate condi-
tions on {GF,} so that p is quasi-invariant for the action of the group of finite
coordinate changes I'. These conditions will then be adapted to provide an
analogous theory for measures which are quasi-invariant for the action of > .

Suppose then that p is a probability measure on Z. Let F denote the set
of finite subsets F' of Z*. For a finite subset F' € F we can define the group of

changes in finitely many coordinates by

Corresponding to I'r is a tail measure on 7,
F F 1
(3.1.1) pl =t === Y pow,

The tail measure defines a family of functions G = {Gp,} via the Radon-

Nikodym derivative Gg, = d‘i’}. We shall write G rather than G, if the
T

measure j is understood.

If p € P(Z), where P (Z) is the set of probability measures on Z, then
these functions {Gp,} satisfy certain natural conditions. To motivate these
we shall examine the special case when p (acting on [0,1]) is of the form
f dx where f is a positive continuous function and dx is Lebesgue measure on
[0,1]. (Looking at this special case avoids having to deal with making sense of

indeterminate forms in the calculations below.) We define
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so that the Radon-Nikodym derivative éfTﬂF is the function

Grle) = 205 (@
du dx
dz d,u
f ()
fr(z)
Tr| f(2)
dver, f (7 (@)

Note that we are using the fact that dz is invariant under v € I'p.

For z € [0, 1],

|FF| S Grin@) =Y = )) -y f(n(x)) _ 1

nel'r nel'p 'YGFF ( )) nel'p quFF f (’7_1 (JZ))

Also, if n € I'p then

Celfnx) [Tl f ()
Yoverp fOYT @) D, f (v (@)

Thus, if F{ C F, € F,n €'y and z € [0, 1] then

Gr(n(z)) =

Trlf@) _|Talf @)
Gr @G 0@ = s O @) Sy, £ @)
Lel f () Lr| £ (2)

Sern S O @) Yery, FO (@)
= Gr ()G, (2).

These calculations motivate the following definition.

DEFINITION 3.1.1. Suppose that G = {Gr} is a family of Borel functions

on Z indexed by finite subsets F' C Z. Then the family G is
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e compatible if for F; C F,

Gr, () Gr, (v2) = G, (7o) GRy (v) (v € TRy, 2 € Z)

e normalised if for all F € F

|F_1F" Z Gr (yx) = 1.

v€l'F
DEFINITION 3.1.2. Suppose that G = {Gr} .5 is a normalised compatible
family of Borel functions on Z. If u € P (Z) has Radon-Nikodym derivatives
which satisfy Gp = a’i_l% (a.e.) for each F' € F, then we shall say that u is a
G-measure.

This definition raises several obvious questions:

(1) Which probability measures are G-measures for some family G?
(2) Which families G admit a G-measure?

(3) If G admits a G-measure, is it unique?

For the group T, these questions were addressed by Brown and Dooley [1991].

THEOREM 3.1.3. Brown and Dooley [1991, p. 280]. If u € B(Z) then

{Gpr,} is a normalised compatible family.

THEOREM 3.1.4. Brown and Dooley [1991, Proposition 2/. If G is a nor-
malised compatible family then there exists u € P (Z) such that p is a G-

measure.

REMARK 3.1.5. The more delicate question is question 3 above. The main
point of Brown and Dooley [1991] is to state conditions on a normalised com-
patible family G which guarantees the uniqueness, and hence the unique er-

godicity of the corresponding G-measure.
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3.2. g-functions and cocycles

Brown and Dooley [1991] introduce a number of important concepts asso-
ciated to G-measures, such as g-functions and h-cocycles.
Let G, = Gy1,... ny- This sequence determines another sequence of functions

-----

{gn} satisfying
Ghon=¢g1 g, forn=1,2,....

The normalisation condition on the G-functions implies one for the little
g-functions. This gives the normalisation condition for the little g-functions in
Brown and Dooley [1991]

Y am@) =1

(3.2.1)
Tl &7

EXAMPLE 3.2.1. In the context of a measure p = f dx considered earlier.

Let
g (2) = G (2) = fi 52)
no) = G =5 Coa Jl{ @) Taera /071 )
1 serpa £ (7 (@) ‘Fm
gs () = 1) _ Ciom| f @ > erps S (07 (@)
Ga () Derny L (V7)) Do
etc.

Note that the functions g; satisfy the normalisation constraint in Equation

3.2.1
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Now if we fix 7+ € N then

’F{l ----- ﬂw E:’761—‘{1 ,,,,, i_l}f?ﬁy_l(nx))
3.2.2 . N e O A
( )nezr{:i}g(n(x)) Tq,.. i—1}|nepm Donery. .y (7 ()
— }r\,‘ E:neF{” z:’761—‘{1 ..... i_l}j?07_1<n$))
= |I'y 2very. .y L (7 (nx)
= [Tl

In the case when p is a quasi-invariant measure for the action of I'r on

Z =112, Z;. We may associate to y the map h: Z xI'r - R

heo) = (252 @)

dp

We can then derive the family (Gr) from h by

-1
1
(3.2.3) Gr(x)= (==Y h(z") (xeZ).
v
vel'r
Note that h may be constructed from G as follows
Gr (yz)
3.24 h = el cZ).
( ) (SC, 7) GF (l‘) (7 F, T )

In the case of u = f dx considered earlier we have

hz,y) = (M;;v)) () = @)

Therefore

1 oy L f(r (@)
T 2 e = T

v€l'r vel'p

el f@) )
> o f (L (@)

_ GF (x)—l.
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An important property of the map A is that it is a cocycle on Z x I'p.

DEFINITION 3.2.2. Cocycle formalism. Let Z be a set and G a group

acting on Z. A map h: Z x G — R is a cocycle if

h(xvgng):h<x7g2)h<92xvgl) <x€Z7 gvaQGG)'

REMARK 3.2.3. Tt is clear that h(z,7) is a cocycle. We can see this as

follows
~ (dpomiomn)
hz,m7y2) = (T) ()
(3.2.5) _ (d(ﬂd;%)) () (d(ud:%)) (122)
= h(z,7)h(yz, M)
Note that
h(z,my) = %}Z;@’ h(x,v) = %, and h (yz,71) = —Gé;Z;Z;?,

We can see that Equation 3.2.5 holds using the relationship between cocy-

cles and G-measures, since clearly the following equation holds.

Gr (11727) _ Gr (127) GF (11722)
Gr(z) Gr(z)  Gr(pr)

REMARK 3.2.4. Note that in this chapter we consider Z = [[’7 | Zy = [0, 1]
acted on by the group I' = &7° ,Z, of changes in finitely many coordinates. In
the discussion in this chapter we could easily swap Z, for Z;, where [ > 2 is an

integer. It is not written in a way that depends on the base of the expansions.
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We could also consider H;O:l Zyxy acted on by the group I' = ©72, Zy ), that

is the possible values of the coordinates can vary depending on k.

3.3. The General Case of a Finite Group

Much of the construction of Brown and Dooley [1991] does not depend on
the group I' of transformations that they consider. In this section we shall
reproduce some of the ideas from that construction in the setting of a general
group of measurable transformations on a measure space. In particular we
shall show that finite groups of transformations always provide an averaging
operator which is a conditional expectation operator with respect to the o-
algebra of sets which are invariant under the group.

Suppose that & is a finite group of measurable transformations on! Z =
[[,2, Z, , and that 1 is a probability measure on (Z, B) which is quasi-invariant
for the action of &. This implies that for all 7 € & the measures o7 and p

are equivalent, and that, at least for bounded measurable f,

/Zf<x> d(por) (:r):/zf(f‘lx) dp ().

More generally, if A is a measurable set, then this implies that

Af(w)d(MOT)(I)z/TAf(Tlx) dp ().

Since pot and p are equivalent, we can form the Radon-Nikodym derivative

d(uor)
dy

Consider the map A : Z X & — R defined by

h(x,7)= M (x)

dp

IThe proof here does not depend on Z being an infinite product. Any measurable space
would do!
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so that p(7A) = [, h(z,7) du. Suppose that z € Z and 71,7 € &. For a

measurable set A

/h(ﬂ%ﬁ)h(Tzﬂ?,ﬁ) dp = /h Tox,T1) d (@ o)
A

A
= / h Ty Tgx 71) du
= / h(x,1)
= 7'17'214)

It follows that h (z,7172) = h(z,72) h(m2x, 1) (p-a.e.) and hence that h is a
cocycle.

Define
e = proT = proT”
P pS

which is again equivalent to p and so we can find the Radon-Nikodym deriva-

tive Gg : Z — R,
dp
G = —
° die

which is certainly non-negative.

Note that
d/ubq5 1
():_ h‘(va)7 <A
dp [a1 ZEQ;
and so
&
G (2) |8
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It follows that if we fix x € Z and 7 € & then, using the cocycle property,

1 1
@ Z qu (TIE) - Tez; 27/66 h (T.Q?, 7_/)
1
> res (@, 77) [h(2,7)
h(x,T)
Zﬂe@ h ($a TT/)
h(x,T)
Zﬂe@ h (xa T/)

TEB

TEB

TEB
= 1.

This will of course correspond to Brown and Dooley’s normalisation condition.

A very similar calculation to the one for the normalisation constraint shows

that

GQS (Tl’) — Er’eei h (SC, T/) — h‘ (1:7 T) ZT’E@ h (xv T/)
Ge () Yoes h (T2, ) Yoes h(x,T)

=h(x,T1).

Suppose that f € L' (Z, B, ). Then

/Z [ (@) dulz) = / Go (2) f () dpe (2)

(3.3.1) - & Z/ Go (v2) f (vz) dp ().
Define T': L' (Z, B, n) — L' (Z,B, i) by
T/ () = g 3 G (7) ] ().

TEG

The map is clearly linear and
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/Z Tf ()] dp(z) =

by Equation 3.3.1.

Then

(3.3.2)

T°f (x)

ZGQS TT)

)| dp ()

< / @zaﬁ (r2) | (r2)| dp (@)

- / f (72)| da ()

ZG@ Tz)Tf (T2)

TE@

ZG@ TX ZG@ T'12)
’6’ TEG T'eB

ZG@ T ZG@ T.T
’6’ TEG y'ed
|®|ZG@ T2)Tf ()

TEG
Tf(x)

using the normalisation property derived above.

Also Tl (x) =

then, T is a conditional expectation operator.

(7'Tx)

ﬁ Y ree Go (T2) = 1 p-a.e. By a theorem of Douglas [1965]

Let Cg be the o-algebra of all Borel subsets of Z which are invariant under

®. Then every Cs measurable L' function is invariant under 7' and hence

is in the range of T, and T'f is always Cg-measurable.

T=E(|Ce).

This implies that

Suppose now that @&, is a subgroup of &. The subgroup &; has a corre-

sponding cocycle hy and function Gg,.
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Suppose that z € Z and 7 € ;. From the definition we see that hy (z,7) =
h(x,T).

Thus, using the cocycle property as above,

&, | &
Ge, () Gg (txx) = )
. ( ) © ( ) 2716051 hl (I‘, Tl) 27—266 h (7'.73, 7—2)
©  [olh)

2716‘51 h'l (:B7 7—1) 27—26@ h (Ia 7—27—)

&, 7 (2, 7) ||
2716(’51 hl (I, TlT) . 27—266 h (ZU, 7—2)

|6, 8|

Zneeﬁl hy (T2, 71) . 27-2605 h(x,72)
= G®1 (7'1’) G@ (.I') .

This property then corresponds to the compatibility property from Brown and
Dooley [1991].

The results of this section of course allow us to deal with families {&z} . of
finite groups of transformations. In the case of Brown and Dooley [1991], the
index set ranges over finite subsets F' of Z*, and the group & is the group I'
acting on Z = [[ 2, Z, considered earlier. The case that we will be interested
in here is where & is X, the set of permutations of F.

In either case, given a family {&p} . of finite groups of transformations
and a measure g which is quasi-invariant under all the groups, we obtain
a ‘compatible, normalised” family of functions {Gr},. The next step is to
examine to what extent one can reverse the procedure and construct a quasi-
invariant measure from a suitable family of given functions.

In this section we are going to extend the G-measure formalism in Brown
and Dooley, 1991 to actions of the symmetric group, .. Then almost all

of the calculations in the last section go through unchanged. The one big
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difference is in writing a normalisation constraint for the little g-functions. In
Equation 3.2.2 above, that depends on the fact that I'yy s = 'y, i1y @ Iy

so that

oD fet )= > f(r ().

nel iy 7€l i—1) Y€l (1,5}

For + € N and 1 < k <4, define n; € Xy, ;) to be the permutations which
swap the kth and ith elements. Every element o € X ; factors uniquely as
o = o' on,y, for some k and some o’ € ¥y ;13.Thus

i

Yoo fe ) = Z f o™ (i (2))) -

It follows then that

Can

;gi (mix () = ’2{1 o Z ZUEE{:”’ f(a—l (Mg ()))

,,,,,

,,,,,

or

(3.3.3) I ) = 1

For g-functions the following equation for »-normalisation is satisfied.

% Z gn (0x) = 1.

UEEn/En,1

3.4. Formal definitions of YX-G-measures

In this section we give a formal definition of ¥-G-measures.
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DEFINITION 3.4.1. Suppose that G = {Gr} .5 is a family of non-negative

Borel functions on Z. We say that G is

e Y-compatible if
(3.4.1) G (2)Gp, (0x) = Gp, (0x)GR, () (0 €Xp,x€ Z, F1 CF).
e Y -normalised if

1
3.4.2 — Grp(ox)=1. xz€Z FeF.

oEY R

DEFINITION 3.4.2. Suppose that G = {G g} is a Y-normalised, 3-compatible
family of Borel functions on Z. A probability measure p on Z is called a -
G-measure if Gp = % (with respect to p a.e.) for all finite F' C Z7.

The challenge now is to construct G-measures from such a family of func-
tions, and to determine the conditions under which such a function is deter-

mined by the family. It turns out to be not too difficult to construct »-G-

measures.

THEOREM 3.4.3. Suppose that G = {Gr} g is a L-normalised, X-compatible

Jamaly of functions on Z =112 Z,. Then there exists a G-measure v on Z.

PROOF. Fix xg € Z. For F € F, define the measure vr by
[ fdve =15 > G (o) £ 20)
Vp — ——=—— FOXg oXq) -
Z ‘EF’O'EEF

This forms a net of probability measures on Z (where the index set F is ordered

by inclusion).
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By the compactness of B (Z), this net must have at least one cluster point,

say v which is the weak-* limit of a subnet {vg, } . By definition,
vl = L Z voo !
’ZF| cEX R

We want to show that v is a G-measure, that is, for all F’

dv
Grp = IF (v-a.e.).

or equivalently, that for all f € C(Z),

/ZfGFdVF:/Zfdu.

Now

Po_ 1 T x voo !
[1@r@a’ = =3 [ @6 @) dwes)

oEX R

_ ﬁ Z/Zf(ax)GF(ax) dv

oEX R
1 1
= — lim Gpo (T2) Gp (TOX TOX
e GZZ s ; Fa (T70) GF (ToX0) f (TOT()
g F T Fa
1 1
= lim = Gra (T70) GF (TO0) f (TOT0)
P el 2 ] 2
1 1
_ b i — -1
12| gz: 1c{n|ZFa| 622: Gra 7o) Cr () § )
o F T Fao

1 1
= i ~ G o -1 G
] 2 |zF|UeZzF ro (70720 G (720) £ (700)

Suppose now that F' C F,. For each 7 € X, let 2, = 729, and so 7o 1z =

ro Y1z, . Thus

Gra (To™w0) Gr (T20) f (T20) = Gro (10777 0,) G (a7) f (2)
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The set {ro~'77'}__n is just ¥.p. Thus

1 -1 _ 1
@ agF Gra (T0™'20) Gp (T20) f (T20) = =] U;Z;F Gro (02,) Gp (z;) f (x,)
1
T %l Z Gro (2;) Gr (0x,) f (2)

OEYX R

= Grole) f (@) 1 2 Grlox)

O'GZ.,-F

= GFa (Txo) f (TI())

using the Y-normalisation and Y-compatibility conditions. Thus

, 1
/ f(2)Gr(z) dv" = lim Z Gra (T20) f (T20)
z o [Zp,| r€%F,

= lim/ fdvp
@ Jz

= / fdv
z

as required. O

Our next aim is to prove a converse of Theorem 3.4.3. Suppose that u €
B (Z). Then for any finite set F, yu < u’ and so we can form the Radon-
Nikodym derivative Gp = d—i%. The issue here is that G g is only defined pu-a.e.
and so if p is supported on a small set, we may have G undefined on a large
set. Since this function is only determined p-a.e., and so to produce a function
which is actually defined on all of Z we need to find a way of defining the
function on the p-null part of Z.

Recall that the support of a measure p, denoted supp (i), is defined to

be the set of all points x € Z for which every open neighbourhood of x has
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positive measure. We therefore adapt our definition of G as follows

d
(@), ifo € supp(n)
Gp(z) =4

,  ifx € Z\supp(p)

Note that this is still only defined p-a.e..

THEOREM 3.4.4. Given p € B (Z), the family G = {Gr} with Gr defined

above, is Y-normalised and X-compatible, so i 1s a X-G-measure.

PROOF. We want to show that G = ;fL—“F is ¥-normalised and Y-compatible.
The following discussion uses cocycle formalism for G-measures which we have

discussed in more detail in Section 3.2. Then we have

1 1 1 o
m Z Gp(ox) = m Z (m Z h(ax,7’)>

B h(z,T0) -

- O'GXE:F (TEEF h(z,0) )

= Z h(x,o) (Z h(ZE,TU))
= Zh(x,a)(Z h(a:,7’)>

_ dezph(ﬁag) _ 1

ZTEEF h (J], T)

Therefore, the normalisation constraint is satisfied.
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We now show that the X-compatibility condition holds. Let w € X, x €

Z, Fl g FQ, then

GF1 (l‘) GF2 (W.T) =

1 1
m Z h(l’,O’l) m Z h(wx,ag)

EF1|

-1 -1

01€Xp, 02€X R,
-1 -1
1
> hiwz,0) nl > h(x,00)
015k, B2l yesp,

Gp, (wr)GR, (x).

where the second line holds since by Equation 3.2.4, for w € ¥, and Fy C Fh,

Gp (012) Gp, (027)

GFI (I) . GFz (w:r)

Gp (01@) Gp, (02)
GFI (I) GFI (Wx) GFz (xFH-la s 7IF2>
GF1 (0'11’) ) GF2 (O'Ql’)

L1y 7xF1) GF2 ($F1+1, s 7‘TF2)

Therefore, a probability measure p is a Y-G-measure. 0

In this section we shall look at ways in which the relationship between

normalised compatible families G of functions on Z and measures on Z varies

between the two groups of transformations we have been examining.

Starting with a ['-normalised I'-compatible family G of functions on 7,

Brown and Dooley [1991] showed that one always has a G-measure p. They

did this by considering the net of linear functionals ¢, r € C (Z)" defined by

b (f) = ﬁ S" G (ya) f (va).

ve€l'r
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Brown and Dooley [1991, p. 287-6] showed that this net always converges to
a constant whose value is independent of z. (Indeed, one can even let the
value of x depend on the finite set F' and this remains true.) This in turn
allowed them to investigate the uniqueness of the G-measure associated with
a ['-normalised I'-compatible family of functions.

The situation for the permutation group is different. The main reason for
this is that for the group of finite coordinate changes, the orbits of points x, that

is, the sets {yz} are spread evenly across Z. The corresponding orbits

yely?
for the permutation group certainly need not have this property. This will
typically result therefore in a lack of uniqueness in the G-measures associated

to a Y-normalised Y-compatible family of functions.

EXAMPLE 3.4.5. The simplest X-normalised »-compatible family of func-

tions is one for which Gp =1 for all F'. As usual, we define

1

Var (f) = =

Z Gp(oz) f(ox), z€Z.

cEX R

Since the family {t¢; p}, is sitting in the unit ball of C (Z)" it must certainly
have a nonempty set of weak-* limit points. We showed in Theorem 3.4.3 that
these are G-measures.

It is not too difficult to see that even in this case, one can get a variety of
different G-measures from this construction, depending on the choice of point

x.

Case 1. Take x =0=(0,0,0,...). Then ox = x for any o € X. This means
that ¢, p (f) = f(0) for all F', and so there is only one limit point.
As a measure, this is just the Dirac measure at x = 0. That is,

i = 6p. In this case uf = i so the the Radon-Nikodym derivative



Case 2.

Case 3.

Case 4.
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% is certainly equal to Gr = 1 on the support of u. The issue here
is that the support of u is only a single point in Z.

Take x =1 = (1,1,1,...). In this case we get ¢, p (f) = f (1) for
all ', and the corresponding G-measure is ;.

Take 2 = § = (1,0,0,0,...). If we fix n in this case, then the

permutations ¢ € X, move the entry 1 in this list to each of the

first n positions with equal frequency. Hence

¢%,F(f) = %Zf (2—1k) .
k=1

(The formula for a general finite set F' is analogous, but slightly
messier to express.) It is clear then that if f € C (Z), then V1 g (f)—
f(0) and so as in Case 1, we get that the corresponding measure is
= dp.
Take z = 2 = (1,0,1,0,...) = @, + t,, where z, is the n-tuple of
the first n entries of z and ¢, is the remaining tail.

Abusing notation slightly, we can write cx = ox,+t, for o € %,,.
To keep things simpler we will take n = 2m even in what follows.
This means that x,, has m zeros and m ones. Fix kK < n and let
vy = (y1,...,yr) be any of the 2¥ possible elements on Hle Zo. Let

[ = Zle y; denote the number of ones in y, and so there are k — [

zeros. The orbit of x under %,, O (n,z) = {ox, +t,:0€ X,}

(2m)!

(m!)*
of O (n,x),

contains

elements each occuring (m!)® times. Of the elements

(2m — k)!
(m—=0D!(m— (k—1))!

have the first k£ digits equal to y. (This is because once you have

fixed the first k elements you have 2m — k elements left you may
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permute, divided by the indistinguishable permutations of the ones
and of the zeros you have left.)

Let Dy, =y ® [[;2,.1 Z2 be the dyadic interval of Z determined
by y. Then

#{oeX, o0, =y} = #{oeX,:00eD,}

(2m — k)!
(m—=0"(m—(k—-1)"

= (m!)Q .
Suppose now that h : Z — R and consider
1
A, (h) = S > h(oz).

O’GEn

If h is the charateristic function of D,, then

A (1) = s () o o

as n = 2m — oo (for any ).

Let Ay denote the o-algebra on Z generated by the dyadic in-
tervals of level k. It follows from above that if h is Aj-measurable,
then

An(h)—>/Zhd)\ as even n — 00

where A denotes Lebesgue measure on Z. Note that this holds for
all k.
Since every continuous function h on Z can be uniformly ap-

proximated by a sequence h; where hy is Ag-measurable, this shows

that if h € C(Z) then

An(h)—>/hd/\ as even m — 00
z
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too. This proves that A is a weak-* limit point of {¢ r, } pc 7
Note however that this is not the only weak-* limit point for this
value of z. If one takes F}, to be the subset of {1,2,3,...} which in-
cludes the first n odd numbers and the first 10” even numbers, then
oz is almost always near zero for o € X, much like the situation
in Case 3. Here, as n — oo, the linear functional ¢, i, converges to
the Dirac measure at zero. A similar construction would produce a

sequence which converges to d;.

3.5. Examples of G-measures for the permutation group

We now give some examples of G-measures for the permutation group. We
begin with the example of a Bernoulli Scheme for which we show here that
{G,} = 1. We then discuss the example of a Markov measure, which is of
particular importance in ergodic theory. If we have a Markov measure then
the dynamical system (X, B, T, u1) is said to be a Markov odometer if u satisfies
certain conditions given in Dooley and Hamachi [2003, p. 102]. Dooley and
Hamachi [2003, p. 94] show that when considered as a G-measure, the Markov
odometer may be taken to be uniquely ergodic for the group of finite coordinate

changes.

ExXaMPLE 3.5.1. The example of a Bernoulli Scheme illustrates that

some measures are invariant under Yo, for Z = [[2, Z, and
k
p{{bi} x o x{bp} X Lo x Ly x ---} = Hpbj’
j=1

is clearly invariant under X, since ™ = p hence C;L—’ﬁ = G, = 1. Note that the

cocycle, h (z,0) = 1.
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ExXAMPLE 3.5.2. Another simple measure is a Markov measure. Note
that in some cases this reduces to the traditional infinite product measure (see
Dooley and Hamachi [2003] for more details). A Markov chain is described
here from Dooley and Hamachi [2003] and Walters [1982, p. 22].

A Markov chain is a pair (P, 7) consisting of a stochastic matrix P and
a stationary probability vector w. In general a stochastic matrix is an n x n
matrix P = (pi7j)Z;:10 such that p; ; > 0 for each 7, j and such that each row
sums to one and a probability vector m = (7, ... m,_1) is one for which m; > 0
for each i, Y m; = 1 and 7P = 7. In the present setting, we shall take n = 2
and assume that p; ; > 0 for each 1, j.

An example of such a pair is given by

4
P = , T = —,3 .
13713

12
3 3

AT
NIV

Given (z1,...,2m) € [[j2, Zs let
Azl,...,zm = {Zl} X o X {Zm} X ZQ X Zg X ...

denote the cylinder set consisting of sequences that begin with the specified

m + 1 binary digits. We define the (P, ) Markov measure of such a set by

(351) H (Azl,.wzm) = T1Pz1,20 * " " Pzm—1,2m-

Thus, in the concrete example above

H (Ao,l,l,o) = T0P0,1P1,1P1,0 = 75 "7 "5 5 = 5h-



3.5. EXAMPLES OF G-MEASURES FOR THE PERMUTATION GROUP 63

This procedure defines a measure on all cylinder sets of Z = [[;-; Z, and hence
a measure (also denoted by p) on (Z, B). The above assumptions on P ensure
that every cylinder set has nonzero measure.

The measure p here is quasi-invariant under the action of T', but it is (in
general) not invariant. The corresponding normalised compatible family G =
(ZL—“F is rather more complicated to write down explicitly here, but certainly
gives an example where the functions G are not identically 1.

The importance of this example is that it provides the basis for an impor-
tant theorem of Dooley and Hamachi [2003]. This theorem concerns systems
called Markov odometers.

In the setting above, one can define a partial order on Z by setting z =
(r;) <y = (y;) if there exists n such that x, < y, and x; = y; for all i > n.

For almost all z € Z there is a smallest sequence T () € Z which is larger

than x. For example

To (011011011) = 111011011...

To (111011011) = 000111011...

(More specifically, to apply T one changes the first 0 in x to a 1 and all
the 1’s up to that point to 0’s.)

The dynamical system (Z,B,To,p) is an example of a system called a
Markov odometer. In general Ty is not measure-preserving, but it is non-
singular. Dooley and Hamachi [2003] define Markov odometers uisng the same
ideas, but in somewhat greater gernerality, and prove the following theorem.

We refer the reader to Dooley and Hamachi [2003] for the details.
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THEOREM 3.5.3. Fvery ergodic non-singular dynamical system (X, B,T,v)
on a standard measure space is orbit equivalent to a Markov odometer. Fur-
thermore, when considered as a G-measure, the Markov odometer may be taken

to be uniquely ergodic.

From now on we will mainly consider >-G-measures and so we will usually

drop the X and just refer to G-measures.

3.6. An Example

In this section we shall construct some concrete examples of a measure

and a corresponding Y-normalised, -compatible family of functions on Z =

Hioil L.

EXAMPLE 3.6.1. Let u; be the measure on Z,, where (1) = % and for

i > 2, let y; be the measure on Zy with 11; (1) = 5 . Let g = ®:2,4; be the
corresponding product measure on Z. This of course corresponds to tossing
one biased coin, followed by an infinite sequence of fair coins. Thinking of Z as

being modelled by [0, 1], the measure u equals half Lebesgue measure on [O, %)

and % times Lebesgue measure on [%, 1). Clearly, p is not invariant under X,
but it is quasi-invariant.

Forn=1,2,3, let

The measure p" could be thought of as a symmetrization of p with respect to
the action of X,. Given any binary string b of length n, the u, measure of
the set of binary sequence which begin with b depends only on the number of

zeros and ones in b and not on the order in which they appear.
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For n = 2, it is easy to see that the measures of the four dyadic intervals

of length %‘ are given in Table 3.6.1.

TABLE 3.6.1
b 100]01]10]11 |sum
1 1 3 3
blgls|slsl !
2 1 1 1 3
pls a1l s | 1

Interpreted another way, restricted to each of these dyadic intervals, these
measures are just constant multiples of Lebesgue measure with the scaling

constants given in the table. We can find the Radon-Nikodym derivative Gy =

dup

T2 which is therefore also constant on these intervals.

FIGURE 3.6.1. The function G4

We can calculate the functions G,, for larger n in a similar fashion. First
we calculate the probability tree for a biased toss followed by two fair ones.
Averaging the probabilities over the permutations gives the value of the y and

1? measures of the dyadic intervals, now of length %.
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TABLE 3.6.2
b 000 | 001 | 010 | 011 | 100 | 101 | 110 | 111 | sum
1 1 1 1 3 3 3 3
p % | 16 | 16 | 16 | 16 | 16 | 16 | 16 | 1
3 1l s sz s |zl s]
16 48 48 48 48 48 48 16
__ 4 3 3 3 9 9 9
Ge=gw| 1| 5|5 | 7|57 | 7|1

This is relatively easily automated by computer. Below are the graphs of
Gs, ... Gs.

As we showed in Section 3.3, the full family {Gr} that come from this
measure are Y-normalised and Y-compatible. For small values of n one can

confirm this directly from the graphs in Figure 3.6.2.

FIGURE 3.6.2. GG,, forn=3,4...8
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EXAMPLE 3.6.2. An example of G-measures which are not quasi-invariant
is given as follows. Let p; be the measure on Zy, where p; (0) = 0 and for
i > 2, let y; be the measure on Zy with y; (1) = 3. Let g = ®32,u; be the
corresponding product measure on Z. The same calculations as in the example
above can be applied here. The G-measures here are not quasi-invariant since

there is an outcome with probability zero, that is the probability of tossing a

zero first.

TABLE 3.6.3
b 0001|1011 | sum
1 1
1 1 1
s Ol3 13z 1
GQ—j—/jg 0021

We can calculate the Radon-Nikodym derivatives which are given in the

following graphs.

F1GURE 3.6.3. The functions G, forn =2,3,4...8
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For this measure the support of p is [3,1) = {1} x [];2, Zs. To define a

G-family on all of Z we need to set G,, () = 1 for x not in this support.

3.7. An example of a G-measures which is not ergodic

Since we are looking at measures which are unique here. It is interesting
to show that there are examples of G-measures which are not unique. We
discuss an example here of a G-measure which is not unique, this is given by
the rotation of the unit circle. Some of the discussion here of this measure and
the proof that the rotation is ergodic under certain conditions is given here
from Walters [1982].

Let T = {z € C: |z| =1}, let B be the o-algebra of Borel subsets of T
and let u be a normalised Haar measure. Let a € T and define the rotation

T :T — T by T(z) = az. Then T is measure-preserving since p is Haar
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measure. Note that T is a compact topological group. The normalised circular
Lebesgue measure p on T is a Haar measure. That is, u(az) = p(z) for all
a € T and all Borel sets z. Note that T is a transformation since it is a
map from a measure space to itself. Therefore, this map is invariant since
it is a measure-preserving transformation. We show here that it satisfies the
conditions for a G-measure.

The transformation T is called a rotation of T. The rotation T (z) = az of
the unit circle is ergodic if and only if a is not a root of unity.

We first need to show that the rotation of the unit circle gives a G-measure.
Note that T = G of transformations where G, is an increasing family of sub-

groups and

wn:{ezmk/":k‘:o,...,n—l}QQ.

Hence G,, = (w1, ...,wy). Therefore, |G,| = n.
By the definition of a Haar measure there exists a probability measure pu

defined on the o-algebra of Borel subsets of T, B, such that

p(az) = p(z)

for all @ € G and z € B. The tail measure is defined by
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Therefore, € B (Z) has Radon-Nikodym derivatives which satisty G,, =
ddTMn =1 (a.e.) since u™ = p. We can show that G, = 1 by the Radon-Nikodym
Theorem since

d
_Nd n
- dp”

= /1d//’

= u"(2),

piz) =

this implies that G,, = 1.
To show that p is a G-measure we need to show that G = {G,}, is a
normalised compatible family of Borel functions on T. The normalisation

constraint is satisfied since

Since G, (z) = 1, the family {G,} is ¥-compatible.

We can now prove that the rotation of the unit circle gives an example of
a G-measure which is ergodic if and only if a is not a root of unity.

Suppose that a is a root of unity, then a” = 1 for some integer p > 0. Let
f(z) = 2P. Then foT = f and f is not constant a.e.. Therefore T is not
ergodic.

Conversely, suppose that a is not a root of unity and foT = f, f € L* ().

Let f(2) =>.0° ___ bn,2" be its Fourier series. Then foT (z) =>_0° _ b,a™z"

n=—oo n=—oo
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and therefore, b, (a” — 1) = 0 for each n. If n # 0 then b, = 0, and so f is a

constant a.e. hence 7' is ergodic.

3.8. Quasi-invariant Measures on Z = [[.2, Zo.

In this section we look at the quasi-invariant measures for permutations on

the infinite product space. We show that every G-measure is quasi-invariant.

PROPOSITION 3.8.1. Every measure associated to a family of G,,’s is quasi-

muariant.

PROOF. Suppose that G = {G,,} is a Y-normalised, X-compatible family.
We want to show here that if y is a G-measure such that G, = d—i% is a X-
normalised, X-compatible family then p is quasi-invariant for . Note that
for any 7 € Yoo, poT ~ o7 L

Let A C Z where A is measurable. Suppose that G,, = ddTHn . Then p < p™.

Hence by the definition of equivalent measures (Definition 2.1)
(3.8.1) If " (A) = 0 then p(A) =0.

We say that p" is quasi-invariant for the action of ¥, (by Definition 2.1.5)
if for 0 € Y,

" (A) = 0if and only if u(cA) = 0.

We first show that oo ~ p™.
The tail measure defines a family of functions G = {G,,} via the Radon-

Nikodym derivatives G,, = % is defined as

(3.8.2) i (A) = — 3 (o).

|Zn| O'GEn
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Therefore, if 4" (A) = 0 then (0 A) = 0 since none of the terms in the sum
are negative. Suppose that p(cA) =0 then u" (A) = 0. Hence oo ~ p™.

We want to show that g oo ~ p. To do this we show that pu ~ u". As
given in Equation 3.8.1, if u™ (A) = 0 then p (A) = 0. For the other direction,
suppose that p (A) =0 for all A C Z then p(0A) =0 for all {c A} C Z, hence
" (A) =0 for all o € 3,,.

Therefore, oo ~ p™ and pu ~ p”, hence po o ~ . That is, p is quasi-

invariant for Y. O



CHAPTER 4

A Proof of de Finetti’s Theorem using Martingales

In this chapter we define a bounded linear operator A,, as follows

1

A, (f) (z) > Gu(ox)f(ox), z€ 2.

=t
In the last chapter we used this operator to define G-measures. With respect
to a suitable measure, this operator turns out to be a conditional expectation
operator.

In this chapter, we give some background material on martingales. Then
we give another proof of de Finetti’s Theorem where we use the theory of
martingales. This version of de Finetti’s Theorem states that if an infinite
sequence is exchangeable then it is conditionally i.i.d. . The link between the
theory of martingales and G-measures is original.

We also show that the analogue of the Brown and Dooley (1991) Theorem,
that is the unique ergodicity of the finite coordinate changes on the circle, does
not occur for the bounded linear operator for the symmetric group. Since this
may not converge to a constant and there may not be a unique G-measure.

This part of the thesis is original work.

4.1. Background to the Theory of Martingales

The definitions and theorem given here are from Ash and Doléans-Dade

[2000], Sousi [2013] and Lalley [2014, D, 19].
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DEFINITION 4.1.1. Let (Z,B, ) be a measurable space. A reverse or
backward filtration is a sequence {Cn}ngo =...C(C,CC_; CCyofo-
algebras on (Z,B, ) . That is, it is a decreasing sequence of sub o-algebras
of C, indexed by n = {0,—1,-2,...} such that C,,_; C C, for each n < 0. A
sequence of random variables {X,,}, _, is said to be adapted to the filtration
{Cn}n§_1 if X,, is C,-measurable for every n. An adapted sequence X, is such

that for every n < —1,

E (X,11/Cn) = X, ace..
We say that {X,,,C,} is a reverse martingale.

The Reverse Martingale Convergence Theorem is as follows. For the

Theorem below see for example Sousi [2013, pp. 23-24].

THEOREM 4.1.2. Let {X,,}, -, be a reverse martingale relative to the reverse

filtration {Cp.}, <o~ Then
lim X, =E (Xo\ N cn>
n——oo n<0
almost everywhere and in L.
This discussion is based on Miermont [2006]. Sometimes backward martin-

gales are defined as a forward process {Y,}, ., with respect to a backwards

filtration Cy O C; D Cy D --- such that Y, is adapted in L' and
E (Yn‘cn—i-l) = Yn-i—l'

This is equivalant to our definition of a reverse martingale if we let Y, =
X_, and C, = C_, for all n > 0. For example, E(Y,|Cps1) = Yni1 gives
E (X,n|C_(n+1)) = X_(n41), therefore for n = 0, E (Xo|C_1) = X_;.
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DEFINITION 4.1.3. Let f € L' (Z,B, 1) and By C B, there is a (up to sets

of p measure zero) function h € L' (Z, By, j1) such that

/hd,u:/fdu for all A € B,.
A A

We denote h by E(f|By). We call this the conditional expectation

operator.

REMARK 4.1.4. As an aside we consider the case of a unique G-measure
for the group of finite coordinate changes as discussed in Brown and Dooley
[1991]. Let G be a I'-normalised I'-compatible family and Z = [[ 7, Zs.

As discussed in Brown and Dooley [1991] for the group of finite coordinate
changes we let the conditional expectation operator, E (f|C,), be a reverse
martingale. We discuss the conditional expectation operator in more detail in
Definition 4.1.3. For the group of finite coordinate changes, it is easy to identify

E (f|Cy) in terms of the linear functionals in Section 3.4. For n = 1,2,3,...

and z € Z let

(11.1) e (D)= 57 3 G 1) f ().
™ yery,

Then

E(fICn) = ¢om (f) -

Then there exists a unique G-measure, , if and only if for all f € L' (Z, B, )
and z € Z, Equation 4.1.1 holds. Since the unit ball of M (Z) is weak-* com-

pact, there exists a weak-x convergent sequence, ¢, ,, whose limit we shall



4.2. LINEAR OPERATORS FOR THE SYMMETRIC GROUP 78

denote as p. That is, ¢,, — u € M (Z). This means that for all f € C(Z),

ZG ~vx) f (yT) /fd,u

yel'n

lim ¢, (f) =

n—00 n—00 |F ’

We intend to define ¢, ,, (f) = E (f|C,) (z).

4.2. Linear Operators for the Symmetric Group

Following on from the examples of A, (f) (z) discussed in Section 3.4, in
this section we discuss the properties of a bounded linear operator A,, for the
symmetric group. Suppose that G = {G,} is a E-normalised, -compatible
family of functions on Z. For each n € Z%, we define the averaging map
A, : C(Z) — Borel (Z) where Borel (Z) is the set of bounded Borel measurable

functions by

(4.2.1) A, (f) (z) = > Gul(ox)f(ox), z€ 2.

This map is clearly linear and bounded. We show that the operator norm

is one (as G is a X-normalised family).

PROPOSITION 4.2.1. If m > n and A, (f) (x) is given by Equation 4.2.1
then AnAm = AmAn = Amax(m,n) and A%L = An



4.2. LINEAR OPERATORS FOR THE SYMMETRIC GROUP 79

PrROOF. We now show that for m > n, A, A, = A,,.

A4 () @) = 57 2 Gulon) Au(f) (o0
1 1 , ,
= U;:n G, (o) | J;m G (d'ox) f (o'ox)
1 1 , ,
= N Ugn Gy (ox) o o/ezzm G (0'z) f(0o'x)
= 57 X Gulon) (A () @)
= A, (f)(z) as {G,} is X-normalised.

Note that similar working shows that A,,A, = A,,. Therefore, A2 =
A,,. O

PROPOSITION 4.2.2. Suppose that A, is given by FEquation 4.2.1. Then
[Anll = 1.

Proor. If f € C(Z) and z € Z then

A4, @)] = |— Y Gulon) f (o0)

|Zn’ Uezn

LN Gy (o) £ (o)

|Zn| o€

> Guloo) |/l

O'EEn

IN

1
[Xn]

IN

= ||fll., as {G,} is E-normalised.

So [[ 4, (£)ll.. = sup |4, (£) (@) < 1]l 50 |4, < 1. Taking f = 1 shows
that [|A,| = 1. O
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The properties shown in the previous two propositions are exactly those
that one gets with a conditional expectation operator. Note that for any Borel
measurable function f on Z, the function A, (f) is ¥,-invariant. That is, if we
let C,, denote the o-algebra of X, -invariant Borel subsets of Z, then A, (f) is
necessarily C,-measurable.

For each n, let v, by the measure G,, d\, where A is the Lebesgue measure.

Then, for f € L'(Z,B,v,) and A € C,

1
[ an@an) = [ =53 Guloalfen)Goa)an

‘En| O'EZn

_ /A|21n| S Gulw) f(2)Golo ) dA

(as A is X, -invariant)

_ /AGn(:):)f(:):) LY Gulotw) da

| &

= /AGn(x)f(x) dA\ (as {G,} is normalised)
= /Af(x) dvy, ().

Thus A,, = E(:|C,) on this measure space. A similar calculation in fact
shows that {A, f} forms a reverse martingale with respect to the nest of o-
algebras ...C3 C Cy C Cy.

This martingale will converge almost everywhere and in L'. In the case
of the group of finite coordinate changes, the limit o-algebra is trivial, just
{0, Z}, and so the martingale converges to fZ fdA. This is not the case here
since the exchangeable o-algebra C = () C, is more complicated. However it

seems likely that A, (f)(z) does converge to [, f d\ for almost all z € Z.
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Brown and Dooley [1991] prove that the following proposition holds for the
group of finite coordinate changes. Note that this proposition does not hold

for the symmetric group.

PROPOSITION 4.2.3. Let (Z,B, i) be a measurable space and G = {Gg} be

a I'-normalised T'-compatible family. The following are equivalent:

(1) There is a unique G-measure p - which is therefore ergodic.

(2) The n-net

A (f) (2) =

Z Gn (vz) f (o)

converges uniformly to a constant for every f € C (X).

(3) The n-net

A, (f) (z) = ﬁ > G (yx) f (yz)

vl

converges pointwise (for all x € Z) to a constant for every f € C (X).

4.3. A Proof of de Finetti’s Theorem using Martingales

We now give a proof of de Finetti’s Theorem using martingales. We begin
this section by defining the conditional expectations operator which we show
is given by A, (f) (x). We then prove de Finetti’s Theorem using the theory
of martingales. The following definition is similar to that of an exchangeable

o-algebra in Definition 2.5.3.

DEFINITION 4.3.1. Let Z = [[;2, Zo, suppose n > 1. Let C,, be the set of o-

algebra of all Borel subsets of Z which are invariant under ¥,, and C = N2 ,C,,.



4.3. A PROOF OF DE FINETTI'S THEOREM USING MARTINGALES 82

LEMMA 4.3.2. Let Z = [[;2, Zy and C,, be given in Definition 4.3.1 then
for fe LY (Z, B,G,),

E(ﬂCn) = A, (f);

where the measure is GG, times Lebesgue measure.

PROOF. By a theorem of Douglas [1965], A, is a conditional expectation
operator. Every C, measurable L' function is invariant under A, and hence

in the range of A,. In additon, A, (f) is always C,-measurable. This implies

that A, = E(-|C,). O

We define a conditionally i.i.d. sequence which we use in de Finetti’s The-

orem. This is also discussed in Section 2.7.

DEFINITION 4.3.3. Let X = (Xj, Xy,...) be an infinite exchangeable se-
quence and C be a g-algebra as defined in Definition 4.3.1. The conditions for

a sequence X to be conditionally i.i.d. given C are

P(X; € A|C) =P (X; € A|C) a.e. for each Borel A C R, i # j.
and
P(X;€A,...Xp€ AC) =P (X; € A|C)---P(Xy € A|C).
We now give a version of de Finetti’s Theorem.

THEOREM 4.3.4. If an infinite sequence is exchangeable then it is condi-

tionally 1.1.d. .
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That is, if we let {Xy,},cz+ be an exchangeable sequence and C is the cor-
responding exchangeable o-algebra. Then, conditionally on C, {X,}, .+ are

i.1.d. .

We can use the theory of martingales to prove de Finetti’s Theorem. We
give a general outline here of how to prove de Finetti’s Theorem. Let f be any
bounded Borel function f; : R - R, ¢ =1,... k.

We show that if X = (X7, Xs,...) is exchangeable then

(4.3.1)  E(fi(X1) fa(Xo) -+ [ (Xi) [C) = E(fi (X1)[C) - - E (fi (X&) [C)

for all C = N2 C,, and if we let, f; = x4, for A; € B(R) then Equation 4.3.1

becomes
(4.3.2) P(X;€A,... Xk € A4C) =P (Xy € A4|C)---P(Xy € Ai|C) .

Therefore, we have a conditionally i.i.d. sequence (X;). Showing that Equa-
tion 4.3.1 holds will require us to use the Martingale Convergence Theorem

(Theorem 4.1.2).

REMARK 4.3.5. The converse of Theorem 4.3.4, that is that a conditionally
i.i.d. sequence is exchangeable, is false. In the other direction to Theorem 4.3.4,
suppose that the random variables X;,..., X,,,... are conditionally i.i.d. then
we can give a counterexample to show that this is not necessarily exchangeable.
This is given by the Polya’s Urn model, which is discussed in Example 2.5.4 .
This gives an example of exchangeable random variables that are statistically
dependent. Therefore, by the contrapositive, a conditionally i.i.d. sequence is

not necessarily exchangeable.
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We now consider de Finetti’s Theorem for the symmetric group. Some of

these details here are from OpenCourseWare [2013] and Zitkovié [2010].

DEFINITION 4.3.6. For the symmetric group, let C, denote the tail o-
algebra generated by all cylinder sets II,A,. Then C, is a reverse or back-
ward filtration. Let the forward process {f},., be defined with respect
to the backward filtration Cy 2 C; 2 Cy D -+ - such that {f,} is adapted on L'

and

E(fn‘cn-i-l) = fnt1.

DEFINITION 4.3.7. For kK < n € N, let 27’2 denote the set of injections

|
o:{1,2,....k} — {1,2,...,n}. Then F has k'(Z) = ﬁ elements.
The set of all permutations of the set {1,2,...,n} is given by X7 . Given a
function f : R* — R, for n > k, we let the function f5™ : R® — R be defined

as

. n—=k)!
L (@, m,) = ( ) Do S (o) o) -

n!
k
GGZn

This is called the n-symmetrization of f.

The proof of de Finetti’s Theorem requires the following result due to

Zitkovi¢ [2010, Lemma 11.29].

PROPOSITION 4.3.8. Let {X,}, 5+ be an i.i.d. sequence, let f: RF — R,

k € Z* be a bounded Borel function and X, = (X1,...,X,).

fam (Xn) = E (f;ilm ()jk) ]Cn) , a.e.

1
(4'3'3) = n (n — 1) T (n “k+ 1) ng E (f (XU(1)7 e ’Xﬂ(k)) |C") :
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and
(4.3.4) fim(X,) = E(f (Xk)|C), ae. andin L' as n — oo.
PROOF. The first step in the proof is to show that for all o € ¥:¢
E(f(Xo), - Xow)|Cn) = E(f(X1, ..., Xi)[Cn) .

Zitkovié¢ [2010, Lemma 11.29] does this by showing that for any symmetric

function g : R® — R,

E(g(X1,.. ., X)) (f(Xoqys - Xowy) — f( X1, ..., X)) =0.

The identity in Equation 4.3.3 follows easily from this by the linearity of the
conditional expectation operator. From Equation 4.3.4 we can deduce that
{ foim ()N( n))}ﬁfzk is a reverse martingale with respect to the nest of o-algebras
{Culozs-

To prove Equation 4.3.4 holds we then combine

£ (Xa) =E(f (Xi) [Ca),

the definition of C = N2 ,C,, of the exchangeable o-algebra and the backward

martingale convergence theorem, Theorem 4.1.2. 0]

We now give the details of a proof of de Finetii’s Theorem (Theorem 4.3.4)

which uses the theory of martingales.

PROOF. Let f be of the form f = gh, where g : R¥"! = Rand h: R - R
are bounded Borel functions and n > k for all x € R. We now consider the
following term from Zitkovié [2010], which we use to derive the results that we

want about the relationship between the terms fS™ ¢S™ and hS™.
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n!

mgim (Xn) nhy™ (Xn)
= Z g (Xg(l), R ,Xg(k,1)) Z h (Xz)
0622—1 €{1,...,n}
= > 9 (Ko Xoten) b (Xow)
seXh
k-1
(4.3.5) + 3 9 (Ko Xogemn) Db (Xag) -
oey k-l =1

It is easy to show that if we set f7 (Xk,l) =g (Xk,l) h(X;),1<j<k-1,

then

n!

sim sim sim ]sun
ko (Xn) i (Xn) = (n ) » (X k+1'zf

Dividing by k), gives

k-1

. 1
H_Lk_}_lg;lm (X ) hsun ( ) fSlm ( ) TH Z fj ,sim ( )

Therefore,
n 1 !
sim _ sim sim _ 7,8im
fn ()N(n)_n—k—i-lgn (‘Xn)hn (‘X’"b) _k+1;f ( )

The sum Z;:ll f7sim is bounded so letting n — oo gives
lmn [ 75 (X.,) — 2 (X,) K5 (X.,)] = 0.
Therefore, by Equation 4.3.4 applied to f5™, ¢g8™ and AS™ gives

E(f (X1,..., X [C) = E(g(Xi,..., Xi 1) [C)E (h(Xi) [C).
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Repeating this procedure with ¢ = ¢'h/, for bounded Borel function ¢’ :
R¥! -5 R and A/ : R — R we can split the conditional expectation into the
product E (¢ (Xi,..., Xx_2)|C)E (' (Xk_1)|C). After (k — 1) such steps, we

get
E (hl (X1) ha (X2> - hy (Xk) ‘C) =E (hl (X1) |C) - E (hk (Xk) |C) :

This holds for any bounded Borel function h; : R =R, ¢ =1,... k. If we
let, h; = x4, for A; € B(R) then

P(Xl GAl,Xk EAk|C) :P(Xl EAJC)]P)(XR EA]JC)

Therefore, we have a conditionally i.i.d. sequence (X;).
We have shown here that any infinite sequence is exchangeable then it is
conditionally i.i.d. . Therefore, we have shown that a version of de Finetti’s

Theorem applies here (see Theorem 4.3.4). O
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