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Abstract

This thesis presents a theoretical evaluation of the differential rate equations govern-
ing recombination, emission and trapping via the single-level defect and multiple-
level defects. A solution is derived to the governing differential rate equations for
the single-level defect first developed in 1952 by Shockley, Read and Hall. This is
extended to multiple levels by application of the single-level solution method to the
multiple level rate equations, developed using a first principles approach, for two
defect level systems. The intention is that this theory be applied to measurement
techniques and modeling to evaluate the effects of defect levels in the bandgap at
both the interface of silicon and silicon dioxide, and in the bulk region. Further,
being of a general nature, the theory may be applied to other semiconductor systems
and structures.

The decay of excess carriers via a single-level defect in non-degenerate semicon-
ductors generated by a light impulse §(¢) is governed by the differential equations
referred to as the Shockley-Read-Hall ( SRH ) rate equations. In the past, linear
approximations were used or restrictive conditions imposed to obtain an analytical
solution limited to low or high injection. For defect level parameters of practical
interest, the non-linear differential equations were numerically solved. Whereas car-
rier decay is often approximated by one time constant 7, in the present work it is
shown that recombination occurs with both the minority ( 7 ) and majority ( 7 )
time constants present in the decay. Expressions for 73 and 7, are derived without
an approximation at a given temperature, for arbitrary non-degenerate excess car-
rier concentration, doping concentration N4 p, defect level concentration /V;, cross

section o, , and energy level E;. A general analytic solution to the SRH rate equa-



iii

tions represented by an infinite series of mono-exponential terms, the frequencies
or inverse time constants of which, are a linear combination of the fundamental
frequencies A\, = 1/m, and Ay = 1/7, is derived without an approximation. The
solution is the sum of the responses of an infinite number of linear systems and in
this sense represents the impulse response. A critical point representing the tran-
sition between the linear and non-linear variation of fundamental frequency with
excess carrier density is identified. The analytic solution is verified by analysing the
numerical solution of the SRH rate equations for the fundamental frequencies using
a multi-transient technique. The trapping behaviour of the minority carrier at a
single level defect, with excess carrier concentration is examined.

Experimental evaluation of semiconductor defect parameters is usually accom-
plished by applying the Shockley-Read-Hall (SRH) recombination time constant
expression. It is shown that this expression is an approximation due to the nature
of the definition of the time constant. Furthermore, a recent analytic solution to
the SRH rate equations which is derived without an approximation for near equilib-
rium and non-equilibrium situations, is shown to unify the work of previous authors
for the single-level defect and small departures of carrier concentration from equilib-
rium. The method of this solution is applied to derive the steady state solution. It is
found that the resulting two time constants or eigenvalues of the steady state linear
system, are in agreement with the order of the underlying second order differential
equation. In this work the author describes the nature of the approximation in the
original work and compares the approximation, the exact solution and the analysis

of the numerical solution for component time constants.
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Chapter 1

Introduction

1.1 Discussion

The basic concepts of the recombination of excess carriers in semiconductors via a
defect level within the bandgap were developed in the 1950s. The Shockley-Read-
Hall (SRH) rate equations of Shockley and Read [2], Hall [3] describe the evolution
with time of recombination, capture and emission of excess carriers via a single defect
energy level in the bandgap of a semiconductor. Analyses of the recombination
process were based primarily on numerical solutions of the differential equations,
with analytic solutions provided in some limiting cases such as low or high excess
carrier concentration Nomura and Blakemore [4]. Using linear approximations of
the Shockley-Read-Hall rate equations, it has been shown that, for a single-level
defect, there are two fundamental time constants, the inverse of which are referred
to as the fundamental frequencies. These two time constants appear in steady-state
conditions Shockley and Read [2] with an approximation, as well as transient carrier
decay situations Streetman [5], Sandiford [6] also with an approximation.

A brief survey of developments related to the partial solutions of the SRH rate
equations follows. A partial solution to the rate equations Fan [7] yielded two time
constants in terms of a ”recombination time”, ”a time to trap a carrier” and ”a
time to release a trapped carrier”. In this case the recombination time constant is

defined as in Eq. (3.1) discussed later in the text. In Rose [8] the defect problem
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is addressed with approximations introduced to elucidate the different features of
types of defects. For the transient case, an approximate solution of Sandiford {6],
yields two time constants comprising an initial decay and a transient decay. A set
of differential rate equations for multiple discrete levels based on a summation of
the single level SRH equations is stated in Wertheim [9]. Approximations were
introduced to provide a linear solution to the non-linear differential equations for
small changes in Ap and An from the equilibrium values. For the single-level, two
time constants result from this solution for the transient case which were simplified
to one time constant and an ”adjustment time” which agree with Sandiford [6].

In Nomura and Blakemore [4] approximations were applied to the solution not
of the rate equations but to the second order differential equation in Ap that results
from the rate equations and the charge neutrality condition. As pointed out by Ref.
[4], all previous methods of solution of the second order equation including pertur-
bative methods, were unsuccessful in yielding a solution. For this reason previous
attempts at solving the rate equations have inherently involved approximations in
order to gain some insight into the carrier dynamics. However, Streetman [5] con-
firmed the existence of two time constants, as also indicated by Wertheim [9], for
small departures from equilibrium for the transient case applied to the single-level
defect. In Choo [10], application of the rate equations to coupled states and two
independent states is investigated for the transient and steady state situations. The
transient time constant expressions agree with Ref. [5] and Ref. [9] for small depar-
tures of the carrier concentration from equilibrium for the single-level case. There
are two time constants in these solutions which are in agreement with the exact
solution of Debuf [1]. This is consistent with the governing second order differential
equation since there are two eigenvalues of the linear system because the equation
is second order.

The present work extends that of previous authors for the single-level by present-
ing an analytic solution to the SRH rate equations. Furthermore, in the next Section
1.2, an application of this solution method to the multiple level situation is indicated.
For the single-level the decay of excess carriers in non-degenerate semiconductors,

generated by a light impulse §(¢), is governed by the differential equations referred



1. Introduction 3

to as the Shockley-Read-Hall ( SRH ) rate equations. In the past, linear approxi-
mations were used or restrictive conditions imposed to obtain an analytical solution
limited to low or high injection. For defect level parameters of practical interest, the
non-linear differential equations were numerically solved. Whereas carrier decay is
often approximated by one time constant 7, in the present work it is shown that re-
combination occurs with both the minority ( 7; ) and majority ( 7 ) time constants
present in the decay. Expressions for 77 and 7, are derived without an approximation
at a given temperature, for arbitrary excess carrier concentration, doping concen-
tration N4 p, defect level concentration NV, cross section o, , and energy level E;.
A general analytic solution to the SRH rate equations is derived without an approx-
imation by the present author. This solution is in the form of an infinite series of
mono-exponential terms, the frequencies or inverse time constants of which, are a
linear combination of the fundamental frequencies A\; = 1/7; and Ay = 1/7. The
solution is the sum of the responses of an infinite number of linear systems and in
this sense represents the impulse response. A critical point representing the tran-
sition between the linear and non-linear variation of fundamental frequency with
excess carrier density is identified. The analytic solution is verified by analysing the
numerical solution of the SRH rate equations for the fundamental frequencies using
a multi-transient technique. The trapping behaviour of the minority carrier at a
single level defect, with excess carrier concentration is examined.

Experimental evaluation of semiconductor defect parameters is usually accom-
plished by applying the Shockley-Read-Hall (SRH) recombination time constant
expression. It is shown that this expression is an approximation due to the nature
of the definition of the time constant. Furthermore, a recent analytic solution to
the SRH rate equations which is derived by the present author without an approx-
imation for near equilibrium and non-equilibrium situations, is shown to unify the
work of previous authors for the single-level defect and small departures of carrier
concentration from equilibrium. The method of this solution is applied to derive the
steady state solution. It is found that the resulting two time constants or eigenvalues
of the steady state linear system, are in agreement with the order of the underlying

second order differential equation. In this work the author describes the nature of
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the approximation in the original work and compares the approximation, the exact

solution and the analysis of the numerical solution for component time constants.

1.2 Thesis Organisation

The sequence of theory presented in the current work is intended to bring the reader
forward from the single-level theory to the multiple-level theory in a natural pro-
gression. A solution to the single-level SRH rate equations is derived in Chapter
2. This is approached by a simple example for which the solution is given by two
methods. The first method is differentiation of the linear solution and the second
follows direct integration. Both methods converge to the same solution. This solu-
tion is in the form of an infinite series of monexponential terms with frequencies or
inverse time constants the linear combination of the eigenvalues of the linear solu-
tion. It is shown that the SRH equations may be similarly solved and this solution
is derived in more detail by the integral method in Appendix B. Independent veri-
fication of the series solution is achieved by analysing the numerical solution for the
component time constants by a multitransient technique. This analysis reveals time
constants in good agreement with those fundamental time constants predicted by
the theory. Furthermore, this analysis indicates that for the single-level the series
solution with the frequencies a linear combination of the fundamental frequencies,
is to be expected.

In Chapter 3 the accuracy of the steady state SRH time constant expression
is examined. It is shown that this expression is not accurate in the linear (con-
stant) region of variation of time constant with excess carrier concentration. This
region corresponds to an excess carrier concentration in the neighbourhood of the
equilibrium value. For small departures from equilibrium referred to as the small
signal case, the SRH expression is often used for the ”transient” interpretation of
experimental data. This small signal case corresponds to the transient solution of
Ref. [1], which has at least two time constants. The steady state solution for near
equilibrium is shown to be identical to the small signal transient solution. The SRH

expression is compared with the exact solution for the steady state and an analysis
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of the numerical solution for component time constants. There is good agreement
between the exact solution and the analysis of the numerical solution. The SRH
expression is found to be thirty percent in error relative to the exact solution, in the
linear region.

The Shockley-Read-Hall (SRH) rate equations determine on average the carrier
transitions via a single level defect in the bandgap of a non-degenerate semicon-
ductor. Multiple discrete level defects are usually described by a summation of the
single level SRH equations. This formulation of the differential equations is diffi-
cult to extend to other defect level systems and has not been verified. In Chapter
4 the differential equations for the multiple discrete level system and the ground
excited state level system are derived from first principles. Verification of the two
sets of rate equations is performed by applying the method of solution for the single
level rate equations developed recently. Given a general analytic solution to the
SRH rate equations for the single defect level, represented by an infinite series of
mono-exponential terms, the frequencies or inverse time constants of which are a
linear combination of the fundamental frequencies A = 1/7, the multiple defect level
solution expression is derived. Expressions for the minority carrier time constant n
and time constants 744 are derived for m with k = 1,2,--- , m discrete defect levels
without an approximation at a given temperature, for excess carrier concentration
below non-degenerate doping, arbitrary doping concentration N4 p, defect level con-
centration Ny, cross section opi i and energy level Ey. A similar expression for
the minority carrier time constant 7, for the ground excited state system is derived.
The minority carrier trapping behaviour is examined. A more accurate measure of
semiconductor quality is proposed which is based on a measure of the time constant
71 whether the decay is a transient or steady state response for both defect level
systems.

In Chapter 5 an expression for the average decay is determined by solving the
carrier continuity equations, which include terms for multiple defect recombination.
This expression is the decay measured by techniques such as the contactless pho-
toconductance decay method which determines the average or volume integrated

decay. Implicit in the above is the requirement for good surface passivation such
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that only bulk properties are observed. A proposed experimental configuration is
given to achieve the intended goal of an assessment of the type of defect in an n-type
CZ silicon semiconductor with an unusually high relative lifetime. The high lifetime
is explained in terms of a ground excited state multiple defect level system. Also,
minority carrier trapping is investigated.

Semiconductor material evaluation in terms of defect parameters is presently de-
termined experimentally by applying the Shockley-Read-Hall (SRH) recombination
time constant expression. Two current methods of determining defect level depth,
namely Lifetime Spectroscopy and Deep Level Transient Spectroscopy (DLTS), are
shown to yield incorrect results. The source of the error in each case is identified in
Chapter 6. It is shown in Chapter 3 that the SRH lifetime expression is approxi-
mate. A recent analytic solution to the SRH rate equations extended to differential
rate equations for two multiple defect level systems, yields a solution derived with-
out an approximation. In terms of material characterisation, this exact solution is
shown to provide more detailed information on multiple level depths than the exist-
ing theory, which relies on a dominant single level. Furthermore, for semiconductor
samples known to be predominantly doped with one defect species, it is shown that
the dominant decay time constant is influenced by the other defect species present
in the semiconductor sample. A new method of semiconductor material evaluation
for a single-level, called Analytic Lifetime Spectroscopy (ALS) is proposed. This

method is based on the exact solution.



Chapter 2

General Analytic Solution to the
Shockley-Read-Hall Rate
Equations with a Single Level

Defect

2.1 Introduction

As outlined in Chapter 1, the basic concepts of the recombination of excess carriers in
semiconductors via a defect level within the bandgap were developed in the 1950s.
The Shockley-Read-Hall (SRH) rate equations of Shockley and Read [2], Hall [3]
describe the evolution with time of recombination, capture and emission of excess
carriers via a single defect energy level in the bandgap of a semiconductor. Analyses
of the recombination process were based primarily on numerical solutions of the
differential equations, with analytic solutions provided in some limiting cases such
as low or high excess carrier concentration Nomura and Blakemore [4]. Using linear
approximations of the Shockley-Read-Hall rate equations, it has been shown that, for
a single-level defect, there are two fundamental time constants, the inverse of which
are referred to as the fundamental frequencies. These two time constants appear

in steady-state conditions in Ref. [2] with an approximation, as well as transient
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carrier decay situations Streetman [5], Sandiford [6] also with an approximation.

The equation describing the time evolution of the normalised excess electron
concentration Any,,(t), is a second order non-linear differential equation and has a
term in the cubic power of An,,(t) Ref. [4]. We expect at least two time constants
in the solution (the eigenvalues of the linear system) as the differential equation is
second order. However the existing interpretation of experimental data relies on
one time constant 7, (steady state case) or 7, (bulk decay - transient case). This
implies a first order differential equation. While this situation may be sufficient
as an approximation it lacks the provision for predicting behaviour and a unified
approach to interpretation. For example with regard to the effect of a defect energy
level in bulk silicon or in low dimensional structures, a consistent theoretical basis
is required.

While the above findings were based on linear approximations of the underlying
rate equations, in the present paper we derive a solution to the rate equations to ob-
tain the time dependent response to a light impulse 6(¢) without an approximation.
Our analytical solution shows that the entire decay curve consists of an infinity of
mono-exponential terms and that all inverse time constants or frequencies are a lin-
ear combination of the two fundamental frequencies. One expression for the minority
(1) and one expression for the majority (72) carrier decay time constant, is derived
without an approximation at a given temperature for arbitrary excess carrier con-
centration, doping concentration N4 p, defect level concentration IV;, cross section
onp and energy level E;. A critical point representing the transition between the
linear and non-linear variation of excess carrier density with fundamental frequency
is identified. This has not been previously given (see Ref. [5] and Ref. [6]) with
the result that the linear approximations above were difficult to apply in practice.
The theory presented addresses the whole decay process from 07 < t < co as the
excess carrier decay is expressed by a sum of mono-exponential terms with coefhi-
cients and time constants calculated from the above parameters. As such the sum of
exponentials is non-linear. However each mono-exponential term is the response to
a linear system and the series represents the sum of the responses to an infinite sum

of linear systems. Hence in this sense, the derived solution represents the impulse
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response. To our knowledge the impulse response of the SRH rate equations for the
transient case has not been derived for low through to high injection, and presents a
unified approach to analysis of the single-level defect. As the present work extends
the theory of the original SRH papers of 1952 which describe a simple case of uni-
form excess carrier concentration and a single level, it is intended to provide a clear
theoretical basis for further work.

To verify the theory this chapter contains a numerical solution of the SRH rate
equations which is analysed by a multi-transient analysis method for the component
exponentials. This analysis of the numerical simulation confirms time constants pre-
dicted by the theory presented. We provide a consistent solution to the differential
equations, with supporting evidence the multi-transient analysis of the numerical so-
lution. Notwithstanding this, provision for the experimental position is also given.
This work extends that of Streetman [5] and Sandiford [6] for the transient case, and
Shockley and Read [2] for the steady-state case, by providing an analytical solution
from low through to high injection. Note also that the SRH rate equations are valid
for the non-degenerate statistics which indicates the high injection level limit Sze
[11]. Further work seeks to address the multi-level and interface or surface effects,
in terms of the analytical solution to the SRH rate equations.

For practical device operation the effect of defect levels at the surface or interface
is minimised by passivation which limits the concentration of such energy levels. As
a result the bulk levels may have a significant impact on device operation such as
solar cell efficiency and stable FET threshold voltage. However device operation
occurs under varying injection levels from low through to high injection. Hence the
requirement to model the effect of defects accurately and under varying conditions.
Minority carrier decay is usually modeled by one time constant 7, (representing bulk
recombination, which is approached asymptotically for ¢ >> ), derived from the
simplified carrier continuity equations incorporating the law of mass action. Sah
[12] points out that the law of mass action is valid for the equilibrium situation.

The linear approximation referred to above infers low excess carrier concentration
in relation to the equilibrium majority carrier concentration, for which approximate

time constant expressions are deemed to apply in Ref. [2] depending on defect level
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concentration N;. An experimental restriction of low excess carrier concentration

is often imposed to facilitate interpretation of the data using the approximations
in order to determine defect level parameters such as cross sections, energy level
and concentration. It is shown that for the transient case whereas at high injection
71 is adequate to model recombination, at low injection 7, is also required as the
magnitude of the coeflicient can be significant. For the steady state, in low injection
the frequencies are the same as the transient case although the coefficients may be
markedly different and furthermore the coefficient for the 75 term may be significant.

The Chapter is organised as follows. The section 2.2 demonstrates the solution to
a non-linear differential equation represented by a quadratic. In effect the SRH rate
equations have a quadratic form and the example given is intended to illustrate the
infinite series of mono-exponential terms in the solution, the bounds of the solution
and in particular the non-linear nature of the solution. Two approaches to obtaining
the indicated solution demonstrate a consistency in its derivation. This is further
expanded in a more rigorous approach in section 2.4. However the eigenvalues A;
and A; of the linear solution to the SRH rate equations are first determined in section
2.3. The fundamental frequencies A; and A are derived isothermally for arbitrary
excess carrier concentration, doping concentration N4 p, defect level concentration
N, cross section o, , and energy level E;. An excess electron concentration An(t)
and hole concentration Ap(t) is assumed to be uniformly generated throughout the
wafer thickness at ¢ = 0% (see Section 2.7). It is shown that the non-linear terms
in the rate equations for An(t) and Ap(t) go to zero at t = 0% or some time t = ¢;
where t; > 0%. The resulting linear differential equations may be solved at ¢t = 07
or t = t; for the two fundamental frequencies A; and A;. In section 2.4, the response
to a light impulse N,d(¢) is determined for a p-type semiconductor with a single-
level defect, including the effect of arbitrary injection level An(0) = N,. Having
obtained the fundamental time constants, a general solution for An(t) and Ap(t),
represented by the impulse response as stated above is found from the non-linear rate
equations being expressed in integral form. A section 2.5 contains a multi-transient
analysis of the numerical solution to determine the component exponentials in the

sum of exponentials. Comparison of the predictions of the analytic solution with
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the results of the multi-transient analysis of the numerical solution is very good.
Also the theory indicates calculated magnitudes in agreement with those derived
from the numerical analysis. In particular the linear combination of fundamental
frequencies in the exponents predicted by the analytic solution and the variation
of the time constants 77 = 1/, and 7, = 1/, with injection level, indicate close
agreement. An indication of recombination only and the onset of minority carrier
trapping is discussed. Note the defect level concentration is assumed to be uniformly

distributed throughout the silicon sample.

2.2 Non-Linear Rate Equation with Series Solu-
tion

The processes of capture and emission of carriers from a defect level and recombina-
tion and trapping via a defect level are governed by the SRH rate equations. These
processes determine the average lifetime of minority carriers and hence device char-
acteristics. As stated in the introduction current methods of analysis to determine
defect level parameters are approximate in nature. Despite the probability that
many defect levels may be present in a given semiconductor sample, an effective
lifetime 7, is often evaluated as if they may be represented by one dominant level.
A major contribution of the current work is the derivation of a general analytic
solution to the SRH rate equations for a single level defect in order to provide a
basis for future work.

It is shown in Ref. [4] that the SRH equations can be represented by a second
order non-linear dynamical system. Further as discussed in section 2.4 the nonlin-
earity is quadratic in nature. Derivation of a general analytic solution for such a
system is quite tedious and involved (as is demonstrated in later sections). However,
the fundamental concepts involved in such a solution are very simple. The main aim
of this section is to illustrate these concepts through a simple first order example.

Towards this end, consider the following first order non-linear dynamical system:

dn(t) 9
— = Nin(t) + Nan“(t) (2.1)
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Note the nonlinearity is a quadratic term. In fact when N, = 0 the system is linear
and has the usual solution n(t) = n(0) exp(Nit). When N, # 0 the system has two
equilibrium points 0 and —N;/N,. It is an easy matter (by linearising the system
about the equilibrium points) to show that for Ny < 0, 0 is a stable equilibrium point
and —N; /N, is an unstable equilibrium point. Further the domain of attraction of
the stable equilibrium point 0 is rather large. Any trajectory starting from an initial
condition in the range —oo < n(0) < —N; /N, for N2 > 0 and in the range —N; /N, <
n(0) < oo for Ny < 0 converges to this equilibrium point. From a mathematical
standpoint, trajectories outside this domain of attraction can be shown to diverge
to infinity. From a physical standpoint the effect of the non-linearity for an initial
condition starting inside the stated ranges and given an appropriate value of V,, may
enhance generation of minority carriers corresponding to the impurity photovoltaic
effect Keevers and Green [13]. This effect indicates an improved infrared response
of solar cells by the addition of defect levels such as produced by indium. The effect
is not evaluated in the present work.

Suppose that we have an initial condition that lies within the domain of attrac-
tion. Then what is the exact nature of the solution? A solution to the linearised
system would suggest that n(t) = n(0)exp(/N;t) and indeed it is a good approx-
imation if n(0) is sufficiently small. However, for large n(0) we need to take the
non-linear nature of the system into account. Because of the quadratic nature of
the nonlinearity, it is possible to integrate the system Eq. (2.1) exactly to arrive at:

Nln(O)eNlt

n(t) = (Nl +N2n(0)) —Nzn(O)eNlt (22)

Another method to obtain the above solution is the following that highlights
certain points. A solution to the linearised system suggests that we should try
solutions of the form n(t) = n(0) exp(/N;1t). However when we substitute this into
Eq. (2.1), a term involving exp(2N;t) is generated on the right hand side. This
suggests that we should try solutions of the form n(t) = n; exp(Nit) + ny exp(2N:t).

Proceeding in this way a possible solution takes the form:

n(t) = n16N1t+n262N1t+n363N1t+n4e4N1t+”. (2.3)
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dn(t

% nlNleNlt + TL22N162N1t + TL33N163N1t + - (24)

Substituting Egs. (2.3) and (2.4) into Eq. (2.1) and noting that exp(N:t),
exp(2Nit), ... are linearly independent functions and the equality in Eq. (2.1) can
only be achieved when the coefficients on both sides of the equation match. Solving

for the ny where £k =1,2,3,... a geometric series results in:

N, M\ ?
n(t) = n16N1t+—2nfe2N1t+ (_2> n?e3N1t+---

Ny Ny
Nit
= (2.5)
1-— Noniet
Using the initial condition:
ny
n(0) = (2.6
) 1-— %nl )

results in the following which is equivalent to Eq. (2.2) that was obtained by direct
integration:

Nin(0)

N1 + NQTI,(O) (27)

m

So despite their differences both methods lead to the same solution. It is es-
sentially the first method that we use to obtain the general solution of the SRH
rate equations. However it is shown that this leads to equivalent expressions when
equating coefficients as derived from the assumption of the solution being a series
of exponential terms (second method). Note that if Eq. (2.1) is modified to include
a constant term N, on the right side, then for initial conditions in the domain of
attraction, the trajectories reach a nonzero steady state value. This can easily be
accommodated in the second method by including a constant term 7, on the right
side of Eq. (2.3).

A few salient points in the above development should be noted. These are also
true for our general solution developed in section 2.4. A solution to the linearised
system is a good approximation only for initial conditions that are sufficiently close
to the equilibrium point. Following the second method, within the domain of at-

traction the general solution is a linear combination of what could be said to be an
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infinity of exponential terms. Further the frequencies of these exponential terms are
integer multiples of a fundamental frequency (in the above example they are mul-
tiples of N;). Finally the fundamental frequency is associated with the linearised
system. In the next section it is shown that there are two fundamental frequencies
for the single level defect system associated with the linear solution of the SRH rate

equations.

2.3 Derivation of A\; and )\, for Arbitrary Injection
Level

Neglecting the effect of excited states of a defect energy level, Auger recombination
and radiative recombination, the carrier continuity equations for the one-dimensional

case are given as follows:

dn(z,t) 1dJ,

o = Gn-U,+ v (2.8)
dp(z,t) 1dJ,
g = Gp—-Up+ o (2.9)

with n(z,t) and p(z,t) being the electron and hole concentrations having a time
t and a spatial x, dependence. G, is the generation rate, U, , is the recombination

rate, and J,, , is the current density given by respectively:

on(z,t

Jo = quan(z,t)€ + gD, éx ) (2.10)
Op(z,t

Jp = qupp(z,t)€ — gDy p((% ) (2.11)

Simplifications are made such that the generation rate Gy, ,, diffusion components
¢Dydn(z,t)/dz and ¢D,dp(z,t)/dz, and the electric field £ are considered negligible.

Hence the continuity equations simplify to:

dn(t)
@wlt) _ _y (2.13)

dt
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Note that n and p do not depend on z. The excess electron concentration An(t)

and the excess hole concentration Ap(t) are written in terms of normalised excess
carrier concentration Angm,(t) and Ap,n,(t) respectively. Note Anp,(07) = 1 and

Appm (07) = 1.

Anpm(t) = 2::((;)) (2.14a)
Apnm(t) = ﬁg—(((t))) (2.14b)

The defect level electron concentration N;f(t) is written in terms of the departure
from equilibrium N;Af(t) and the equilibrium concentration N,f,. As such the
electron and hole concentrations, and the defect level concentration may be written

respectively with V; being the defect level concentration:

n(t) = Anpm(t)An(0) + np, (2.15a)
p(t) = Apum(t)Ap(0) + Ppo (2.15b)
Nf(t) = NAf(t)+ Nefo (2.15¢)

with the corresponding equilibrium concentrations n,, and p,, and where at

equilibrium the electron occupancy of the defect level is f, = f(07) given in terms

of ppo by:
D1
0 = 2.16a
f ppo + D1 ( )
and in terms of ny, by:
Npo
= 2.16b
f TNpo +m ( )
with
_ (E. — Ey)
ny = Nc exp ( T (217&)

pr = Nyexp (—M> (2.17Db)
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A charge neutrality relation indicates the conservation of charge with time.

Apnm(t)AP(0) = Annm(t)An(0) + N.AS(t) (2.18)

N;Af(t) may be written as An(t) with An,(t) being the defect level excess electron
concentration. By rewriting the charge neutrality relation with An(0) = Ap(0),
the valence, conduction and defect level electron concentrations may be directly

compared since the three quantities are normalised to one injection level An(0).

Any(t)

Apnm(t) = Annm(t)+An(0)

(2.19)

From Egs. (2.15) and (2.18) the SRH rate equations in Ref. [4] may be written

in normalised form as:

dAN L, (T
__'E{'L)" = ’)loATan(t) '_O'OApnm(t)
— Cn [APrmAp(0)
— Ay An(0)] Anpm, (t) (2.20)
AAPm (T
_—pdt ) _ AP (t) — BoAnpm(t)
+ Cp [AprmAp(0)
— A AR(0)] Aprn (t) (2:21)
where:
o = CpN{—B— 4Dl (2.222)
Dpo + D1 N
ot
b = GNP (2.22b)
t
= CoN{—T2 Tty (2.22¢)
Yo = n+vi npo+n1 Nt )
o = CaN{"2 ™) (2.224)
t

with Cp, = vgpnon and Cp, = vpo, being the capture coefficients for electrons and

holes respectively.
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By extending the work of Streetman [5] and Sandiford [6] to cover the wider

range of injection levels from low through to high injection, the rate equations are
re-written so as to make the non-linear terms go to zero at some time ¢. To do this the
differential equation (2.20) may be written with the inclusion of, —n, (t)Cr An2(0) Anpm, ()
and +n,(t)C,An%(0)An,,(t) for the minority carrier, and —7n, (t)Cp, An?(0)Appm (t)
and 47, (t)CrAn?(0)Ap,n,(t) for the majority carrier, where n,(t) = Af(t). Inclu-
sion of the 7,(t) terms above in Eq. (2.20) and a corresponding set of terms in
np(t) into Eq. (2.21) is a construction which allows the application of the boundary
conditions to evaluate the non-linear terms in both equations and determine the
precise time at which the equations can be treated as linear. If the resulting Egs.
(2.23) and (2.24) are multiplied out, the 7,(¢) and n,(t) terms cancel, reducing the
equations to Eq. (2.20) and Eq. (2.21) respectively. Effectively the equations are
unchanged by inclusion of the above terms.

Tpo +n1 4 n1 4 M (t)ATL(O)
Nt Npo + Nt

3 dAnpm(t)
dt

= C.N, [Annm(t) (

(npo +n1) | ma(t)Ap(0)
_Apnm(t)( N L th )

+ %t [Annm (1) An(0) — Apnm (t) Ap(0)] (Anpm(t) — 1 (t))]
(2.23)

Similarly for Eq. (2.21) substitutions of a corresponding set of terms containing

np(t) result in Eq. (2.24).

_ dApam(t)
dt

Dpo + D1 D1 Up(t)AP(O))
= C,N; |Appm(t + +
P t|: P ()< Nt ppo+p1 Nt

— Anpn(?) <(p ”"]\z P, ””(t)]ﬁt"(o))

+ - [89n(()39(0) ~ A (YA0(0)] (Bpan ) = 1,(0)]
(2.24)

Using the charge neutrality relation with 1, (t) = Af(t), the non-linear term in
Eq. (2.23) referred to as ¢"(t) may be written as follows:

g*t) = — (Anum(t) = 1a(t)) 7n(2) (2.25)
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From Eq. (2.25) two cases exist for the non-linear function ¢"(t) to vanish at a
certain time to. Either Anpy,(to) — 7 (to) > 0 and 7, (t0) = 0 or, Angy,(te) —n(te) =
0 and 7,(ty) > 0.

The first case is satisfied at ¢, = 0% as 7,(0") = 0 since Af(0") = 0 and from
the charge neutrality relation, 7,(0%) = 0. This corresponds to a linear region of
frequency variation with excess carrier concentration as is further explained at the
end of this section. At t; = 0 the non-linear term vanishes and the Eq. (2.20)
becomes linear.

In the second case which corresponds to a non-linear region of frequency variation
with excess carrier concentration (see end of section), n,(to) > 0 and 7,(¢) > 0
with tg = t; such that Anp,,(¢;) — 7n(t;) = 0 Again g™(¢;) goes to zero with n,(t;) =
Af(t;) = Anpm(t;) Effectively there is an intersection of Af(t) and Anpp,(t) whereas
in the linear region of frequency variation above there is no intersection.

Similarly the non-linear term in Eq. (2.24) referred to as ¢g?(t) may be expressed

using the charge neutrality relation for Ap,n,(t).

N
P = | Angp, A ——— = 1p(t) ) 7n 2.2
0 = (Bnn(§)+ A7) = (0 (0 (2.26)
At low injection 7,(0") = 0 and at high injection the choice of 7,(¢o) > 0, given
Af(t;) = Anpm(t;) results in gP(t) = 0 at to = t;.

m(t) = A7) (L0+ o) (2.27)

The differential equations (2.23) and (2.24) are written in a simplified linear form
similar to that by Streetman [5] at to = 0% or ¢ty = t; as Egs. (2.28). Constants
nn(to) and 7,(%o) are dependent on the injection level. In Appendix A 7,(%;) and a

condition for 7,(ty) > 0, at some t, = ¢; is evaluated.

_BBpem®) | Ay o) = BARam(t) (2.28a)
dt t=t

_dAnd—,T(t) = YANpm(to) — 0ADrm(to) (2.28Db)
t=1p

where a, 3, v and o now contain the n,(t;) and 7,(to) terms for the two cases
indicated above such that to = 0% or to = t;, with An(0) = Ap(0).

D1 ppo +p1 Up(to)AP(O)
a = C,N, + +
P t{ppo +p1 Nt Nt }

(2.29a)
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_ Ppo+P1 | Tp(to)An(0)
B = CpN{ N + N, } (2.29Db)
(51 npo + n 7771 (tO)An(O)
— C.N, 2.2
v =GN TN T N, ) (2.29¢)
n(to) A
o = CuNyTeetm , Tnlto)Ap(0), (2.29d)

N, N,
The method using the differential operator D = d/dt in Jordan [14] and Kreyszig
[15] whereby the determinant of the matrix of equations (2.28) equals zero, allows

the formation of the characteristic equation.
(D*+(a+v)D+(ay—0B)e™ = 0 (2.30)

The characteristic equation at ¢t = ¢y (where the non-linear terms go to zero) may
be written as Eq. (2.31). As such the fundamental frequencies A; and Ay (inverse

time constants) may be evaluated.
M—(a+V)A+(ay—0B) = 0 (2.31)

By evaluating the roots of Eq. (2.31) such that the frequency A; = 1/7; and

_) (2.32a)

A2 = 1/7_ by comparison with Ref. [5].

N oo laty (1+(1_4M>

L

Yoy~ 0P (@t )’
A - Loty 1_<1_4M)% (2.32b)
2ay—of (@ +7)?

The linear solution of Egs. (2.28) for Appm(t) and Angm (t) is Aiprm(t) and Ay, ()

respectively with A; f(t) derived from the charge neutrality relation.

Apnm(t) = Proe ™" + Pye™? (2.33a)

Aipm(t) = Nige ™' + Nyt (2.33b)

Alf(t) = Fme_)‘lt—i—FOle_)‘zt (233C)
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The range of excess carrier density where the fundamental frequencies change
with injection level is expressed by Egs. (2.29) and (2.32). Low injection refers
to the situation where the excess carrier density is much less than the equilibrium
majority carrier density as in Ref. [11]. The linear region of variation of fundamental
frequencies A o with injection level or excess carrier density is defined by Eq. (2.34).
This condition is satisfied upon expansion of Eq. (2.34) for n,(to) = 0 and 7,(¢5) = 0
at to = 07. The requirement is found from 7, (t) = A f(t) which equals zero at ¢t = 0
as Af(t), the defect level excess electron concentration, is zero at ¢ = 0%. An upper
limit for the linear region of excess carrier density exists referred to as An(0)critical,
is evaluated in Appendix A. Hence 7,(0*) = 0 and 7,(0") = 0, renders Egs. (2.23)
and (2.24) linear for all injection levels less than An(0)¢ritical-

dA 2
dAn(0)

0 (2.34)

The non-linear region of variation of fundamental frequencies A; » with injection
level or excess carrier density is defined by Eq. (2.35). This corresponds to the
range of excess carrier density whereby the change in fundamental frequency with
injection level is non-zero as expressed by Eq. (2.35). This condition is satisfied
for n,(to) > 0 and 71,(¢e) > 0 for some value of ¢5. As such Af(t) > 0 can only be
achieved with ¢y > 0% as Af(t) is greater than zero except at ¢ = 07 and ¢t = oo.

The equations (2.23) and (2.24) are linear at ¢y = ;.

dAr2
dAn(0)

0 (2.35)

2.4 Derivation of an Analytic Solution for An,,(t),
Apnm(t) and Af(t)

Having evaluated the frequencies A; and A, derived from the linear equations at
time t = 0% or ¢;, it now remains to find a solution for the rate equations away from
the equilibrium points 0% and t;. It is shown below that the general solution for
ANy (1), Apnm(t) and A f(t), consists of the same infinite series of mono-exponential

terms with different coeflicients respectively, the inverse time constants of which are
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a linear combination of those frequencies of the linear solution. The non-linear dif-

ferential rate equations for Any,,,(t) and App,(t) are re-written as indefinite integral
expressions for An,,,(t) and Ap,,(t) respectively. These expressions are solved by
repeated integration by parts, to reveal an infinity of mono-exponential terms for
Anym(t) and App,(t). In this format the coefficients may be derived recursively in
a nested fashion which is not computationally convenient. Having established that
the solution is an infinity of exponential terms, equating coefficients on both sides
of the rate equations, realises simultaneous equations which are independent pro-
vided A1/ is irrational. This uniquely identifies, and allows the evaluation of the
coefficients by a recurrence relation. A definition of linearity is provided in Ref. [16]
which includes the state of the system prior to application of the impulse 6(¢). Since
each mono-exponential term in An,.,(t) is the solution of a linear differential equa-
tion with a constant coefficient, the solution is the response to an infinite number
of linear systems. As such the solution for An,,,(t) represents the impulse response
and provides a general solution to the rate equations. The region of convergence
about the equilibrium point ¢ = 07 is examined.

The unconstrained coupled differential equations we are interested in are of the
form of Egs. (2.36), (2.37) and (2.38) taken from Egs. (2.20) and (2.21), and

substituting the charge neutrality relation.

—d—A—%ltl"—-(—t—)An(O) = (70 — 00)Anpm(t)An(0)
ad O'oNtAf(t)
— Cpy Ne ANy (D) An(0) A f(2) (2.36)
—%&AH(O) = (ao t ﬁo)Apnm(t)An(O)
+ Bo N AF(2)
+ CpNiApnm (t)An(0) Af(2) (2.37)
Apnm (t)An(0) = Anpm(t)An(0) + NAf(t) (2.38)

An insight is gained into the solution of the above non-linear rate equations as

follows. On substitution of the linear solutions Eqgs. (2.33) for Ainpum(t) Apnm(t)
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and A;f(¢) into the above coupled differential equations (2.36) and (2.37) repre-

senting the global evolution of An,,(t) and Apn,(t) respectively, we find that for
example exp(—2A1t), exp(—2Aqt) and exp(—(A; + A2)t), are generated on the right
hand side and not on the left. Continuing by including exp(—2XA;t) etc. in a solu-
tion and further inclusion of exponents which do not match, we intuitively expect
an infinity of exponential terms in the solution form for Anp,,(t), Apnm(t) and via
the charge neutrality relation for Af(¢). We expect the non-linear solution to have
an infinite number of exponential terms and the time constants to be a linear com-
bination of the two fundamental frequencies A; and A2, where the eigenvalues of the
linearised system are given by —A; and —X,. A more rigorous analysis is given in
Appendix B.

The following solution form is proposed for Anpm,(t), Apnm(t) and via the charge
neutrality relation Af(t), with the notation E;; = exp(—iAt — jAqot).

Anpm(t) = Z Z N jexp (—iAit — jAqot)
iJ

= iiN,.,jE,-,j (2.39a)
i g

Appm(t) = 5,7€ZD (—1A1t — jAgt)

>0 P
i iP”E (2.39b)

1

Af@) = D> Fijezp(—i\t — jhot)

i=0 j=0
= Y Y F,Ey (2.39¢)
i

The coeflicients of the exponential terms are determined by solving simultaneous
equations. The procedure for evaluating the coefficients P ;, IV; ; and Fj ; is to substi-
tute Eq. (2.39) into Egs. (2.36), (2.37) and (2.38). Note that the exp(—(iA; +7A2)1)
are linearly independent functions for various (3, j) provided A;/); is irrational. So

equality for all t can only be attained by matching the coefficients of appropriate
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exponentials on both sides. For : = 0 and j = 0 the coefficients Nyy, Py and Fyy are
defined to be equal to values at to = 0% or tp = ¢;. Ast — 0%, E;; — 1 and hence
ANy, (07) = Ny with Nyg = 1. Confirmation of the above method of equating
coefficients is given in Appendix B and the coefficients Fjo and Fp; are determined

in Appendix C. Hence Ny and Pig may be evaluated in terms of Fjg as follows.

N,

((70 = 00) — A1) Nio — OO—An(tO) Fip = CnNi(2NgoFo) (2.40a)
Ny

((040 - ,60) - /\1) P10 + ﬂome = —CpNt (2P00F10) (240b)

Three simultaneous equations may be formed by equating coefficients for ¢ = 1,5 =
1, such that Ny; and P;; may be evaluated in terms of Nyg, Np1, Pig and Py given
F10 and F01.

(Yo — 00) = (A + Az)) Ny — "OKi‘V(to—)F“ = Culy (NioFor + Not Fio + 2Noo Fiy)
(2.41a)

(g = Bo) — (M1 + A2)) P + IBO‘A%FH = —CpN; (PioFo1 + Po1Fio + 2Py F11)
(2.41b)

P Ap(0) — NjAn(0) — NyFyp = 0 (2.41c)

Continuing to solve the simultaneous equations for further coefficients, a solution
set for Ang,,(t) and App,(t) may be realised in terms of Fjp and Fp,. A global
solution for f(¢) is obtained by substitution of solutions for An(t) and Ap(t) into
the expression for the charge neutrality relation Eq. (2.18). From Eq. (2.36) a
recurrence relation may be formed which simplifies the calculation of the coefficients
N;j; and F;; with¢=1,2,---00 and j = 1,2,---00. Similarly a recurrence relation

for P;; may be formed.

oo 0o oo 0o
Z Z (’L/\l + ]/\2) Ni,jEi,j = ’)/0 — 0p Z Z Ni,jEi,j
T 7 t J -
> Fuby
J

~-C Nti Si.i (2.42)

P
s,
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where Eyo = 1 and

i J
Si,j = Z Z Ni—u,j-vFu,in-—u,j—vEu,v (243)

The nature of the quadratic form for the SRH differential equation representing
ANy, (t) is determined in Appendix D. Further the sum of the responses to an

infinity of linear systems which the solution represents is examined in Appendix E.

2.5 Numerical Solution of SRH Equations: Ideal
Impulse §(%)

The unconstrained coupled differential equations we are interested in are of the
form of equations (2.44), (2.45) and (2.46) taken from Egs. (2.20) and (2.21), and

substituting the charge neutrality relation.

3870 An0) = (0~ 06) A (£) An(0)

- UoNtAf(t)

— CuNeAnpm (1) An(0) A f (1) (2.44)
—EiApsTm(t)An(O) = (ap ~ Bo)Apnm(t)An(0)

+ BN AS(2)

T CyNApa () An(0)Af (1) (2.45)
dApnm(t) _ dAnum(t) dAf(t)
TAn(O) = TAn(O) + N, 7 (2.46)

The three equations (2.44), (2.45) and (2.46) form a set of second order coupled
differential equations Nomura and Blakemore [4] which are non-linear and solved
numerically. No a priori knowledge is known about An,,,(t+At) as it represents the
time evolution of the excess carrier concentration derived numerically. A correlation
between the numerical solution and the predictions of the analytical solution is made
and found to indicate close agreement. This confirms the method used to analyse

the decay as a useful tool.
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Table 2.1: Typical Parameters for Numerical Solution.

T 300.0 temperature [ K |

nn 2048 number of time samples

At 2x 1078 time sample interval sec

Ny 5x 1013 majority carrier concentration cm ™3
E,—E, 065 energy level depth from valence band eV
An(0) 5 x 10° excess carrier concentration cm™3

N, 5 x 101 discrete level concentration cm =3

op 8.5 x 10717 cross section for holes cm?

On 9 x 1071 cross section for electrons cm?

A fourth and fifth order Runge-Kutta scheme in Refs. [17] and [18], is chosen
to represent discrete values of Ang,(t), Apnm(t) and Af(t), to ensure convergence
to the equilibrium concentration for the minority carrier as £ — oo. Figure 2.1
representing the phase diagram as in Ref. [19] indicates the convergence to the
equilibrium point for the example given by table 2.1. The normalised excess carrier
concentrations at ¢ = 0% are given by Ang,,(07) = 1.0 and Apym(0™) = 1.0. The
defect level initial occupation is assumed not to change from ¢t = 0~ to t = 07
(f(0*) = f(07)). Table 2.1 indicates typical data used in the numerical solution.

Multi-transient analysis refers to the extraction of component exponential terms
from a sum of exponentials comprising the signal. The methods available Yeramian
and Claverie [20], Claverie [21] and Alam [22] present a means of analysing signals
with additive white gaussian noise. In addition where the data matrix and the
observation matrix may be subject to noise fluctuations, the Total Least Squares
method in Ref. [23] (TLS) is employed. This method models the multi-exponential
signal as an autoregressive process. For the present analysis the TLS method of
Refs. [22] and [24] multi-transient analysis using Singular Value Decomposition
(SVD) Klema [25] is applied to the analysis of the multi-component exponential
decay.

TLS multi-transient analysis of the numerical solution of Eqs. (2.44), (2.45)

and (2.46) results in the determination of frequencies which are compared with
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Figure 2.1: Phase diagram indicating convergence to the equilibrium point for the

given example where An(t) is normalised to An(0) with An(0) =5 x 10° ¢cm™3

the existing theoretical expressions Eqgs. (2.32) for low through to high injection.
Figure 2.2 shows the comparison between the decay time constants 77 = 1/\; and
7o = 1/X, as calculated from Eq. (2.32) and as evaluated by TLS analysis of
numerical data (An(t + At)) for T = 300 K. The figure indicates the variation
from low injection through to high injection. Note the excess carrier concentration

An(0) varies from 1 x 10%¢cm™2 to 1 x 10¥%cm=3.

Agreement is excellent and as
such contributes to the confidence in the TLS method of analysis. The onset of the
non-linear variation of frequencies A\; and Ay with An(0) for An(0) = An(0)critical

3 and

is clearly seen in the figure where the linear portion extends to 5 x 10! e¢m™
begins to diverge for An(0) greater than 5 x 10! ¢m=3. This indicates that the
linear region is in close agreement with the definition given by Eq. (2.34). See
Appendix A for the evaluation of An(0)criicar- For parameters listed in table 2.1,
AN(0) eriticar = 5.44 x 10! cm~3. Note also that TLS multi-transient analysis of the
numerical solution results in 7; and 7, in close agreement with that predicted by the

solution for 71 and 75 of Eq. (2.32) for high injection.

Figure 2.3 shows the comparison between the decay time constants 73 and 7
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Figure 2.2: A graph of ; = 1/\; and 7 = 1/, versus excess electron concentration
An(0). The doping concentration N4 of the sample is 5 x 10'* em=3. See Table
2.1 for defect level parameters. Continuous line: 7; and 7, predicted by Eq. (2.32)

Circles: 71 and 7, derived from multi-transient analysis of the numerical solution.
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Figure 2.3: Decay time constant 71 = 1/A; and 7, = 1/, versus the Fermi level Ep
eV for doping concentrations of Ng p = 5x 10! ¢cm™3 to Ny p = 1 x 10'® em=3 with
An(0) = 5 x 10° cm™3. See Table 2.1 for parameters. Continuous line: 7, and 7

calculated by Eq. (2.32). Circles: TLS analysis of numerical solution An(t + At).

as calculated from Eq. (2.32) and as evaluated by TLS analysis of numerical data
(An(t+At)) for T = 300 K, versus the Fermi level Er. The doping concentration for
the p-type and n-type samples varies from 5 x 10}%cm™3 to 1 x 10*®cm=3. Agreement
is very good for the numerical solution and the calculated 7, and 7,. From this figure
71 describes the minority carrier decay constant and 7, the majority carrier decay
constant, by analogy with Shockley and Read [2] for the steady state. As such they
represent fundamental decay time constants.

Figure 2.2 indicates that for An(0) > An(0)criticar, 71 increases realising a situa-
tion where the minority carrier (p-type) time constant represented by 71 is becoming
longer. The minority carriers (electrons) are remaining in the conduction band for
a longer average time indicating that there are fewer holes at the defect level to
recombine with. As such the defect level electron population is increasing and elec-
trons are remaining at the defect level for a longer average time. This is referred to

as minority carrier trapping. The time constant 7, remains constant in the linear re-
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gion of variation of 7y » with An(0). This region corresponds to recombination only
whereas the non-linear region undergoes recombination and trapping. Eventually
the trapping saturates as An(0) is increased to high injection and the time constant
71 reaches a maximum becoming almost constant.

Further by recalling the expression Eq. (2.39) for the decay Ang,n,(t) the infinity
of time constants is found to be linear combinations of two fundamental frequencies
A1 and A;. Table 2.2 indicates the correlation with the prediction of Eqs. (2.32)
and (2.39), and TLS analysis of the decay An(t + At) within the limitations of the
TLS method. No a priori knowledge is known about time constants associated with
the numerical solution, yet the agreement of the analytical and TLS methods with
respect to the linear combination of A; and A, and their magnitude, is excellent. The
TLS multi-transient analysis also reveals the same magnitudes of the coefficients of
the exponential terms as by the analytical approach (see Appendix C). Note the
magnitudes of the coeflicients decrease rapidly. In addition for the transient case in
low injection, the magnitude of the coefficient for 7, is significant. By evaluating
an error term ¢ Eq. (2.47), being the difference between the series with calculated
coefficients as determined in Appendix C, and the numerical solution, an estimate
of the agreement of the two approaches may be made.

. Zfo Z;o Ni,jEi,j — An (t + At)
B An(0)

(2.47)

Figure 2.4 indicates the agreement for the linear and non-linear regions of vari-
ation of A; o with An(0). The indicated closeness of fit between the two approaches
is good for the initial part of the decay and diverges for large time. This may be
explained by accumulation of error in the Runge Kutta numerical method. Further
the value for dAn,,(t)/dt at t = 0% for the series IV; ; at ¢ = 0% at the indicated
injection levels, is 9.15075 x 10* which is in close agreement with the predicted value
(see Eq. (C.1)). This verifies the calculated values of the coefficients IV; ; by the
method outlined in Appendix C.
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Table 2.2: TLS analysis of numerical data An(t+ At) and evaluation of Eq. (2.32).

Note the prediction of Eq.

(2.39) with frequencies a linear combination of the

fundamental frequencies and calculated coefficients N; ;. Ng = 5 x 10!® em=2 with

An(0) =5 x 10° em=3.

Eq. (2.32) TLS frequency | TLS coefficient calculated
A A sec™! A sec™? normalised to An(0) | coefficient N; ;
A1 3.92871 x 10* | 3.92871 x 10* | Njp = 6.5804 x 10~! | 6.5804 x 10!
21 7.99744 x 10* | Ny = —2.135 x 10™* | —2.024 x 10~*
Ao 19.10753 x 10* | 19.1069 x 10* | No; = 3.3825 x 10~ | 3.3783 x 10!
A+ Ag 23.3579 x 10* | Ny; = 3.0767 x 1073 | 3.4045 x 1073
2, 38.3739 x 10* | Ny = 8.4177 x 10~* | 8.3745 x 10~*
3 60.1207 x 10* | Nps = 1.3457 x 10~% | 1.8820 x 10~®
107
5x10"
10°F € /5x101
4 /\ s5x10"
10
10” / 5x10"
9
10-6 X 5x10
-7
10
-8
10
-9
10
10-l R L L [ R [ R
10" 107 10° 10” 10
time sec

Figure 2.4: Normalised error ¢ Eq. (2.47) between predicted values of N;;E; ; and
numerical solution An(t+ At) for An(0) = 5 x 10° em ™3 to An(0) = 5 x 10!* em 3.

This corresponds to the linear and non-linear regions of variation of An(0) with Ay ».

Ny=5x10"8 cm3 and At =1 x 1078 sec.
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2.6 Further Aspects of Trapping

The definition of trapping is further addressed in order to clarify past definitions
and a definition that encompasses trapping, recombination and generation. For
the present case of a p-type semiconductor the first definition of minority carrier

(electrons) trapping may be expressed as:

e The defect level electron concentration An, increases with increasing excess

carrier concentration effectively accumulating electrons at the level.

In this work the above definition gives insight into the unique behaviour of the
fundamental time constant 7, with excess carrier concentration in both n-type and
p-type semiconductor as opposed to the other fundamental time constants 74 (see
also Chapter 4 on multiple defect levels). However it may be that a further definition
that follows from a discussion on carrier transitions via defects by Blakemore [26]
and Sah [27] is more acceptable from the physics of the trapping process. This
extended second definition may be expressed in terms of the SRH rate equations [2]
of Eq. (2.48) with the terms determined from the first principles approach to the

carrier transitions in Appendix F.

dn(t)

—— = elNf(t) = CaNem(®)[1 - £ ()] (2.48a)
dZ—(f) = e, Nl — f(8)] - C,Nep(t) £(2) (2.48b)

Eqs. (2.48) describe carrier transitions via a single-level defect and the following
indicate required conditions for electron trapping, hole trapping, recombination and

generation.

e electron trap: The probability or rate that a defect state captures a conduction
band electron (C,N;n(t)[1 — f(t)]) is greater than capturing a valence band
electron - or emitting a hole to the valence band (e,/V;[1 — f(t)]). In addition
the trapped electron is emitted to the conduction band (e, N;f(t)) rather than
emit an electron to the valence band or equivalently capture a hole from the

valence band (CpN:p(t) f(1)).
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e hole trap: The probability or rate that a defect state captures a valence band

hole (C, N;p(t) f(t)) is greater than capturing a hole from the conduction band
or equivalently emitting an electron to the conduction band (e,N;f(¢)). In
addition the trapped hole is emitted to the valence band (e, N:[1 — ft(t)])
rather than emit the hole to the conduction band or equivalently capture an

electron from the conduction band (C,N;n(t)[1 — ft(t)]).

e recombination center: The probability or rate that a defect state captures
a conduction band electron (C,Nyn(t)[1 — f(t)]) is greater than capturing a
valence band electron or emitting a hole to the valence band (e,/Vy[1 — f(2)]).
In addition the trapped electron is emitted to the valence band or a hole is
captured from the valence band (C,Nyp(t) f(t)) rather than hole captured from
the conduction band or equivalently an electron emitted to the conduction

band (e, N:f(t)).

e generation center: The probability or rate that a defect state captures a valence
band electron or equivalently emits a hole to the valence band (e, N:[1 — f(2)])
is greater than capturing a conduction band electron (Cp,Nen(t)[1 — f(2)]). In
addition the trapped electron is emitted to the conduction band (e,NV;f(t))
rather than the electron emitted to the valence band or equivalently capturing

a hole from the valence band (C,N;p(t) f(t)).

These definitions may be summarised in Table 2.3.

From Table 2.3 an expression for the recombination characteristics of a center at
low excess carrier concentration may be evaluated. The first criteria or inequality
for recombination is determined with n(t) = npo+An(t). Eq. (2.49) with e, = Cpp;.
Equation (2.49) is determined from Eqs. (C.1) and (C.2) of Appendix C and Eq.
(2.16a).

_ dAngm(t) e+ An(®)] > —pyo dAPpm (t)

—_— 2.49
dt t=0t dt t=0+ ( )

Eq. (2.49) indicates that for the present case (see Table 2.1 for parameters) with
dn/dt = 9.15 x 10* and dp/dt = 8.25 x 102 at t = 0% this inequality is not satisfied
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Table 2.3: Requirements for an electron trap, hole trap, recombination center and

generation center.

Type of center Definition
electron trap Can(t) > e,
en > Cpp(t)
hole trap Cop(t) > e,
ep > Cpn(t)
recombination center | C,n(t) > e,
Cpp(t) > en
generation center ep > Cpn(t)
en > Cpp(t)

in the linear region (constant region) of variation of 7; with excess carrier concen-
tration. Hence, this level center acts neither as a recombination center only nor an
electron trap only in this region. It may still act as a hole trap together with re-
combination in this linear region. Furthermore, electron (minority carrier) trapping
occurs for An(0) > 4.5x 10 cm =3, which is close to An(0)criticar = 5.44x 1011 em 3.
Effectively, electron trapping occurs near An(0)criticar and for An(0) > An(0)criticar-
Hence, in the linear region there is no electron trapping except near An(0)criticar for
the defect example given in Table 2.1. This validates the use of the first definition
of trapping and the explanation of the increase of 7 for An(0) > An(0)eriticar With
minority carrier (electrons) trapping given in Section 2.5.

However, for a level near the band edge (conduction band) it is expected that
emission e, is more probable as is capture of electrons as n; is greater and electron
trapping may be more likely. The theory may be similarly applied to other defect
parameters and doping concentration. The defect level parameters of cross sec-
tion, level depth and concentration determine the unique values of the fundamental
frequencies and so the series of monoexponential terms may be constructed as in
Section 2.4 and Appendix C. From the series of terms the values of the differentials

in Eq. (2.49) at t = 0" may be evaluated and the trapping characteristics of the
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center determined according to the definitions of Table 2.3. This may be done either

by resolving the fundamental frequencies from the experimental decay using a mul-
titransient technique and constructing the exponential series or directly evaluating

the terms.

2.7 Proposed Experimental Conditions

Specifically with regard to a p-type silicon wafer, for infra red light pulses produced
by a YAG laser at t = 0% with a wavelength of 1.064um, a uniform excess carrier
concentration may be generated within a sample of 50um thickness Luke [28]. This
produces the initial condition An(0) = Ap(0) at ¢ = 0%. Silicon nitride passivated
surfaces provide a low effective surface recombination velocity (Sesf) on a float zone
p-type silicon wafer as in ref. [29]. Similarly a low surface recombination velocity
may be attained with the Si — Si0, system as in Ref. [30]. The effective surface
recombination velocity is taken to be injection level dependent in Refs. [29] and
[30]. For excess carrier concentrations 1 x 10% cm™ to 1 x 10 ¢m™ an Sepp < 50
cm/s is assumed to be attainable with appropriate processing with the Si — SO,
system for a wafer resistivity of the order of 250 Qem (5 x 10! ¢cm™2). The decay
of excess carriers may be detected by a contactless microwave photoconductance
measurement. Furthermore a dominant level with an energy near midgap (such as
one of the gold levels at E; — E, = 0.65eV’) which represents an efficient recombi-
nation centre, is the basis for the single level model. The defect level concentration
is assumed to be uniformly distributed throughout the sample.

In terms of direct application a possibility immediately arises from the present
work where a silicon sample is processed as above. Minority carrier trapping for a
dominant defect level may be evaluated by an analysis of the decay due to an impulse
of light as previously indicated to determine 7; and a plot of this quantity against
the excess carrier concentration An(0). Since 71 represents the minority carrier for
a dominant defect level, a measure of material quality is attained by an assessment
of minority carrier trapping. From the charge neutrality relationship increasing the

excess carrier concentration in the sample means that both An(t) and Ap(t) are
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measured. However from the present work both quantities contain the same decay

constants. The decay may be analysed for i3 and given the relative magnitude of
excess carrier concentration wafers may be compared for quality. Ideally the range
of excess carrier concentration should encompass the linear region and the non-linear

region of variation of 7, » with excess carrier concentration.

2.8 Discussion

As stated previously the steady state decay time constant is the same as the transient
decay time constant with only the magnitudes of the coefficients of the exponen-
tial terms differing from steady state to transient. Existing experimental data are
largely interpreted using the expressions derived in Ref. [2] with approximations
as indicated in the introduction. The current work seeks to address the anomalies
arising from such an interpretation in terms of the defect level parameters such as
level depth. To this effect for example figure 2.5 indicates the variation of 74 with
excess carrier concentration and that of 7, _sry and 7y_srg of Ref. [2] representing
equations (5.3) and (6.1) respectively of that paper. Note that 7;,_ggy is the low ex-
cess carrier time constant and 7y _gpy is the high excess carrier concentration time
constant. From the figure 7,_sgry underestimates 7, by approximately thirty per-
cent in the linear region. Although 7y_srg is a good fit in the non-linear region in
terms of determining material quality for a dominant defect again the degree of trap-
ping is unknown. However for defect level parameter estimation decay experiments
are usually conducted in the linear region (low excess carrier concentration). The
reason for the discrepancy in the linear region is that in the original paper of Ref.
[2] the change in charge density produced by changing concentration in the traps
is neglected. The present work makes no such assumption. Referring to the figure
from the low and high excess carrier concentration time constants the An(0)critical
cannot be determined. As a result the extent of the linear region is unknown from
these time constants. The extent of the linear region is also unknown with the work
of Streetman [5]. Without knowing the limit on excess carrier concentration defining

the linear region reduces the application of Ref. [2] and Ref. [5] in practice unless
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Figure 2.5: A graph of 1 = 1/A; and 7,_sgry, TH_sry versus excess electron con-
centration An(0). The doping concentration N4 of the sample is 5 x 10!3 em™3. See

Table 2.1 for defect level parameters.

the time constants are plotted against a range of excess carrier concentrations to

ascertain the onset of trapping.
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Chapter 3

Accuracy of the
Shockley-Read-Hall Time
Constant for a Single-Level Defect

Species

3.1 Introduction

A dominant recombination mechanism in semiconductors, apart from Auger recom-
bination, is Shockley-Read-Hall (SRH) recombination as described by the SRH rate
equations in 1952 [2] [3]. Shockley and Read developed an expression for the recom-
bination time constant in the steady state 7y,. Although developed for the steady
state, the theory has been applied to the transient case in the neighbourhood of
the equilibrium point (small signal) and the time constant is referred to as 7. This
applies to a single-level defect although in practical situations multiple defect lev-
els occur. These rate equations have been applied to the analysis of experimental
data assuming a dominant defect energy level. The literature indicates conflicting
partial solutions to the rate equations, notably the expression with a single time

constant [2] which is defined as (3.1), where U represents the recombination rate,
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and expressions of several authors with two time constants, indicated below.

An
ss — i 1
e = o (5.1)

The focus of the present work is to show that the SRH expression is an approxima-
tion, indicate the source of the approximation which for the given example amounts
to a relative error of thirty percent, and resolve the conflicting issues. The recent
general analytic method of solution [1], for the transient case developed without an
approximation, is applied to the SRH rate equations (3.2) to obtain a new steady
state solution. This solution is compared to the existing steady state SRH time

constant expression.

dp(t)

== = GpNip(t)(t) — epN: (1 - £(1)) (3.22)
__dT;it) = ColNin(t) (1 - f(2)) — eaNe f(2) (3.2b)

In Eq. (3.2), N; is the defect concentration, n(t), p(t) are the electron and hole
concentrations respectively, f(t¢) is the defect occupancy function or probability
function, C,, and C, are the electron and hole capture coefficients and, e, and e, are
the electron and hole emission rates.

In the present work the theoretical predictions of time constants from the analytic
solution are compared with the analysis of the numerical solution for component time
constants in the steady state case. Good agreement is found for this comparison.
Previous analyses in the literature have assumed the validity of the single time
constant expression (3.3) (Eq. 5.3 of Ref. [2]) derived from Eq. (3.1) without such
a comparison.

(Npo + M1 + An)

Cp Nt (Npo + Ppo + An)

(Ppo + p1 + Ap)
CnNt (npo + ppo + An)

TS S

(3.3)

It is shown that the definition, Eq. (3.1), leads to an incorrect theoretical prediction
of one time constant 7,5 of Eq. (3.3) for the steady state whereas at least two time

constants are predicted by the analytic steady state theory presented in this work.
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This indicates that the definition Eq. (3.1) is not related to the physics of the
carriers.

The present work demonstrates that the steady state solution, determined both
analytically and by analysis of the numerical solution, converges to the transient
solution of Ref. [1] in the small signal transient limit. This confirms the transient
and steady state multiple time constant solutions to be consistent. The single SRH
time constant 7,5 of Eq. (3.3) is inaccurate which implies from Eq. (3.1) that the
recombination term U = An/7, is also inaccurate. In the literature this recombi-
nation term is included in the carrier continuity equation which describes the flux
of carriers into and out of a volume of semiconductor [31]. Within the volume there
may be recombination and generation. The definition of Eq. (3.1) leads to a re-
combination term, which at best is convenient as a means to represent the SRH
equations in the carrier continuity equation in a mathematical context, is however
not physically meaningful. A more accurate recombination term is derived in terms
of the concept of fundamental frequencies in Chapter 5.

A brief survey of developments related to the partial solutions of the SRH rate
equations follows. A partial solution to the rate equations [7] yielded two time con-
stants written in terms of a ”"recombination time”, "a time to trap a carrier” and
”a time to release a trapped carrier”. In this case the recombination time constant
is defined as in (3.1). In [8] the defect problem is addressed with approximations
introduced to elucidate the different features of types of defects. For the transient
case, an approximate solution of [6], yields two time constants comprising an ini-
tial decay and a transient decay. A set of differential rate equations for multiple
discrete levels based on a summation of the single level SRH equations is stated in
[9]. Approximations were introduced to provide a linear solution to the non-linear
differential equations for small changes in Ap and An from the equilibrium values.
For the single-level, two time constants result from this solution for the transient
case which were simplified to one time constant and an ”adjustment time” which
agree with [6].

In [4] approximations were applied to the solution not of the rate equations

but to the second order differential equation in Ap (3.4) that results from the rate
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equations and the charge neutrality condition.

S o) (-2}
Do Do CP
C, D1 n 2C
r),2 ~p £1 —_— 7P
o/ {y (1+Cn)+y[(1+po) (1+24+%2)

D
2
D 1 Cp) Nt( CpPl)
+[{1+%= —+ 22+ =14+ 2=
[( 0) (po C‘n po Cnpo
C N,
+y—”{y2+y <2+&+ﬂﬁ>+——t& (1+I—)l)}
Cr Do Po Do Do Do Do

|
) (o) S R

=0 (3.4)

where y = Ap/p, and similarly for An and,

ny = N.exp (—w—ck—q—,E—t)> (3.52)
;= N,exp (_(Etk’_TE)) (3.5b)

As pointed out by [4], all previous methods of solution of (3.4) including per-
turbative methods, were unsuccessful in yielding a solution. For this reason previ-
ous attempts at solving the rate equations have inherently involved approximations
in order to gain some insight into the carrier dynamics. However, Streetman [5]
confirmed the existence of two time constants, as also indicated by [9], for small
departures from equilibrium for the transient case applied to the single-level defect.
In [10], application of the rate equations to coupled states and two independent
states is investigated for the transient and steady state situations. The transient
time constant expressions agree with [9] and [5] for small departures of the carrier
concentration from equilibrium for the single-level case. There are two time con-
stants in these solutions which are in agreement with the exact solution of [1]. This
is consistent with the governing second order differential equation (3.4) since there

are two eigenvalues of the linear system because the equation is second order.



3. Accuracy of the Shockley-Read-Hall Time Constant for a Single-Level Defect
Species 41

However, the equations in the multiple level and single level cases, were stated
but the resulting time constants were not verified against an analysis of the numeri-
cal solution for the component time constants. In Section 3.2 the exact steady state
analytic solution is discussed and the steady state fundamental time constants pre-
sented. In Section 3.3 the theoretical prediction of these fundamental time constants
and analysis of the numerical solution for component time constants are shown to
be in close agreement. This solution comprises, for the single-level, two fundamental
time constants, 71 and 75, which are in agreement with previous derivations notably
Refs. [9] [5] for the small signal case and the order of the underlying second order
differential equation. In Ref. [1] the minority carrier time constant is defined as 7
and the majority carrier as 7. In this respect these two fundamental time constants
are directly related to the physics of carrier decay which affect structures such as
solar cells. In this case it is the minority carrier represented by 7 which is involved
in the physics of trapping [1].

In [7] and [10] the steady state time constant is defined as (3.1) as in [2] (Eq.
5.2), without justification. Although two time constants are derived for the minority
carrier in n-type and p-type semiconductor material in the appendix of (2], these time
constants are defined similar to (3.1). It may be shown that these time constants
as defined, for the linear region (constant region) of variation of the dominant time
constant 7; with excess carrier concentration, corresponding to the small signal case
of [1], do not agree with the exact solution as given in [1].

For the single level case, the equation describing the time evolution of the nor-
malised excess electron concentration (3.4), Ang,,(t), is a second order non-linear
differential equation and has a cubic power of An,,,(t) given as Eq. (9) in [4]. Since
the differential equation for An,,,(t) is second order, at least two time constants are
expected in the solution (the eigenvalues of the linear system) for all excess carrier
concentrations less than the Auger limit and the non-degenerate doping concentra-
tion. The steady state is realized with the boundary condition dn(t)/dt = 0 at
t = 07 for electrons in the conduction band. Application of the boundary condition
is still expected to realize two time constants in the solution since the underlying

differential equation is second order.
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Figure 3.1: A graph of fundamental time constant 7; and SRH time constant 7,5 =
Tspy Versus excess carrier concentration An(0%). Circles: 7 derived from multi-
transient analysis of the numerical solution. There is a relative error ¢ ~ 30%

between 7 and Tsgg in the linear region.

In [2] the steady state is realised by setting U, = U, given as Eq. 4.1 of [2].
They define only a single time constant (Eq. 5.2 of [2] repeated as Eq. (3.1) of
this work), 7,5, implying the solution of a first, rather than second, order governing
differential equation. For a second order equation to become first order, a zero must,
be cancelled by a pole of the same magnitude and frequency as the zero for all
excess carrier concentrations. A zero that is not cancelled should be realized in the
solution.

It is shown in Figure 3.1 that the time constant 7,; = Tsry is approximately
equal to the dominant time constant 7y for only part of the range of excess carrier
concentration. Furthermore, the analysis of the numerical solution for component,
time constants (see Section 3.3) yields close agreement with the predicted value of
7 for the steady state. Parameters used for the evaluation are given in [1]. Hence
the definition of 7, in [2], as stated above, yields a time constant expression which

is inaccurate.
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3.2 Analytic Steady State SRH Solution

A recent analytic solution (3.6) [1] to the SRH rate equations (3.2) is obtained with-
out any approximations for uniform arbitrary non-degenerate doping concentration
Na,p, defect energy depth E;, defect concentration N, and cross sections ¢, and op.
The exact solution (3.6) for the single-level comprises an infinity of monoexponen-
tial terms with frequencies or inverse time constants a linear combination of two

fundamental frequencies A\; = 1/7 and Ay = 1/7,.

An,,(t) = ZZ ww€ZP (—uAit — vAgt) (3.6a)
u=1 v=1
Apum(t) = > Py yexp (—uhit — vhat) (3.6b)
u=1 v=1
Z Z Fyyexp (—ulit — v)qt) (3.6¢)
u=1 v=1

The magnitude, of the coeflicients N, , and P, , of the exponential terms, falls away
rapidly to a very small value so that less than eight terms are significant in the
series. The first two coefficients are the most significant, (u,v) = (1,0) and (0,1).
Expressions for the minority carrier time constant 7y and majority time constant 7,
are derived and given as (3.12). The dominant time constant is 7; and its behaviour
with excess carrier concentration indicates the onset of trapping. A critical point,
representing the transition between the linear (constant) and non-linear variation of
fundamental frequency with excess carrier density, is identified.

Application of the method of solution derived in [1] as indicated above, to the
steady state is performed as follows. Fundamental frequencies are derived by scal-
ing the differential equations and solving the linear form (3.7) of the non-linear

differential equations.

B dApnm (1)

7 = aApum(te) — BANLm (o) (3.7a)
t=to
—Ed—én;%(t) = YANum(to) — 0 Appm(to) (3.7b)
t=1%g
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where o, 3, v and ¢ now contain the 7,(t) and 7,(t;) terms ( see [1] ), with

An(0) = Ap(0) and n,(to) defined as follows,
M(t) = f:(0%)—fo (3.8)

From the charge neutrality relation with An(ty) = Afs(to) = na(to) the quantity
np(to) may be defined as Eq. (3.9),

mp(to) = (1 + Z‘%) 7 (o) (3.9)

The steady state definition of the occupancy function f,(¢) (Eq. 4.2 of [2]), with
n(t) = npo + An(t) and p(t) = pp, + Ap(t) and corresponding equilibrium concen-
trations n,, and pp,, is given as Eq. (3.10).

Cnn(t) + Cppl

3.10
Cnn(t) + Cpp(t) + Cpny + Cppr ( )

£5(07)

At equilibrium the electron occupancy of the defect level is f, = f(07) given in

terms of pp, by:

D1 ’
fo = 3.11a
Ppo + D1 ( )
and in terms of n,, by:
Tpo
. = 3.11b
f Npo + 1y ( )

The fundamental frequencies 71 = 1/A; and 72 = 1/), are given as Eqgs. (3.12)

(see Ref [1)).
_ 1 at+y B ay—of 3
N o= saas (1+<1 4———(a+7)2> ) (3.12a)
_ laty ([ (_,er=0B)}
M= s (1 (1 4(a+7)2) ) (3.12b)

3.3 Numerical Solution for the Steady State

The unconstrained coupled differential equations are of the form (3.2) and (3.13),
where (3.13) results from the steady state condition U, = U, [2] or:

dp(t) _ dn(t) '
dt  dt (3.13)
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Figure 3.2: A graph of 7 = 1/\; and 1, = 1/), versus excess electron concentration
An(0) for the steady state. The doping concentration N4 of the sample is 5 x 103
ecm~3. Continuous line: 7; and 7, predicted by equation (3.12) Circles: 71 and 7,

derived from multi-transient analysis of the numerical solution.

The initial conditions are n(0") = p(0*) due to the generation rate G and f(0F)
determined Eq. 4.2 of [2] for the steady state.

For small deviations from equilibrium (low excess carrier concentrations) referred
to as the linear region (constant region) of variation of time constant with excess
carrier concentration at least two time constants are expected in the steady state
as with the transient case. This is because the governing equation is second order.
For higher excess carrier concentrations away from equilibrium the time constants
are expected to differ from the transient case because dn(t)/dt = dp(t)/dt will
necessarily give a different An(0)criicar [1]- See [1] for the fifth order Runge-Kutta
scheme and typical data used in the numerical solution.

Multi-transient analysis using the Total Least Squares (TLS) method, refers to
the extraction of component exponential terms from a sum of exponentials compris-
ing the signal (see [1]). Figure 3.2 shows the comparison between the decay time

constants 71 = 1/A; and 7, = 1/); as calculated from equation (3.12) and as eval-
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uated by TLS analysis of numerical data (An(t + At)) for T' = 300 K. The figure

indicates the variation from low injection through to high injection. Agreement is
very good. Also, the steady state values for 7; and 75 agree with the transient values

for the constant region.

3.4 Discussion

The steady state solution converges to the transient solution for low excess carrier
concentrations and hence confirms the transient solution for the near equilibrium
case referred to as the small signal case. This steady state solution is independently
determined from a different set of boundary conditions and yet converges to the
transient solution as expected from the physics for the small signal case. Further-
more, for the case of intermediate excess carrier concentration the steady state and
transient solutions for the time constants are different as shown in Figure 3.3. The
present work independently addresses the solution of the steady state, proving con-
sistency in the solution and indicating a more accurate set of time constants than

that of the 1952 SRH time constant.

3.5 Conclusions

From a theoretical standpoint, the SRH lifetime expression 75, for the dominant
single level model, is shown to be approximate. The existing interpretation of ex-
perimental data relies on one time constant 7, (steady state case) or 7, (bulk decay
- transient case) derived from the definition Eq. 5.2 of [2] (repeated as Eq. (3.1)
here). Figure 3.1 and Figure 3.2 indicate that for low injection the SRH single time
constant expression, applied to both the steady state and transient situations (small
signal), does not adequately reflect the actual decay. Whereas at high injection 7 is
adequate to model recombination and trapping, at low injection 73 is also required
as the magnitude of the coefficient can be significant. For the steady state, in low
injection the frequencies are the same as the transient case. From the above it can

be seen that the single SRH time constant expression is not sufficient as an ap-
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Figure 3.3: A graph of = 1/, and 75 = 1/), versus excess electron concen-
tration An(0). Comparison between the transient ([1]) and steady state solutions.

Continuous line: 7; and 7, predicted by equation (3.12).

proximation and it lacks the ability to predict behaviour. Furthermore, the steady
state solution together with the TLS analysis of the numerical solution, confirms
the presence of at least two time constants in the decay. This unifies the existing
solutions of the rate equations in the literature, as expected from inspection of the
second order differential equation (3.4), for small departures from the equilibrium

carrier concentration where the transient and steady state solutions are identical.
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Chapter 4

Multiple Defect Energy Levels and
Isothermal Trapping in

Semiconductors

4.1 Introduction

Consider the decay response of a semiconductor to a light impulse §(¢). The
Shockley-Read-Hall (SRH) rate equations Shockley and Read [2], and Hall [3] de-
scribe the evolution with time of recombination, capture and emission of excess
carriers via a single defect energy level in the bandgap of a semiconductor. These
rate equations have been applied to date to the analysis of experimental data as-
suming a dominant defect energy level. Multiple defect energy levels were discussed
in Rose [8] with approximations introduced to elucidate features of types of defects.
A set of differential rate equations for multiple discrete levels based on a summation
of the single level SRH equations is given in Wertheim [9] and Choo [10]. Again
approximations were introduced to provide a linear solution to the non-linear dif-
ferential equations. The time constants resulting from this solution were applied to
data where the sample semiconductor probably contained concentrations of uninten-
tional defects in excess of what is currently acceptable today. A requirement exists

such that the effect of low concentrations of defect levels may be assessed without
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introducing approximations.

The validation of the summation of the single level SRH equations for the mul-
tiple discrete level case has not been previously confirmed. This is especially im-
portant since many analyses applied to the multiple defect situation have involved
approximations. The approach taken to determine the accuracy of the above formu-
lation of the rate equations is firstly to derive the equations from first principles and
secondly to analyse the numerical solution. The validity of the set of rate equations
is confirmed by applying the method of solution developed in Chapter 2 Ref. [1].
This solution represents the impulse response and is given by an infinite number of
monoexponential terms, the inverse time constants or frequencies, of which are the
linear combination of fundamental frequencies. The fundamental frequencies are
derived from the linear form of the differential equations. In this Chapter the differ-
ential rate equations and the solution of the rate equations, for two multiple defect
state systems, are derived. The first is the multiple discrete energy level situation
where there are m discrete levels in the bandgap and the second is a ground state
with an excited state. These two systems represent the multiple defect energy levels
commonly encountered in the physics of device operation.

Major contributions of the current work are the derivation of the differential rate
equations for the two defect level systems, derivation of expressions representing the
analytic solution to the rate equations for the stated multiple defect level systems
and verification of the rate equations. As with the single level solution of Chapter
2 Ref. [1] the fundamental frequencies or inverse time constants are derived from
the linear form of the scaled rate equations. Expressions for the minority () and
majority (7x1 with £ = 1,2---m) carrier decay time constants for the discrete case
and 723 for the ground excited state system are given. These are derived without
an approximation at a given temperature for an excess carrier concentration below
the non-degenerate doping concentration, arbitrary doping concentration Ny p, de-
fect level concentration Ny, cross section onxpx and energy level Ey. The theory
presented here addresses the whole decay process from 07 < ¢ < oo. The analytic
solution is verified by showing agreement with an analysis of the numerical solution

of the rate equations for component time constants for the above given parameters
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using a multi-transient technique.

The processes of capture and emission of carriers from multiple defect levels and
recombination and trapping via multiple defect levels are described by the derived
rate equations. These processes determine the average lifetime of minority carriers
and hence device characteristics. A considerable effort is being expended on improv-
ing the quality of semiconductor material to minimise the mostly detrimental effects
of defect levels on device performance. Current methods of analysis to determine de-
fect level parameters or semiconductor quality are approximate in nature. Despite
the probability that many defect levels may be present in a given semiconductor
sample, an effective lifetime 7, is often evaluated as if they may be represented by
one dominant level. However 7, is a cumulative quantity and by definition cannot
be related to the physics of one carrier type over all excess carrier concentrations.
A more accurate measure of semiconductor quality is proposed here. It is based on
a measure of one time constant 7, which is shown to represent the minority carrier
over all excess carrier concentrations whether the decay is produced by an impulse
N,é(t) or in the steady state. The behaviour of 73 with excess carrier concentration
gives an indication of the onset of minority carrier trapping. Note that the time
constants for the impulse response and the steady state response are the same in
the neighbourhood of the equilibrium point, only the coefficients of the exponen-
tial terms in the series change. A critical point representing the transition between
the linear ( constant ) and non-linear variation of fundamental frequency with ex-
cess carrier density is identified. For practical assessment of semiconductor material
quality a contactless isothermal method is required. The photoconductance decay
method may be applied for a range of silicon conductivities suitable for device fab-
rication. Given an ideal surface passivation, namely surface recombination velocity
S =0, a measure of 71 may be extracted from the decay.

The paper is organised as follows. The differential equations for the multiple
discrete defect level system are derived from first principles in Appendix F' and the
fundamental frequencies evaluated in section 4.2. Fundamental frequencies Agi;
representing m, k = 1,2 -m discrete energy levels are derived for isothermal con-

ditions for arbitrary excess carrier concentration below non-degenerate doping, uni-
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form doping concentration N4 p, defect level concentration [V, cross section opk pk
and energy level Ey. An excess electron concentration An(t) and hole concentra-
tion Ap(t) is assumed to be uniformly generated throughout the wafer thickness at
t = 0. It is shown that the non-linear terms in the rate equations for An(t) and
Ap(t) go to zero at some time t = #;. The resulting differential equations may be
solved at t = 0% or t = t, for the fundamental frequencies or eigenvalues —A;;.
Having obtained the fundamental time constants, a general solution for An(t) and
Ap(t), represented by the impulse response is given.

The ground excited state defect level system is evaluated in section 4.3. Here
the differential rate equations are derived from first principles for carrier transitions
between the ground and excited state. Again the linear form of the rate equations
indicates the fundamental frequencies involved in the decay.

A section 4.4 contains a multi-transient analysis of the numerical solution to
determine the component exponentials in the sum of exponentials. Comparison of
the predictions of the analytic solution for the multiple discrete and ground excited
state systems with the results of the multi-transient analysis of the numerical solu-
tion is very good. In particular the linear combination of fundamental frequencies
in the exponents predicted by the analytic solution and the variation of the time
constant 7y = 1/, with excess carrier concentration, indicate close agreement. An
indication of recombination only and of trapping is discussed.

A section 4.5 discusses the implications of the theoretical results determined
above. In particular, defect level parameters for the same level as in Chapter 2 Ref.
[1] are retained in the present analysis and it is shown that with additional levels the
minority carrier time constant 7 is lower. This is to be expected, however since 7y is
the dominant decay time constant, it has implications in terms of interpretation of
experimental data which relies on measuring the dominant decay term. The reason
for this is that different semiconductor samples may have different concentrations of
background defect species leading to variable impact on 77 even though a dominant

defect species may be present in the samples.
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Figure 4.1: Band diagram for three discrete defect levels indicating carrier transi-

tions with the respective band.
4.2 Multiple Discrete Energy Levels: Derivation

of Frequencies ) for Arbitrary Injection Level

Consider m discrete defect energy levels in the bandgap where the processes of re-
combination and emission proceed with the respective band for each level indepen-
dently. Interaction between levels is not considered. In Ref. [9] the rate equations
are given without formal derivation as a summation of the SRH single level level
rate equations. It is shown in Appendix F that this formulation is effectively correct
although one can not, strictly speaking, define individual level carrier recombina-
tion rates. There is only one recombination rate for each carrier. With reference to
Figure 4.1 for three defect levels (m = 3) the following rate equations apply as in

Refs. [2] [9] for the recombination via and emission from the k** defect level:

dn(t)

dt

M=

[eZcNtk fk (t)
1

— v Neen () (1 — fe(t))] (4.1)

a
il
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dl(’i_(tt) _ ;[egvzvtk (1 - fu(®)
~ b Nuep(t) fic(2)] (42)

where e}, and e}, represent the emission rates for electrons and holes respectively
( for the k%" defect level ) and, v%, vPvk are the capture coefficients for electrons
and holes respectively. The following are defined from the first principles approach

in Ref. [2] and Appendix F to simplify notation used in the text.

Caknix = €p, (4.3a)
Cokpie = €k, (4.3b)
Cnk = Ugk (4.3¢)
Cor = Uy (4.3d)

where Cpng = VipnOnk and Cpp = VgnpOpk, With onx and opg, the cross sections for
electrons and holes respectively. The quantities v;4, and vy, are the average thermal

velocity of electrons and holes respectively, and

_ _ (Ec - Etk)

Me = Nc exp ( T (443.)
_ (Etk - Ev)

pik = N, €xXp ( kT (44b)

The excess electron concentration An(t) and the excess hole concentration Ap(t)
are written in terms of normalised excess carrier concentration Any,, (t) and App, (t)
respectively where the subscript nm denotes a normalised quantity. Note that

Anpm(07) =1 and Apy,,,(01) = 1.

Anam(t) = 22’((;)) (4.5)
Apnm(t) = él_)_(f_)_ (46)
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The defect level occupancy function fi(t) for the k** level is written in terms of the
departure from equilibrium A fi(¢) and the equilibrium occupation f,x. The electron

and hole concentrations, and occupancy terms may be written:

n(t) = Anpm(t)An(0) + ny, (4.7a)
p(t) = Apum(t)Ap(0) + ppo (4.7b)
fi(t) = Afilt) + for (4.7¢)

where the corresponding equilibrium concentrations n,, and p,, and where the equi-

librium defect level occupation f,; = fx(07) is given for the k% level by:

D1k Npo
for = = 4.8
° Ppo + D1k Nypo + Nk ( )

A charge neutrality relation requires the conservation of nett charge with time

as in Ref. [2] with N, being the defect level concentration.

Apm(H)AD(0) = A () An(0) + zm: NuA fi(t) (4.9)

k=1
A f(t) may be written as An.(t)/N; with An,(t) being the defect level excess electron
concentration. By rewriting the charge neutrality relation with An(0) = Ap(0),
the valence, conduction and defect level electron concentrations may be directly

compared since the three quantities are normalised to an injection level Ap(0).

Antk (t)

Appm(t) = Anpy(t) + An(0)

(4.10)

For multiple discrete energy levels in the bandgap the rate equations are given
by the first principles derivation in Appendix F as Eqgs. (F.11) and (F.12) which

correspond to the rate equations Eqs. (4.1) and (4.2) and are written as follows:

dn(t)
dp(t) _ -U, (4.12)



4. Multiple Defect Energy Levels and Isothermal Trapping in Semiconductors
55

The differential equations (4.1) and (4.2) are scaled Fulford et al [32] by a nor-

malising factor An(0) = Ap(0) where Anpy,(t) and App,(t) represent the scaled
electron and hole concentrations. It is shown that the non-linear terms in the rate
equations for Ang,(t) and Ap,.,(t) go to zero at some time t = t;. The resulting
differential equations contain terms in only A,,.;. As there are m + 1 equations
and m + 1 unknowns the equations may be solved for the fundamental frequencies
Am+1- The scaled equations are written as Egs. (4.13) and (4.14) for the normalised

electron and hole excess carrier concentrations respectively.

dAnu,(t) =
= Annm(t)§(70k—o'0k)
‘A O(O)Ntlc fe(t)
- Z Conk Nig A (8) A f1 (2) (4.13)
_dApnm(t)

m
o = Aprm(t) Y (cor — Box)
k=1

+ZA o Ntchfk()

+ Z Cpthchpnm (t) Afk (t) (414)
k=1
where:
D1k Dpo T P1k
oor = CuV, + 4.15a
o P tk{ppo + D1k Nk } ( )
ppo + D1k
Por = Cpthk{N—} (4.15b)
tk
Npo + Nk
= CN, P 4.15¢
Yok k tlc{ Tipo + . Ny } ( )
Npo + N
Ook = anNtk{LN——l—k} (4.15d)
tk

It is shown that the non-linear terms in the second order differential equation de-
scribing Anp,, (t) vanish at time ¢ = ¢, for two conditions. This allows the eigen-

values to be determined. Two variables are defined and the conditions on these
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two variables determine how the non-linear terms in the second order differential
equation go to zero at time ¢t = ¢;,. For a given excess carrier concentration one
defect level occupancy function Afi(t) for some k may intersect Anpn,(t) at some
time to. A further increase in An(0%) may result in two defect level occupancy
functions intersecting Any,,(t) concurrently at ¢t = ¢o. These two intersections oc-
cur simultaneously at ¢t = ¢, although the times ¢;; for a given k of each intersection
are different. The ifnportant point is that in intersecting simultaneously, the values
of nnk(t) and 7,(t) are the values of the individual defect level intersecting with
t = tix. Let mur(tic) = Afi(tic) = Annm(tix) at the point of intersection for some
k. There is also a corresponding term 7,x(tix) to be described below. Note that
the occupancy functions in intersecting simultaneously with An,n,(t) at t = to, the
values of 7,k (tix) and 7k (tix) are from intersections that occur at different ¢;;. Eqgs.
(4.13) and (4.14) may be written as Eq. (4.16) and Eq. (4.17) respectively, which
include the terms 7,k (i) and 7, (tix)
m
_dA”d_ntm(t) = kzl [Annm(t) [ve — %] — ﬁ’EO)NtkA fx(t)
—CaAn(0) N A fi(t) [Annm () — 7 (8)]] (4.16)

Similarly for Eq. (4.14) substitution of a corresponding set of terms containing
npk(tix) Tesult in Eq. (4.17).
dAppm(t) = ,B
_fmml = Appm (t ——— N A
= S B0 o= B+ iy Na B 0)
+Co AT (0) Nip A fi (2) [Apnm (t) — mpi (2)]] (4.17)

where ag, Yk, B and ox now contain the 7, (ti) and 7y (ti) terms for the two cases

indicated above at t = ¢ty with An(0) = Ap(0).

D1k Dpo + D1k
ar = CP.N, + =2
k vk tk{ppo + D1k Nk
ta ) Ap(0
+77pk( k) Ap( )} (4.18a)
Ny

+
B = kaNtk{zg_P“’__f_L’i
Nik

Tpk (k) A1 (0)

+
N

} (4.18b)
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n Tk Ngpo + N1k
= N,
k& & tk{npo + Nk Nk
nk (Lik ) A\
4 Teltix) A(0) (4.18¢)
Ny
. n npo + Nk
Uk - cthk{ Ntk
nk (Lik ) A
L7 k(tix) P(O)} (4.184)
Nk
and
[Yor — ook] = [k — 0%l (4.19a)
[ook — Box] = ook — B (4.19b)

Inclusion of the 7. (t) terms above in Eq. (4.16) and a corresponding set of terms in
np(t) in Eq. (4.17) is a construction which allows the application of the boundary
conditions to evaluate the non-linear terms in both equations. The non-linear terms
in the differential equations go to zero at time ¢y at which the equations contain only
the terms in Ag. If the resulting equations (4.16) and (4.17) are multiplied out, the
Nnk(t) and mpe(t) terms cancel. Effectively the equations are unchanged by inclusion
of those terms.

The non-linear term in Eq. (4.16) labeled as gZ(t) may be written as follows

with ¢ = tg:

gk (to) = — [Antnm(t0) = Nk (f0)] 7k (fo) (4.20)

Similarly, the non-linear term in Eq. (4.17) referred to as g}(t9) may be expressed

as follows.

gi(to) = (Apam(to) — mpk(to)) Nak(to)
Nk
= ke . 4.
(Ao (a) + At s = i) ) o) (420
Two conditions exist for the non-linear terms to vanish (go to zero at time o)

in Egs. (4.16) and (4.17) at a certain time ¢;. For example, two quantum levels

(m = 3) the charge neutrality relation Eq. (4.9) is written as Eq. (4.22) with two
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intersecting occupancy functions A f; (¢;1) and A fo(t;2). Note that for a light impulse
4(t), carriers are generated with An(0) = Ap(0) and An,,,(t) is normalised.

Apum(ts) = Animm(to) + A fy (t0)

An(0)
N Nis
—A ——A .
At t = ¢y, the following constants are defined.
Mk(to) = Tn1(tin) + Nn2(tio) (4.23a)
nek(to) = Mp1(tin) + Mp2(tio) (4.23b)
with
Np1(tin) = d10n1(tin) (4.24a)
Mp2(tiz) = ¢2mma(tic) (4.24b)
and ¢y Eq. (4.25) defined with £ =1
Nu
= |1+ —= 4.25
o= (1 g (4:29)
now from equations (4.23b) and (4.24)
Nok(to) = G171 (tar)
+ $2Mn2(tiz) (4.26)

so that the charge neutrality relation Eq. (4.22) and Eq. (4.26) may be written as
Eq. (4.27) where the constant 7,x(to) is defined by nyx(to) = Apnm(to).

Apnm (tO) = Tk (tO)

N
+ An (30) A f3(tis) (4.27)

Therefore A f3(t;3) = 0 and this can only occur if the condition t;3 = 0% for which
Af3(0%) = 0 since fx(07) = fx(0%) for £ = 3. The other condition is ¢;; > 0 and
tio > 0% for which Afi(t;1) > 0 and Afa(tie) > 0, the points of intersection. Hence
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constants 7,1 (t1) > 0 and n,2(ti2) > 0 and similarly for np(tix) > 0 for k = 1, 2.
The constant 7,3(ti3) = 0 and similarly for 7y (t;x) = 0 for £ = 3.

The linear (constant) region of frequency variation with excess carrier concen-
tration corresponds to the case of 7,,(07) = 0 and 7,,(0") = 0 for all &. When
Nk (tix) > 0F for some k, this corresponds to the non-linear region of frequency vari-
ation with excess carrier concentration (see at the end of this section ). Effectively
there is an intersection of Afi(t;k) and Any,,(t) whereas at low injection there is
no intersection.

For a light impulse §(¢), carriers are generated such that An(0) = Ap(0). The
differential equations (4.16) and (4.17) are written in a simplified linear form at
t = to as equations (4.28) and (4.29) respectively. Constants 7, (ti) and n,(ti)
are dependent on the excess carrier concentration. In Appendix G 7,x(t;x) and a

condition for the n,x(t;x) > 0, at some t = t; is evaluated.

_d_A%’;ﬂ(.Q = Anpn(t) ;(fm — Ok)

-3 %—NtkA A0 (4.28)
_Ei_A_i"(;:ﬂ = Apum(t) ;(ak - Be)

+3 An’EO)NtkAfk(t) (4.29)

In addition the following expression indicates the k** defect level electron rate
of occupation given by Eq. (F.14) ( see Appendix F ) which corresponds to an
equivalent expression in Ref. [9]:

dA fi(t)

N,
e

= Ul = Uple (4:30)

A set of linear equations is formed similar to that in Chapter 2) Ref. [1] from Egs.
(4.28) and (4.30) and is written as follows with the differential operator D = d/dt
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Eq. (4.31) where Eq. (4.29) is dependent and not included.
3 Niro1 Nigoo Nezos
D+ :L;:l (vx —ox) O ~An() 2 200
— (7 —o1) (a1 — B1) MDA:—W 0 0
det | — (12— ) (a2 —B2) O MDAZ—(?)”LM 0
— (13 = 03) (a3 —Bs) 0 0 Ni(%i;%_ﬂél
1 -1 N I t3
An(0) An(0) An(0) ]
=0 (4.31)

As mentioned in Chapter 2 the method using the differential operator D =
d/dt Jordan [14] and Kreyszig [15] whereby the determinant of the matrix of linear
equations (4.31) equals zero, allows the formation of the characteristic equation at
t = to ( where the non-linear terms go to zero ). The characteristic equation is given
by Eq. (4.32) and may be solved for the time constants where the coefficients ( b, c,

d, e ) are determined from the determinant of the matrix formed from Eq. (4.31).
(D* +bD® 4+ ¢D? +dD + €) exp(—Xt) =0 (4.32)
As such the fundamental frequencies Ay ( inverse time constants ) may be evaluated.
M—b¥+cA2—dri+e =0 (4.33)

By evaluating the four roots of Eq. (4.33) the fundamental frequencies are given by
M=1/m, =1/ 3=1/mand \y=1/14

The linear region of variation of fundamental frequencies Ay with injection level
or excess carrier density is defined by Eq. (4.34). This condition is satisfied upon
expansion of Eq. (4.34) for 1,(t) = 0 and 7,(¢) = 0 at ¢, = 0%. The requirement
is found from 7,(t) = Af(t) which equals zero at t = 0" as Af(¢), the defect level
excess electron concentration, is zero at t = 0%. An upper limit for the linear region
of excess carrier density exists referred to as An(0)critical, is evaluated in Appendix
G.

dXg
dAn(0)

0 (4.34)
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The non-linear region of variation of fundamental frequencies A, with injection
level or excess carrier density is defined by Eq. (4.35). This condition is satisfied
for n,(to) > 0 and 7,(tp) > 0 for some value of to. Af(¢) > 0 can only be achieved

with to > 07 as Af(t) is greater than zero except at t = 0" and ¢ = oo.

.d—’\kil— 0 (4.35)

dAn(0)

Having evaluated the fundamental frequencies for m = 3, an analytic solution of
the differential rate equations for An(t) and Ap(t) may be written as Eqs. (4.36)

and (4.37) respectively following the derivation for a single level in Chapter 2 Ref.

[1].
An(t) = Z Z Z Z N; ju€rp (—iAit — JAot — uldst — vAst)  (4.36)

Ap(t) = i i i i P, juveTp (—iAit — jAot — udst —vAgt)  (4.37)

4.3 Ground Excited State System: Derivation of

Frequencies )\ for Arbitrary Injection Level

Consider a single defect energy level E,,4 representing the ground state with an
excited state E, in the bandgap of an n-type semiconductor. The processes of
recombination and emission proceed inter-dependently between the ground and ex-
cited state and with the respective band. With reference to Figure 4.2 the following
equations apply similar to Refs. [2] [4] for the recombination via and emission from

the ground and excited state system (see Appendix H for relevant expressions for

Uz, Uz,, U2, and UE,):
dv;it) = €l Nifo(t) + €2 Nefo(t) — vEn(E) Ny [1 — fo(8)] — vZn(t) Ny [1 — f2(t)]

(4.38)



4. Multiple Defect Energy Levels and Isothermal Trapping in Semiconductors

62
Ec
n
n €
Dcx Xc
n n
V €
cg gC Ex
n n
g P p
% % |G U
Egnd P p
Wx Cxv
P P
Dvg egv
E

Figure 4.2: Band diagram for the ground excited state system indicating carrier

transitions with the respective band.

dZ—(tt) = eZth [1 - fg(t)] + eg-th [1 - f:c(t)] - Uggp(t)Ntfg(t) - vgxp(t)Ntf:c(t)
(4.39)
NI (unt) ) Nt (U2, - U) - (U2, - UR)
~ [vn(t) + vbep(t) + €b, + eget] Nefy(t) (4.40)
NI gy ez N+ (U7 - Uz - (U - U2
— [Van(t) + vgp(t) + €}, + e+ N fo(2) (4.41)

where the superscript denotes the carrier for example, C7, = vinog, and Cf, =
VinpOh, Tepresent the capture coeflicients for electrons and holes respectively. The
quantities oy, and of, represent the cross sections for electrons and holes from the

conduction and valence bands to the ground state respectively . The quantities v,

and vy, are the average thermal velocity of electrons and holes respectively:

€gc = Conig (4.42a)

eze = Conig (4.42Db)
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e = Cpypig (4.42c)
Ugg =Cly = Utnnogy (4.42¢)
Ve =0 = U0y, (4.42f)
vh, =C, = uvmoy, (4.42g)
Ve =C = Um0y, (4.42h)
with:
nyy, = N,exp (—————-————(EC —I;f‘qnd)) (4.43a)
Eypa—F,
Py = Nyexp (‘Lj—%jr*‘—)) (4.43b)
Ec - Ez
Nz = Nc exp ('—'(——kjj—)'> (443C)
E,—-F,
P = Nyexp (_(k—T)) (4.43d)
From the charge neutrality relation,
dApnm(t) _ dAngn,(t) L N (dA Fo)  dAf(t)
dt B dt An(0) dt dt
_ dAngg(1) N dAf(t)
= T & A0 & (4.44)

The rate equations (4.38) and (4.39) are re-written so as to make the non-linear
terms go to zero at some time t;. For a given excess carrier concentration one

defect level occupancy function Af,,(¢) for some k may intersect An(t) at some
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time to. A further increase in An(t) may result in the two defect level occupancy
functions intersecting An(t) concurrently at ¢ = ¢t3. These two intersections occur
simultaneously at ¢ = ¢, although the times ¢;; and #;; of each intersection are
different. The important point is that in intersecting simultaneously the values of
Tng(t) and 7, (t) are the values of the individual defect level occupancy function
intersecting, at t = t;; and t = t;;. Inclusion of 7,4(t) and 7,;(t) terms into Eq.
(4.45) and a corresponding set of terms in 7,,(t) and 7, (t) into Eq. (4.45) follows the
derivation in the previous section. It is a construction which allows the application
of the boundary conditions to evaluate the non-linear terms in both equations and
determine the precise time at which the equations become linear. See Appendix
H for a derivation of the carrier transition equations for the ground excited state

system.

_dAnam(t)

dt = Angm(t) [(75 — 79)

+ (7:6 - Ux)]
- G NAL ()

- A MAL(Y
— Ly AR(0)AS(8) [Annm(t) = 1 1)

— CoAn(0)Afo(t) [Annm(t) — Tna(t)] (4.45)

Similarly for Eq. (4.39) substitutions of a corresponding set of terms containing

Tp(oz) (1) Tesult in Eq. (4.46).

dApnm(t) _
_—dt_ = Annm(t) [(ag - 169)
By
+ An(O) NtAfg(t)
B
+ mNtAfx(t)

+ C3An(0)Afo(t) [Apm(t) — 7y (1))

+ CoAn(0)Afx (2) [APnm(t) — 7hpa (1)) (4.46)
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where the for example the symbols oy and «, are represented below as o, , where

either g or = applies. See H for the relevant expressions for f,(t) and f;(¢).

c® N Di(g,2) + Dpo + Pi(g,2) }

g,z = v(g,x
(92) (g.2)""¢ Ppo +p1(g,x) Nt
(t)An(0
+77p(y, y(t:)An( )} (4.472)
N
— [P Ppo + Pi(g,2) | Tolg,2) (t:)An(0)
Bawy = CrgayNel N, ot N, } (4.47D)
n N1(g,z) Tpo + Ni(g,2)
Vg,) (9,2) t{npo T N, }
n t;)Ap(0
Ny
+ n t;)Ap(0
O’(g’x) = C&g,x)Nt{npo nl(g>x) + 7 (g,:z:)( 1) p( )} (447d)

N, N,
The non-linear term in Eq. (4.45) referred to as ¢g"(t) may be written as Eq.
(4.48) with nne(t) = Af,(t) and 1, (t) = Afs(2).

") = —[Anum(t) — Ting (®)] Ting (t)

- [Annm(t) - nnx(t)] nnx(t) (448)

Similarly, the non-linear term in Eq. (4.46), referred to as g?(t), may be expressed

as Eq. (4.49).
Ny
gp (t) = (Annm(t) + Afg(t)m — Tlpg (t)> nng(t)

i (Anam(®) + AL g = a0 1) (449)

The two conditions for evaluating 7n4(to) > 0 and 7,,(t0) > 0, and the choice of
Mpg(07) > 0 and 7,,(07) > 0 at some t = o, are determined similar to the method
in Section 4.2. For example, at low injection 7,,(0%) = 0 and 7,,(0%) = 0 and the
choice of 7,4(0%) > 0 and 7,,(0") > 0 at some t = t, given Afy(t;y) = Anpm(tig)

and Afy(tiz) = Anpm(tiy) results in gP(¢) = 0 at 2.

mp(tig) = Af(ti) (H%(t())) (4.50a)
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Tp(tic) = Af(tiz) <1+ Af(to)) (4.50b)

For a light impulse 6(t), carriers are generated such that An(0) = Ap(0). The
differential equations (4.45) and (4.46) at to = 0% or t = ¢, are represented by equa-
tions (4.51) and (4.52). Constants 7,(to) and 7,(to) are dependent on the injection
level. In Appendix I 7,(¢o) and a condition for the existence of 7,(to) > 0, at some

to is evaluated.

dAN (1) _
L, T Anp (to) [(vg — 04)
+ (’Ym - 0'3;)]
- An"EO)NtAfg(tO)
- F?O)NtAfz(to) (4.51)
dApnm(t) _
i Anpm(to) [(eg — By)
+ (az - /B-’L‘)]
; Afzo) N.AS,(to)
; K%NtAfx (to) (4.52)

The set of linear equations representing the ground excited state system are
expressed as follows, where D = d/dt. See Appendix H for Af,(t) and Af,(t). The
values of f,q and f,, are determined from dfy/dt = 0 and df;/dt = 0 respectively.

[ [D+ (1) —Usg])) 0 —0(g) —0(z)
+ (V=) — 72
- (o) — o) (xg) =By} {[D+ (o) +Bp))]  —Nig) |Clyy f—g
n Joz n 1—fo
+ Ni(z) [C(zg) ?c;; + C(zy) - foig Annm(to)
Cz, )(1_fo:)]} Aprm(to)
z9) (1 — f,
: , Fog) Afylto)
~0@—o@) (e @) N |Tm . P 0@+ )] Afalto)
n (1 — fOI) n fo z\*0
+ Ol (T 100) + Nuo) [C(m e
+ CP (1 - fog)
(9z) (1 = foz)
1 -1 1 1

=0 ) (4.53)
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The method using the differential operator D as in Refs. [14] [15] whereby the

determinant of the matrix of equations (4.53) equals zero, allows the formation of

the characteristic equation.
(D?®+bD*+cD +d) exp(—Xt) = 0 (4.54)

The fundamental frequencies A; 23 ( inverse time constants ) may be evaluated by

solving for the three roots of Eq. (4.55)
B4+ —ch+d = 0 (4.55)

with the frequencies given by A\ = 1/71, Ay = 1/7 and A3 = 1/73.

The linear region (constant) of variation of fundamental frequencies A; 23 with
injection level or excess carrier density is defined by Eq. (4.56). This condition is
satisfied upon expansion of Eq. (4.56) for 7n4(to) = 0, Nz (to) = 0 and 7p4(te) = 0,
Mpe(to) = 0 at to = 0F. An upper limit for the linear region of excess carrier density

exists, referred to as An(0)ersticar, is evaluated in Appendix I

dA123
_— . = 0 4.
dAn(0) (4.56)

The non-linear region of variation of fundamental frequencies A; 5 3 with injection
level or excess carrier density is defined by Eq. (4.57). This corresponds to the range
of excess carrier density whereby the change in fundamental frequency with injection

level is non-zero as expressed by Eq. (4.57).

0 (4.57)

dAi23
dAn(0)

This condition is satisfied for 7,4(t0) > 0 Nnz(te) > 0 and mye(to) > 0, Mpz(to) > 0
for some value of ¢5. Af,.(t) > 0 can only be achieved with to > 0 as Af, ,(t) is
greater than zero except at t = 0% and ¢t = co.

Having evaluated the fundamental frequencies for the ground excited state sys-

tem, an analytic solution of the differential rate equations for An(¢) and Ap(t) may
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Table 4.1: Typical defect level parameters for numerical solution of the discrete
multiple defect level system.

| parameter | level one | level two | level three |
E, - FE, 0.55 0.65 0.75
energy depth [eV] ,
N, concentration | 5 x 1012 5 x 1011 5% 1010
[em ™3]
o, Cross section 01 =85% 107 | 5,0 =85%x 10717 | 5,3 =85 x 10712
holes [ cm? ]
O CrOSs section 0 =90x10"17 | 5, =9.0x 10715 [ 5.3 =9.0 x 10~
electrons [ cm? |

be written as Egs. (4.58) and (4.59) respectively.

[o e e e BN ]

An(t) = D 3N Nijuezp (—idit — jhot — ulst) (4.58)

1=0 j=0 u=0

Ap(t) = Z Z Z Pi,j,uea:p (—i/\lt - ]/\gt - U/\gt) (459)

1=0 7=0 u=0

4.4 Numerical Solution for the Multiple Level and

Excited State Systems: Ideal Impulse §(t)

Considering the multiple discrete defect level system the coupled differential equa-
tions we are interested in are of the form of Egs. (4.1) and (4.2) with dfy/dt from Eq.
(4.30). These equations form a set of second order coupled differential equations No-
mura and Blakemore [4] which are non-linear and are normally solved numerically.
There is no a priori knowledge about n(t + At) as it represents the time evolution
of the excess carrier concentration derived numerically. A correlation between the
numerical solution and the predictions of the analytical solution is made and found
to indicate close agreement. This confirms the method used to analyse the decay as
a useful tool.

A fifth order Runge-Kutta scheme as in Refs. [17] [18], is chosen to represent

discrete values of n(t), p(t) and fi(t), to ensure convergence to the equilibrium
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concentration for the minority carrier as ¢ — oo. The normalised excess carrier
concentrations at t = 0% are given by An,,(07) = 1 and Ap,,(07) = 1. The
defect level initial occupation is assumed not to change from t = 0~ to t = 07
(f(0%) = f(07)). Table 4.1 indicates typical data used in the numerical solution.

As mentioned in Chapter 2 the component exponentials, of a sum of exponentials,
are determined by a multi-transient technique. Multi-transient analysis refers to the
extraction of component exponential terms from a sum of exponentials comprising
the signal. The methods available as in Refs. [20] [21] [22] present a means of
analysing signals with additive white gaussian nbise. In addition, where the data
matrix and the observation matrix may be subject to noise fluctuations, the Total
Least Squares method Van Huffel [23] ( TLS ) is employed. This method models the
multi-exponential signal as an autoregressive process. For the present analysis the
TLS technique of Refs. [22] and [24] multi-transient analysis using Singular Value
Decomposition (SVD) Klema [25] is applied to the analysis of the multi-component
exponential decay.

TLS multi-transient analysis of the numerical solution of equations (4.1), (4.2)
and (4.30) results in the determination of frequencies which are compared with those
derived from a theoretical expression represented by Eq. (4.33). Figure 4.3 shows
the comparison between the decay time constants 7,47 = 1/Any1 for m = 3 as
calculated from Eq. (4.33) and as evaluated by TLS analysis of numerical data
[An(t + At)] for T = 300 K. The figure indicates the variation of fundamental
frequencies with excess carrier concentration. Agreement is excellent and as such
contributes to the confidence in the TLS method of analysis. The onset of the
non-linear variation of frequencies A1 with An(0) for An(0) = An(0)eriticar 1S
clearly seen in the figure. The linear portion extends to 5 x 10!! ¢m =3 and begins to
diverge for An(0) greater than 5 x 10! ¢m~3. This indicates that the linear region
is in close agreement with the definition given by Eq. (4.34). See Appendix G for

the evaluation of An(0)critica;. For parameters listed in Table 4.1, An(0)riticar =
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Figure 4.3: A graph of 4 = 1/A1, 7o = 1/Xg, 73 = 1/A3 and 74 = 1/\4 versus
excess electron concentration An(0). The doping concentration N4 of the sample
is 5 x 1013 ¢m™3. See Table 4.1 for defect level parameters. Continuous line: 7,
To, T3, T4 predicted by Eq. (4.33) Circles: 71, 73, 73, 74 derived from multi-transient

analysis of the numerical solution
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Figure 4.4: Decay time constant 71 = 1/A;, 75 = 1/A, 73 = 1/A3 and 7y = 1/)\4

versus the Fermi level Er eV for doping concentrations of Ngyp = 5 x 10! em™3

to Nap =1 x 10'® em=3 with An(0) = 5 x 10° em™3. The intrinsic Fermi level is

shown as E;. Continuous line: 71234 calculated by Eq. (4.33)

5.44 x 10'' em™3. Note also that TLS multi-transient analysis of the numerical
solution results in 7,41 in close agreement with that predicted by the solution for
Tm+1 Of Eq. (4.33) for high injection. Some values from the analysis of the numerical
solution ( circles ), could not be resolved due to the very small magnitude of the
coefficient of the exponential term.

Figure 4.4 shows the comparison between the decay time constants 7534 as
calculated from Eq. (4.33) for T = 300 K, versus the Fermi level Er. The doping
concentration for the p-type and n-type samples varies from 5 x 10*%cm=3 to 1 x
10*¢m 3. From this figure 7; describes the minority carrier decay constant and
Te41 With £ > 1, the majority carrier decay constants, by analogy with Shockley

and Read [2] for the steady state. As such they represent fundamental decay time
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constants.

Figure 4.3 indicates that for An(0) > An(0)criticat, 71, the minority carrier (
p-type ) time constant is becoming longer. The minority carriers ( electrons ) are
remaining in the conduction band for a longer average time indicating that there are
fewer holes at the defect level for them to recombine with. The defect level electron
population is increasing and electrons are remaining at the defect level for a longer
average time. This is referred to as minority carrier trapping. The time constant
71 remains constant in the linear region of variation of 744y with An(0). This
region corresponds to recombination only whereas the non-linear region undergoes
recombination and trapping. Eventually the trapping saturates as An(0) is increased
to high injection and the time constant 77, becomes almost constant.

Further, by recalling the expression Eq. (4.36) for the decay An,,(t), the infinity
of time constants is found to be linear combinations of m+1 fundamental frequencies
Ak+1- Table 4.2 indicates the correlation with the prediction of equations (4.33) and
(4.36), and TLS analysis of the decay An(t + At) within the limitations of the
TLS method. No a priori knowledge is known about time constants associated with
the numerical solution, yet the agreement of the analytical and TLS methods with
respect to the linear combination of A, is excellent. Note the magnitudes of the
coefficients decrease rapidly. In addition for the transient case in low injection, the
magnitude of the coefficient for 7, is significant.

The equations describing the time evolution of the decay for the ground excited
state system are given by Egs. (4.38), (4.39), (4.40) and (4.41). A fifth order
Runge-Kutta scheme as in Refs. [17] [18], is chosen to represent discrete values of
n(t), p(t) and fi(t). TLS multi-transient analysis of the numerical solution of the
given equations results in the determination of frequencies which are compared with
the derived theoretical expressions represented by Eq. (4.55). Figure 4.5 shows the
comparison between the decay time constants 7y 23 = 1/A; 23 as calculated from Eq.

(4.55) and as evaluated by TLS analysis of numerical data [An(t+ At)] for T = 300
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Table 4.2: TLS analysis of numerical data d,(t + At) for the case of level one, level

two and level three included in the model. Evaluation of Eq. (4.33) and Eq. (4.36)

for Ny =5 x 10'3 cm =3 with An(0) =5 x 10° cm™3.

Eq. (4.33)

) [secs™!]

TLS frequency

A [secs™!]

TLS coefficient

A1

2)\

A2

AL+ A2
29

201 4+ 2

4.52402 x 10*

19.4182 x 104

820.513 x 104

2735.61 x 104

4.523774 x 10*
8.785162 x 10*
19.40604 x 10*
22.47085 x 10*
38.37658 x 10*
50.62222 x 10%
677.3815 x 10*
1989.850 x 10%

2736.545 x 10%

Nigoo = 6.27774 x 1071
Nagop = 6.72298 x 104
Noigo = 3.62217 x 107!
Ni10 = 4.97937 x 1073
Nogoo = 9.82831 x 10~
Naggo = 1.41584 x 1075
Noo1o = 3.03147 x 10~10
Noozo = 6.42367 x 1078

NOOOl = 3.35857 x 10_3
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K. The figure indicates the variation of fundamental frequencies with excess carrier
concentration. Agreement is excellent. Again the onset of the non-linear variation
of frequencies A; 23 with An(0) for An(0) = An(0)criticar i clearly seen in the figure.

Figure 4.6 shows the comparison between the decay time constants 7y, 75 and
13 as calculated from Eq. (4.55) for T = 300 K, versus the Fermi level Er. The
doping concentration for the p-type and n-type samples varies from 5 x 10%m=2 to
1 x 10%cm=3. Agreement is very good for the numerical solution and the calculated
T1,2,3- From this figure 7; describes the minority carrier decay constant and 7 3, the

majority carrier decay constants.

4.5 Discussion

From the theory presented it is evident that 7, represents an important parameter
in terms of the minority carrier trapping behaviour. This extends to both the mul-
tiple discrete defect level system and the ground excited state defect level system.
These two systems are considered to be the most significant sources of defect level
effects on the minority carrier. The measurement of 7; with excess carrier concen-
tration for a given temperature in the linear and non-linear region realises a basis
for evaluating semiconductor material quality. In particular the linear region which
represents recombination-only allows comparison of semiconductor time constants
( 11 ). Comparison of time constants in the non-linear region is at best unreliable
as the degree of trapping is unknown and the range of variation of 7; with excess
carrier concentration is significant.

The ground excited state system may be applicable to the boron-acceptor com-
plex Zhao [33]. This is not explored further in the present work. It is also evident
that even a very low concentration of ground excited state defect levels (see table
4.3) has a dramatic effect on the time constant 3. Also, for such a system the effect

is significantly different for p-type as opposed to n-type (see Figure 4.6). Again
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Figure 4.5: A graph of ; = 1/\;, 2 = 1/A; and 73 = 1/)3 for the excited state
system versus excess electron concentration An(0). The doping concentration Np of
the sample is 5 x 10'3 em™3. See Table 4.3 for defect level parameters. Continuous
line: 71, 72, 73 predicted by Eq. (4.55) Circles: 71, 72, 73 derived from multi-transient

analysis of the numerical solution
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Figure 4.6: Decay time constant 71 = 1/A;, 2 = 1/A; and 73

1/)s for the

excited state system versus the Fermi level Er eV for doping concentrations of

Nap =5x10" em™ to Nyp =1 x 10" ¢m™?

with An(0) =5 x 10° cm™3. The

intrinsic Fermi level is shown as E;. Continuous line: 7y 23 calculated by Eq. (4.55)
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Table 4.3: Typical defect level parameters for numerical solution of the ground

excited state system.

parameter ground state excited state

E. — E, energy depth [ eV ] 0.425
E,; — Eg4nq energy depth [ eV ] 0.320
N; concentration [ em™2 ] 5 x 10 5 x 10%

o, cross section holes [ em? ] ob, =85 x 107" | 0f, = 8.5 x 1071

o cross section electrons [ em? ] | o =85x 10717 | ¢ = 8.5 x 10715
cg cx

a measurement of 7; from the linear to the non-linear regions indicates material
quality (see Figure 4.5).

The defect level parameters for the single defect level in Chapter 2 Ref. [1]
were intentionally retained in the present analysis of the multiple discrete level
case (see table 4.1). Comparison of 71 = 2.55 x 10 3sec for the single defect state
of Chapter 2 Ref. [1] and that for the multiple discrete level state 71 = 2.21 X
10~%sec (see Table 4.2) reveals that additional levels results in a faster minority
carrier time constant. This represents a relative error greater than ten per cent in
addition to measurement errors. This has obvious implications for interpretation of
experimental data where 7; is the dominant decay time constant. It thus becomes
imperative that a multiple level model such as proposed in the present work be used
to interpret data as the dominant level model is not sufficient to provide accurate
defect level parameters. Further, the above discussion may help to explain the
anomalies arising from interpreting data in experimental methods such as Deep
Level Transient Spectroscopy (DLTS) which determine the dominant decay time
constant for a given rate window at a given temperature.

Furthermore, from the multitransient analysis of the numerical solution the num-
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ber of fundamental frequencies is directly related to the number of electrically active
defect levels present in the semiconductor sample. In both the multiple discrete level
system and the coupled level system the number of fundamental frequencies is m+1
where there are m defect levels. Hence from a practical viewpoint the total number
of defects may be determined by analysing the decay for the fundamental frequen-

cies.
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Chapter 5

Multiple level Defect Species
Evaluation from Average Carrier

Decay

5.1 Introduction

As previously noted, decay of carriers due to an impulse of light Nyd(t) via a single
level defect in the bandgap is described by the Shockley-Read-Hall ( SRH ) differ-
ential rate equations Shockley and Read {2]. These equations refer to the average
rate of transitions via the defect level for the processes of recombination, capture
and emission. The recent analytic solution to the SRH rate equations of Chapter
2 Ref. [1] is composed of an infinity of monoexponential terms, the frequencies
Ap+1 Or inverse time constants (Ag+; = 1/7¢41) of which are a linear combination of
two fundamental frequencies for the single level case. The fundamental frequency
A1 = 1/7 refers to the minority carrier decay. Application of the single-level method

of solution to two multiple defect systems in 4 indicates that the decay contains k+1
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fundamental frequencies or inverse time constants for k discrete defect levels. The
time constant 7; is the dominant decay time constant. A plot of 7; versus the excess
carrier concentration indicates the recombination only and trapping with recombi-
nation regions.

These analytic solutions for the single level differential equations and conse-
quently for the multiple level case were derived without any approximation for ar-
bitrary doping concentration N4 p, non-degenerate excess carrier concentration and
defect level parameters, Ny, the concentration and o,k, opk, the electron and hole
cross sections for the k** level respectively. Note that the differential equations ap-
ply for non-degenerate statistics so that there is an upper limit on the excess carrier
concentration Sze [11].

A contribution of this chapter is the solution of the carrier continuity equation
including a multiple defect level recombination term. This solution is determined,
with constraints which reflect the experimental conditions, in order to ascertain the
nature of the decay as predicted by theory in Chapter 4 and the average decay
determined in section 5.2. The diffusion term D, ,, which is expressed in terms of
the mobility u,,, may be taken to first order at low frequency Sze [34]. The first
order dependence of the diffusion term, expressed in terms of the mobility as above
also applies for non-degenerate statistics. The differential rate equations referred to
as the Shockley-Read-Hall rate equations for the single level defect Ref. [2] and the
differential rate equations for the multiple defect systems of Chapter 4 apply for non-
degenerate statistics. Furthermore, in the derivation of the SRH rate equations, the
carriers are assumed to reside at the band edge and so Boltzmann statistics apply
and non-parabolic, multiple bands are not considered.

The relatively long lifetime of the particular CZ silicon sample under consider-
ation suggests that the impurity levels are close to the band edges, yielding a long
time constant ;. The current work investigates two-level carrier transitions for the

ground and excited state or coupled levels system of Chen et al [35] and Frens et
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al [36]. Experimental results are explained in terms of defect complexes which have
these ground and excited states near the band edges. For the particular silicon CZ
sample, three defect complexes are identified as possible sources of the relatively long
time constant 7;. The first is the carbon interstitial - oxygen interstitial C; — O;
complex Ref. [36], the second is the vacancy - oxygen V — O complex Ref. [36]
and the third is the phosphorus donor (n-type) and the ground state of the V — O
complex or C; — O; complex Ref. [35]. These complexes have energy levels near the
band edges.

It is shown that multiple level fundamental time constants for the ground excited
state or coupled levels system, for one of the complexes above, are in agreement with
experimental data determined by a contactless photoconductance technique. This
technique measures the average or volume integrated decay. The average decay in
a semiconductor wafer (silicon) with an ideal surface passivation described by the
surface recombination velocity S = 0 cm/s is derived in Luke [28]. An assessment of
the effect of bulk minority carrier recombination and trapping is not performed in
Ref. [28] although an effective bulk lifetime is included. The effective bulk lifetime
describes the effect of a dominant defect level. For the more accurate case of multiple
defect levels the average decay is determined analytically from the theory of Chapter
4. This forms the basis for interpreting the experimental results. An evaluation of
recombination and or trapping is performed in the present work by plotting the 7y
versus excess carrier concentration. For the complexes stated above a difference is
found in the nature of the plots. This represents a method of identifying particular
defect species.

The paper is organised as follows. In Section 5.2 the method of solving the carrier
continuity equations analytically for the above constraints is presented. The average
decay which indicates the volume integrated decay measured by the photoconduc-
tance decay method is evaluated. Section 5.3 describes the derivation of the ground

excited state system equations and the excess carrier concentration decay equation.
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This equation includes the fundamental frequencies for this defect system. Sections
5.4, 5.5 and 5.6 describe the experimental constraints, the experimental conditions
and the experimental results respectively. This is followed by a Section 5.7 on a

discussion of the results.

5.2 Impulse Response and Average Excess Car-

rier Concentration

For the purposes of illustrating the method of solution, a multiple-level defect an-
alytic solution of Chapter 4 to the rate equations is used in the carrier continuity
equation solution method. Consider a p-type silicon wafer with a defect with a
ground excited state uniformly distributed. The analytic solution to the rate equa-
tions with excess minority carrier concentration An(t), in the absence of a field £ and
diffusion D, , is represented by Eq. (5.1). This expression is the impulse response
An(t) as derived in Chapter 2 Ref. [1] to a light impulse N,6(¢) with a single level
defect. In the above derivation the excess carrier concentration An(0) is uniformly
distributed throughout the sample at ¢ = 0*. The non-uniform excess carrier gener-
ation, through the thickness of the sample, for the multiple defect system equations
of Chapter 4 is considered in section 5.3.

00
Z Ni,j,uexp (—Z/\lt - ]/\gt - U/\gt)

=0 u
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The recombination rate U, (t) is defined as follows Wertheim [9] where An(t) repre-

sents the impulse response for recombination.

U.(t) = ~dAd”;(t) (5.2)




5. Multiple level Defect Species Evaluation from Average Carrier Decay 83

and from Eq. (5.1):

Un(®) = D3 D (Mt +jhat + udst) NijuFiju (5.3)
i=0 j=0 u=0
where
Eiju = exp(—idt — jhot — ulst) (5.4)

In the present analysis the carrier and recombination spatial profile as well as the
time evolution, is sought normal to the surface at the point of the incidence of light.
For the single-level, neglecting excited states, Auger recombination and radiative
recombination, the carrier continuity equation for the one dimensional case is given
as follows Sze [11]. Simplifications are made such that the generation G, at t = 0F
after cessation of the impulse, is negligible. The electric field £ in the bulk is also

considered negligible.

OAn(z,t) D 9?An(z,t)

8t = n 81;2 — Un (CL', t) (55)
Consider the following expressions for the recombination rate U,(z,t) and the
excess carrier concentration An(z,t), which include the spatial dependence in the

term u(z,1t).

X f: f: f: (i/\lt + j/\zt + U/\gt) Ni,j,uEi,j,u (5 6)
i=0 j=0 u=0
An(z, t) = ’U(.’D, t) i f: f: Ni,j,uEi,j,u (5 7)
=0 j=0 u=0

It remains to find an expression for u(z,t).

The following are the boundary conditions due to the surface passivation where
S is the surface recombination velocity and D,, is the diffusion constant. Consider
both surfaces to be identically passivated such that they both have the same value

of S.

D 0An(z,t)

X = SAn(-d/2,1) (5.82)
Oz z=—d/f2
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D 0An(z,t)

e = SAn(+d/2,t) (5.8b)

z=+d/2

and where the boundary conditions transform to:

p, 24zt = Su(—d/2,1) (5.9a)
oz z=—d/2
_p, 2= = Su(+d/2,1) (5.9b)
oz z=+d/2

Using the principle of the separation of variables, the required solution of Eq. (5.5)

is represented by,
u(z,t) = X(z)T(t) (5.10)

such that by substitution of Eq. (5.10) into Eq. (5.5) realises an expression Eq.
(5.11) whereby the two functions of x and t can only attain equality if equal to a

constant.

1 £X(z) 1 dT@)
X(z) dz2 | DI dt (5.11)

The respective solutions become,

T(t) =e @ Pnt (5.12)

X(z) = Acos(az)+ Bsin(az) (5.13)

An equation for u(z,t) ( excess carriers ) results from the separation of variables
McKelvey [37], where the A,, and B, are given in Ref. [28]. A linear superposition
of solutions Eq. (5.10) is required to satisfy the boundary conditions Eq. (5.9).

Each term in the summation ( each value of m ) satisfies the boundary conditions.

u(z,t) = Z Um(z, t)

= Z [Ame‘a?"D"t cos(QmT)

m

+ Bpe ®nPrtsin(an,z) (5.14)
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Due to symmetry, the spatial dependence of excess carrier concentration An(z,t)
must be an even function of x so B,,, — 0. However the boundary condition Eq. (5.9)
must also be satisfied, requiring agreement of Eq. (5.14) and Eq. (5.9) resulting in
the equation (5.15), using the method for finding the coeflicients of a Fourier series
( see appendix of Ref. [28] ).

Z [Am(/\)e‘azﬂD"t cos(amz)] (5.15)

m

where,

4g. e /2 (1 + Re=xd)
(&2 + a2) [amd + sin(ay,d)]

. Oé,\d amd
X [a,\ sinh ( 5 ) cos (—2—)
+ay, cosh (aT,\d> sin (9,2n_d_>] (5.16)

A general solution An(z,t) is found by multiplying the impulse response given

Am(})

by Eq. (5.1) by that of Eq. (5.15) as shown in Eq. (5.17).

[0 o] o0
§ ,§ :Ni,j,uEi,j,u

7=0 u=0

Ms

An(

Il
=)

i

X Z [Am(/\)e""‘an"t cos(amz)] (5.17)

~~

Similarly for the solution U,(z,t) given by Eq. (5.18).

[o o] [o o]
3N Gt + st + udst) NyjuFiju

=0 u=0

x Z [Am(/\) ~o, Dat cos(amz)] (5.18)

Ms

Un(z,t) =

@
Il
=)

It may be shown by substitution for each value of the mode of decay m that
equations (5.17) and (5.18) are a solution to the carrier continuity equation (5.5).
These solutions include the spatial dependence, a term related to the diffusion of

carriers to the surfaces and a recombination via multiple levels defect term.
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The value ¢, is found by substituting Eq. (5.15) into one of Eq. (5.9), resulting
in the following condition to be satisfied by the selection of an appropriate surface

recombination velocity S.

cot (a%d) = amSDn (5.19)

The average excess carrier concentration is now sought. Integrating Eq. (5.17)
with respect to x Eq. (5.20, realises an expression for the average density of minority

carriers representing the impulse response given by Eq. (5.21).
1 d/2
Ang(t) = = An(z,t)dz (5.20)
dJ_qsp

The integral Eq. (5.20) may be evaluated yielding the result Eq. (5.21).

Ana,, (t) = I:i i i Ni,j,ue:vp (—’I;/\lt - ]/\gt - /\3t)]

i=0 j=0 u=0
y 8g,e~ 04?2 & sin (md/2)
d — (] + a2,) [amd + sin(and)]
X CY)\d amd axd . a’md ~(a2,Dp)t
X [a,\mnh( 5 )cos( 5 ) +amcosh( 5 )sm( 5 )] e

(5.21)

As S — oo, from equation (5.19), and/2 = 7/2,37/2,57/2--- such that for
m=1,2,3, -, oy, is given by Eq. (5.22).

(2m - D7

- (5.22)

Cm

The average density of minority carriers representing the impulse response for

S — 00, is given by Eq. (5.23) with m =1,2,3,--- being the mode of decay.

Ang(t) = {i i i N juexp (—iAit — jAot — /\3t)}

i=0 j=0 u=0
g 8goe~r4/2 i : 2sin (amd/2).
d (o + af,) [omd + sin(and)]
d md d\ . AN
X [a,\ sinh (%) cos (%) + @, cosh (%) sin (%)] e~ (enDDn)t

(5.23)
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The initial average minority carrier profile is exponential with a peak at z = —d/2
normal to the incidence of light.

For the case where the surface recombination velocity S approaches zero in the
limit, the condition given by Eq. (5.19) indicates that a,,d/2 = 0,2, 4r, 6™, --,
and all the terms in the summation of equation (5.21) vanish except for a,,,d/2 = 0.
The mode of decay is m = 0. This results in an indeterminate form for the limit
which is solved by the use of L’Hopital’s rule. The result for the S = 0, case given

by Eq. (5.24), indicates that only the bulk term is involved in the decay.

lim Anm,( ) = iii N juexp (—iAt — jAgt — Ast)

ao—0

1=0 j=0 u=0
X {49001,\ sinh (d—%-) e_axd/z} (5.24)
lim Apg, = P .. A1t — JAqt — Ast
Jim Ape,(t) ;;; gweap (—idat = jAat = Agt)
{4900,\ sinh (d‘é‘) e‘a*‘m} (5.25)

Note that the coefficient of the exponential terms contains the absorption coeffi-
cient ay which is related to the wavelength of the incident light. The expressions
for average decay indicate that the fundamental frequencies are unaffected by the

absorption coefficient.

5.3 Ground and Excited State System: Funda-

mental frequencies \

As mentioned in Chapter 4 consider a defect energy level E,,4 representing the
ground state with an excited state E, in the bandgap of an n-type semiconductor.

The set of linear equations representing the ground excited state system are Egs.

¥4
ce,,

(5.26) with the differential operator D = d/dt, where C7,

g9z?

n P
Cz, and C%/ are
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constants related to the carrier transitions between states. The values of f,; and f,;

are determined from df,/dt = 0 and df,/dt = 0 respectively.

[D+ (vg) —0¢e)) 0
+ (Y2) = 7))

- (%9 —99)) (ag) ~ Biay)
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(5.26)

where constants 7n(gz)(t0) and nygz)(to) in Eq. (5.27) may be evaluated as in

Chapter 2 Ref. [1].

gz = CfpmNigni

’B(g)z) = C‘lz))(g,z) Nt(g>z){

Pi(g,z) I Ppo + P1(g,2)
Ppo + P1(g,z) Ny(g,z)
. Th(t0) p(0),
Nig,z)
Pro + Piga) np(g,z)(to)An(O)}
N, t(g,x) N, t(g,x)
M(g,) Mpo + M(g,2)

Ngx) = C:ig,z)Nt(g,z){

+ Tn(g,z) (tO)An(O) }

0gz) = CogryNiteml

Ni(g,z)

Tpo + Mi(g,z)

Tpo + Ni(g,z)

Ny(g,)

Nt(g,z)

+ Mn(g,z) (tO)Ap(O) }

Ny(g,2)

(5.27a)

(5.27b)

(5.27c)

(5.27d)
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with
ny = N.exp (—%) (5.28a)
Py = Nyexp (—@%E)) (5.28D)
ne = Ngexp (—%) (5.28¢)
Pz = Nyexp (—%) (5.28d)

The method using the differential operator D as in Refs. [14] [15] whereby the
determinant of the matrix of equations (5.26) equals zero, allows the formation of

the characteristic equation.
(D?®+bD?* + cD + d) exp(~At) = 0 (5.29)

The fundamental frequencies A; 23 ( inverse time constants ) may be evaluated by

solving for the three roots of Eq. (5.30)
B4+ —cA+d = 0 (5.30)

with the frequencies given by A\; = 1/71, Ay = 1/75 and A3 = 1/73.

Following the analysis in Chapter 2 Ref. [1], Chapter 4 and Choo [10], the
following equations for the excess carrier concentrations Ang,(t) Eq. (5.31) and
Apey(t) Eq. (5.32) may be written for the multiple level or ground excited state

system. There are three fundamental time constants.

o0 o0 o0
Angy(t) = YY) Nijuezp(—iht — jlot — ulst)

x (5.31)
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and:

Apa(t) = D DD Pjuezp(—iht — jhat — udst)

4g,0 sinh (232) e ord/2

y (5.32)

Equations 5.31 and 5.32 indicate that for ideal surface passivation (S = 0) there
are an infinity of exponential terms in the decay and the frequencies are a linear

combination of the fundamental frequencies.

5.4 Experimental Constraints

In Sections 5.2 and 5.3 the theoretical analysis reveals that for ideally passivated
surfaces (S = 0) the fundamental frequencies may be determined from the average
decay. Furthermore, the diffusion term vanishes due to conditions imposed on the
modes of decay. For this case of a very low surface recombination velocity (S = 0)
the modes of decay are restricted to m = 0. Also, in the previous Section 5.3 it is
shown that for average decay the fundamental time constants are unaffected by the
wavelength of light. The absorption coefficient only affects the magnitudes of the
coefficients of the exponential terms in the decay. For the purpose of illustrating the
range of excess carrier concentrations over which the fundamental frequencies may be
measured an impulse of light N,6(t), with a single wavelength and a energy slightly
greater than the bandgap, is chosen to represent the light source. In the limit of weak
absorption, an impulse of light 6(¢) generates a uniform excess carrier concentration
in the semiconductor material where An(0) and Ap(0) are equal and represent
the photo-excited excess carrier density. The relative change in conductivity of
sample wafers of different resistivity when photo excited defines a criteria for decay

detection by a microwave or inductively coupled detector. Low resistivity p implies
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high conductivity ¢ and the relative change Ao /o may be small.
d/2
Ao = /_ (0l 0+ 1390z, ) (5.33)

For sufficiently small Ap(0) ( n-type silicon ) the contribution to conductivity in
the majority band is negligible as opposed to the sudden increase in minority carriers
above the equilibrium concentration in the minority band ( for n type Ap(0) << 7y,
). As the photoconductivity perturbation Ac is small compared to the wafer con-
ductivity, the time dependence of the microwave signal is the same as the average
excess carrier density Apg,(z,t) proportional to Ac. Although the microwave re-
flectance is a non-linear function of wafer conductivity, the above is true for high
(p = 0.2Qcm?) and low (p = 100Qcm?) conductivity samples considered here where
the values in brackets represent resistivity. The difference is that for high conduc-
tivity wafers, high order modes of decay Luke [28] (m >> 1) decay much faster and
are not observed by the microwave system. As the excess carrier concentration is
increased the contribution to conductivity of the majority band is not negligible and
both carriers contribute to the conductivity Ao as in Eq. (5.33).

After the optical excitation pulse in the absence or low concentration of discrete
levels (trapping centers), the decrease in the average minority carrier concentration
and subsequent observed decay is determined by bulk and surface recombination and
diffusion of carriers to the surfaces. The average carrier concentration, proportional
to the sheet conductance of the wafer, decays with a characteristic time constant 7,
for a given surface recombination velocity S >> 1 ¢m/s. This volume integrated
concentration is measured by the microwave reflectance photoconductance decay
method Luke [28]. Equation (5.31) represents the impulse response with &£ + 1
fundamental frequencies due to £ = 2 multiple defect levels in the bandgap for
S = 0, indicating that only the three fundamental time constants are involved in
the decay.

Analysis of the decay for 74, the fundamental time constants, is performed using



5. Multiple level Defect Species Evaluation from Average Carrier Decay 92

a multi-transient technique as mentioned in Chapter 2. Multi-transient analysis
refers to the extraction of component exponential terms from a sum of exponentials
comprising the signal. The methods available as in Refs. [20] [21] [22] present a
means of analysing signals with additive white Gaussian noise. In addition, where
the data matrix and the observation matrix may be subject to noise fluctuations, the
Total Least Squares method Van Huffel [23] (TLS) is employed. This method models
the multi-exponential signal as an autoregressive process. For the present analysis
the TLS method of Refs. [22] [24] multi-transient analysis using Singular Value
Decomposition (SVD) Klema [25] is applied to the analysis of the multi-component
exponential decay.

From equation (5.33), increasing the excess carrier concentration in the sample
means that both An(t) and Ap(t) contribute to the conductivity Ac. However,
from the present work, both quantities contain the same decay constants Eqs. (5.31)
and (5.32). Hence the decay may be analysed for 7 with arbitrary excess carrier
concentration. Ideally the range of excess carrier concentration should encompass
the linear (constant) region and the non-linear region of variation of 7; with excess
carrier concentration. Longer minority carrier time constants (1) indicate lower
defect level effects and an estimate of the linear region of 7, with excess carrier

concentration realises a range of excess carrier concentration before the onset of

trapping.

5.5 Experimental Conditions

Experimental conditions for determining bulk decay are discussed below. Specifically
with regard to a n-type CZ silicon wafer, a uniform excess carrier concentration may
be generated within a sample of 400um thickness Luke [28] by light of a wavelength
of the order of 1 um. For a light source with multiple wavelengths, whether it be

blue light (strongly absorbing) or infra red light (weakly absorbing), a variation in
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generation of excess carrier concentration is expected at the surface with respect to
the bulk. The high excess carrier concentration generated at the surface produces a
long time constant 7;,,, contribution given a good surface passivation. This is due
to trapping at bulk states near the surface (see Chapter 2 Ref. [1] for an explanation
of minority carrier trapping). From equation (5.34) it may be seen that the effective
time constant 7, is that of the bulk states Tsn,¢ away from the surface, which is

shorter.

1 1 1
— = +
Te Tlong Tshort

(5.34a)

Te = Tshort (534b)

Simulations indicate that the infra-red light produces a near uniform excess car-
rier concentration away from the surface in the bulk. The light source produces the
initial condition An(0) = Ap(0) at t = 0. A low surface recombination velocity
may be attained with the Si—Si0, system as in Ref. [30]. A phosphorus surface dif-
fusion (n-type) of Ref. [38] or boron surface diffusion (p-type) of Ref. [39] provides
a surface field that limits the injection of carriers into the surface states. However
it may be modulated by the excess carrier concentration, so the effective surface
recombination velocity is taken to be injection level dependent in Refs. [30] and
[29]. For excess carrier concentrations 1 x 108 ¢cm™3 to 1 x 10'® em™3 an Se; < 50
cm/s is assumed to be attainable with appropriate processing with the Si — SiO,
system for a wafer resistivity of the order of 5 Qcm (5 x 10 ¢m™3 doping density).
The decay of excess carriers may be detected by a contactless microwave as in Ref.

[40] or inductively coupled as in Ref. [41] photoconductance measurement.

5.6 Experimental Results

The following is the author’s experimental results. As indicated in the introduction

three candidate complexes are considered for assessment as to the unusually long
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lifetime of the CZ silicon sample by application of the theory developed in Chapter
4. This theory describes the decay due to pulse of light for the coupled levels system
in terms of the fundamental frequencies A\; = 1/, A = 1/75 and A3 = 1/73. The
first defect complex is the carbon interstitial - oxygen interstitial C; — O; complex
Ref. [36], the second is the vacancy - oxygen V — O complex Ref. [36] and the third
is the phosphorus donor (n-type) and the ground state of the V — O complex or
C; — O; complex Ref. [35]. These complexes have energy levels near the band edges
which may give rise to the long lifetime.

The resistivity of the n-type CZ silicon sample is 5.5  ¢m which corresponds
to a doping concentration, Np, of 8.34 x 10* ¢m™3. An n* surface diffusion is
performed as in Ref. [38], followed by an oxidation step. The thickness of the wafer
is 411 pm. The photoconductance measurement is performed with an inductively
coupled system similar to Ref. [41] except that the frequency is lower (8-10MHz)
and the light source is a tungsten flash. The major component in terms of intensity,
in a tungsten flash, is infra-red light. This light is assumed to generate near uniform
excess carrier concentration throughout the thickness of the wafer except near the
surface. The dominant time constants are expected to be that of the bulk states
away from the surface (see Section 5.5). Furthermore, the silicon sample is not
subjected to high energy radiation of electrons which would be expected to create
vacancies in the silicon lattice as in Ref. [36].

The first fit of experimental data by theoretical values of 71 and 75 Eq. (5.30),
determined by adjusting excited state defect parameters, is shown in Figure 5.1.
The defect parameters adjusted were the defect concentration Vg, the electron and
hole cross sections, o, and op,; respectively, for the excited state and the electron
and hole cross sections, 0,4 and o, respectively, for the ground state, shown in
Table 5.1. Energy levels for this coupled state system correspond to the carbon
interstitial - oxygen interstitial complex (C; — O;) Ref. [36], with E. — E, = 0.04

eV for the excited state, and E, — E, = 0.84 eV, for the ground state. From Figure
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Figure 5.1: A graph of 77 = 1/A;, 72 = 1/)X; and 73 = 1/); for the excited state
system of C; — O; (carbon interstitial - oxygen interstitial) versus excess carrier
concentration An(0) = Ap(0). The doping concentration Np of the sample is 8.34 x
10 ecm™3. See Table 5.1 for defect level parameters. Continuous line: Fit of 7, and
79 determined from the characteristic equation, to the experimental data. Circles:

Experimental data for n-type CZ sample 6.1.



5. Multiple level Defect Species Evaluation from Average Carrier Decay 96

Table 5.1: Defect level parameters used for the fit of experimental data of the ground

excited state system, for CZ sample 6_1, (carbon interstitial - oxygen interstitial).

parameter ground state excited state

E. — E, energy depth [ eV ] 0.04
E; — Eg4nq energy depth [ eV ] 0.84
N; level concentration [em™] | 5 x 108 5 x 10°

o, cross section holes [ em? | ob, =45x107" | o7 =6.5 x 107°

o, cross section electrons [ cm? | | 0% = 2.5 x 1072 | o7 = 8.5 x 1071®

5.1 the agreement is good for ; and 7, with the adjusted parameters of Table 5.1.
Experimental data for 73 could not be determined because this time constant is very
short.

A fit of theory for the ground excited state system of Table 5.2 corresponding to
the vacancy-oxygen complex (V — O) Ref. [36] is shown in Figure 5.2. Again, the
concentration N, and cross sections of the defect were adjusted to provide as close a
fit to the experimental data with the theoretical values of 7; and 75 Eq. (5.30). The
energy levels for the V — O complex are E. — E; = 0.17 eV for the excited state, and
E. — E4nq = 0.76 eV, for the ground state. From Figure 5.2 agreement is relatively
poor for 7, as the theoretical curve enters a trapping region. This is because at
low excess carrier concentrations the minority carrier is the major contributor to
the decay which corresponds to 7;. At higher excess carrier concentrations the time
constant 7; is becoming longer indicating that for the n-type silicon there are fewer
electrons at the defect levels to recombine with. Hence the minority carrier holes are
accumulating or being trapped at the defect levels. Experimental data points do not
follow this trapping behaviour. It is concluded that the vacancy-oxygen complex is

not a major contributor to the decay. This is to be expected since the silicon sample
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Figure 5.2: A graph of 7 = 1/A\;, 72 = 1/A2 and 73 = 1/)A3 for the excited state

system of V — O (vacancy - oxygen complex) versus excess carrier concentration

An(0) = Ap(0). The doping concentration Np of the sample is 8.34 x 10 cm 3. See

Table 5.2 for defect level parameters. Continuous line: Fit of 71 and 7, determined

from the characteristic equation, to the experimental data. Circles: Experimental

data for n-type CZ sample 6_1.
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Table 5.2: Defect level parameters used for the fit of experimental data of the ground

excited state system, for CZ sample 6_1, (vacancy - oxygen complex).

parameter ground state excited state

E. — E, energy depth [ eV ] 0.17

E; — Egpnq energy depth [ eV ] 0.76

N; level concentration [ em™3] | 2.8 x 10* 2.8 x 10*

0, cross section holes [ cm? ] o2, =75x107" | o7, = 6.5 x 107°
o, cross section electrons [ em? | | o) =2.5x 107" | o7, = 8.5 x 107%

did not undergo radiation with high energy electrons to create vacancies in the silicon
lattice. A fast time constant 73 is shown in Figure 5.2, could not be resolved by the
contactless photoconductance method because the sampling time is too large.

A fit of the experimental data with theory for the phosphorus donor with a

3 and cross sections o, = 5 x 1072 ¢m? and o, =

concentration of 8.34 x 10 cm
5 x 10715 ¢m? Ref. [35] and ground states of the complexes could not be achieved.
The phosphorus donor lies at an energy level E.—Ep = 0.045 eV. The ground states
were E.— F; = 0.17 eV and E.— E; = 0.76 eV, corresponding to the vacancy-oxygen

complex and E, — E; = 0.84 eV, corresponding to the carbon interstitial - oxygen

interstitial complex Ref. [36].

5.7 Discussion

Given a silicon wafer sample with a well passivated surface, the fundamental time
constants 7; and 7, may be determined from the photoconductance decay by multi-
transient analysis. A relatively long time constant is attributed to defect levels near

the band edges. Examples of coupled levels used to fit the experimental data have
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levels near the band edges. A consistent fit to the experimental data is provided
by the C; — O; complex. The vacancy - oxygen complex V — O shows trapping
behaviour which is not apparent in the experimental data. The phosphorus V — O
ground state complex could not be fitted to the data given the concentration of the
doping concentration Np and the much smaller ground state concentrations of the
C; — O; and V — O complexes. Also, the history of the silicon sample indicates
that it is unlikely to have a high vacancy concentration. This indicates that the
V — O complex is less likely than the C; — O; complex. A plot of the fundamental
time constants versus excess carrier concentration may be a method of identifying
a defect species.

The small concentration of the defects (5 x 107® ¢rn™?) determined from the fit,
is consistent with the theory of Chapter 4 for the ground excited state system. The
dip in 7, of the experimental data points, at higher excess carrier concentration, is

attributed to the beginning of Auger recombination.
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Chapter 6

Accuracy of Semiconductor
Multiple-Level-Defect
Measurements Using Deep Level
Transient Spectroscopy and

Lifetime Spectroscopy

6.1 Introduction

In materials’ characterisation, the defect level depth, which is directly related to car-
rier recombination, is predominantly determined from rate equations. A dominant
recombination mechanism (apart from Auger recombination) is Shockley-Read-Hall
(SRH) recombination [2] [3] as described by the SRH rate equations. Strictly, these

rate equations apply to a single-level defect although interpretation of experimental
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data has usually relied on the assumption of a dominant defect energy level. A set
of differential rate equations for multiple discrete levels based on the summation of
the single-level equations is given in [9] and [10]. A recent analytic solution to the
SRH rate equations [1], extended to include multiple defect levels in a first principles
approach, indicates that the equations of [9] and [10] for multiple discrete levels are
correct only in the neighbourhood of the equilibrium point.

The Deep Level Transient Spectroscopy (DLTS) technique of semiconductor de-
fect level depth measurement, first developed in 1974 by Lang [42], is extended in
the present work by including all multiple-level carrier transitions in a full set of
rate equations. The method of solution of the recent analytic solution [1] to the
single-level (SRH) rate equations, is extended to the two multiple level systems,
namely the multiple discrete level system and the ground excited states or cou-
pled levels system. This proposed theory indicates that the accuracy of the usual
method of DLTS measurement is affected by additional defect levels comprising the
multiple-level systems. These two defect systems have a major effect on the mi-
nority carrier and hence the physics of device operation. In the present work the
three-multiple-discrete-level system, using the exact solution in the neighbourhood
of the equilibrium point, provides a clear distinction of the effect between one and
multiple levels on the dominant time constants in the decay. The extended solu-
tion is obtained without approximation for arbitrary excess carrier concentration
below non-degenerate doping, uniform arbitrary doping concentration Ny4 p, defect
energy depth Ej, defect concentration Ny and cross sections o, and o, (for
the k% level). The solution is comprised of an infinity of mono-exponential terms,
the frequencies (inverse time constants) of which are a linear combination of the
fundamental frequencies Agy; = 1/7x41. Expressions for the minority carrier time
constant 7; and time constants 7;.; arising from majority carrier transitions are
derived for m discrete defect levels with k = 1,2,...m (the magnitude of the time

constants is in descending order 7, > 7, > 73 > ...7Tx41). The dominant time con-
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stant is 7 for n-type or p-type semiconductor and its behaviour with excess carrier
concentration indicates the onset of trapping.

This Chapter is organised as follows. Section 6.2 briefly discusses the principle
underlying DLTS. Then a detailed account of the theory related to multiple defect
levels is addressed so as to provide a basis for assessing the impact of additional levels
on the dominant decay time constant 7;. It is the dominant decay time constant
that DLTS measures. Section 6.5 discusses the theory of the SRH rate equations
and how accepted theory which yields one time constant expression 7, is incorrect.
This has an impact on the existing defect level measurement method known as
Lifetime Spectroscopy. Then in Section 6.6 a ‘detailed account of the proposed
lifetime spectroscopy method termed Analytic Lifetime Spectroscopy is given for
the single level case as an illustration of the method. Section 6.7 indicates the
limitations on material characterisation due to theoretical approximations and both
theory and material properties that may lead to erroneous parameter determination

as discussed in the previous sections.

6.2 Existing DLTS

In order to place the extended solution in context, a brief review of DLTS is war-
ranted to see what emerges when it is applied to a multiple defect level system, as
may often exist in practice. In DLTS, a pulse is applied to a device with a depletion
layer, which is reduced in width by the forward bias of the pulse to fill deep levels
with carriers. On application of a reverse bias pulse the depletion layer widens and
the carriers in each band travel to the depletion layer edge in a matter of picoseconds.
Due to thermal emission, carriers in the deep levels are emitted to the respective
band and this is detected as a change in capacitance AC of the depletion layer. The
thermal emission rate determines the decay rate of the depletion layer. In order to

detect the decay rate, a rate window ¢; — t5 is usually employed although similar
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schemes (correlator) are available. At low temperatures the decay rate is slow and
the difference in the decay AC' at times ¢; and t, is small. At intermediate temper-
atures, the difference is greater. However, at high temperatures the decay rate is
very fast as thermal emission is greater and again the difference is small. Hence, a
peak in the emission rate versus inverse temperature occurs. A plot of several peaks,
corresponding to different rate windows, produces a straight line plot with the slope
proportional to the level depth. This plot is referred to as an Arrhenius plot. For
multi-exponential decays rate windows may be selected to resolve the different time
constants resulting in several Arrhenius plots.

As originally conceived, DLTS assumes that the effect of each level may be inde-
pendently determined from the multi-exponential decay of a capacitance transient
with the dominant time constant 7 arising directly from a dominant defect species.
One carrier type is assumed to be emitted from the defect levels. The thermal emis-
sion rate e, , = 1/7 derived from the detailed balance relations is given by Eq. (6.1)
[43].

Uf“pvth(n,p)Nc,’u exp [—AGn)pjl

— (6.1)

€np =

where O':l,p is the thermal cross section for electrons or holes, vih(np) is the thermal
velocity of electrons or holes, N, is the effective density of states for electrons or

holes, g is the degeneracy and AG,, is defined by (6.2).
AG,, = AH,,—TAS,, (6.2)

AG, , represents the change in Gibbs’s free energy required to emit an electron
(hole) from the center at constant temperature. Eq. (6.2) expresses this quantity in
terms of the change in enthalpy AH and the change in entropy AS. By substitution
of the relevant terms, where AG is replaced by AFE, implying no change in entropy

(adiabatic process), an emission time constant 7 results in Eq. (6.3).

g 1 —AFE
= 9 e |ZEE 6.3
T 0% YrpNey T2 exp[ kT } (6.3)
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3
g = 2B, |72 (6.4

with k& being Boltzmann’s constant, m7, the effective mass for electrons or holes
and h is Planck’s constant.

Modulation by a pulse of the depletion layer of a Schottky barrier or pn junction
produces a change in capacitance where the capacitance of the depletion layer is

given by Eq. (6.5).

Clt) = C(0%)exp (-‘T—t) —C., (6.5)

A rate window is defined by t; — ¢, representing two points on the decay curve. A

change in capacitance of the depletion layer may be expressed by Eq. (6.6).

AC(H) = C(ty) — C(ts) (6.62)

e w(@)) e

Differentiating equation (6.6b) with respect to 7 yields the familiar expression re-

lating the rate window t; — ¢ to the maximum emission time constant 7 as Eq.

(6.7).

(6.7)

Laplace Deep Level Transient Spectroscopy (LDLTS) [44] is a mathematical re-
finement of the usual Deep Level Transient Spectroscopy (DLTS), giving better
resolution of the spectral peaks. Although LDLTS is used to resolve multiple de-
fect level depths, it may not lead to the direct identification of the defect species.
However this may be possible in conjunction with other methods both theoretical
and experimental. The DLTS method has limitations on the sensitivity or detection

of low defect concentrations. LDLTS or the usual DLTS uses the concept of a rate
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window to resolve the dominant time constant in the decay. Over a temperature
range a time constant expression containing the rate window Eq. (6.7), which is
proportional to the emission time constant of Eq. (6.1) (7 = 1/enp), is evaluated.
The emission rate e, is related to the dominant decay time constant through this
expression. A maximum emission rate is expected at a particular temperature. This
maximum is related to the defect level energy depth via Eq. (6.3). A plot of several
maxima versus the inverse of the temperature allows the defect energy depth to be

resolved from the slope of the linear plot.

6.3 Accuracy of Existing DLTS

Having discussed the DLTS method, the proposed extended multiple-level theory,
comprising the full set of carrier transitions using the recent method of solution in
Ref. [1], is now applied to the three level system. A review of the DLTS method ap-
plied to the actual resulting time dependent decay and how the rate window scheme
interprets it is examined later in the Chapter. Fundamental frequencies are derived
by scaling the differential rate equations and solving the linear form of the non-linear
differential equations. The detérminant of the matrix of these differential equations,
Eq. (6.8), is reduced to a polynomial of the differential operator D = d/dt, termed
the characteristic equation, Eq. (6.9) [15]. From this polynomial the fundamen-
tal frequencies may be determined as in Eq. (6.10). For m defect levels there are
m+ 1 fundamental frequencies where 7, = 1/, is the dominant time constant. This
matrix concept may be seen in [10] for low excess carrier concentration where the
carrier concentration does not deviate appreciably from the equilibrium concentra-
tion, and so can be neglected. In this case the non-linear rate equations become
linear. For higher excess carrier concentrations the matrix terms are modified as in
[1]. Egs. (6.8) describe the full set of carrier transitions whereas Eq. (6.1) is an

approximation involving only the emission of one carrier type.
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An(0) An(0) An(0) 4
=0 (6.8)

where the ook, Bok, Yor and ogx, with k£ = 1, 2, 3, refer to the near equilibrium case.
The characteristic equation is given by equation (6.9) and may be solved for the
time constants where the coefficients (b, ¢, d, ) are determined from the determinant

of the matrix formed from Eq. (6.8).

[D* +bD° + ¢cD* +dD +e] exp(—At) =0 (6.9)

The fundamental frequencies Ay (inverse time constants) may be evaluated from

the polynomial of degree m + 1 given by Eq. (6.10).

M—bX+cA—dr+e =0 (6.10)

By evaluating the four roots of the polynomial (6.10) the fundamental frequencies
are given by A\ = 1/7, Ay =1/m, A3 =1/m3 and Ay = 1/74.

The square matrix, with the differential operator D in the off diagonal entries as
in the matrix of Eq. (6.8), is of order m + 2. Similarly for the square matrix of Ref.
[10] for the near equilibrium case of two levels. This means that when more levels
are added the order of the matrix increases by the additional number of levels and
the degree of the polynomial or characteristic equation increases correspondingly.
It is important to note that with additional defect levels, the size of the matrix
changes and the coefficients of the polynomial Eq. (6.10) change. Hence, the roots
or fundamental frequencies of the polynomial change. This alters the values of all

the fundamental frequencies. For instance with additional defect levels, 7; becomes
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Table 6.1: Defect level parameters for the analytical solution of time constants from
Egs. (6.8) for the multiple discrete defect level system.

parameter level one level two level three

E.— F; 0.55 0.35 0.25

energy depth [eV]

N, concentration | 5 x 10! 5 x 1010 5 x 10°

o)

o, cross section Op =85x 107 | 0, =85x 1071 | 5,5 = 8.5 x 10712
holes [cm?]

op Cross section 01 =90x10"17 | 6., =9.0x 10" | 0.3 =9.0 x 1071
electrons [cm?]

lower in value, and is not a linear change. Hence the effect of all the defect levels is
not the sum or linear superposition of the individual effects of each defect level.

The main assumption inherent in the multiple-level theory is that the matrix of
Egs. (6.8), which strictly describe the full set of carrier transitions in a field free
region, also apply within the depletion region where an electric field ¢ is present.
Equivalently, the resulting fundamental frequencies (which are the irrational eigen-
values of the linear system [1]) are unique for the given defect level properties (see
Table 6.1) and are independent of the electric field £ being determined by equilib-
rium values of defect level occupancy, cross sections and concentration. Hence, it
may be concluded that the level depths may be recovered from these same funda-
mental frequencies in a field or field free region because they reflect the same level
depths. Although the depletion electric field £ may enhance emission through the
Poole-Frenkel effect [45], the effect is neglected in the present analysis.

In order to recover the true level depths, decay measurements are performed at
constant temperature over a temperature range. The fundamental frequencies Ay
must be resolved using a multi-transient analysis technique [1] from each experi-
mental decay and a set of simultaneous equations formed at each temperature from
the polynomial of Eq. (6.10). Each equation in the set contains a different A. The
coefficients (b,c,d,e) of Eq. (6.10) are determined in terms of the Ag; from the

simultaneous equations. From expressions for each coefficient, found by expanding
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the matrix Eq. (6.8), the level depths may be evaluated from the slope of the plot
of each coefficient in terms of the Agy; versus 1/kT. A graph of linear plots, with
the x abscissa in units of 1/kT, is obtained with the slopes of each line representing
the level depths. This measurement technique is termed Fundamental Frequency
Spectroscopy.

To place the DLTS method of measurement in context with the foregoing multiple-
level theory an example set of three defect levels from Table 6.1 is examined with
respect to the resolution of the levels using the rate window concept. For the com-
bined effect of three levels, the best a rate window can do is to resolve a 7 (Eq. (6.3))
with time constants 7 = 71 and 7 = 7. The time constants 71 = 1/A; and 7, = 1/,
make the most significant contribution to the respective exponential decay term,
whether all three levels or just one level is included in the matrix of Eqs. (6.8).
The fundamental frequencies (A;, Agy; for £ =1,2---m), for the two cases of three
levels (m = 3) and one level (m = 1), are the respective roots of the polynomial of
Eq. (6.10) resulting from Eqs. (6.8) for each case.

3 in a silicon sample, Figure 6.1

For a doping concentration of Np = 5 x 10'3 cm™
indicates the variation of the dominant time constant 7; for the combined effect of
the three levels in Table 6.1, and for each level as if it were the only defect present
in the semiconductor sample. A rate window may be chosen corresponding to the
dominant time constant 7;. Figure 6.1 is a log plot of 7 versus 1/kT, from which
the energy level depth may be recovered from the slope of each line as described by
equation (6.3).

It is seen from Figure 6.1 that level one is resolved as the plot of m; for level
one alone almost coincides with the time constant 7 for the combined effect of
all three levels. In resolving the level there is a relative error of a few percent.
From Eq. (6.10), the next significant contribution to the decay comes from the

component with 7 as the time constant. Examining this time constant, 75, from

Figure 6.2, the combined effect of all levels produces a 75 which does not coincide
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Figure 6.1: A graph of fundamental time constant 7,, from the root of Eq. (6.10)

versus 1/kT, for the combined effect of three levels in Table 6.1 and for the case

of each level in the Table as if it were the only level present in the semiconductor

sample. Solid line: plot of 7; for each level. Solid line with circles: combined effect

of three levels.
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versus 1/kT, for the combined effect of three levels in Table 6.1 and for the case

of each level in the Table as if it were the only level present in the semiconductor

sample. Solid line: plot of 75 for each level. Solid line with circles: combined effect

of three levels.
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with any level except at low temperatures (with a different slope). The closest level
to the combined time constant of 75 is the level one. However, the level resolved
is effectively a ”ghost level” because it does not exist. It is evident that level one
has the dominant effect on the dominant time constant 7; and the time constant 75,
for the combined levels, due to a combination of deep level depth and concentration
(see Table 6.1).

As shown in Figure 6.1 at any one temperature 7 is lowered by the addition
of other defect levels arising from other defects which are electrically active. That
means that since 7y is the dominant decay time constant in both n-type and p-type,
it varies in an unpredictable manner with each semiconductor sample. Without
taking into account all the other fundamental time constants and linear combination
of them, DLTS effectively measures 71, the dominant decay constant, via the rate
window concept. Given a dominant defect species in two semiconductor samples,
but with different numbers of background defect species in each sample, the values
of 77 in each sample will be different. Each DLTS peak will shift in an unpredictable
way if the background defects are unknown. Hence, in the two cases the level is
resolved with an error compared to the case where the dominant defect species level
exists on its own, without any other defect levels present. A similar argument applies

for time constant 7,.

6.4 Discussion

In conclusion the above discussion may help to shed some light on the anoma-
lies arising from interpreting data in experimental methods such as LDLTS which
determine the dominant decay time constant for a given rate window at a given
temperature. In the literature there is a spread of values reported for defect level
parameters such as level depth. This is because a given sample with, for example,

iron as the dominant defect will have different background defect levels to another
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similarly doped sample, resulting in a different time constant 7 as well as different

resultant fundamental frequencies A\g+y = 1/7k43.

6.5 Accuracy of Existing Lifetime Spectroscopy

Although developed for the steady state, the SRH theory has been applied to the
transient case in the neighbourhood of the equilibrium point (small signal) and the
time constant is referred to as 7,. This applies to a single-level defect although
in practical situations multiple defect levels occur. These rate equations have been
applied to the analysis of experimental data assuming a dominant defect energy level.
The literature indicates conflicting partial solutions to the rate equations, notably
the single time constant expression of Ref. [2] which is defined as Eq. (6.11), where
U represents the recombination rate, and expressions with two time constants of

several authors indicated below.
T = — (6.11)

The definition Eq. (6.11) is given without justification in the literature in Ref. [2]
and subsequently.

For the single level case, the equation describing the time evolution of the nor-
malised excess electron concentration, An,n,(t), is a second order non-linear differ-
ential equation and has a cubic power of Any,,,(t) given as Eq. (9) in Ref. [4]. Since
the differential equation for An,,(t) is second order, at least two time constants
are expected in the solution (the eigenvalues of the linear system) for all excess
carrier concentrations less than the Auger limit and the non-degenerate doping con-
centration. The steady state is realized with the boundary condition dn(t)/dt =
0 at ¢ = 0F for electrons in the conduction band ie. the population of carriers re-
mains constant with time. Application of the boundary condition is still expected

to realize two time constants in the solution since the underlying differential equa-
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tion is second order. These two time constants are the fundamental time constants
determined from the response to an impulse (transient solution of Chapter 2 Ref.
[1])-

As mentioned in Chapter 3, in Ref. [2], the steady state is realised by setting
U, = U, given as Eq. 4.1 of Ref. [2]. They define only a single time constant
(Eq 5.2 of Ref. [2] repeated as Eq. (6.11) of this work), 7, implying the solution
of a first, rather than second, order governing differential equation. For a second
order equation to become first order, a zero must be cancelled by a pole of the same
magnitude and frequency as the zero for all excess carrier concentrations. A zero
that is not cancelled should be realized in the solution. It is shown in Figure 6.3
(from Chapter 3) that the time constant 7 = Tggry is approximately equal to the
dominant time constant 7; for only part of the range of excess carrier concentration.
Furthermore, the analysis of the numerical solution yields close agreement with the
predicted value of m; for the steady state. Parameters used for the evaluation are
given in Chapter 2 Ref. [1]. Hence the definition of 7 in Ref. [2], as stated above,
yields a time constant expression which is inaccurate.

An existing method of lifetime spectroscopy Rein et al [46] using the SRH ex-
pression for lifetime 7 ( Eq. 5.3 of Ref. [2] ) proposes the following expression ( Eq.
18 of Ref. [46] ) for determining the level depth E. — E; where 7 is the dominant

decay constant for low level injection.

T Ec_Et
In (T> = — 7 + const (6.12)

As indicated in the above the dominant time constant value does not accurately
reflect the effect of a single defect level given there may be other defect species
present in the semiconductor sample. It is an effective lifetime. Figure 6.4 indicates

a plot of Eq. (6.12)
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Figure 6.3: A graph of fundamental time constant 7; and SRH time constant 7 =
Tsry versus excess carrier concentration An(0%). Circles: 71 derived from multi-
transient analysis of the numerical solution. There is a relative error ¢ ~ 30%

between 7 and 7grg in the linear region at 7' = 300 K.
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Figure 6.4: For this p-type semiconductor example, the existing Lifetime Spec-
troscopy technique shows curves for the indicated energy level depths E; — E,. The

temperature variation is from 80K to 400K.
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6.6 Proposed Analytic Lifetime Spectroscopy, Single-

Level

A single level is considered for the purposes of illustrating the method of the proposed
Analytic Lifetime Spectroscopy described below, for low excess carrier concentra-
tion where the deviation from equilibrium is small. Multitransient analysis of the
numerical solution of the governing differential equations has independently verified
the fundamental frequencies predicted by the theory of Chapter 2 Ref. [1].

The following rate equations apply as in Refs. [9] [10] for the recombination via

and emission from the defect level k:

ij%ii) = [efNufi(t)
~Ug Nuen(t) (1 — fx(2))] (6.13)
dp(t) _ p
= [k Nu (1= fi(t)

— U Nep(t) i (2)] (6.14)

where e}, and e}, represent the emission rates for electrons and holes respectively (
for the k™ defect level ) and, v7%, vPvk are the capture coefficients for electrons and

holes respectively. The following are defined to simplify notation used in the text.

Crkixk = € (6.15a)
Corpie = €k, (6.15b)
Crnk = U (6.15¢)
Co = V%, (6.15d)

where Cprp = Vinnonk and Cpr = UgppOpk, With o and opg, the cross sections for

electrons and holes respectively. The quantities vy, and vy, are the average thermal
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velocity of electrons and holes respectively, and

E.—-FE

M = Ncexp (—(—kj;——tfl> (616&)
Eg — B,

pix = N,exp (——( tkkT )> (6.16Db)

For the present let m = 1 signifying one defect energy level. The excess electron
concentration An(t) and the excess hole concentration Ap(t) are written in terms
of normalised excess carrier concentration An,,,(t) and Ap,,,(t) respectively. The
defect level electron concentration N;f(t) is written in terms of the departure from
equilibrium N;Af(t) and the equilibrium concentration N, f,. The electron and hole
concentrations, and the defect level concentration may be written as follows from

Chapter 2 Ref. [1] with N; being the defect level concentration:

n(t) = Anpm(t)An(0) + np, (6.17a)
p(t) = Apum(t)Ap(0) + Ppo (6-17b)
Nif(t) = NAF(t)+ Niefo (6.17c)

with the corresponding equilibrium concentrations n,, and p,, and where at

equilibrium the electron occupancy of the defect level is f, = f(07) given in terms

of pp, by:
P1
fo = 6.18a
ppa + y 51 ( )
and in terms of n,, by:
Tpo
y = ———— 6.18b
f Npo + m ( )

A charge neutrality relation indicates the conservation of charge with time.

Apnn(t)Ap(0) = Anpn(t)An(0) + NAf(2) (6.19)
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N;Af(t) may be written as An,(t) with An,(t) being the defect level excess electron
concentration. By rewriting the charge neutrality relation with An(0) = Ap(0),
the valence, conduction and defect level electron concentrations may be directly
compared since the three quantities are normalised or scaled to one injection level
An(0).

Any(t)

Appm(t) = Anga(t) + An(0)

(6.20)

The differential equations (6.13) and (6.14) are scaled Ref. [32] by a normalising
factor An(0) = Ap(0) where Angy,(t) and Ap,n,(t) represent the scaled electron
and hole concentrations. It is shown that the non-linear terms in the rate equations
for An,m(t) and Apnn,(t) go to zero at some time ¢ = 5. The resulting differential
equations contain terms in only A,.;. As there are m + 1 equations and m + 1
unknowns the equations may be solved for the fundamental frequencies A, ;. From
equations (6.17) and (6.19) the SRH rate equations of Ref. [4] may be written for

m = 1 in normalised form as Eqgs. (6.21) and (6.22).

3 dAN,, (1)

dt = Anunm(t)(v0 — 0o)

Jo
- mNtkAfk(t)

- nthkAnnm(t)Afk(t) (621)

3 dAppm(t)

7 = Apum(t) (o — o)

Bo
+ mNtkAfk(t)

+ CpthkApnm (t)Afk (t) (622)

where:

Dik Dpo + D1k
ay = C,N, + 6.23a
° P tk{ppo + D1k Nix } ( )

g
By = C,Ny{ProrPik ~ Piky (6.23b)
tk
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Npo + N1k
= C,N a 6.23
i tk{ po +n1k M Ni J (6.23¢)
oy = CnNtk{_—"npo * nlk} (6.23d)
Nix

with C,, = vn0, and C, = vip,0, being the capture coefficients for electrons and
holes respectively. ‘
The following solution of Egs. (6.21) and (6.22) is derived for Anpm(t), Appm(t)

respectively and via the charge neutrality relation A fi(t).

Annm(t) = Y N jexp(—idt — jhat) (6.24a)
g

Apun(t) = D> Pijexp(—iMt — jAot) (6.24b)
i

= > 3 Fjexp(—iMt — jlot) (6.24c)
=0 5=0

The characteristic equation (6.16) formed from the scaled differential equations
(6.21) and (6.22) where the non-linear terms go to zero at time f;. Measurement
of the fundamental frequencies A; and ), (inverse time constants) from the decay

allows the determination of (cg + ) and (aoyo — 0ofs) as indicated below.
A2 — (ag +70) A+ (@010 — 90f) = O (6.25)

The frequencies A\; = 1/7, and A\, = 1/7_ by comparison with Ref. [5] are given as

Eq. (6.26).
- 2
A= lmEn [y (1 _ 4%%_00!30) (6.262)
2070 — 00fo (a0 + 7o)
_ 3
Ny = 1 oo+ 1 — (1 _ 40070 Uo,[jo) (6.26b)
2 a9 — 00fo (a0 +70)

The linear (constant) region of variation of fundamental frequencies A; 2 with

injection level or excess carrier density is defined by Eq. (6.27) It is the linear region
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that is independent of excess carrier concentration. For the proposed Analytic Life-
time Spectroscopy method the frequencies A; and A; as determined in this region
allows the direct application of Eq. (6.25). An upper limit for the linear region (con-
stant) of excess carrier density exists and is referred to as An(0)critical, as evaluated
in Chapter 2 Ref. [1].

dAi 2
dAn(0)

(e}

(6.27)

Re-writing Eq. (6.25) and substituting the values of the fundamental frequencies
A1 and A; determined from the measured decay yields an expression developed below,

that allows the evaluation of the level depth.

- — (@0 + 70) A1 + (200 — 90/0) (6.28a)

-3 — (@0 + 70) A2 + (2070 ~ 70/0) (6.28b)

Equations (6.28) are solved for (ag + o) and (agyo — 00fp) in terms of A; and Ao:

-2 1
-A2 1
(a0 +70) A (6.29a)
-\ =M
ESVNY
(a0 — @0fo) = A (6.29b)
where
A = d-X\ (6.29¢)

Expressions for (ap+ 7o) and (agyo — 00fo) are formed from Eq. (6.23), yielding

the following.

_ gn
Cn(Npo +11) = CN A= )= CNiT, (6.30a)
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— Ip
Colopo+2) = G Ty Coig, (6.30b)

where:
gn = (a0 +7%)CaNe (1~ fo) — (a0Y0 — 00f50)
—[CoN, (1= £,)]? (6.31a)
g = (00 +7)CpNifo — (a0 — d0f0)
— [CoNL o) (6.31b)

and at t = 0" from Egs. (6.21) and (6.22) with Af(0") = 0:

_ 4B (1) = C,N;(1-f,) (6.32a)
dt t=071
_ 4Apum(t) = C,N.f, (6.32b)
dt t=071

By dividing Eq. (6.30a) by Eq. (6.30b), yields an equation (6.33) that is the

basis of the proposed Analytic Lifetime Spectroscopy.

E. - E,
kKT

In(gs) = +1In [gﬁ&gp} (6.33)

Cyp Ppo

The quantity g, expressed as Eq. (6.31a) in terms of measured quantities from
the decay, such as (g + o) and (aoyo — 00/fo) in terms of Ay and A,, and dn(t)/dt at
t = 0" as given by Eq. (6.32a). This quantity is plotted against 1/kT as indicated
by Eq. (6.33) and the slope of the plot yields the level depth E, — E;. Figure 6.5
indicates a number of plots of simulations of various single level depths.

However, this implementation may not be realised in a practical sense over a
wide range of temperatures and requires low excess carrier concentrations to remain

in the linear (constant) region.
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Figure 6.5: For this p-type semiconductor example, the Analytic Lifetime Spec-
troscopy technique shows curves for the indicated energy level depths E; — E,. The

temperature variation is from 20K to 400K.
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6.7 Limitations on Materials Characterisation

As indicated above, the limitations on material characterisation using the existing
method of lifetime spectroscopy of Ref. [46] become apparent as follows. As out-
lined in the Introduction, from a theoretical standpoint the lifetime expression 7 for
the dominant single level model is approximate. Furthermore, from both a theoret-
ical consideration as indicated and the differences in background defect species of
physical semiconductor samples known to be predominantly doped with one defect
species, the dominant time constant in the decay is influenced by the other defect
species present in the semiconductor sample.

As indicated in Section 6.6, the new Analytic Lifetime Spectroscopy is based on
theory which is an extension of the single-level theory developed in Chapter 2 Ref.
[1]. A multitransient analysis of the numerical solution yields very good agreement
with the theoretical prediction of the fundamental frequencies A; and A, for the single
level case. This independent verification of the theory, derived from the differential
rate equations determined from first principles, and the Shockley-Read-Hall rate

equations, confirms the properties of the above solution.

6.8 Discussion

The Analytical Lifetime Spectroscopy method presented in this Chapter has a sig-
nificant advantage over the present Lifetime Spectroscopy method. The advantage
is that variables resolved by multitransient analysis from the measured decay may
be plotted against 1/kT to determine a single-level defect level depth without ambi-
guity. With Lifetime Spectroscopy from Figure 6.4 a plot (linear part) for a level in
the lower half of the bandgap intersects that of a level in the upper half. Effectively
the two level depths cannot be distinguished from one measurement technique. In

effect Two defect level depth measurement methods are required to identify the level
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depth and which half of the bandgap the level resides (see Rein et al [46]). It is clear

from the graph of Figure 6.5 for Analytic Lifetime Spectroscopy that the level depth
represented by the slope of the plots (linear part indicated by a level depth) does
not have this ambiguity as there are no intersections. Only one measurement and
one wafer is required to determine level depth making the procedure very straight

forward and simple. This is a very practical outcome of the new theory.
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Chapter 7

Conclusions

7.1 Discussion

Initially at ¢ = 0%, for the situations examined in this thesis An(0) electrons and
Ap(0) holes are uniformly generated in the material. Expressions for the minority
(1) and majority (73) carrier decay time constants are derived without an approx-
imation at a given temperature for arbitrary excess carrier concentration, doping
concentration Ny4 p, defect level concentration N, cross section o,, and energy
level E;. The transition from low to high injection is also given. A general analytic
expression for the carrier decay An(t) for ¢ > 0% derived from the rate equations is
represented by an infinity of exponential terms, the frequencies of which are linear
combinations of the two fundamental frequencies A\, and A\;. These frequencies are
attributed to minority A, and majority A\, decay frequencies ( inverse time constants
). Very good agreement is found between the decay frequencies A; and A, for the
theory presented and by TLS multi-transient analysis of the numerical solution,
at one temperature. This independent verification of the theory derived from the
Shockley-Read-Hall rate equations confirms the properties of the above solution.

Further, the solution represents the impulse response as the exponential terms are
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the response of an infinite sum of linear systems.

From a theoretical standpoint, the SRH lifetime expression 7 for the dominant
single level model, is shown to be approximate. The existing interpretation of ex-
perimental data relies on one time constant 7, (steady state case) or 7, (bulk decay
- transient case) derived from the definition Eq. 5.2 of Ref. [2] (repeated as Eq.
(3.1) here). Figure 3.1 and Figure 3.2 indicate that for low injection the SRH time
constant expression, applied to both the steady state and transient situations, does
not adequately reflect the actual decay. It is the low injection region that is com-
monly used to interpret experimental data and determine defect level parameters.
Whereas at high injection 7; is adequate to model recombination and trapping, at
low injection 7 is also required as the magnitude of the coefficient can be significant.
For the steady state, in low injection the frequencies are the same as the transient
case. From the above it can be seen that the single SRH time constant expression is
not sufficient as an approximation and it lacks the provision for predicting general
behaviour. Deviations could be at their most significant when the magnitude of
the coefficient, of the exponential terms of the minority and majority decay time
constants, are similar in magnitude.

Furthermore, the recent general analytic solution of Chapter 3 (also published
elsewhere Debuf [1]) applied to the steady state, together with the TLS analysis of
the numerical solution, confirms the presence of at least two time constants in the
decay. This unifies the existing solutions of the rate equations in the literature, as
expected from inspection of the second order differential equation (3.3), for small
departures from the equilibrium carrier concentration where the transient and steady
state solutions are identical.

Using the method of solution developed in Chapter 3 Ref. [1] it is shown that
the differential rate equations derived for the two-defect-level systems are consistent
with the numerical solution of the rate equations. The linear form of the rate equa-

tions predicts fundamental time constants which agree with those determined from



7. Conclusions 127

the analysis of the numerical solution. As previously mentioned, the analytic solu-
tion to the differential rate equations for the multiple defect state systems indicates
an infinity of exponential terms, the frequencies of which are a linear combination
of fundamental frequencies. The fundamental frequencies are derived from the lin-
ear form of the rate equations without an approximation at a given temperature
for arbitrary, excess carrier concentration, doping concentration N4 p, defect level
concentration [V, cross section o, , and energy level E;. The transition from the
linear to non-linear variation of fundamental frequency with excess carrier concen-
tration is also given. Trapping behaviour of the minority carrier 7; is discussed and
a measure of semiconductor quality is proposed based on the value and behaviour
of ;. Expressions for the minority (71) and majority carrier decay time constants
are given. There is no priori knowledge of the number and value of time constants
in the numerical solution. This independent verification of the theory, determined
from the first principles derivation of the rate equations, confirms the properties of
the above solution and the method of multi-transient analysis.

The fundamental theory of transient decay due to the two-multiple-defect level
systems given in the present work may find a wide range of applications. Some
of these applications may be comparing the quality of crystalline silicon, polycrys-
talline silicon and cast silicon in the case of solar cells. Further, the effectiveness
of different experimental techniques may be refined with the measurement of the
fundamental decay time constants associated with multiple defect levels. Hence a
uniform interpretation of defect level parameters across the techniques may ensue.

This work introduces the solution of the carrier continuity equation which in-
cludes multiple defect levels in the carrier recombination terms. The recombina-
tion term is expressed as an infinite number of exponential terms with frequencies
which are multiples of fundamental frequencies. The resulting expressions for the
excess carrier concentrations Ang,(z,t) and Ap,,(z,t), may be readily formulated

by analysing the decay for a well passivated surface (S = 0) for 7, and 7», the fun-
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damental time constants. Simplifications are made which reflect the experimental
situation envisaged to carry out a simple contactless photoconductance decay mea-
surement. A silicon CZ wafer with both surfaces well passivated is shown to yield
consistent experimental time constants, with an exact theory.

Existing experimental data are largely interpreted using the time constant ex-
pression 7 derived by Shockley, Read and Hall in Refs. [2] [3] and for multiple levels
with approximations, as indicated in the introduction. The current work seeks to
address the anomalies arising from such an interpretation in terms of the defect
level parameters such as level depth, using exact theory developed recently. The
accuracy of the existing measurement techniques, DLTS and Lifetime Spectroscopy,
is demonstrated and the limitations of each method presented. A proposed Analytic

Lifetime Spectroscopy for a single level defect is outlined.

7.2 Concluding Remarks

The fundamental frequencies uniquely identify the defect level properties of capture
cross section o, ,, level concentration N; and energy E;, as a signature of time
constants. The numerical solution at temperature 7;, excess carrier concentration
An(0) and doping concentration Ng4, indicates the evolution of the decay with the
given defect level parameters and indicates that the theory is consistent having
been derived without approximations and independently verified by a multitransient

analysis of the numerical solution.
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Appendix A

Evaluation of n,(tg) and ny(%o)

For low injection 7, (to) and n,(to), at to = 0% are both zero. It remains to find a value
for 1, (to) and 7, (to) at to = ;. Firstly a relationship between the differential terms in
equations (2.27) is established and subsequently an expression for 7,(t;) is developed.
Secondly having determined an expression for 7,(¢;) in terms of the excess carrier
concentration An(0), a critical value of excess carrier concentration An(0)criticar may
be evaluated. This value represents the transition between the linear variation of
fundamental frequency with excess carrier concentration and the non-linear variation
with 7,(to) = 0. A requirement for the selection of 1,(t;) = Af(t:;) = Anpm(t:) is

found from the charge neutrality relation Eq. (2.18) with Ap(0) = An(0) as follows.

Apum(ts) = <1+ Aﬁo))mm(ti) (A1)

where,

¢ = (* m) (42

Equating coefficients on both sides of Eq. (A.1) considering the first two compo-

nents.

N,
PlO = <1+ : )NIO

N,
Py = <1+ : )Nm (A.3)
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Now, multiplying the first equation of Egs. (A.3) by A; exp(—A;?;) and the second

equation by Ag exp(—Aqt;) yields

it N, it
Plo/\le Mt — <1+V(to)> Nm/\le Arts

N,
P01)\26_’\2“ = (1 + V(to)) Nm)\ze_’\”" (A4)

Summing the left hand side of Eqs. (A.4) and equating that to the sum of the right

hand side results in a relationship between the differentials as follows.

- (v am)

dApum(t)
dt

(A.5)

to=t; to=t;

Having established this relationship equation (2.28) may be solved for 7,(¢;). The

value of 7,(;) is evaluated from Eq. (2.27).

(¢a0 — Bo) — (70 — %) (A.6)

nn(ti) ¢An(0)(1 — ¢) (Cn + Cp)

where g, fo, Yo and oy are given by Eq. (2.22). Solving the following quadratic
resulting from equation (A.6) with 7,(¢;) = 0, corresponding to the linear region
of variation of ;2 with An(0), indicates the onset of the non-linear region. For

An(0) > 0, the onset of the non-linear region is termed An(0)criticai-

0 = An*(0) (a0 — fo) — (Y0 — 00))
+ A’I’L(O) (Ntao - Nt’)’o + 2Nt0'0)

+ Nt20'0 (A7)

Note also from Egs. (2.28) and (A.2) the following may be established for ¢;:

1
t; = —m In (7 (t:)) (A.8)
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Appendix B

Derivation of an Analytic Solution

for Anpm(t), Appm(t) and Af (t)

More formally the non-linear equation (2.36) may be written in the following form
given r,(¢) and ¢, (t) where An(t) = Anp,(t)An(0)

L) s raan) = @) (®.)

where A f(t) is the non-linear occupation function.

mm(t) = (v —00) — CaN;Af(2) (B.2)

gn(t) = ooN:Af(t) (B.3)

An analytic solution for An(t) may be written as follows (see Kreyszig [47]).

An(t) = e Im®d (/ gn(t)ed ™O%gt C’) (B.4)

It is assumed that the non-linear function Af(t) may be given by A;f(t), Eq.
(2.33). A solution of equation (B.4) is obtained by substitution of A;f(¢) and eval-
uating the indefinite integral by repeated integration by parts. An infinite sum of
exponentials with exponents a linear combination of the fundamental frequencies

and )\ is revealed for An(t) ( Eq. (B.10) ).
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The solution of Eq. (B.4) is briefly outlined as follows. let,

CnI;/tlF]Qe—Alt+ Cn1:2§FQ] e~ M2t o

In(t) = /UoNt (Froe™ + Fyie™??) elro—o0)te dt
(B.5)
and
Ir_n(t) — e—frn(t)dt
— (a0t R Mt R Rty (B.6)

such that, where C is a constant of integration to be determined by the boundary

conditions.
An(t) = IOl +C) (B.7)
and performing the integration by parts for the first term of I ,(t) as follows,
I = / udv
= uv— /vdu (B.8)
where,

CnI:iF]Qe—Alt+Cn1:;FQ] e~ oty o

u = e (B.9a)

dy — ecnlziFm e—A1t+Cn1:;F01 e~ ot (_CnNtFme—,\lt _ CnNtFOIe——/\zt)
(B.9b)
. - 00NeFlo  (ro-oo)-rxt (B.9c)
(70 — Uo) - /\1)
dv = el(o—o0)=An)t (B.9d)

Multiplying equation (B.5) through by I (¢) and collecting terms yields an ex-
pression for An(t) where Rg,,(t) is an integral which may be further integrated by
parts. The equation representing the function An(t) is given by Eq. (B.10) indicat-
ing a series of exponential terms which on further integration goes to an infinity of
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terms. Effectively the integration is performed until the magnitude of the remainder
( Rgyz(t) ) is less than some e. The constant of integration C' is evaluated at the

end of this section.

An(t) = ¢1pFw0 {6_’\” + Y20 F10 [6_2’\‘t + 3 Fio (€7 + Ri11 (1)) + 5 Fou (6—(2’\‘“2” + R112(t))]

+ ¢?1F01 [e—(/\1+/\2)t + ¢31F10 (e—(2/\1+/\2)t + Ryoy (t)) + 1[1;121701 (e—(/\1+2/\2)t + Rlzz(t))]}
+ ¢p1 For {6_'\” + e For [6_2'\2t + 13 For (€73 + Rana(t)) + ¥ Fio (6—(’\‘+2’\2)t + Rzm@))]

+ 11 Fio [6_('\1+'\2)t + 95 Fio (6_(2'\1+'\2)t + Rzu(t)) + P Fo1 (6_(’\‘+2’\2)t + R212(t))] }

+I2(t)C (B.10)
where
o0V
no_ b B.11
Y (Yo — 00) ~ (A1 + jA2) ( )
C,N;
no_ t B.12
Y (Yo — 00) — (A1 + jA2) ( )

Consider now the second non-linear expression Eq. (2.37) for App,(t) which

may be similarly written in the following form with Ap(t) = Appm(t)An(0):

20 (080) = 4,00 ®.13)
where,

rp(t) = (a0~ fo) + CoNAS(2) (B.14)

() = —BoNAS(2) (B.15)

An analytic solution for Ap(t) may be written as follows (see Ref. [47]).

Apt) = e IO ( / G (t)e! ’P(t)‘”dt+0> (B.16)

Similarly an analytic solution for Ap(t) is available by integrating equation (B.16)
by parts to reveal an infinite series of mono-exponential terms with inverse time
constants, a linear combination of the frequencies A; and As.

Ap(t) = ¢foFuo {6_'\” — 5 Fio [6_2'\1t — 5 Fio (6—3'\1t + R111(t)) — ¥5, Fo (6_(2'\1+'\2)t + Ruz(t))]

— P Fy, [e—(A1+A2)t — Y8 Flo (e—(2/\1+/\2)t + R121(t)) — P, Foy (e—(A1+2A2)t + Rm(t))]}
+ o8, Foy {e—/\gt Y, Fo [e—2z\2t — Y8 Foy (e~ + Raa(t)) — 98, Fio (e—(A1+2Az)t + R221(t))]
— 4P Fig [e—(,\1+,\2)t — 42, Flo (e—(2A1+A2)t + R211(t)) — P, Fo; (e—(A1+2A2)t + R212(t))]}
+I,(t)C (B.17)
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where
_ —Bo Ny
%= - ) (319
A ColVe (B.19)

Y (a0 = Bo) = (iA1 + 7 )2)
From the charge neutrality relation as follows, a solution for the non-linear func-
tion Af(t) should also contain an infinity of exponential terms contradicting the

assumption that Af(t) be represented by A;f(t)
NASf(t) = Ap(t) — An(t) (B.20)

Hence mono-exponential terms containing the linear combination of the fundamental

frequencies should also be included in Af(t) as follows:

Af(t) = Af(t) + yaoe™ 2t + yppe™ M

+ ettt (B.21)
As such the following solutions for An(t) and Ap(t) may be determined.

An(t) = ¢hFoe™" + (¢16¥5 Fio + $5o720) €1 + (910050905 Fio + 50730) €N
+ ( ?01/’301/’31F120F01 + ¢?0 ?11/’31F120F01 + ¢317/’?11/’31F120F01 + ¢31’)’21) g~ (Pl
+ (@7 FroFor + ¢y FioFor + ¢%y11) e~ M2
+ (#To¥ T UTa FroFgy + ¢t vla FroFy + 9519520 5 FroFoy + #1oma) g~ Gut2rt
+ o1 Fore ™ + (95195 Fia + Bav02) €722 + (86,05, %0For + oaves) €~

FRMt) + I5(1)C (B.22)
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and

Ap(t) = @hoFioe ™t + (R0 Fly + dhoyao) €M + (ovhwho Fio + dhova0) €3N
+ (¢‘11)07,/J§07,/J§’1F120F01 + Roh g1F120F01 + dh z1’17’/’311:‘1201:‘01 + ¢‘31’Y21) g~ (Bhathalt
+ (ol FroFor + 65,98, FroFor + ¢, 711) e i H2)f
+ (Fovhivla FioFoy + dhvhivh FoFa + ShwhathaFioFa + $lyns) e M2
+ ¢81F°1e_/\2t + (%17’/}6’217021 + %2’702) et + (%11/132%3F(?1 + %3’703) g3t

+RP(8) + I (t)C (B.23)

Using the charge neutrality relation and equating coeflicients, the factor vy, for

example may be evaluated.

Nyyaoe 2t = (Dho¥h Flo + dhov20) e~ 2t

- (d’?owgoFlzo + ¢go’720) e 2 (B.24)
such that
(oo — dTovi) Fiy
= B.25
20 N; — ¢hy + 5, ( )

Using the notation in the text an expression for N,y may be evaluated and is

equivalent to that derived by equating coefficients of like exponential terms.

(N oWy + Dl Pothe — Plodhoths) Fiy
¢ (B.26)
Ni — ¢y + 65,

Evaluation of the constant of integration C' and confirmation of the method of

Ny =

equating coefficients to realise simultaneous equations, is as follows. Equation (B.10)

may be expressed as Eq. (B.27).

An(t)y = I,t)I.0¢) + I, (@)C (B.27)

™

and the constant C determined at t; = 0% or ¢ty = t; which represent boundary

conditions where the value of An(t) is known.

An(to) — I, (to)Ign(to)

C
I-.(t)

(B.28)
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Differentiating equation (B.27) results in an expression Eq. (B.29) ( with the value
of C Eq. (B.28) included ) which may be equated with Eq. (2.20) and substituting

the charge neutrality relation.

dAn(t) d 1, () 1n(t)]
dt

t=tg t=ty

[An(te) — I7,(t0) Iin(to)]
X [_ (7o — 00) + Cu N, Froe ™% + C, Ny Fyre 2% + .. ]

(B.29)

At tg = t; for example equating like exponential terms for A, yields the following

where 1, (t;) = Af(t:):

. N, g
(Y0 — 00) = A1 — CuNemp(8:)) Nype™% = (Uom + 2C, Ny (Noo + nn(ti))) Fpe Mt

(B.30)
and fori=1, j=1:

. N,
(0= 00) = O+ 42) = Cullin(t) Nse™ % = (ot 4 20, (Vo + () )

X Fne—(/\1+/\2)te

+Cp Ny (N1oFop + No1Fio)

% e"‘(/\1+/\2)ti (B_31)
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Appendix C

Calculation of Coefficients Fjg, Fi

and Nz',j

All coefficients N; ;j and P; ; are a function of Fyg, Fo1, A1, A2 and 7,(t;). Note that
the differentials of the normalised variables Ang,,(t) and Ap,,(t) at t = 01 are
equal to a constant independent of the injection level and derived from equations

(2.20) and (2.21).

dAnm (t)

p” = —CpNi (1= f,) (C.1)

t=0*

dApym(t)
dt

At t = 07, the normalised expressions Eqs. (2.39) are represented by Eq. (C.3),

= —C,N:f, (C.2)

t=0*

given Eq. (C.1).
1 = N+ Ng+eéen (C.3a)
CoN: (1= f,) = AN+ XAoNop + €y (C.3b)
where £ and ¢’ are error terms representing the series:

EN = Nu + Ny + Noz + Niz + Ny

+ N3o + Noz + -+ (C.4a)
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env = (A4 A2) N1+ 2A Nog + 222 N2

+ ()\1 + 2)\2)N12 +--- (C4b)

From equation (B.30) with 7, (¢;) = 0, the values of Fiy and Fp; may be evaluated,

given Njp and Ny, as follows:

[(’70 - 00) - )\1] Nyo

F, = C.5
10 Xngj(vot) + 2CnNt ( )
= — Ao] N,
Fy, [(’Yoa NGO) 2] Noj (C.6)
—LLAH(O) + 2C, Ny

At t = t;, the values of Fjy and Fp; may be determined from Eq. (B.30).

Let ey = 0 and ¢y = 0 and calculate Nyg and Ny, from Eq. (C.3). With an
initial value of Njg and Ny;, the components NV; ; of the series for ey and €}y may
be evaluated by equating coefficients and solving simultaneous equations. Similarly
for Pig and Py, the P, ; for the series ep and € may be evaluated. The coefficients
Nyp and Ny, are re-evaluated from Eq. (C.3) corrected for the error terms ¢x and

el as follows:

Nig+Nop = l—en (C.7a)

MNp+ AeNoy = CoN:(1— f,) — €y (C.7b)

Nio and Ny are re-evaluated, and the N;;, F; and F;; determined from the
simultaneous equations such that the sum of the coeflicients at ¢ = 0 equals one.
Note that at ¢t = 07 the resulting series for NV; ; should yield a value for dAn,,, (t)/dt

given by Eq. (C.1) for arbitrary injection An(0).
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Appendix D

Rate Equation: Quadratic Form

At t = 07 the following quadratic applies for the transient case at hand. As such
the easiest way to deal with this is to do a co-ordinate change so that the Ny term

disappears in the new co-ordinates.
0 = Np+ Nin(0h) 4+ Npn?(0F) (D.1)

Now n(0%) approaches n; the non-zero solution of the above quadratic and using
the co-ordinate change 2 = n(0") — n;, the Ny term is eliminated. In terms of Eq.

(2.42), Eq. (2.1) is written as follows such that for all (3, j) we have:

dN; ; E; -0 —n$— - C,N;® ®o X
EE  EE(T A ) S
+C Ntzz N’J NZE?, (D.2)
where ®; ; is the sum of the cross terms and:
Ny = CuNi(1-f,) (D.3)
N = - ((fyo —09) — CulVy f: zoo: @i,j) (D.4)
iJ

[o ol o]

Nz - CNt

i 7 ’

&)
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Appendix E

Analytic Solution: Infinity of

Linear Systems

It may be shown as follows that the infinite series solution represents the sum of
responses of an infinite number of linear systems to an impulse 6(t). Given the
infinity of exponential terms comprising the solution for Anpm,(t) each N;;E; ; term

may be written as:
uij = NijEi; (E.1)

which is a solution of a linear differential equation with a constant coefficient and
A1 > 0and Ay > 0:

% = —(iA1 + jA)ui (E.2)
As such the infinite series of exponential terms comprising the solution of the differ-
ential equation for Anp,,(t) is a sum of linear responses and the solution represents
the impulse response. Stability for linear ordinary differential equations Stuart [48]

is assured if the eigenvalues —iA; and —j A, lie on the real axis in the left half plane

ie. Re(—iA;) < 0 and Re(—jA2) < 0. This is certainly the case here.
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Appendix F

Differential Rate Equation for

Multiple Discrete Levels

A first principles approach is adopted as in Shockley and Read [2] in deriving the
differential rate equations for carrier transitions via multiple discrete defect energy
levels in the bandgap. The recombination rate for electrons at a discrete defect
energy level is the difference in the rate of electron capture and the rate of electron
emission Ref. [2]. Consider m discrete defect levels where there is no carrier ex-
change between levels. Furthermore, a carrier at the k' level in the range of energy
dEw makes a transition to the k** discrete defect level as shown in Figure F.1. A
rate of electron capture from the conduction band to multiple levels may be ex-
pressed as being proportional to the number of electrons in the conduction band
f(Ew)N(Ew)dEg ( f(Ey) is the electron occupation probability function ) and the
number of holes 3 7* | Ny (1 — fi(Es)) at the defect levels where fi(Ey) is the elec-
tron defect level occupation function for a given k. The constant of proportionality
is 31, cn(Ek, Ex). Similarly the rate of electron emission from the defect levels
to the conduction band is proportional to the number of available empty states

fo(Ex)N(Ew)dEw ( where f,(Ey) = (1 — f(Ey) ) in the conduction band and
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Energy E

............................

N

Figure F.1: Carrier transitions between the k' level in the conduction band and the
k" level defect state in the bandgap.

the number of electrons Y ;- ; Ny fi(Ew) at the defect levels Again, the constant of

proportionality is Yy, en(Ew, E).

dUn = I:Z Cp (Ek, Ekl)
k'=1

m

ZNtk (1— fx (Ew))

X f(Ek/)N(Ek/)dEk/
— D en (Bi, Eo) | | D Nucfe (Bue)
k'=1 k=1
X fp(Ek/)N(Ek/)dEk/ (F].)
where:
Fo(Ew) . (F.2)
k\Ltk = .
1+ exp (Etk_gi‘k(t))
and:
£ (Bw) - (F.3)
k) = .
1+exp (—f—E"' ;g (t))

At equilibrium the recombination rate dU,, is zero and E(07) = Ey where Eyy,

is the k" defect level occupancy Fermi level and E is the equilibrium Fermi level.
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The proportionality constant ¢, (Ey, Ey ) is non-zero for a carrier transition involving
a particular (k, k') pair, otherwise it is zero. From the equilibrium condition, it may
be established that e,(Ejy/, Ex) is also non-zero for the same (k, k') pair since the
occupancy functions are non-zero at equilibrium. Hence carrier transitions occur in
unique pairs (k', k), so that equation (F.1) is only valid for a corresponding pair to
the exclusion of all other pairs. The mathematical equivalent for the discrete level
case where there is no interaction between levels is that the quantities f(Fy) ( and
hence [1 — fx(Ew%)] ) and is an fy(Eu) ( and hence [1 — fi(Eu)] ) are orthogonal
functions with respect to functions of c,(Ey, Ex) and e,(Ey, Fx) Kreyszig [49] as

follows.

dU, = Ofork#Kk (F.4a)

|dU,| > Ofork=F (F.4b)

From equation (F.1) the following may be established from the given equilibrium

condition by summing over all (¥', k) pairs.

[Z en (Ex, Ex)| = {Z cn (Ex, Ex)
k=1 k'=1

m — E.

Substitution of Eq. (F.5) into Eq. (F.1) results in the following integral, similar to

Ref. [2] for the single-level case.

= [ Pie@ (EazEA0)

k=1

X i Nie (1 = fi (Ew))

Lk=1

x| Y cn (Bx, E)
Lk'=1

f(Ex)N(Ey)dE (F.6)

In the conduction band most of the carriers are near E, and so f,(Ey) is nearly

unity.
n(t) = Eoo N(Ekl)f(Ekl)dEkr (F7)
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Together with the following equation expressing n(t) using Fermi-Dirac statistics,
an expression for N, is derived Eq. (F.92a) as in Ref. [2] where f(FEy) is written in

terms of f,(Ew).
n(t) = N,exp (Ef—“]zj,‘—E) (F.8)

When the following substitutions are made together with the orthogonal relation Eq.
(F.4) an average value for ¢, (FEk, Ey) is determined Eq. (F.9c). It is the average

value that is measured experimentally.

(o ¢] Ec _ ,
N, = / exp B~ By N (Ey) dEy (F.9a)
E. kT
Cok = <Y cn(Bp)> (F.9b)
k'=1
where
<Y cn(Ex, Ep) >
k=1
I [exp (E—,;TE-L)] [7_, en (Ei, Ew)] N (Bw) dEy
= (F.9c¢)
N
the resulting equation for the recombination rate U, is as follows:
S By — Ey(t)
n - C"n. 1 7
U, kZ; k [ exp ( T
XNtk [1 — fk (Etk]) n(t) (F].O)
This may be further refined such that with ny, given by Eq. (4.4a):
Un = 3 [CokNex (1 fi (Bug)) n(t)
k=1
— CrniNu. fi, (Byie) 7] (F.11)

Similarly an expression for U, may be derived with py; given by Eq. (4.4b):

U, = Z[Cpthkfk (Ew) p(t)
k=1

— Cpi Ny, (1 — fi (Etx)) 1) (F.12)
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It may be shown that the equations (4.13) and (4.14) may be directly derived from
Eq. (F.11) and Eq. (F.12). Note there is only one recombination rate. The sum-
mation of Ny A f(Ey) over all discrete defect levels is equal to Ap(t) — An(t) from

the charge neutrality relation. From the charge neutrality relation one may write:
< N Y (Eix)
D_ Nu
dt
k=1

and from the orthogonality condition Eq. (F.4) for each & the following is estab-

U, — U, (F.13)

lished:

[Ntkdf (df“c)] = Uni— Uyl (F.14)

where the following are defined to simplify the notation and do not indicate a level

recombination rate:

Unle = Cn (k) Nux (1 — fi (Bw)) n(2)

—_ Cn (k) Ntkf (Etk) Nk (F15)
and:

Uplk = Cp (k) Nu f (Etk)P(t)

— Cp (k) Ni (1 — fic (Bwk)) Pk (F.16)
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Appendix G

Evaluation of n,(tg) and n,(to)

For low injection 7,x(to) and mpyi(to), at to = 0T are both zero. It remains to find a
value for n,.(to) and 7y (to) at t = ti for a k value. Firstly a relationship between
the differential terms in Eqgs. (4.28) and (4.29) is established and subsequently
an expression for 7,x(t;x) is developed. Secondly having determined an expression
for nni(ti) in terms of the excess carrier concentration An(0), a critical value of
excess carrier concentration An(0)criticqr may be evaluated. This value represents
the transition between the linear variation of fundamental frequency with excess
carrier concentration and the non-linear variation. A requirement for the selection
of Nuk(tix) = Af(tik) = Anpm(tix) is found from the expression Eq. (4.24) with
Ap(0) = An(0) as follows.

Appm(tic) = (1 + A]Zt(l;))> Anpm (tix) (G.1)
where for p-type:
_ Nk
o = (1 + An(O)) (G.2)

and for n-type:
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In relation to p-type, equating coefficients on both sides of Eq. (G.1) and considering

the first two components.

. Nk
Py = <1+ An(O)) Nio
_ N

Now, multiplying the first equation of Eqs. (G.4) by A; exp(—A;tix) and the second

equation by Ag exp(—Aat;x) yields

. N, At
Pm/\le_’\lt’k = (1+An?:)))N10/\16 Attik

N

Ppidge™ = (14—~
01426 ( * An(0)

) N01/\26_)‘2t”° (G5)

Summing the left hand side of Eq. (G.5) and equating that to the sum of the right

hand side results in a relationship between the differentials as follows.

. (1 Ntk ) dATan(t)
t=tix

dApnm(t) 4
An(0) dt

dt

(G.6)

=tk
Having established this relationship equations (4.28) and (4.29) may be solved for

a given k for 7, (tix). The value of 7,(t:) is evaluated from Eq. (4.24).

_ (droor — Bor) — (drvor — da00k)
Nk(tix) = 3eA7(0) (1 — ) (Cok +Cl'cpk) (G.7)

where ook, Ook, Yo and oo are given by Eq. (4.15). Solving the following
quadratic resulting from equation (G.7) with An,k(t;x) = 0, corresponding to the
linear region of variation of Agxy; with An(0), indicates the onset of the non-linear
region. For An(0) > 0, the onset of the non-linear region is termed An(0)critical-

For p-type An(0)criticar is evaluated from:

0 = Anz(o) ((cvor — Bok) — (Yok — Tok))
+ ATL(O) (Ntka()k ~ NyYor + 2Ntk0'0k)

+ kaaok (G.S)
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and for n-type, An(0)criticar 1 evaluated from:

0 = —An*0) ((cox — Box) — (Yok — ook))
+ An(0) (Niaor — NekYor + 2Nwk0ok)

+ Ni.ook (G.9)

Note also from Egs. (4.19) and (G.2) the following may be established for ¢;:

1
tik = ‘-mln (nnk(tzk)) (G].O)
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Appendix H

Differential Equations for Ground

and Excited State System

Carrier transitions at the ground and excited states are described the recombination

rates as follows:

df,(t

Nt-fég ) _ Ung — Upg + (UZ, = ULL) — (U, — UZ,) (H.1a)
&) -

Nt dt = Un:z: - Up:z: + (ng - U:cg) - (ng — Uaz;)g) (Hlb)

Expressions for Uy, — U,y and U, — Uy, may be derived similar to that for multiple
levels in Appendix F. Due to the orthogonality relation in Section F only transi-
tions between the ground and excited state need be considered. It remains to find
expressions for Uz, — Uy, and UL, — UL, for the excited state and similarly for the
ground state.

The recombination rate for holes at the excited state is the difference in the rate
of hole capture and the rate of hole emission Eq. (H.1). A rate of hole capture from
the ground state to the excited state may be expressed as being proportional to

the number of holes at the ground level and the number of electrons at the excited
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level. The constant of proportionality is Cf,. Similarly the rate of hole emission
from the excited state to the ground state is proportional to the number of holes in
the excited state and the number of electrons on the ground state. Again a constant

of proportionality is eZ, Ref. [2].

Upe = Ufy = CoNi (1= fo(2)) Nofa(t)

— Ny (1= fo(t) Nofy(t) (H2)

At equilibrium the recombination rate U?, is zero and Ef,(07) = E,(07) = EF
where Ep is the equilibrium Fermi level. From equation (H.1) and equation (F.2)
where in this case the £ level is the excited state, the following may be established

from the given equilibrium condition.

E,-E,
e, = CPexp (—————( T d)) (H.3)
On substitution of Eq. (H.3) into Eq. (H.1) the recombination rate for holes at the

excited state is given as:

Up, —UE, = CENZ[(1— f4() fu(t)

S G R RO EACI U

The recombination rate for electrons at the excited state is the difference in the
rate of electron capture and the rate of electron emission Eq. (H.5). A rate of
electron capture from the ground state to the excited state may be expressed as
being proportional to the number of electrons at the ground level and the number of
holes at the excited level. The constant of proportionality is Cg,. Similarly the rate
of electron emission from the excited state to the ground state is proportional to
the number of electrons in the excited state and the number of holes on the ground

state. Again a constant of proportionality is e7,.

UL U = ChNufy®)N, (1= £o(®))

— €ggNefo (D) Ny (1 — fo(t)) (H.5)
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At equilibrium the recombination rate Uy, — U7, is zero and Ef,(07) = Ez(07) =
Er where Ep is the equilibrium Fermi level. From Eq. (H.5) the following may be

established from the given equilibrium condition.

E,-E;,
ez = Cgu€Xp (—i-k—fg—d) (H.6)

On substitution of Eq. (H.6) into Eq. (H.5) the recombination rate for electrons at

the excited state is given as:

Up ~UZ, = CRNZ[(— £(0) £y(0)

G [ ACEACI Y

A similar analysis may be performed for the ground state. The rate of change of

electron occupation at the excited state from the ground state may be expressed as.

dfga(t)

N,
Ydt

(U;x - Ugg) - (ng - Ugg)

- w2 [ (cpew (BpEmd) von) 0 - @ £0

+ (op+ cpew (B2 ) - 1) 40

(H.8)

Similarly the rate of change of electron occupation at the ground state from the

excited state may be expressed as.

dfzo(t n n » »
Nt%p (ng - Uyz) - (ng - ng)
= w7 | (new (B o) (- 40) £0)

- (en+ oo (- L2222 ) (- 100 0]

(H.9)



Appendix I

Evaluation of 7,4(), npg(tp) and

Mz (10) pr(t())

152

For low injection 7y (%0), Mpg(to) and m,z(to), Mpz(to), at to = 0 are both zero. It

remains to find a value for 74 (%0), 7pg(t0) and 7nz(to), Mpz(to), at to > 0. Following

the derivation similar to Appendix G, the relevant expressions are given below.

For example for the ground state a requirement for the selection of 7,4(t;g) =

Af(tig) = Anpm(tiy) (p-type) is found from the charge neutrality relation Eq. (4.9)

with Ap(0) = An(0) as follows.

N,
Apnm(tzg) = <1+ ! )Annm(tik)

where for p-type:

and for n-type:

= (1 - A%)

A relationship between the differentials is as follows:

dAPpm (1) N, dANm (1)
pdt (1 + An(O)) dt

to=tig to=tig
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Having established this relationship equation (4.19) may be solved for 7,(t;;). The

value of 7,(t;,) is evaluated from Eq. (4.20).

_ (¢010_q - ﬁog) - (¢70g - ¢2UOg)
Mg (tig) = $An(0)(1 — ¢)(Cr, + Chy) (L13)

where gy, fog, Yog and og, are given by Eq. (4.15). Solving the following
quadratic resulting from equation (I.5) with An,,(t;,) = 0, corresponding to the
linear region of variation of A\ with An(0), indicates the onset of the non-linear
region. For An(0) > 0, the onset of the non-linear region is termed An(0)crsticar-

For p-type An(0)critica is evaluated from:

0 = An? (0) ((%g - ﬁOg) - (709 - 009))
+ An(0) (Niong — Niyog + 2Niogg)

+ Nt?’O'og (16)
and for n-type, An(0)criticar i evaluated from:

0 = —An*0) ((cog — Bog) — (Yog = 0g))
+ An(0) (Niaog — Neyog + 2N;00,)

+ Nt"zdog (17)

A similar analysis to the above may be made for the excited state.
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Appendix J

Addendum: Referees’ Reports and
Author’s Comments

J.1 Introduction

This thesis extends the work of Shockley, Read and Hall by presenting a detailed account of
an exact solution to the single-level and multiple-level differential equations describing carrier
transitions via defect levels in semiconductors. The predicted fundamental frequencies derived
from this theory are independently verified by a multitransient analysis of the numerical solution
of the differential equations. This provides a consistent theory or basis for experimental analysis
and modeling. I believe the new theory may enhance our understanding of the effect of multiple
levels in semiconductor devices and may even be used to identify defect species.

The respective referees’ comments, in the following sections, of this Addendum are included
in the present work in an effort by the author to bring into the discussion a balanced viewpoint.
A few major points raised by the referees about the present work may require further investiga-
tion. The defect examples given in the thesis may be somewhat limiting. These examples are
intended to reveal the salient features of the theory presented in the thesis. More future work
is required to demonstrate the theory by exploring the complexity of defect species with a wider
range of defect parameters. The experimental work may require significant development. In this
respect, the theory may lead to the implementation of new techniques of multiple level measure-
ment namely Fundamental Frequency Spectroscopy and, single-level measurement namely Analytic
Lifetime Spectroscopy, described in this thesis. The thesis is heavily reliant on the mathematics
underpinning the theory. This is because the physics of the carrier transitions via defect levels is
described by nonlinear differential equations. The problem then becomes a mathematical one in
terms of obtaining a general solution. These equations present a significant problem in terms of
finding a general solution by virtue of their nonlinearity. This mathematical context may detract
from the physics of the problem to the extent that the readability and comprehension of the theory
can be demanding. A stronger effort to simplify the presentation of the theory may be required.

Nevertheless, it is my view that a large problem can be made more manageable by judiciously
choosing smaller pieces of the puzzle and solving the related problems. The reader may note
that there are three paths leading to the same series solution in the thesis. One is differentiation
of an assumed solution, the second, integration which leads to a series solution and the third,
multitransient analysis of the numerical solution of the differential equations, which confirms the
predicted fundamental frequencies. Furthermore, the physics of a problem can lead to assumptions
which simplify or reduce the complexity in- terms of understanding the phenomena, but at the
same time one has to quantify those assumptions. I believe this is best done by understanding the
relationship between the quantities through a mathematical description so that the variables may
be quantified. This may be said to be just common sense. However, just as the description of the
physics can be misleading via assumptions, so too can the mathematics via approximations. In
this event, several paths leading to the same solution provide a consistent means of understanding
the problem, which in this case is a general solution without approximation to the multiple-level
differential equations.

I would like to take the opportunity to thank the referees for their time and their constructive
comments. I look forward to an extension of the work in the form of improvements in defect level
measurement and refinement of the theory, presented in this work. NOTE: The referees’ comments
were transcribed from the photocopy of the original reports into latex text format.

regards Didier
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J.2 Comments by Referee A

The main objective of this thesis to solve a mathematical problem that is at the heart of semi-
conductor physics, the complex dynamics of electrons and holes mediated by discrete defect levels
within the energy band gap. It is an old problem and it has been investigated quite exhaustively.
Yet, its general mathematical treatment has remained too difficult a task for most researchers.
Mr. Debuf has demonstrated impressive mathematical skills and achieved the goal of obtaining
analytical solutions.

Although I am impressed by the quality of the mathematical work, the thesis contains a serious
misconception of the physical mechanism of minority carrier trapping that, in my opinion, should
be precluded from being passed on to future scholars. I would rate this as a major correction, and
recommend that it be properly addressed in an Addendum to the thesis. The reasons for this are
given at the end of this report.

The main outcome of such an impressive amount of mathematical derivations seems to be that
it is not possible to talk of a single carrier lifetime parameter, because the detailed theory predicts
two time constants to characterise recombination via the SRH mechanism: This in itself is not new,
but Mr. Debuf gives new and ample proof of it. Yet I have reservations about this result being of
much practical significance. The concept of carrier lifetime has proven to be powerful enough to
interpret experimental data and perform device modeling. The fact that it is in general an effective
parameter that represents a host of physical mechanisms (with corresponding time constants) is
well known. It is a fact that the lifetime varies in numerous and frequently unpredictable ways,
and this in most cases is more important than the possible impact of there being two or more
time constants. Nevertheless, the theoretical models in the thesis are powerful tools to study the
complexities of recombination in semiconductors.

The thesis is mathematically overwhelming, but fails to be physically convincing. After read-
ing it, one gets the impression that the physical understanding is inversely proportional to the
mathematical sophistication. Compared to earlier work, which focused on the physics and used
mathematics as a means towards clarifying them, this thesis achieves the opposite, with mathe-
matics becoming an end. In some circumstances the thesis seems to try to bend the physics and
so they conform to the mathematics.

The thesis purports that the physical models for carrier recombination that have so effectively
allowed the progress of semiconductor technology of the last 50 years are wrong and should be
replaced with new methods. Indeed, those physical models have approximations and limits of
applicability and it is worth reminding experts in the field of that. Yet, to make the more accurate
models acceptable would require a much more exhaustive study than is presented here. It is
scientifically unacceptable to base such strong statements on just one case study of one specific
defect level that happens to lead to a 30% discrepancy with the simplified SRH model. This case
is used ad nauseam throughout the thesis (in chapters 2, 3 and 6), together with large chunks of
text and other figures, which, incidentally, makes the thesis presentation quite awkward. Surely
it should be possible to apply the theory to other cases, unless the computations are so time
consuming that they can only be performed once or twice during a whole PhD research ?

A serious assessment of the exact solutions in this thesis compared to the simpler models is
lacking. It is obvious that the error depends on the specific parameters of the defects and that the
simple models are perfectly adequate in many cases. A systematic study, perhaps similar to that of
Rein (reference [46]), would be necessary to make the arguments of this thesis more convincing and
clarify what their real significance is. As it stands, I am afraid that Chapter 3 is not a scientifically
sound discussion of the accuracy of the SRH model. This chapter provides zerc extra information
compared to chapter 2. In page 46 it is said that the time constants (please refrain from using
the word ”decay” in steady-state situations, and amend also section 2.7 in this regard) in the
steady-state case can be difference from those in the transient case. It would be good to show this
by plotting both in the same graph, although it is possible that a different defect center may have
to be chosen to reveal such difference.

Chapter 4 successfully tackles the still more complex problem of several defects simultaneously
present. As shown in Fig. 4.1, the approach taken is that these defects are independent, that is
transitions between themselves are not considered. Once again, the conclusions of the chapter (”it
thus becomes imperative...”, p. 77) are not substantiated by the study of just one example. It
would have been interesting if the detailed model had been compared to the usual way in which
multiple defects are dealt with, by adding the recombination rates (the inverse lifetimes) produced
by each of those centers.

Chapter 5 contains the only experimental results in the thesis, showing the type of work
that would be desirable to consolidate the models. It is a pity that only one wafer has been
measured, because the diversity of situations that can be found in the physical world is enormous,
and their study would have assisted to demonstrate the applicability of theoretical models and
raise some interest among experimental researchers. As it stands, the comparison between theory
and experiment presented in this chapter is not convincing, partially because this particular wafer
shows practically no features of interest (the time constants are practically flat as a function of
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excess carrier density, Fig. 5.1), and also because it is possible to fit almost anything to the
experimental points, considering that there are so many free variables. In fact, the two defect
properties attempted in Fig. 5.1 and 5.2 do a pretty good job at explaining the data, considering
that there are extra reasons for the drop of 7 at high carrier densities than those considered in the
model. (Please choose a vertical axis that allows to see the real quality of the theoretical fit; ten
orders of magnitude makes things look artificially close).

Instead of dismissing the IDLS and TDLS methods (in Chapter 6), the author should consider
more carefully the work by Schmidt, Rein, Macdonald etc., to cite a few, showing that it is not
possible to conclusively identify the properties of a defect using just one wafer (unless TDLS and
IDLS are combined). The Analytical Lifetime Spectroscopy method proposed in Chapter 6 has, in
my opinion, very little value in practice, because it relies on the knowledge of too many, usually
unknown, parameters (density of defects, capture cross sections, etc). This chapter does not explore
in sufficient depth the TDLS and IDLS methods, certainly not enough to show their limitations
(using again the same Fig. 6.4 as in chapters 2 and 3 seems a poor effort).

Finally, I come to the most important point of this report. There are not many instances in
which the author ventures to discuss physics, but there is one (repeated too many times in the
thesis by virtue of word processing, p.28, p.71, etc) where he explains the behaviour of the first
time constant with excess carrier density in terms of carrier trapping. In my opinion, he shows
a misconception of trapping effects, possibly due to the double meaning given to this word in
early literature. In page 28, the author explains the behaviour of 7, shown in Fig. 2.2, in terms of
"minority carrier trapping”. He affirms that at very low carrier densities (the ”linear region”) there
is recombination only, whereas beyond the critical carrier density both trapping and recombination
are at work. In actual fact, it is the other way around; it is well documented that trapping effects
are more important the lower the carrier density is. The "linear region” is actually where trapping
effects are more significant, while the dynamics of carrier retention and release that occur in the
“non linear region” are to be seen, in my opinion (and that of most researchers), as part of the
normal statistics of SRH recombination.

I will use the author’s statement in section 2.7 as an argument to support my interpretation. He
concludes that ”the reason for the discrepancy in the linear region is that in the paper of Shockley
and Read the change in charge density produced by changing the (carrier) concentration in the
traps is neglected”. Indeed, that is so, and this is no other but the definition of minority carrier
trapping, which is discernible because it alters the balance of charge between excess electrons and
holes. So the difference between this thesis’ model and SRH’s is the inclusion of trapping effects,
which results in the observed discrepancy in the linear region (and only there!). Hence it is the
linear region that is affected by trapping, while the recombination only model of SRH is perfectly
adequate to explain the rest of the curve.

I would like to encourage Mr. Debuf to read sections of the excellent book by Blakemore
(reference below). I will paraphrase this book (p. 256): ” What makes the problem so complicated is
that the flaws indulge in both recombination and trapping...they behave primarily as recombination
centers if, after capturing an electron...they capture a hole. On the other hand, the flaw is acting
primarily as an electron trap if it more likely to return the electron to the conduction band”.
Additional clarifications are offered in p. 249: ”..trapping effect, in the sense that the flaws
produce a marked disparity between the excess of electrons and excess holes”, and elsewhere in
the book. I would also strong recommend a correction of the author’s distorted perception of the
physics of trapping in the papers he has submitted for publication. A much stronger trapping effect
than the 30% discrepancy observed by him is frequently found in many types of silicon wafers. Such
strong trapping requires specific theoretical modeling, as discussed by Fan (ref. 6 of the thesis)
and more comprehensively , by Hornbeck and Haynes. Reference to these author is is obliged for
any person seriously interested in understanding trapping effects. I am almost certain that the
author’s model is capable of explaining strong trapping as well, simply by choosing the appropriate
parameters for the defect level. What Hornbeck, Haynes, Fan, Blakemore and others point out is
that such parameters would not lead to that defect being an effective recombination center, which
leads to their models having at least two types of defect (or the same level having a dual role), one
mainly for recombination, the other mainly a trapping center. I would also recommend consulting
some recent papers by Macdonald given below. Of particular relevance is a paper in Phys. Rev.
B that precisely discusses the limitations of the SRH model at low carrier densities, reaching very
similar conclusions to this thesis, although with a simpler approach and clearer physics.

The relevant references are:

¢ J. S. Blakemore, Semiconductor Statistics (Pergamon Press, Oxford, 1962)

e J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955)

e D. Macdonald and A. Cuevas, Minority carrier trapping in multicrystalline silicon, Appl.
Phys. Lett. vol 74 (12), pp. 1710-1712 (1999)
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e D. Macdonald and A. Cuevas, Validity of Shockley-Read-Hall statistics for modeling carrier
lifetimes in silicon, Phys. Rev. B. vol 67, No 15 (II), p 075203 (2003)

Part C

After examination of the thesis I recommend that:

2. The thesis merits the award of the degree subject to minor corrections as listed
being made to the satisfaction of the head of school.
NOTE: the word minor above was crossed out in favour of substantial.
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J.3 Author’s comment to Referee A

General comments:

¢ Section 2.6, Further Aspects of Trapping, was included to expand on the concept of trapping
and encompass the more realistic situation of electron trapping, hole trapping, recombina-
tion and generation. In this section the rates of carrier capture and emission from the
original SRH rate equations define the processes of electron trapping, hole trapping, recom-
bination and generation by means of inequalities. These definitions indicate that the unique
behaviour of 71 in both n-type and p-type semiconductor may be explained as correspond-
ing to minority carrier trapping with increasing excess carrier concentration as discussed in
Section 2.5, for the given example. However, the author feels that the the theory presented
in this thesis is applicable generally.

¢ With the fundamental frequencies either resolved from the measured decay or calculated
from known defect parameters the multiple level defect species carrier transitions may be
modeled exactly as they occur in the real world.

¢ The fundamental frequency A\; = 1/7 behaves in a unique way in both n-type and p-type
semiconductor as opposed to the other fundamental frequencies Agy1. Referee A does not
address this behaviour in the new theory. The author gives an explanation of the behaviour
of 71, which is the primary fundamental time constant.

e With the current effective lifetime theory significant multiple level transition information is
lost as only a lumped effect is given. The new theory presents possibilities of more detailed
defect species analysis by the concept of the fundamental frequencies which present more
information on defect level parameters. This presents possibilities of new research such as
ultra-pure semiconductors with a more detailed picture of multiple level effects.

¢ From Chapter 3 the expression for the original SRH single-level time constant Eq. (5.3) of
[2f] is shown to be incorrect. In effect this expression is strictly an inadequate description
of the physics of carrier transitions for the single-level defect but more so for multiple level
defects. Strictly, the concepts of minority carrier time constant and majority carrier time
constant, in terms of Eq. 5.3 of Shockley and Read [2] often quoted in the literature, also
inadequately describe the physics of minority carrier decay.

Specific comments:

e paragraph 6: Chapter 3 proves that the source of the error resulting in the single time
constant expression Eq. (5.3) of [2], is the definition of recombination U = An/r. This
definition is given in [2] without justification. In Chapter 2 there is no mention of the role
played by this SRH recombination term. As a consequence of the new theory this SRH
recombination term strictly has no physical meaning. Paragraph 3 of Section 3.1 was added
to Chapter 3 to show this inaccuracy. An accurate recombination term derived in terms of
fundamental frequencies of the new theory is given in Chapter 5. As indicated by Referee
A, a graphical demonstration of the steady state and the transient solutions would clarify
the distinction between the two solutions. Figure 3.3 was added to Chapter 3 to show the
difference between the steady state solution and the transient solutions. Furthermore, the
steady state defined in the original 1952 SRH paper by setting the recombination rates
equal, U, = Up, suggests that the slopes of the variation of excess carrier concentration
with time (see Eqs. (2.12) and (2.13)), may vary but steady state is maintained as long
as they are equal. This implies "decay” and as I understand it is the principle behind the
Quasi-Static technique of measurement.

e paragraph 7: Chapter 4 indicates that the fundamental time constants should be derived
from the determinant of the matrix of the governing equations. This is further expanded
in Chapters 4 and 6 on the accuracy of DLTS, which shows that the multiple level time
constants are the roots of a polynomial. The frequencies of the exponential terms in the
series solution are a linear combination of the fundamental frequencies. These frequencies
become very large (very rapid time constant). By summing all the frequencies or inverse
time constants, the overall inverse time constant may be taken to correspond to that of the
shortest time constant (see Eq. (5.34) of Chapter 5). This would give an unrealistic value
for this sum. Hence, the time constant for the overall carrier transitions cannot be modeled
by the summation of the individual inverse time constants.
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e paragraph 8: The Experimental work provides proof of concept in applying the new theory

with given experimental constraints or boundary conditions to identify a particular defect
species in CZ grown silicon. A paper has been accepted for publication (2003) in J. Appl.
Phys.

paragraph 9: The Analytical Lifetime Spectroscopy method presented in Chapter 6 has
a significant advantage over the present Lifetime Spectroscopy method. The advantage is
that variables resolved by multitransient analysis from the measured decay may be plotted
against 1/kT to determine a single-level defect level depth without ambiguity. With Lifetime
Spectroscopy from Figure 6.4 a plot (linear part) for a level in the lower half of the bandgap
intersects that of a level in the upper half. Effectively the two level depths cannot be
distinguished from one measurement technique. In effect two defect level depth measurement
methods are required to identify, the level depth, and which half of the bandgap the level
resides (see Rein et al [46]). It is clear from the graph of Figure 6.5 for Analytic Lifetime
Spectroscopy that the level depth represented by the slope of the plots (linear part indicated
by a level depth) does not have this ambiguity as there are no intersections. Only one
measurement and one wafer is required to determine level depth making the procedure very
straight forward and simple. This is a very practical outcome of the new theory. In Chapter
6, Section 6.3, paragraphs 4 and 5 were added to clarify the application of the new theory
to a practical measurement technique namely DLTS. Here I include a new measurement
method termed Fundamental Frequency Spectroscopy for resolving multiple defect level
depths. This further enhances the application of the new theory to practical problems.

paragraph 10. I agree that trapping effects may be more significant for device performance
at low excess carrier concentrations. This part of the text is intended to explain the unique
behaviour, of 7, of the new theory, with excess carrier concentration in both p-type and
n-type semiconductor. I feel referee A has applied existing concepts of trapping usually
applied in terms of an effective lifetime to explain the behaviour of ;. In my view this
is not appropriate as 7, is not the same as the effective lifetime although they appear to
behave similarly with excess carrier concentration.

paragraph 11. The 30% error in the linear region is not a trapping effect (see also response
to paragraph 13). The new theory takes care of trapping and recombination over the whole
range of excess carrier concentration below non-degenerate doping, so it is not necessary
to think in terms of regions of trapping and regions of recombination. The new theory
provides an analytic solution over this range of excess carrier concentration, arbitrary defect
parameters and arbitrary uniform doping. However, as Referee A points out evaluation of
the theory over such a range with an extensive set of example defect parameters, may be
required to clearly demonstrate the application of the theory.

paragraph 12. I agree that a center may act as both a recombination and trapping center.

paragraph 13. Again the 30% error is not a trapping effect. It is the relative error between
the SRH single time constant and the exact time constant 7; with excess carrier concen-
tration derived from the new theory. This demonstrates graphically that the single SRH
time constant expression is inaccurate and strictly interpretation of the physics of carrier
transitions in terms of this expression is also incorrect. As referee A indicates earlier in
paragraph 3 that for the single level there are in reality two time constants and the physics
of trapping, recombination and generation should be investigated using the full set of time
constants as in Section 2.6 of Chapter 2.
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J.4 Comments by Referee B

Part A
1. Objective

The main objective of this work is the theoretical evaluation of the differential equations describing
charge carrier recombination and trapping via defect centers in semiconductors. The result of this
calculation is compared with the standard Shockley-Read-Hall (SRH) statistics which is normally
used for the description of charge carrier recombination.

The relevance of the calculations is demonstrated on practical examples and a new evaluation
scheme based on the theoretical calculations is presented.

The theoretical derivation of the carrier kinetics via single and multiple defect levels is on a
very high level and shows the thorough working style of the author. Thus, the main objective of
the work is fully met by the author. The very high standard of the calculations and theoretical
analysL;, is rewarded in several publications in journals with a very high standard (Physical Review
Letters).

Nevertheless, the demonstration of the practical relevance of the new model and its application
to the experiment is not absolutely convincing.

2. Originality

The theoretical calculation and the new model of the author are very original, since the use
of the standard SRH model is widespread usually without any critical questions about possible
assumptions underlying the calculations. Thus, the author’s work can have an important impact
on the characterization of defect centers in semiconductors.

3. Presentation

The presentation of calculations and conclusions is clearly written and understandable. Neverthe-
less, since the calculation are on high mathematical level it would have been very good to keep the
reader a bit more motivated by giving more insight in the practical importance of the new model.

Part B

1. Literature Review

The literature review is complete especially in the field of the theoretical background of carrier
recombination in semiconductors.

2. Method

The methods chosen for the theoretical evaluation of the carrier kinetics and the comparison to the
standard SRH model demonstrate the very high mathematical skills of the author. This excellent
theoretical description of physical processes is reflected in the impressive publication list of the
author. However, the analysis of the experimental results using the new model (chapter 5) is
not absolutely convincing. While the principal experimental constraints (surface passivation,...)
are discussed properly, the description of the practical determination of the physical values from
the experimental curve is not appropriate. Only the result of the multi-exponential fit is shown
(Fig.5.1) while the decay curve itself, the fit and especially the error bars of the determined values
are missing. This weakens the conclusions drawn by the author concerning the defect type observed
in the investigated sample.

3. Results and findings

The theoretical findings and results shown in this work are on a very high level. Since the de-
scription of carrier kinetics via defect levels in semiconductors is of great importance, they can be
very significant. Nevertheless, the demonstration of this significance and the deviation which is
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achieved if the standard SRH model is used for evaluating practical measurements is not demon-
strated satisfactory.

4. Discussion of results

As said above, the discussion of the theoretical results is very comprehensive and thorough. In
Chapter 6 the practical importance of his calculations for important experimental methods such as
Deep-Level Transient Spectroscopy or Lifetime Spectroscopy is shown. Nevertheless, this discussion
remains on a theoretical level although especially here it would have been extremely important
to demonstrate the practical relevance by showing the deviation when applying the author’s new
model instead of the standard SRH theory to an experimental example.

5. Style

The writing style is very good and the virtual presentation is good.

Part C

After examination of the thesis I recommend that:

2. The thesis merits the award of the degree subject to minor correctxons as listed
being made to the satisfaction of the head of school.

Corrections:

Fig 6.5: The lifetimes are deceasing with increasing temperature. The opposite trend is observed
in reality. The underlying calculation of this figure seems to be not correct.
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J.5 Author’s comment to Referee B

e Figure 6.4 was amended to reflect the correct slope of the linear portion of the plots in the
graph.

specific comments

e part B 2. see author’s response to Referee A, paragraph 9.

e part B 3 and 4. see author’s response to Referee A, paragraph 9 and 13.
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J.6 Comments by Referee C

Part A

A1l Objective

e A full analytical solution to the widely-used Shockley-Read-Hall (SRH) rate equations for
carrier recombination through defects in semiconductors.

— Transient and steady state illumination conditions;

single-level defect types;

multiple single-level defects

|

single multiple-level defect types;
e Numerical confirmation;
e Demonstration of error in original SRH theory;

e Impact on experimental time constant measurements and on deep level transient spec-
troscopy (DLTS).

The objectives were definitely achieved in a theoretical sense, although the real-world impact
of the differences of the new theory from that which is in general use will need in the future, to be
better demonstrated than in the present thesis. However, the extent of the theoretical development
alone is easily adequate to justify the award of the degree.

A2 Originality

The work is highly original and some may think almost heretical in its challenge to experimental
techniques so widespread and generally accepted and to the theory developed by scientists of such
stature and repute as Shockley.

A3 Presentation

The subject matter is heavily reliant on mathematics and, consequently the thesis is very math-
ematical. I think the candidate should have made more effort, in an engineering thesis, to make
the work more accessible to readers who have not lived and breathed SRH recombination theory
for as many years as he has himself, particularly by greater use of explanatory diagrams, graphs
and tables.

Part B
B(1) Literature Review

The literature referenced in the text is relevant and its coverage minimally adequate. There is
a German language reference cited by [6] that is probably relevant to the early development and
should have been included in the review. However, the reader is faced by a bewildering array of
conditions, approximations and special cases for which approximate solutions have been found in
the past. This could have been clarified somewhat by, for example, tabulation of prior theoretical
work with clear labeling of whether transient or steady state conditions were assumed, type and
number of defect types considered and the resulting expressions in each case. Consideration of such
a table should help the reader quickly grasp the differences and agreements between the various
results and how they relate to each other and to the candidate’s results.

The sentence about Fan’s work (pages 1 and 39) is confusing in that it speaks of two time
constants ”in terms of” three listed time constants. While this is not incorrect, it is also unclear
and the reader deserves an explanation. Fan, in his equations 24, 25 does have two constants
defined in terms of the three listed times. This thesis should either (1) detail how the two are
defined in terms of the three or (2) simply say that Fan’s work yielded two time constants, which
is the important point here.
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B(2) Method

This work uses highly appropriate methods to produce the first complete solutions to these equa-
tions that are of great technological importance. I hope the candidate will proceed to develop
the practical application of his theory and demonstrate convincingly the sorts of cases in which it
is important to consider his more comprehensive model in preference to the erroneous model in
common sense.

I felt concerned about the strict conditions (negligible drift and diffusion) and whether they
are compatible with the oft-repeated ”without any approximation”. However, those conditions are
in the SRH derivation and are not additional conditions in the solution of the SRH equations.

B(3) Results and Findings

The project examines in great detail, from a mathematical and, to a lesser extent, a physical, point
of view. It gives importantly and for the first time, a full analytical solution to the widely-used
Shockley-Read-Hall (SRH) rate equations for carrier recombination through defects in semiconduc-
tors. Transient and steady-state solutions are given for single, single-level defect types; multiple
single-level defects at different energy levels that each interact with the conduction and valence
bands; and single multiple-level defect types whose energy levels each interact with each other and
with the conduction and valence bands. The solutions are verified numerically.

An important aspect of the work is the confirmation that in the simplest case, for single,
single-level defect, the solution of the SRH rate equations contains at least two time constants,
not a single one as was rather arbitrarily proposed in the original SRH theory and is usually
assumed by experimentalists and theorists today. That assumption occurs despite the several
credible prior theoretical developments, cited in the thesis, that have shown the existence of a
minimum of two time constants. The solution is an infinite series of terms whose decay rates are
linear combinations of two fundamental time constants. The thesis shows that the solutions for the
more complicated cases of multiple single-level defect types and single multiple-level defect types
are similarly expressible as infinite series of terms whose decay rates are linear combinations of a
known number of fundamental time constants.

The impact of the acceptance of the original SRH treatment on deep level transient spec-
troscopy (DLTS) is considered and a different method is proposed. Chapter 6 is about inaccuracies
due to multiple defect levels so it is odd that the proposed new method is illustrated in Sect. 6.4
with a single level case.

The work is of great theoretical performance although its practical importance for experimen-
talists still needs to be better demonstrated.

B(4) Discussion of Results

The candidate has demonstrated a full understanding of the work but could probably have pre-
sented it in a form less challenging to the reader with greater use of tables and diagrams. These
results are very important, theoretically and almost certainly also in the interpretation of at least
some experimental results but the present method of analysis is deeply embedded and experimen-
talists will need to see a valid and convincing reason to adopt a change. Even the stimulation of
further research will require the wide acceptance of the practical need for reconsideration of the
currently accepted methods.

B(5) Style

I found the style rather confusing and presumptive of a greater familiarity of the reader with the
details of the subject matter than is reasonable. A more tutorial and gentle treatment, written
as if aimed at a less expert student, say, would have been preferable. Particularly in chapters 2,
4 use could have been made of dot points or, better, flow charts to clarify the solution methods.
References could then be made in the text to such charts to help clarify the explanation.

The style of literature referencing in the thesis is novel and slightly irritating since it spoils the
flow of sentences. If the names of authors are to be given then they should be included as parts of
the sentences, not as if they were in parentheses but aren’t. The Harvard referencing style would
have been a preferable way to incorporate the authors’ names.

Corrections:

There are a number of minor corrections or changes that could optionally be made:
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1. The title page misses ” Engineering” from the School name;

2. p. 5: the "thirty per cent error” refers only to some particular set of parameters;

3. p. 17: the rewriting of (2.20) with inclusion of given terms was obscure to me.

4. p. 18: The mathematical development is obscure and insufficient effort has been expended
by the candidate to explain it clearly enough for this examiner to grasp it easily without
significant study. For example, the connections of (2.25) to (2.23) and (2.26) to (2.24) are
not obvious since terms in the later equations cannot be seen in the earlier. It would help
if (2.23) and (2.24) were rewritten with g™ and gP included.

5. p 55: It is unclear whether the presented work is a whole new mathematical method for
solution of differential equations or just the application of a known method to this particular
problem. This must be clarified. A flowchart would be helpful.

6. p. 71, line 2: I don’t see that Fig. 4.4 compares numerical and analytical results as the
text implies it does.

7. p.77: Is a 10% error serious ?

8. Eq.(5.6): It is confusing that u is used here, with unspecified meaning, while u was used
in Eq. (5.4) and previously as an index;

9. p.90: The absorption coefficient seems to affect both the coefficients and the decay rates
in Eqgs. (5.31), (5.32) but the text states that it only affects the magnitudes;

10. p91/92: Text implies a single characteristic time constant but one point of the thesis is
that there are more than one;

11. p 102: It is not the polarity of the pulse that reduces the layer width;

12. p 126: Is the existing SRH method adequate for comparisons on samples anyway even
though it is erroneous 7

Part C

After examination of the thesis I recommend that:

2. The thesis merits the award of the degree subject to minor corrections as listed
being made to the satisfaction of the head of school.
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J.7 Author’s comment to Referee C
general comment

o Referee C would like to see more practical application of the new theory and in this context
my response to Referee A paragraph 9 may satisfy this requirement.

optional corrections

e 1. The word Engineering was added to the school title

e 2. Although the theory allows for the evaluation of the fundamental time constants for
arbitrary defect level parameters and subsequent assessment of the error, this was not ex-
tensively demonstrated in the thesis.

e 3. The reference [4] is given and expansion of the equations in this reference with Egs.
(2.15) and (2.18) results in Eq. (2.20). This is straight forward and inclusion of the working
is not thought to be warranted.

e 4. The differential rate equations for the single level and the multiple levels are scaled
as indicated in the text. This is a standard method of solution developed in the 1960’s
although independently developed by the author for this problem. A reference is cited [32).
The scaling allows all variables to be compared on the same basis. The method of solution
relies on making the non-linear component of the differential equations go to zero at a
particular time t5. At this point in time the equations in the matrix only contain terms in
Ax+1 and there are exactly k + 1 equations. Hence, all the fundamental frequencies Ay
may be evaluated from the simultaneous equations. The Agy; are independent of time.
Since the equations are normalised or scaled the magnitude of the coefficient, of the highest
degree term in the resulting polynomial, is unity. This effectively reduces the number of
variables to be solved for by one and allows the solution for A\x4: to be found. Equally, the
solution may be assumed and substituted into the differential equations, which results in the
infinite series. Furthermore, the multi-transient analysis of the numerical solution confirms
the existence of the same time constants in the decay as that predicted by the theory.

e 6. This line was removed from the text

e 7. The 10% error is Further expanded in Chapter 6. Here the theory is applied to the
existing DLTS measurement technique, which is shown to yield discrepancies in level depth
measurement for the multiple level case.

o 8. Unfortunately I discovered a problem with the consistent use of so many symbols through-
out the thesis. Being limited with alphabetic symbols I set 4 to mean a symbol and a
function, with the function differentiated from the symbol by the brackets.

e 9. The absorption coefficient e occurs in an exponent which does not have a time variable
t. Hence, this exponential term is a constant and applies directly to the magnitude not the
exponential terms with a time variable ¢.

¢ 10. Luke and Cheng [28] refer to modes of decay, which become apparent in the development
of their solution. These modes of decay are in addition to the fundamental frequencies
determined in this work. The modes are only significant for the surface recombination
velocity S >> 0 ie. a poorly passivated surface.

e 11. The sentence containing the word polarity was clarified to indicate that forward bias
reduces the depletion layer width and reverse bias extends the depletion layer width.

e 12. The existing method may be adequate for comparison in a relative sense. However, in an
absolute sense it is not adequate. Furthermore, the existing SRH theory cannot adequately
predict or model behaviour of carrier dynamics via multiple defect states, which exists in
the real world. The fact is that the original SRH theory is not designed for multiple levels
and so does not strictly apply to the real world. Why is it that a high effective lifetime
wafer does not necessarily produce a highly efficient solar cell? The new theory encompasses
a significant aspect of the theory of carrier transitions via multiple levels for what may be
said to be arbitrary defect level parameters and uniform doping. This may lead to resolving
such issues as raised by the above question.
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e General analytic solution to the Shockley-Read-Hall rate equations with
a single-level defect
Didier Debuf, Yash Shrivastava and Alec Dunn
Phys. Rev. B volume 65, article number 245211, June 19 (2002)

e Multiple level defect species evaluation from average carrier decay
Didier Debuf
accepted for publication J. Appl. Phys. (2003)
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The decay of excess carriers in nondegenerate semiconductors generated by a light impulse &(¢) is governed
by the differential equations referred to as the Shockley-Read-Hall (SRH) rate equations. In the past, linear
approximations were used or restrictive conditions imposed to obtain an analytical solution limited to low or
high injection. For defect level parameters of practical interest, the nonlinear differential equations were
numerically solved. Whereas carrier decay is often approximated by one time constant 7, in the present paper
it is shown that recombination occurs with both the minority (7;) and majority (7,) time constants present in
the decay. Expressions for 7, and 7, are derived without an approximation at a given temperature, for arbitrary
excess carrier concentration, doping concentration N, p, defect level concentration N, cross section o, ,,
and energy level E, . A general analytic solution to the SRH rate equations represented by an infinite series of
monoexponential terms, the frequencies or inverse time constants of which are a linear combination of the
fundamental frequencies A ;= 1/7; and A,= 1/7,, is derived without an approximation. The solution is the sum
of the responses to an infinite number of linear systems and in this sense represents the impulse response. A
critical point representing the transition between the linear and nonlinear variation of fundamental frequency
with excess carrier density is identified. The analytic solution is verified by analyzing the numerical solution of
the SRH rate equations for the fundamental frequencies using a multitransient technique. The trapping behavior

of the minority carrier at a single-level defect, with excess carrier concentration, is examined.

DOI: 10.1103/PhysRevB.65.245211

1. INTRODUCTION

The basic concepts of the recombination of excess carriers
in semiconductors via a defect level within the band gap
were developed in the 1950s. The Shockley-Read-Hall
(SRH) rate equations,’? describe the evolution with time of
recombination, capture and emission of excess carriers via a
single defect energy level in the band gap of a semiconduc-
tor. Analyses of the recombination process were based pri-
marily on numerical solutions of the differential equations,
with analytic solutions provided in some limiting cases such
as low or high excess carrier concentration®. Using linear
approximations of the Shockley-Read-Hall rate equations, it
has been shown that, for a single-level defect, there are two
fundamental time constants, the inverse of which are referred
to as the fundamental frequencies. These two time constants
appear in steady-state conditions! with an approximation, as
well as in transient carrier decay situations®* also with an
approximation.

The equation describing the time evolution of the normal-
ized excess electron concentration An,,,(¢) is a second-order
nonlinear differential equation and has a cubic power of
An,,.(t).> We expect at least two time constants in the solu-
tion (the eigenvalues of the linear system) as the differential
equation is second order. However the existing interpretation
of experimental data relies on one time constant 7 (steady-
state case) or 1, (bulk decay, transient case). This implies a
first-order differential equation. While this situation may be
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sufficient as an approximation, it lacks the provision for pre-
dicting behavior and a unified approach to interpretation. For
example, with regard to the effect of a defect energy level in
bulk silicon or in low-dimensional structures, a consistent
theoretical basis is required.

While the above findings were based on linear approxi-
mations of the underlying rate equations, in the present paper
we derive a solution to the rate equations to obtain the time-
dependent response to a light impulse §(¢) without an ap-
proximation. Our analytical solution shows that the entire
decay curve consists of an infinity of monoexponential terms
and that all inverse time constants or frequencies are a linear
combination of the two fundamental frequencies. One ex-
pression for the minority (7;) and one expression for the
majority () carrier decay time constant is derived without
an approximation at a given temperature for arbitrary excess
carrier concentration, doping concentration N, p, defect
level concentration N,, cross section o, ,, and energy level
E,. A critical point representing the transition between the
linear and nonlinear variation of excess carrier density with
fundamental frequency is identified. This has not been pre-
viously given (see Refs. 4 and 5) with the result that the
linear approximations above were difficult to apply in prac-
tice. The theory presented addresses the whole decay process
from 0" <z< as the excess carrier decay is expressed by a
sum of monoexponential terms with coefficients and time
constants calculated from the above parameters. As such the
sum of exponentials is nonlinear. However each monoexpo-

©2002 The American Physical Society
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nential term is the response to a linear system and the series
represents the sum of the responses to an infinite sum of
linear systems. Hence in this sense, the derived solution rep-
resents the impulse response. To our knowledge the impulse
response of the SRH rate equations for the transient case has
not been derived for low through to high injection, and pre-
sents a unified approach to the analysis of the single-level
defect. As the present work extends the theory of the original
SRH papers of 1952 which describe a simple case of uniform
excess carrier concentration and a single level, it is intended
to provide a clear theoretical basis for further work.

To verify the theory the present work contains a numerical
solution of the SRH rate equations, which is analyzed by a
multitransient analysis method for the component exponen-
tials. This analysis of the numerical simulation confirms time
constants predicted by the theory presented. We provide a
consistent solution to the differential equations, with support-
ing evidence being the multitransient analysis of the numeri-
cal solution. Notwithstanding this, provision for the experi-
mental position is also §iven. This work extends that of
Streetman® and Sandiford’ for the transient case, and Shock-
ley and Read’ for the steady-state case, by providing an ana-
Iytical solution from low through to high injection. Note also
that the SRH rate equations are valid for the nondegenerate
statistics, which indicates the high injection level limit.® Fur-
ther work seeks to address the multilevel and interface or
surface effects in terms of the analytical solution to the SRH
rate equations.

For practical device operation the effect of defect levels at
the surface or interface is minimized by passivation, which
limits the concentration of such energy levels. As a result the
bulk levels may have a significant impact on device opera-
tion such as solar cell efficiency and stable field effect tran-
sistor threshold voltage. However device operation occurs
under varying injection levels from low through to high in-
jection. Hence the requirement to model the effect of defects
accurately and under varying conditions. Minority-carrier de-
cay is usually modeled by one time constant 7, (representing
bulk recombination, which is approached asymptotically for
t> 1), derived from the simplified carrier continuity equa-
tions incorporating the law of mass action. Sah’ points out
that the law of mass action is valid for the equilibrium situ-
ation.

The linear approximation referred to above infers low ex-
cess carrier concentration in relation to the equilibrium ma-
jority carrier concentration, for which approximate time con-
stant expressions are deemed to apply’' depending on defect
level concentration N,. An experimental restriction of low
excess carrier concentration is often imposed to facilitate in-
terpretation of the data using the approximations in order to
determine defect level parameters such as cross sections, en-
ergy level, and concentration. In addition to the approximate
expressions, the transition to high injection, where a different
expression applies for the given sample, is not known. It is
shown that for the transient case, whereas at high injection
71 is adequate for modeling recombination, at low injection
T, is also required as the magnitude of the coefficient can be
significant. For the steady state, at low injection the frequen-
cies are the same as the transient case although the coeffi-
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cients may be markedly different and, furthermore, the coef-
ficient for the 7, term may be significant.

The paper is organized as follows. Section I demonstrates
the solution to a nonlinear differential equation represented
by a quadratic. In effect the SRH rate equations have a qua-
dratic form and the example given is intended to illustrate
the infinite series of monoexponential terms in the solution,
the bounds of the solution, and, in particular, the nonlinear
nature of the solution. Two approaches to obtaining the indi-
cated solution demonstrate a consistency in its derivation.
This is further expanded in a more rigorous approach in Sec.
IV. However the eigenvalues A and A, of the linear solution
to the SRH rate equations are first determined in Sec. III. The
fundamental frequencies A, and A, are derived isothermally
for arbitrary excess carrier concentration, doping concentra-
tion N4 p, defect level concentration N,, cross section o, ,
and energy level E,. An excess electron concentration An(r)
and hole concentration Ap(z) is assumed to be uniformly
generated throughout the wafer thickness at r=07. It is
shown that the nonlinear terms in the rate equations for
An(r) and Ap(t) go to zero at t=0" or at some time ¢
=1;, where #;>0". The resulting linear differential equa-
tions may be solved at t=0"* or t=¢; for the two fundamen-
tal frequencies A; and A,. In Sec. IV, the response to a light
impulse N,&(¢) is determined for a p-type semiconductor
with a single-level defect, including the effect of arbitrary
injection level An(0)=N,. Having obtained the fundamen-
tal time constants, a general solution for An(#) and Ap(r),
represented by the impulse response as stated above, is found
from the nonlinear rate equations being expressed in integral
form. Section V contains a multitransient analysis of the nu-
merical solution to determine the component exponentials in
the sum of exponentials. The agreement of the predictions of
the analytic solution with the results of the multitransient
analysis of the numerical solution is very good. Also the
theory indicates calculated magnitudes in agreement with
those derived from the numerical analysis. In particular, the
linear combination of fundamental frequencies in the expo-
nents predicted by the analytic solution and the variation of
the time constants 7;=1/A; and 7,=1/A, with injection
level indicate close agreement. An indication of recombina-
tion only and of trapping is discussed. Section VI indicates
the proposed experimental conditions for determining the
time constants 7; and 7, and the onset of minority-carrier
trapping is indicated. Note that the defect level concentration
is assumed to be uniformly distributed throughout the silicon
sample.

II. NONLINEAR RATE EQUATION WITH SERIES
SOLUTION

The processes of capture and emission of carriers from a
defect level and recombination and trapping via a defect
level are governed by the SRH rate equations. These pro-
cesses determine the average lifetime of minority carriers
and hence device characteristics. As stated in the Introduc-
tion, current methods of analysis to determine defect level
parameters are approximate in nature. Despite the probability
that many defect levels may be present in a given semicon-
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ductor sample, an effective lifetime 7, is often evaluated as if
they may be represented by one dominant level. A major
contribution of the current work is the derivation of a general
analytic solution to the SRH rate equations for a single-level
defect in order to provide a basis for future work.

It is shown in Ref. 3 that the SRH equations can be rep-
resented by a second-order nonlinear dynamical system. Fur-
ther as discussed in Sec. IV the nonlinearity is quadratic in
nature. Derivation of a general analytic solution for such a
system is quite tedious and involved (as is demonstrated in
later sections). However, the fundamental concepts involved
in such a solution are very simple. The main aim of this
section is to illustrate these concepts through a simple first-
order example. Towards this end, consider the following
first-order nonlinear dynamical system:

dn(t)

= =Nn(t)+Nn’(t) 6))

Note the nonlinearity due to a quadratic term. In fact when
N;=0 the system is linear and has the usual solution n(¢)
=n(0)exp(N;?). When N,#0 the system has two equilib-
rium points 0 and —N;/N,. It is an easy matter (by linear-
izing the system about the equilibrium points) to show that
for N, <0, 0 is a stable equilibrium point and —N /N, is an
unstable equilibrium point. Further the domain of attraction
of the stable equilibrium point O is rather large. Any trajec-
tory starting from an initial condition in the range —o
<n(0)<—N,/N, for N,>0 and in the range —N;/N,
<n(0)<ew for N,<O converges to this equilibrium point.
From a mathematical standpoint, trajectories outside this do-
main of attraction can be shown to diverge to infinity. From
a physical standpoint the effect of the nonlinearity for an
initial condition, starting inside the stated ranges and given
an appropriate value of N,, may enhance generation of mi-
nority carriers corresponding to the impurity photovoltaic
effect.® This effect indicates an improved infrared response
of solar cells by the addition of defect levels such as pro-
duced by indium. The effect is not evaluated in the present
work.

Suppose that we have an initial condition that lies within
the domain of attraction. Then what is the exact nature of the
solution? A solution to the linearized system would suggest
that n(¢#)=n(0)exp(N,?) and indeed it is a good approxima-
tion if n(0) is sufficiently small. However, for large n(0) we
need to take the nonlinear nature of the system into account.
Because of the quadratic nature of the nonlinearity, it is pos-
sible to integrate the system (1) exactly to arrive at

_ Nln(O)eNl'
[N+ Non(0)]=Non(0)eMt

n(t) V)]

Another method to obtain the above solution is the fol-
lowing that highlights certain points. A solution to the linear-
ized system suggests that we should try solutions of the form
n(t)y=n(0)exp(Nt). However when we substitute this into
Eq. (1), a term involving exp(2N;?) is generated on the right-
hand side. This suggests that we should try solutions of the
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form n(t) =nexp(N1) +nyexp(2N;f). Proceeding in this way
a possible solution takes the form

n()=n;eM'+ny e+ nie3N +netNiit ... (3)
where
dn(t)
dr =n1N18N1'+n22N1e2N1'+n33N1e3N1'+ e

@

Substituting Egs. (3) and (4) into Eq. (1) and noting that
exp(Nyp), exp(2Ny?), . .. are linearly independent functions,
the equality in Eq. (1) can only be achieved when the coef-
ficients on both sides of the equation match. Solving for the
ng, where k=1,2,3,..., a geometric series results:

IRAL I IEY Na)? 3 3N
n{t)=ne"'+—=nie"1'+| —! nje""1'+...
N, Ny

nlele 5
Ny o &)
1-— N—lnle 1
Using the initial condition
ny
n(0)=—7p— 6
1- —2n
N

results in the following, which is equivalent to Eq. (2) that
was obtained by direct integration:

Nln(())

=N, T N,n(0)’ M

n

So despite their differences both methods lead to the same
solution. It is essentially the first method that we use to ob-
tain the general solution of the SRH rate equations. However
it is shown that this leads to equivalent expressions when
equating coefficients as derived from the assumption of the
solution being a series of exponential terms (second method).
Note that if Eq. (1) is modified to include a constant term N
on the right side, then for initial conditions in the domain of
attraction, the trajectories reach a nonzero steady-state value.
This can easily be accommodated in the second method by
including a constant term ny on the right side of Eq. (3).

A few salient points in the above development should be
noted. These are also true for our general solution developed
in Sec. IV. A solution to the linearized system is a good
approximation only for initial conditions that are sufficiently
close to the equilibrium point. Following the second method,
within the domain of attraction the general solution is a lin-
ear combination of what could be said to be an infinity of
exponential terms. Further, the frequencies of these exponen-
tial terms are integer multiples of a fundamental frequency
(in the above example they are multiples of N ). Finally the
fundamental frequency is associated with the linearized sys-
tem. In the following section it is shown that there are two

245211-3



DIDIER DEBUF, YASH SHRIVASTAVA, AND ALEC DUNN

fundamental frequencies for the single-level defect system
associated with the linear solution of the SRH rate equations.

ITI. DERIVATION OF A; AND A\, FOR ARBITRARY
INJECTION LEVEL

Neglecting the effect of excited states of a defect energy
level, Auger recombination, and radiative recombination, the
carrier continuity equations for the one-dimensional case are
given as follows:

dn(x,t) —G-U +dJ,, g
dt v TR dxe ®
dp(x,t) dJ,

& STl ©)

with n(x,t) and p(x,?) being the electron and hole concen-
trations having a time ¢ and a spatial x dependence. G, , is
the generation rate, U, , is the recombination rate, and J,, ,
is the current density given by, respectively,

on(x,t)
Jo=quun(x,t)é+qD, Frat (10)

dp(x,t)
Jo=qu,p(x,t)é—qD, Pt 11

Simplifications are made such that the generation rate
G,,, diffusion components g¢D,dn(x,t)/dx and
qD,dp(x,t)/dx, and the electric field £ are considered neg-
ligible. Hence the continuity equations simplify to

dn(t)

5 =" Un> (12)
dp(1)
——="U,. (13)

Note that n and p do not depend on x. The excess electron
concentration An(r) and the excess hole concentration
Ap(r) are written in terms of normalized excess carrier con-
centrations An,, () and Ap,,(t), respectively. Note
An,,(07)=1 and Ap,,(0")=1,

An(t)

A"nm(’)=m, (14a)
A
Apm(t)=#((0’)). (14b)

The defect level electron concentration N,f(¢) is written in
terms of the departure from equilibrium N,Af(r) and the
equilibrium concentration N.f,. As such the electron and
hole concentrations and the defect level concentration may
be written as follows, respectively, with N, being the defect
level concentration:

n(t)=A4An,,(1)An(0)+n,,, (15a)
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p(1)=Apu,(1)Ap(0)+py,, (15b)

Nf(O)=NAf()+Nf, (15¢)

with the corresponding equilibrium concentrations n,, and
Ppo and where at equilibrium the electron occupancy of the
defect level is f,=f(07) given in terms of p,, by

P1
= (16a)
f Ppo+P1
and in terms of n,, by
_. Mo
fa—;;:_,_—nl, (16b)
with
Ec_Et
n;=N_exp| — it (17a)
=N E—E, 176
pi=N,exp| —| ~2 | (a7b)

A charge neutrality relation indicates the conservation of
charge with time,

Apum(t)Ap(0)=An,,()An(0)+NAf(r).  (18)

N,Af(t) may be written as An,(z) with An,(r) being the
defect level excess electron concentration. By rewriting the
charge neutrality relation with An(0)=Ap(0), the valence,
conduction and defect level electron concentrations may be
directly compared, since the three quantities are normalized
to one injection level An(0),

A _ An (1)
Pam(t)=An,,,(2)+ An(0)" (19)

From Egs. (15) and (18) the SRH rate equations® may be
written in normalized form as

dAn,,(1)
- T= ‘YOAnnm(t) - (TOAan(’)

- Cn[ApnmAp(O)_AnnmAn(o)]Annm(t),

(20)
dApm(1)
——-d’;—=aOAan(’)+BOAnnm(’)
+Cp[Ap,,,,,Ap(O)—.An,,,,,An(O)]Ap,,,,,(t),
@n
where
P p,m+p1}
=C,N + , 22a
%o p r[ppo"-pl Nl ( )
+
ﬁo=c,,1v,{p o ? ‘], (220)
t
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_ n; npo+n1
7°_C"N'[npg+n1 N, J, (22¢)
ny,,+n
00=C,,N,[%1] (22d)
t

with C,=v,0, and C,=v,,0, being the capture coeffi-
cients for electrons and holes, respectively.

By extending the work of Streetman* and Sandiford® to
cover the wider range of injection levels from low through
to high injection, the rate equations are rewritten so as to
make the nonlinear terms go to zero at some time ¢. To
do this, the differential equation (20) may be written
with the inclusion of - #,(t)C,An%(0)An,,(t) and
+ 5,(t)C,An*(0)An,,(t) for the minority carrer, and
= 9y(£)C,ARY(0)Ap,m(t) and + 7,(£)C,AR*(0)Ap,, ()
for the majority carrier, where #,(t)=Af(¢). Inclusion of
the 77,(¢) terms above in Eq. (20) and a corresponding set of
terms in 7,(¢) into Eq. (21) is a construction which allows
the application of the boundary conditions to evaluate the
nonlinear terms in both equations and determine the precise
time at which the equations become linear. If the resulting
Egs. (23) and (24) are multiplied out, the 7,(r) and 7,(?)
terms cancel, reducing to Egs. (20) and (21), respectively.
Effectively the equations are unchanged by inclusion of the
above terms,

dAn,,(t)
dt
_ Npetny ny 7,(¢)An(0)
_CnNt[AnHM(t)( Nt npo+n1 Nt
(npo+nl) 77n(t)Ap(0))
—Ap..(t +
P “( N, ¥,

1
+ E[Annm(I)An(O)—Aan(!)AP(O)]

X[Annm(t)—vn(l)] . (23)

Similarly for Eq. (21), substitutions of a corresponding set
of terms containing 7,(¢) result in Eq. (24):

dAan(’) ppo+P1 P1
- —dt = CpNt Aan(’) N, +ppo +p1

N vp(t)NA‘p(O))_Annm(t)((p,,;;:px)

An(0 1
+.’l’.’_(_')N__‘"_(_l) + F‘[Apnm(l)Ap(O)

—An,,(1)An(0)1[Apam(2)— 77,,(!)]]-

(24)
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Using the charge neutrality relation with #,(¢)=Af(z),
the nonlinear term in Eq. (23) referred to as g"(f) may be
written as follows:

g™ ()= —[An,m(t) = 7()]7a(1). (25)

From Eq. (25) two cases exist for the nonlinear function
g"(#) to vanish at a certain time ¢y. Either An,,,(tq)
— 7a(t0)>0 and 7,(#,)=0, or Annm(’O) — 7a(t)=0 and
ﬂn(’ 0) >0.

The first case is satisfied at 1,=0" as 7,(0*)=0 since
Af(0")=0 and from the charge neutrality relation,
77,,(0‘“) =0. This corresponds to a linear region of frequency
variation with excess carrier concentration as is further ex-
plained at the end of this section. At t,=0" the nonlinear
term vanishes and Eq. (20) becomes linear.

In the second case, which corresponds to a nonlinear re-
gion of frequency variation with excess carrier concentration
(see end of section), 7,(t9)>0 and 7,(t9)>0 with fp=1;,
such that An,,,(¢;)— 7,(t,)=0. Again g"(¢;) goes to zero
with 2,(t)=Af(t;)=An,,,(t;) Effectively there is an inter-
section of Af(¢) and An,,(f), whereas in the linear region
of frequency variation above there is no intersection.

Similarly the nonlinear term in Eq. (24) referred to as
gP(¢) may be expressed using the charge neutrality relation
fOr Ap nm(’ ) ’

N,
gh(n)= (An,.m(!) A0y 77,,(!)) 7a(¢). (26)

At low injection 7,(0%)=0 and at high injection the
choice of 7,(tg)>0, given Af(t))=An,,(t;), results in
gP()=0 at ty=t;.

N,
ﬂp(ti)=Af(ti)( L0+ m) (27)

The differential equations (23) and (24) are written in a
simplified linear form similar to that by Streetman® at f,
=0" or ty=t; as Egs. (28). Constants 7,(t,) and 7,(¢,) are
dependent on the injection level. In Appendix A #,(¢;) and a
condition for 7,(#y)>0, at some 7y=t; is evaluated,

dAp,..(t
_ I;Im( ) = aApm(to)— BAn,(t,), (28a)
=1,
dA t
B ndntm( ) = 7Annm(’0) - O.Apnm(lo); (28b)

t=tg

where @, B, v, and o now contain the 7,(¢y) and 7,(tp)
terms for the two cases indicated above such that £,=0" or
to=t;, with An(0)=Ap(0),

a=C N{ P1 +Ppo+p1 ﬂp(tO)AP(O)]
F ppo+P1 Nr Nr ’

(292)

Ppo+pl ﬂp(’O)An(O)], (29b)

B= CpN,{ N, + N,
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_ n; npo+n1 ﬂn(tO)An(O)
Y=Cal, nyetng N, + N, )
(29¢)
npotny ﬂn(to)AP(O)}
o=C,Nj - . (29d
l| N' N, )

The method using the differential operator D=d/d1,>°
whereby the determinant of the matrix of equations (28)
equals zero, allows the formation of the characteristic equa-
tion

[D*+(a+ y)D+(ay—aB)le M=0. 30)

The characteristic equation at =ty (where the nonlinear
terms go to zero) may be written as Eq. (31). As such the
fundamental frequencies A; and \, (inverse time constants)
may be evaluated,

A= (a+ YA+ (ay—-aB)=0. (31

By evaluating the roots of Eq. (31) such that the frequency
A =1/r, and \,=1/7_ by comparison with,*

__l aty ay—af 12

)\1—2 a'y—aﬂ[1+(1 4m) }, (32a)
_1 aty N ay—afl 12

27 ay—of 1 (1 4—(a+'y)2) } (32b)

The linear solution of Egs. (28) for Ap,,,,(¢) and An,,(?) is
Apam(t) and Ajn,,.(¢), respectively, with A f(z) derived
from the charge neutrality relation,

Aipam(t)=P1oe M+ Py, (33a)
Alnnm(t)=Iv10e—)‘l'+IvOle_)‘zrv (33b)
Alf(t)=F10e_)‘1’+F01e_)‘2'. (33C)

The range of excess carrier density where the fundamental
frequencies change with injection level, is expressed by Eqs.
(29) and (32). Low injection refers to the situation where the
excess carrier density is much less than the equilibrium ma-
jority carrier density.% The linear region of variation of fun-
damental frequencies A, with injection level or excess car-
rier density is defined by Eq. (34). This condition is satisfied
upon expansion of Eq. (34) for 7,(#5)=0 and 7,(¢,)=0 at
to=07. The requirement is found from 7,(f)=Af(¢), which
equals zero at t=0" as Af(¢), the defect level excess elec-
tron concentration, is zero at t=0". An upper limit for the
linear region of excess carrier density exists referred to as
An(0),risicay and is evaluated in Appendix A. Hence
7,(07)=0 and 17,,(0+)=0 render Eqgs. (23) and (24) linear
for all injection levels less than An(0),,iicar»

Mz _, (34)
dAn(0)
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The nonlinear region of variation of fundamental frequen-
cies A, with injection level or excess carrier density is de-
fined by Eq. (35). This corresponds to the range of excess
carrier density whereby the change in fundamental frequency
with injection level is nonzero as expressed by Eq. (35). This
condition is satisfied for 7,(¢9)>0 and 7,(¢5)>0 for some
value of t,. As such Af(#)>0 can only be achieved with
t;>0% as Af(¢) is greater than zero except at t=0" and ¢
=00, Equations (23) and (24) are linear at ty=1¢;,

d\
’ 12 150. (35)

dAn(0)

IV. DERIVATION OF AN ANALYTIC SOLUTION
FOR An,pn(t), Apun(t), AND Af(f)

Having evaluated the frequencies A; and A, derived from
the linear equations at time +=0" or ¢;, it now remains to
find a solution for the rate equations away from the equilib-
rium points O and ¢;. It is shown below that the general
solution for An,,,(t), Ap,.(t), and Af(t) consists of the
same infinite series of monoexponential terms with different
coefficients, respectively, the inverse time constants of which
are a linear combination of those frequencies of the linear
solution. The nonlinear differential rate equations for
An,,,(¢) and Ap,, () are rewritten as indefinite integral ex-
pressions for An,,,(¢) and Ap,,,(¢), respectively. These ex-
pressions are solved by repeated integration by parts, to re-
veal an infinity of monoexponential terms for An,,,(¢) and
Ap,.(2). In this format the coefficients may be derived re-
cursively in a nested fashion which is not computationally
convenient. Having established that the solution is an infinity
of exponential terms, equating coefficients on both sides of
the rate equations realizes simultaneous equations which are
independent, provided A\ /A, is irrational. This uniquely
identifies and allows the evaluation of the coefficients by a
recurrence relation. A definition of linearity is provided in
Ref. 11, which includes the state of the system prior to ap-
plication of the impulse §(¢). Since each monoexponentional
term in An,,(¢) is the solution of a linear differential equa-
tion with a constant coefficient, the solution is the response
to an infinite number of linear systems. As such the solution
for An,,(t) represents the impulse response and provides a
general solution to the rate equations. The region of conver-
gence about the equilibrium point t=0" is examined.

The unconstrained coupled differential equations we are
interested in are of the form (36)-(38) taken from Egs. (20)
and (21), and substituting the charge neutrality relation:

dAn, (1)
= An(0)=(7o= 00)An,n(1)An(0)— ooN,Af(2)
- CnNtAnnm(t)An(O)Af(t): (36)

dAp (1)
— Pan An(0)= (@ Bo)Apan()AR(0)+ BoN,AF(H)

+CpNAp,,(1)An(0)Af(r),  (37)
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Apum(DAR(0)=An,,()An(0)+ NAf().  (38)

An insight is gained into the solution of the above non-
linear rate equations as follows. On substitution of the linear
solutions (33) for A, (t) Ap..(t) and A;f(¢) into the
above coupled differential equations (36) and (37) represent-
ing the global evolution of An,,(t) and Ap,,.(¢), respec-
tively, we find that, for example, exp(—2\f), exp(—2Ay0)
and exp[ —(\;+)\,)7] are generated on the right-hand side and
not on the left. Continuing by including exp(—2X\,9), etc. in a
solution and further inclusion of exponents which do not
match, we intuitively expect an infinity of exponential terms
in the solution form for An,,(t), Ap,,(t) and via the
charge neutrality relation for Af(#). We expect the nonlinear
solution to have an infinite number of exponential terms and
the time constants to be a linear combination of the two
fundamental frequencies A; and A,, where the eigenvalues
of the linearized system are given by —A; and —X\,. A more
rigorous analysis is given in Appendix B.

The following solution form is proposed for An,,(?),
Ap,.(¢) and via the charge neutrality relation Af(¢), with
the notation E; ;= exp(—ikjz—jhy?),

Annm(t)=2i 2 Ni,j exp(_lxlt—jX2t)
=2 2 Nl,jEl,j’ (39a)
J J
Aan(’)=Z 2 P;j exp(—ikjt—jXat)
=Z 2 PiE;;, (39b)
Af(t)=‘§0 ]zo Fl,j exp(—i)\lt—j)\zt)=21 ; Fl,jEl,j'
(39¢)

The coefficients of the exponential terms are determined
by solving simultaneous equations. The procedure for evalu-
ating the coefficients P; ;, N; ;, and F; ; is to substitute Eq.
(39) into Eqgs. (36)—(38). Note that exp[—(i\;+ j\,)f] are lin-
early independent functions for various (i,j) provided A; /\,
is irrational. So equality for all # can only be attained by
matching the coefficients of appropriate exponentials on both
sides. For i=0 and j=0 the coefficients Nyy, Pgg, and Fgq
are defined to be equal to values at ;=07 or t;=¢;. As ¢
—0%, E;;—1 and hence An,,(0")=Ny with Ne=1.
Confirmation of the above method of equating coefficients is
given in Appendix B and the coefficients F, and Fy, are
determined in Appendix C. Hence Ny, and Py, may be
evaluated in terms of F as follows:

N,
[(vo—og9)— A INpo— P02 7(0) F19=C,N(2NF10),
(40a)
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N
[(%"Bo)"M]ﬂo*‘Bo"—AP(‘O)F10="CpN:(2PooF10)-
(40b)
Three simultaneous equations may be formed by equating
coefficients for i=1,j=1, such that N;; and P;; may be

evaluated in terms of Ny, No;, Pyo and Py, given Fy and
For,

N,
[(7’0—0'0)‘()\1+)\2)]N11—00mpu

=C,N(NoF o1+ No1F o+ 2NgoF 1), (41a)
MFN)IP+ al F
[(ap—Bo)— (M +X)1Py, Bom 1
=—C,N,(P1oFo1+Po1F 1o+ 2PgoFy1), (41b)
PuAp(O)—NuAn(O)—N,F11=0. (41C)

Continuing to solve the simultaneous equations for further
coefficients, a solution set for An,,,(¢) and Ap,,,(¢#) may be
realized in terms of F |, and Fy, . A global solution for f(¢) is
obtained by the substitution of solutions for An(f) and
Ap(t) into the expression for the charge neutrality relation
(18). From Eq. (36) a recurrence relation may be formed
which simplifies the calculation of the coefficients N; ; and
Fjwithi=1.2,...,and j=1,2,...,%. Similarly a recur-
rence relation for P; ; may be formed,

S

> 2 (iNy+ NN, E, ;

-] -3 N -3 -3
=(7’o“°’o)2i 2 Ni,jEi,j_a'OAn(IO) Z ; FiiE;;
—CuN. 2, 2 Sijs @2)

where Ego=1 and

i
Si,j=2 2 Ni—u,j—uFu,uEi—u,j—uEu,u- (43)

u v

The nature of the quadratic form for the SRH differential
equation representing An,,.(t) is determined in Appendix D.
Further, the sum of the responses to an infinity of linear
systems which the solution represents is examined in Appen-
dix E.

V. NUMERICAL SOLUTION OF SRH EQUATIONS:
IDEAL IMPULSE &(t)

The unconstrained coupled differential equations we are
interested in are of the form (44)—(46) taken from Egs. (20)
and (21), and substituting the charge neutrality relation:

2452117



DIDIER DEBUF, YASH SHRIVASTAVA, AND ALEC DUNN

f(t)

I 1 i j Rl I EEElii [ EEARll)
10™ 10° 107 10" 10°
An(t)/An(0)

FIG. 1. Phase diagram indicating convergence to the equilib-
rium point for the given example, where An(r) is normalized to
An(0) with An(0)=5%10°> cm™>.

dAn, (1)
- 2l AR(0)= (70— 00) A an()An(0) = oNAf(1)
—C,,N,An,,,,,(t)An(O)Af(t), (44)

dAp.m(t)
~ ————An(0)=(ao— Bo)Apnm(t)An(0)+ BoN Af(1)

dt
+ CoN AP () An(0)Af(r),  (45)

dAp,n(1) dAn, (1) dAf(z)
———d;———An(O)=TAn(O) +N,"—'dt—.

(46)

The three equations (44)—-(46) form a set of second-order
coupled differential equations® which are nonlinear and
solved numerically. No a priori knowledge is available for
An,,(t+At) as it represents the time evolution of the ex-
cess carrier concentration derived numerically. A correlation
between the numerical solution and the predictions of the
analytical solution is made and found to indicate close agree-
ment. This confirms the method used to analyze the decay as
a useful tool.

A fourth- and fifth-order Runge-Kutta scheme,%!? is cho-
sen to represent discrete values of An,, (), Ap,,(t), and
Af(t), to ensure convergence to the equilibrium concentra-
tion for the minority carrier as t— . Figure 1 representing
the phase diagram'* indicates the convergence to the equilib-
rium point for the example given by Table I. The normalized
excess carrier concentrations at t=0% are given by
An,,(0")=1.0 and Ap,,,(0*)=1.0. The defect level initial
occupation is assumed not to change from r=0" to ¢
=0% [f(0")=£(07)]. Table I indicates typical data used in
the numerical solution.

Multitransient analysis refers to the extraction of compo-
nent exponential terms from a sum of exponentials compris-
ing the signal. The methods available'>~% present a means of
analyzing signals with additive white Gaussian noise. In ad-
dition, where the data matrix and the observation matrix may
be subject to noise fluctuations, the total least-squares
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TABLE 1. Typical parameters for numerical solution.

T 300.0 Temperature (X)

nn 2048 Number of time samples

At 2%x1078 Time sample interval (sec)

Ny 5% 101 Majority carrier concentration (cm™?)
E,~E, 0.65 Energy level depth from valence band (eV)
An(0) 5%x10° Excess carrier concentration (cm™?)

N, 5% 10" Discrete level concentration (cm™>)

o, 8.5x107"7 Cross section for holes (cm™2)

o, 9% 10755 Cross section for electrons (cm™2)

method?! (TLS) is employed. This method models the mul-
tiexponential signal as an autoregressive process. For the
present analysis the TLS (Refs. 15 and 22) multitransient
analysis method using singular value decomposition® is ap-
plied to the analysis of the multicomponent exponential de-
cay.

The TLS multitransient analysis of the numerical solution
of Egs. (44)—(46) results in the determination of frequencies
which are compared with the existing theoretical expressions
(32) for low through to high injection. Figure 2 shows the
comparison between the decay time constants 7;=1/\; and
7,=1/\, as calculated from Eq. (32) and as evaluated by the
TLS analysis of numerical data [An(r+Afr)] for T
=300 K. The figure indicates the variation from low injec-
tion through to high injection. Note that the excess carrier
concentration An(0) varies from 1X10% cm™ to 1
X 10 c¢m™3, Agreement is excellent and as such contrib-
utes to the confidence in the TLS method of analysis. The
onset of the nonlinear variation of frequencies A; and A,
with An(0) for An(0)=An(0),,isca is clearly seen in the
figure where the linear portion extends to 5X 10! cm™> and
begins to diverge for An(0) greater than 5X 10" cm™3.
This indicates that the linear region is in close agreement
with the definition given by Eq. (34). See Appendix A for the

high injection

10 100 10° 10" 1% 10® 10 10”10

An(0) [em™ ]

FIG. 2. A graph of 7;=1/\; and 7,=1/A, versus excess elec-
tron concentration An(0). The doping concentration N, of the
sample is 5% 10" cm™3. See Table I for defect level parameters.
Continuous line: 7, and 7, predicted by Eq. (32). Circles: 7; and 7,
derived from multitransient analysis of the numerical solution
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Tt [s} p-type n-type

Ey Eg [eV]

FIG. 3. Decay time constant 7;=1/A; and 7, = 1/\, versus the
Fermi level Ep (eV) for doping concentrations of N, p=S5
X101 em™ to  N,p=1x10' em™ with An(0)=5
X 10° cm™3. Continuous line: 7; and 7, calculated by Eq. (32)
Circles: TLS analysis of numerical solution An(z+ At).

evaluation of An(0)_,icq - For parameters listed in Table I,
An(0) yisicar=544%X 10" cm™3, Note also that the TLS
multitransient analysis of the numerical solution results in 7;
and 7,, in close agreement with that predicted by the solution
for 7, and 7, of Eq. (32) for high injection.

Figure 3 shows the comparison between the decay time
constants 7y and 7, as calculated from Eq. (32) and as evalu-
ated by the TLS analysis of numerical data [An(z+At)] for
T=300 K versus the Fermi level E;. The doping concen-
tration for the p-type and n-type samples varies from 5
X 10'° cm™3 to 1X10'® cm™3. Agreement is very good for
the numerical solution and the calculated 7; and 7,. From
this figure, 7; describes the minority-carrier decay constant
and 7, the majority-carrier decay constant, in analogy with
Shockley and Read! for the steady state. As such they repre-
sent fundamental decay time constants.

Figure 2 indicates that for An(0)>An(0),,iicar, 71 iD-
creases realizing a situation where the minority carrier
(p-type) time constant represented by 7, is becoming longer.
The minority carriers (electrons) remain in the conduction
band for a longer average time indicating that there are fewer
holes at the defect level to recombine with. As such the de-
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fect level electron population is increasing and electrons re-
main at the defect level for a longer average time. This is
referred to as minority-carrier trapping. The time constant 7;
remains constant in the linear region of variation of 7, with
An(0). This region corresponds to recombination only,
whereas the nonlinear region undergoes recombination and
trapping. Eventually the trapping saturates as An(0) is in-
creased to high injection and the time constant 7, reaches a
maximum becoming almost constant.

Further by recalling the expression (39) for the decay
An,, (1), the infinity of time constants is found to be a linear
combination of two fundamental frequencies A; and \,.
Table II indicates the correlation with the prediction of Eqs.
(32) and (39) and the TLS analysis of the decay An(t
+ At) within the limitations of the TLS method. No a priori
knowledge is available for time constants associated with the
numerical solution, yet the agreement of the analytical and
TLS methods with respect to the linear combination of X,
and A, and their magnitude is excellent. The TLS multitran-
sient analysis also reveals the same magnitudes of the coef-
ficients of the exponential terms as by the analytical ap-
proach (see Appendix C). Note that the magnitudes of the
coefficients decrease rapidly. In addition, for the transient
case in low injection, the magnitude of the coefficient for 7,
is significant. By evaluating an error term &, Eq. (47), being
the difference between the series with calculated coeffcients
as determined in Appendix C and the numerical solution, an
estimate of the agreement of the two approaches may be
made,

2 2 NiEj—An(t+Ar)
i
An(0)

47

Figure 4 indicates the agreement for the linear and non-
linear regions of variation of A, with An(0). The indicated
closeness of fits between the two approaches is good for the
initial part of the decay and diverges for large time. This may
be explained by accumulation of error in the Runge-Kutta
numerical method. Further, the value for dAn,,(t)/dt at ¢
=07 for the series N; ; at t=07 at the indicated injection
levels is 9.150 75 10*, which is in close agreement with the

TABLE II. TLS analysis of numerical data An(z+A¢) and evaluation of Eq. (32). Note the prediction of
Eq. (39) with frequencies being a linear combination of the fundamental frequencies and calculated coeffi-
cients N; ;. Ny=5%10" cm™ with An(0)=5%x10° cm™>.

Equation (32) TLS frequency TLS coefficient Calculated
A N (sec™h) N (sec”l) normalized to Ar(0) coefficient N ;
A 3.92871x10* 3.92871x 10* Nyp=6.5804x 107! 6.5804x 107!
2N 7.99744 % 10* Nyp=—2.135X107* —2.024%1074
A, 19.10753x 10* 19.1069% 10* Ny =3.3825x 107! 3.3783x 107!
At 23.3579x 104 N;=3.0767x1073 3.4045x 1073
2, 38.3739%x 10 Ny=8.4177x107* 8.3745x 104
3N, 60.1207 x 10* Ngz=1.3457x107¢ 1.8820% 1079

245211-9



DIDIER DEBUF, YASH SHRIVASTAVA, AND ALEC DUNN

-2

10
sx10"
10'3 £ 5x10lo
sx10"
10™
-3
10 / sx10™
-6 09
10 Sxl
7]
10
10*
9
10
NN NI AR A1 N AN R ST i1 M NI N BAtT]
-8 =7 -6 -5 -4
10 10 10 10 10
time sec

FIG. 4. Normalized error &, Eq. (47), between predicted values
of N;;E;;, and numerical solution An(z+Ar) for An(0)=35
x10° cm™3 to An(0)=5X10" cm™3. This corresponds to the
linear and nonlinear regions of variation of An(0) with Aj,. N,
=5%10"% cm™3 and Ar=1X10"% sec.

predicted value [see Eq. (C1)]. This verifies the calculated
values of the coefficients N; ; by the method outlined in Ap-
pendix C.

V1. PROPOSED EXPERIMENTAL CONDITIONS

Specifically with regard to a p-type silicon wafer, for in-
frared light pulses produced by a yttrium aluminum garnet
(YAG) laser at t=0* with a wavelength of 1.064 um, a
uniform excess carrier concentration may be generated
within a sample of 50 um thickness.?* This produces the
initial condition An(0)=Ap(0) at r=0*. Silicon nitride
passivated surfaces provide a low effective surface recombi-
nation velocity S, on a float-zone p-type silicon wafer.s
Similarly a low surface recombination velocity may be at-
tained with the Si-SiO, system.?® The effective surface re-
combination velocity is taken to be injection level dependent
in Refs. 25 and 26. For excess carrier concentrations 1
X108 em™ to 1x10'¢ cm™3, Serr<50 cm/s is assumed
to be attainable with appropriate processing with the Si-SiO,
system for a wafer resistivity of the order of 250 Q cm (5
X 101 cm™3). The decay of excess carriers may be detected
by a contactless microwave photoconductance measurement.
Furthermore a dominant level with an energy near midgap
(such as that of the gold levels at E,—E,=0.65 eV), which
represents an efficient recombination center, is the basis for
the single-level model. The defect level concentration is as-
sumed to be uniformly distributed throughout the sample.

In terms of direct application a possibility immediately
arises from the present work where a silicon sample is pro-
cessed as above. Minority-carrier trapping for a dominant
defect level may be evaluated by an analysis of the decay
due to an impulse of light as previously indicated to deter-
mine 7, and a plot of this quantity against the excess carrier
concentration An(0). Since 7, represents the minority-
carrier for a dominant defect level, a measure of material
quality is attained by an assessment of minority carrier trap-
ping. From the charge neutrality relationship, increasing the
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FIG. 5. A graph of n= IAI and TrL-SRH > TH-sry YCISUS €XCESS
electron concentration An(0). The doping concentration N, of the
sample is 5% 10> cm™3. See Table I for defect level parameters.

excess carrier concentration in the sample means that both
An(t) and Ap(r) are measured. However from the present
work both quantities contain the same decay constants. The
decay may be analyzed for 7; and given the relative magni-
tude of excess carrier concentration, wafers may be com-
pared for quality. Ideally the range of excess carrier concen-
tration should encompass the linear region and the nonlinear
region of variation of 7, with excess carrier concentration.

VII. DISCUSSION

As stated previously the steady-state decay time constant
is the same as the transient decay time constant with only the
magnitudes of the coefficients of the exponential terms dif-
fering from steady state to transient. Existing experimental
data are largely interpreted using the expressions derived in
Ref. 1 with approximations as indicated in the Introduction.
The current work seeks to address the anomalies arising from
such an interpretation in terms of the defect level parameters
such as level depth. To this effect, for example, Fig. 5 indi-
cates the variation of 7; with excess carrier concentration
and that of 7, gy and 7y gpy of Ref. 1 representing Eqgs.
(5.3) and (6.1) respectively of that paper. Note that 7; gz is
the low excess carrier-concentration time constant and
Ty.sry 1S the high excess carrier-concentration time constant.
From the figure 7;_gpy underestimates 7; by =~30% in the
linear region. Although 74 gy is a good fit in the nonlinear
region in terms of determining material quality for a domi-
nant defect, again the degree of trapping is unknown. How-
ever for defect level parameter estimation decay experiments
are usually conducted in the linear region (low excess carrier
concentration). The reason for the discrepancy in the linear
region is that in the original paper' the change in charge
density produced by changing concentration in the traps is
neglected. The present work makes no such assumption.
Refering to the figure from the low and high excess carrier
concentration time constants the An(0),;;;.q; cannot be de-
termined. As a result the extent of the linear region is un-
known from these time constants. The extent of the linear
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region is also unknown with the work of Ref. 4. Without
knowing the limit on excess carrier concentration defining
the linear region reduces the application of Refs. 1 and 4 in
practice unless the time constants are plotted against a range
of excess carrier concentrations to ascertain the onset of

trapping.

VIII. CONCLUSIONS

Initially at t=0%, An(0) electrons and Ap(0) holes are
uniformly generated in the material. Expressions for the
minority- (7,) and majority- (7,) carrier decay time con-
stants are derived without an approximation at a given tem-
perature for arbitrary excess carrier concentration, doping
concentration N, p, defect level concentration N,, cross
section o, ,, and energy level E,. The transition from low
to high injection is also given. A general analytic expression
for the carrier decay An () for >07 derived from the rate
equations is represented by an infinity of exponential terms,
the frequencies of which are linear combinations of the two
fundamental frequencies A, and A,. These frequencies are
attributed to minority A; and majority A, decay frequencies
(inverse time constants). Very good agreement is found be-
tween the decay frequencies A; and A\, for the theory pre-
sented and by the TLS multitransient analysis of the numeri-
cal solution at one temperature. This independent verification
of the theory derived from the Shockley-Read-Hall rate
equations confirms the properties of the above solution. Fur-
ther, the solution represents the impulse response as the ex-
ponential terms are the response to an infinite sum of linear
systems.

The fundamental frequencies uniquely identify the defect
level properties of capture cross section o, ,, level concen-
tration N,, and energy E,, as a signature of time constants.
The numerical solution at temperature T;, excess carrier
concentration An(0) and doping concentration N, indicates
the evolution of the decay with the above defect level param-
eters. This unifies the theory of minority-carrier decay via a
single-level defect by providing a means of modeling such
decay.
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APPENDIX A: EVALUATION OF 7, (t,) AND 1, (t,)

For low injection 7,(¢p) and 7,(to) at 1,=0" are both
zero. It remains to find a value for #,(#¢) and 7,(2p) at zo
=¢,. First, a relationship between the differential terms in
Eqgs. (27) is established and subsequently an expression for
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17.(2;) is developed. Second, having determined an expres-
sion for #,(¢;) in terms of the excess carrier concentration
An(0), a critical value of excess carrier concentration
An(0),,isicar may be evaluated. This value represents the
transition between the linear variation of fundamental fre-
quency with excess carrier concentration and the nonlinear
variation with 7,(#,)=0. A requirement for the selection of
7.(2;)=Af(t;)=An,,,(¢,) is found from the charge neutral-
ity relation (18) with Ap(0)=An(0) as follows:

N,
Apnm(ti)=( A (0))Annm(t ) (Al)

where

¢={1+ (A2)

t
An(O))'
Equating coefficients on both sides of Eq. (A1) considering
the first two components,

Po=|1+ Ny
10= An(0) Ny,
N,
Py= A An(0) No:- (A3)

Now, multiplying the first equation of Eq. (A3) by A exp
(—\#) and the second equation by A, exp(—A\,t;) yields

Nighje ™M,

N,
Plo)\le_)‘l"—(1+ An (0))

Nmkze 2“. (A4)

)
An(0)

Summing the left-hand side of Eq. (A4) and equating that to
the sum of the right-hand side results in a relationship be-
tween the differentials as follows:

dApun(t)| [ _Ni \dAR(0)
de |, .\ An(0)] ar

Having established this relationship, Eq. (28) may be solved
for 7,(;). The value of 7,(z;) is evaluated from Eq. (27),

(tl)=(¢ao—ﬂo)“‘(¢7’o_¢20'o)
) = Kn(0) (1= #)(C,+Cp)

P01)\2e 2'—(1+

(A5)

=1

(A6)

where aq, By, Yo, and o, are given by Eq. (22). Solving the
following quadratic resulting from Eq. (A6) with A 7,(z;)
=0, corresponding to the linear region of variation of A,
with An(0), indicates the onset of the nonlinear region. For
An(0)>0, the onset of the nonlinear region is termed
An(o)criu‘cal ’

0=An*0)[(ag— By)— (o= 00)]

+An(0)(N,ao—N,yo+2N,00)+ N?a,. (A7)
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Note also that from Eqgs. (28) and (A2), the following may
be established for ¢;:

1
ti=— ———In[ 7,(2))]. (A8)

(y—od)

APPENDIX B: DERIVATION OF AN ANALYTIC
SOLUTION FOR An,,,(t), Ap,n(t), AND Af(¢)

More formally, the nonlinear equation (36) may be written
in the following form, given r,(#) and g,(z), where An(¢)
=An,,(£)An(0):

220 ¢ 8= u(0), (B1)

where Af(f) is the nonlinear occupation function.
ra()=(vo—00)— C,NAf(2), (B2)
gn()=0ooNAf(2). (B3)

An analytic solution for An(¢) may be written as follows
(see Ref. 27):

An(t)=exp[—f r,,(t)dt](fq,,(t)e-r’n(’)d‘dt+C .
(B4)

It is assumed that the nonlinear function Af(¢) may be
given by A,f(¢), Eq. (33). A solution of Eq. (B4) is obtained
by substitution of A;f(¢r) and evaluating the indefinite inte-
gral by repeated integration by parts. An infinite sum of ex-
ponentials, with the exponents being a linear combination of
the fundamental frequencies A, and A, is revealed for An(¢)
(Eq. (B10)].

The solution of Eq. (B4) is briefly outlined as follows. Let

an(f)=f OoN{(Fioe M+ Foe 2 )e (Yo o0k
X e (CaNiF1o/h)e ™M +(C N Foy INg)e ™ 2t +c! gy

(BS)
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and

I,_"(t)=exp[ - f r,(t)de
___.e—(yo—ao)te—(C,,N,Fm/)\l)e_)‘l'—(C,,N,Fm/)\z)e_)‘l'—c’.
(B6)

such that
An(8)=I,,()(I;()+C), (B7)

where C is a constant of integration to be determined by the
boundary conditions. Performing the integration by parts for
the first term of 1,,(t) as follows:

I=J udv=uv—f vdu, (B8)

where

(CoN,Fio/hp)e M+ (CoNFopIApe Mt+e!
s

u=e (B9a)

du= e CnliFia/ e M+ (C,N Foy /Xz)e_)‘lt+c'( —C,N,Fppe ™™

—- C"N’Fole_)\zt)? (B9b)
O'ONtFIO [(vo— -

p=m— Lt ln-o0) Ml B9c

[(vo—o0)— 7] (8%

dv=el(Yo— o)~ 21t (B9d)

Multiplying Eq. (B5) through by I,,(¢) and collecting
terms yields an expression for An(t) in which R,,(¢) is an
integral which may be further integrated by parts. The equa-
tion representing the function An(t) is given by Eq. (B10)
indicating a series of exponential terms, which on further
integration goes to an infinity of terms. Effectively the inte-
gration is performed unti! the magnitude of the remainder
[R,,,(1)] is less than some €. The constant of integration C
is evaluated at the end of this section.

An(t)= @ioF 1ole M + Yo F ole "M+ ioF 1 ofe > M+ Ryp ()} + ¢5, Forfe - BP0+ Rypp(1)}]
+ Y} Fule™ M0 g2 Fofe™ MDA R (0} YipF gr{e ~ M1 22214 R1g(0)}])

+ @ For(e '+ YgoF o lle "M+ YpaFor{e ™ '+ Rgy()}+ W], F rofe ™ M7 2227+ Ry (1)}]

+ Y Frole” M2 4 yh Fio{e ™ CMFP A4 Ry (0} W F e~ M1 29"+ Ry (DD +1,(6) C,

where

n_ ooN,
T (yo—oo)—(iNp+jNy)’

(B11)

(B10)

[

_ C,N,
(vo— o) —(iN1+jAy)

¥y (B12)

Consider now the second nonlinear expression (37) for
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Ap,n.(¢), which may be similarly written in the following
form with Ap(¢)=Ap,,.(t)An(0):

PHYSICAL REVIEW B 65 245211

An analytic solution for Ap(¢) may be written as follows
(see Ref. 27).

dAp(t)
%4. rp()Ap(t)=g,(t), (B13) Ap(t)=exp| — f rp(t)dt]( f q,(¢)exp) f rp(t)dt]dt+ C).
where (B16)
Similarly an analytic solution for Ap(¢) is available by inte-
rp(t)=(ap—Bo)+ C,NAf(2), (B14)  grating Eq. (B16) by parts to reveal an infinite series of mo-
noexponential terms with inverse time constants, a linear
gp(8)=—BoN,Af(1). (B15)  combination of the frequencies \; and X,
o
Ap(£)= ¢hoF 1o(e ™M — hoF ol e ™M = YhoF 1o{e M+ Ry (1)} — v For{e ™ PMH 2D + Ry 5(1)}]
— ¥ Folle” M —yd Fife =MD Ry, ()} = dhoF e~ M1 22+ Rpo(6)}])
+ @i For(e ™ — Y, Foile ™2 — yfsFoi{e ™ '+ Rogy(1)} — A F rofe ™ M1 221+ Ry ()}
— Y4 F ole M0 — yh Frofe ™Mt Ry (0)} = YA For{e - M4 Ry (YD +I,(1)C,  (BL7)
where
_BoN:
p.= . —, B18
= o= Bo)—(n %) (B18)
C,N,
. LA B19
v (ag—Bo)—(iNy+)N2) (B19)

From the charge neutrality relation as follows, a solution for the nonlinear function A f(¢) should also contain an infinity of
exponential terms contradicting the assumption that Af(¢) be represented by A,;f(z),
NAf(t)=Ap(t)—An(z). (B20)

Hence monoexponential terms containing the linear combination of the fundamental frequencies should also be included in
Af(t) as follows:
Af()=Af(2)+ ype '+ yppe TP+ yp e ML (B21)

As such the following solutions for An(#) and Ap(¢) may be determined.

An(t)= ¢7F 10 M+ (BloWaoF 10+ bRoya)e M+ (loWaeWhaoF o+ blovio)e M+ (BhoWaothi FioF o+ dloWh s F1oF ol
+ G5 W FioF o1+ @5 va1)e - P + (@0 FioF o1+ oW FioF o1+ ¢hiyin)e *1ror
+ (oWl WIaF 10F o1+ o Wi WEaF 10F o1 + Doy WorioF 10F o+ dlayiz)e "Mt D!+ gf Foe ™!

+(Fo1¥eF ot $rvme M+ (S5 UnYeFo+ $hym)e > +RY(D+1,()C (B22)
and
Ap(1)= @oF 10e ™M+ ($hoihoF Lot Shova)e ™ M+ (odhodhoF ot Bhovs)e M+ ($howhothiF ioF or
+ Gt B FloF o1+ &5 WA 1WA FloF o1t dhyvan)e ™ B2+ (@R F1oF o + 651041 F 10F o1
+@hivi)e” MU L (BhoUh WhoF 10F 51+ SRR WAL 10F o1+ B e dhaF 10F o1 + B vin)e it
+ @B Fore M+ (B8 W F ot dhyvoe ™ + (5 Wb F o+ $hyves)e M+ RP(1) +1,,(1)C. (B23)
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Using the charge neutrality relation and equating coeffi-
cients, the factor y,q, for example, may be evaluated,

Nyyae 2= (ot F 1o+ dhova)e "M = (@loWhF o
' + o yaode M, (B24)
such that
(HhoWho— Do) Fo
o= 10¥20~ P10 2:) o (B25)
N,— @5t 20

Using the notation in the text an expression for N,y may
be evaluated and is equivalent to that derived by equating
coefficients of like exponential terms,

(N, @050+ Bhodaho— dlobhots0) Flo
N.— ¢g,0+ ¢’2IO .

20—
(B26)

Evaluation of the constant of integration C and confirma-
tion of the method of equating coefficients to realize simul-
taneous equations are as follows. Equation (B10) may be
expressed as Eq. (B27):

An(t)=1,,(),,(t)+1,,()C (B27)

and the constant C determined at £,=07" or ty=¢;, which
represent boundary conditions where the value of An(#) is
known,

 An(tg) =L (t6) pa(t0)

1.,(t0)
Differentiating Eq. (B27) results in an expression (B29)
(with the value of C [Eq. (B28)] included) which may be

equated with Eq. (20) and substituting the charge neutrality
relation,

(B28)

dAn(t)| _ dl1,(8)],.(1)]
dt - dt

1=ty =1
+[An(te) = 1,,(10)Lgn(10) ][ = (o= o)
+ CoN,F1ge 10+ C, N Fore 0+ ... ],
(B29)

At tg=1t; for example, equating like exponential terms for A
yields the following, where 7,(¢,)=Af(¢;):

[(Yo— o) — Ny = CuN 7, (2,)IN 1ge 11"

N,
it
UOA (0) +2C NI[NOO+ 77n(’ )] FIOe !
(B30)

and for i=1,j=1,
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[(Yo—00)— (N1 +X2) = C N7, (1;)IN e~ P12

N,
~\7°&n(0) (0)+2C N Noot 7,(1;)] | Frye~Prro

+CuN (N1oF o1+ Noi Frg)e ~1F224, (B31)
APPENDIX C: CALCULATION OF COEFFICIENTS
Fi9 Fo1, AND N ;

All coefficients N; ; and P; ; are a function of Fyy, Fy,
N, Ag, and 2,(2;). Note that the differentials of the normal-
ized variables An,,,(f) and Ap,,,(#) at t=0" are equal to a
constant independent of the injection level and derived from
Egs. (20) and (21),

dAn,,.(1
n—() = — C,,N‘(l _fo)’ (Cl)
dt r=0%
dAp (1
_p__(_l =—C,N/f,. (2
dt t=0%

At t=0%, the normalized expressions (39) are represented
by Eq. (C3), given Eq. (C1),

1=N10+N01+€N, (C3a)

C,N,(1—f,)=N Nyt No tey, (C3b)

where £ and ¢’ are error terms representing the series

ey=Ny1tNyg+Noy+Nipt Noy+ Nyg+ Nes+- - -,
(C4a)
exy=(N T NNy +2N Ny
+2A3Nga+ (A +2N))Np+- - -. (C4b)
From Eq. (B30) with 7,(2;) =0, the values of F o and Fy,
may be evaluated, given No and Ny, as follows:

[(Yo—00)—N11Nyg

o=, N ew, “
An(0)
— X4 [N,
FOI_[(YOONUO) 2] o ©6)
t
K0y + 26N,

At t=1¢;, the values of F and Fy; may be determined from
Eq. (B30).

Let £y =0 and £4,=0 and calculate N4 and Ny, from Eq.
(C3). With an initial value of N and Ngy;, the components
N; ; of the series for £y and £y may be evaluated by equat-
ing coefficients and solving simultaneous equations. Simi-
larly for Py and Py, the P; ; for the series £p and £p may
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be evaluated. The coefficients Nq and Ng; are reevaluated
from Eq. (C3), comrected for the error terms ey and ey as
follows:

N10+N01=1_€N, (C7a)
ANt NN =C,N,(1—f,)—ey. (C7b)
Nyg and Ny are reevaluated, and the N, ;, P; ;, and F, ; are

determined from the simultaneous equations such that the
sum of the coefficients at =0 equals 1. Note that at =07
the resulting series for N;; should yield a value for
dAn,,,()/dt given by Eq. (C1) for arbitrary injection
An(0).

N
(YO_UO)Ni.j_O'OA_(tO)Fu_Cnth)
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APPENDIX D: RATE EQUATION, QUADRATIC FORM

At t=0" the following quadratic form applies for the
transient case at hand. As such the easiest way to deal with
this is to do a coordinate change so that the Ny term disap-
pears in the new coordinates.

0=Ny+Nn(0")+N,n}0"). (D1)
Now n(0*) approaches n,, the nonzero solution of the
above quadratic, and using the coordinate change n
=n(0*)—n,, the Ny term is eliminated. In terms of Eq.
(42), Eq. (1) is written as follows such that for all (i,j) we
have

ij
v] N2 E2

S5 Mfu__5 3 —
J 2'2 "

where ®; ; is the sum of the cross terms and

N0=CnNt(1_f0)$ (D3)
()’o“’o)“‘an:Ei ; ®,;l, (D9
HTIRL

APPENDIX E: ANALYTIC SOLUTION, INFINITY
OF LINEAR SYSTEMS

It may be shown as follows that the infinite series solution
represents the sum of responses of an infinite number of
linear systerns to an impulse &(¢). Given the infinity of ex-

E' }J:N,JE”+CN2 E

[

(D2)

ponential terms comprising the solution for An,,,(t), each
N, ;E; ; term may be written as

ujj=Ni;E;;, (E1)

which is a solution of a linear differential equation with a
constant coefficient and A ;>0 and A\,>0:

du. ;
—L=—(iN Ny

. (E2)

As such the infinite series of exponential terms comprising
the solution of the differential equation for An,,(¢) is a sum
of linear responses and the solution represents the impulse
response. Stability for linear ordinary differential equations®®
is assured if the eigenvalues —i\; and —j\, lie on the real
axis in the left half plane, i.e., Re(—iA{)<O and Re
(—jA,)<0. This is certainly the case here.
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An expression for the average decay is determined by solving the the carrier continuity equations,
which include terms for multiple defect recombination. This expression is the decay measured by
techniques such as the contactless photoconductance decay method, which determines the average or
volume integrated decay. Implicit in the above is the requirement for good surface passivation such
that only bulk properties are observed. A proposed experimental configuration is given to achieve
the intended goal of an assessment of the type of defect in an n-type Czochralski-grown silicon
semiconductor with an unusually high relative lifetime. The high lifetime is explained in terms of a
ground excited state multiple-level defect system. Also, minority carrier trapping is investigated.

PACS numbers: 72.20.Jv, 72.40.+w, 85.30.De

I. INTRODUCTION

Decay of carriers due to an impulse of light Noé(t) via
a single-level defect in the band gap is described by the
Shockley-Read-Hall (SRH) differential rate equations by
Shockley and Read!. These equations refer to the average
rate of transitions via the defect level for the processes
of recombination, capture and emission. The recent ana-
lytic solution to the SRH rate equations of Ref.? is com-
posed of an infinity of monoexponential terms, the fre-
quencies w4 or inverse time constants (wg+1 = 1/7k+1)
of which are a linear combination of two fundamental
frequencies for the single level case. The fundamental
frequency wy; = 1/m refers to the minority carrier de-
cay. Application of the single-level method of solution to
two multiple defect systems in Ref.® indicates that the
decay contains k£ + 1 fundamental frequencies or inverse
time constants for k discrete defect levels. The time con-
stant 7 is the dominant decay time constant. A plot of
71 versus the excess carrier concentration indicates the
recombination only and trapping with recombination re-
gions.

These analytic solutions for the single-level differential
equations, and consequently for the multiple-level case,
were derived without any approximation for uniform ar-
bitrary doping concentration N4 p, nondegenerate ex-
cess carrier concentration and defect-level parameters,
the concentration Ng, and the electron and hole cross
sections for the kth level, ok, 0pk, respectively. Note
that the differential equations apply for nondegenerate
statistics so that there is an upper limit on the excess
carrier concentration®.

A contribution of the present work is the solution of
the carrier continuity equation including a multiple-level
defect recombination term. This solution is determined,
with constraints which reflect the experimental condi-
tions, in order to ascertain the nature of the decay as
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predicted by theory in Ref.? and the average decay de-
termined in Sec. II. The diffusion term D, p,, which is
expressed in terms of the mobility u, p, may be taken to
first order at low frequency®. The first-order dependence
of the diffusion term, expressed in terms of the mobility
as above, also applies for nondegenerate statistics. The
differential rate equations referred to as the Shockley-
Read-Hall rate equations for the single-level defect! and
the differential rate equations for the multiple defect sys-
tems of Ref.3 apply for nondegenerate statistics. Fur-
thermore, in the derivation of the SRH rate equations,
the carriers are assumed to reside at the band edge, and
so Boltzmann statistics apply and nonparabolic, multiple
bands are not considered.

A silicon wafer grown by the Czochralski method (Cz)
often contains a defect species complex related to oxygen.
The relatively long lifetime of the particular Cz silicon
sample under consideration suggests that the impurity
levels are close to the band edges, yielding a long time
constant 73. The current work investigates two-level car-
rier transitions for the ground and excited states or the
coupled level system of Chen et al® and Frens et al”. Ex-
perimental results are explained in terms of defect com-
plexes which have these ground and excited states near
the band edges. For the particular silicon Cz sample,
three defect complexes are identified as possible sources
of the relatively long time constant . The first is the
carbon interstitial-oxygen interstitial C; — O; complex’,
the second is the vacancy-oxygen V — O complex Ref.”
and the third is the phosphorus donor (n-type) and the
ground state of the V — O complex or C; — O; complex®.
These complexes have energy levels near the band edges.

It is shown that multiple-level fundamental time con-
stants for the ground excited state or coupled level sys-
tem, for one of the complexes above, are in agreement
with experimental data determined by a contactless pho-
toconductance technique. This technique measures the
average or volume integrated decay. The average decay
in a semiconductor wafer (silicon) with an ideal surface
passivation described by the surface recombination ve-
locity S = 0 cm/s is derived in Luke®. An assessment
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of the effect of bulk minority carrier recombination and
trapping is not performed in Ref.? although an effective
bulk lifetime is included. The effective bulk lifetime de-
scribes the effect of a dominant defect level. For the more
accurate case of multiple defect levels the average decay
is determined analytically from the theory of Ref.3. This
forms the basis for interpreting the experimental results.
An evaluation of recombination and or trapping is per-
formed in the present work by plotting the 744, versus
excess carrier concentration. For the complexes stated
above a difference is found in the nature of the plots.
This represents a method of identifying particular defect
species.

The article is organized as follows. In Sec. II the
method of solving the carrier continuity equations analyt-
ically for the above constraints is presented. The average
decay, which indicates the volume integrated decay mea-
sured by the photoconductance decay method, is evalu-
ated. Section III describes the derivation of the ground
excited state system equations and the excess carrier con-
centration decay equation. This equation includes the
fundamental frequencies for this defect system. Sections
IV, V, and VI describe the experimental constraints, the
experimental conditions, and the experimental results,
respectively. This is followed by a Sec. VII on a discus-
sion of the results.

II. IMPULSE RESPONSE AND AVERAGE
EXCESS CARRIER CONCENTRATION

For the purposes of illustrating the method of solution,
a multiple-level defect analytic solution of Ref.? to the
rate equations is used in the carrier continuity equation
solution method. Consider a p-type silicon wafer with a
defect with a ground excited state uniformly distributed.
The analytic solution to the rate equations with excess
minority carrier concentration An(t), in the absence of a
field £ and diffusion D,, , is represented by Eq. (1). This
expression is the impulse response An(t) as derived in
Ref.2 to a light impulse N,8(¢) with a single level defect.
In the above derivation the excess carrier concentration
An(0) is uniformly distributed throughout the sample
at t = 0. The non-uniform excess carrier generation,
through the thickness of the sample, for the multiple de-
fect system equations of Ref.? is considered in Sec. III.
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An(t) = Z Z Z Njuvezp (—jwit — uwat — vwst) ,

=0 u=0v=0
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= 220D NiuwEju(t). )
7=0 u=0v=0

The recombination rate U,(t) is defined as follows
Wertheim,? where An(t) represents the impulse response

for recombination:

and from Eq. (1):

o0 o0 o0

Un(t) = Z Z Z (jwl + uwg + UUJ3) Nj,u,ij,u,v (t)7

7=0 u=0v=0
(4)

where
E;uy (t) = exrp (—jwlt — uwsot — vw;;t) . (5)

In the present analysis the carrier and recombination
spatial profile, as well as the time evolution, is sought
normal to the surface at the point of the incidence of
light. For the single level, neglecting excited states,
Auger recombination, and radiative recombination, the
carrier continuity equation for the one-dimensional case
is given as follows:!?. Simplifications are made such that
the generation G, , at t = 0% after cessation of the im-
pulse, is negligible. The electric field £ in the bulk is also
considered negligible:

8An(z,t)
ot

An(z,t)

52
=Da oz?

— Up(z, t). (6)

Consider the following expressions for the recombina-
tion rate U,(z,t) and the excess carrier concentration
An(z,t), which include the spatial dependence in the
term u(z, t):

Un(z,t) = u(z,t)
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It remains to find an expression for u(z,t).

The following are the boundary conditions due to the
surface passivation where S is the surface recombination
velocity and D, is the diffusion constant. Consider both
surfaces to be identically passivated such that they both
have the same value of S.

p,2Anz:t) = SAn(-d/2,t), (%)
oz z=—d/2

_p,2an@. = SAn(+d/2,t), (9b)
0z loerare




and where the boundary conditions transform to

Ou(z,1)

Dn = SU(—d/2’t)a (10&)
Oz z=—d/2

_p, %u=:1) = Su(+d/2,t).  (10b)
ax z=+d/2

Using the principle of the separation of variables, the
required solution of Eq. (6) is represented by

u(z,t) = X(2)T(), (11)

such that by substitution of Eq. (11) into Eq. (6) realizes
expression Eq. (12), whereby the two functions of x and
t can only attain equality if equal to a constant:

1 &®X(x) 1 dr@t) =
X@) 4 ~oaw & - ¢ (1@
The respective solutions become,
T() =e P, (13)
X(z) = Acos(az) + Bsin(az). (14)

An equation for u(z,t) (excess carriers) results from the
separation of variables,!!, where the A,, and B,, are
given in Ref®. A linear superposition of solutions Eq.
(11) is required to satisfy the boundary conditions Eq.
(10). Each term in the summation (each value of m)
satisfies the boundary conditions:

u(z,t) = Zum(:c,t)
Z [Ame“’ztD"t cos(amz)

m

+ Bpe=%mDnt sin(am:c)] . (15)

Due to symmetry, the spatial dependence of excess carrier
concentration An(z,t) must be an even function of x, so
B,,, — 0. However the boundary condition Eq. (10) must
also be satisfied, requiring agreement of Eq. (15) and Eq.
(10), resulting in Eq. (16), using the method for finding
the coefficients of a Fourier series (see the Appendix of

Ref.):
=3 [Am(,\)e“’?"[’"tcos(amx)], (16)

_ 4glame=4/2 (14 Re~*9)
(@2 + 02,) [amd + sin(amd))]

X [a,\ sinh (a—é\q) cos (%d-)
+am, cosh (9%(%) sin (-(1—'2"(—1)] . (17
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A general solution An(z,t) is found by multiplying the
impulse response given by Eq. (1) by that of Eq. (16),
as shown in Eq. (18).
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Similarly, for the solution Uy, (z,t) given by Eq. (19).
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It may be shown by substitution for each value of the
mode of decay m that Eqs. (18) and (19) are a solution
to the carrier continuity Eq. (6). These solutions include
the spatial dependence, a term related to the diffusion
of carriers to the surfaces and a recombination via the
multiple-level defect term.

The value oy, is found by substituting Eq. (16) into
one of Eq. (10), resulting in the following condition to
be satisfied by the selection of an appropriate surface
recombination velocity S.

amd\ _ amDy
cot( > ) = —g (20)

The average excess carrier concentration is now sought.
Integrating Eq. (18) with respect to x, Eq. (21), realizes
an expression for the average density of minority carriers
representing the impulse response given by Eq. (22):

1 (42
Ang,(t) = =

An(z,t)dz. (21)
dJ_q/2

The integral Eq. (21) may be evaluated yielding the re-
sult in Eq. (22):
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As § — oo, from Eq. (20),

amdf2 =
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The average density of minority carriers representing
the impulse response for S — oo, is given by Eq. (24)
being the mode of decay:

m/2,3n/2,5m/2..., such that for m = 1,2,3,..., o, is
given by Eq. (23): with m=1,2,3,...,
o = (2_7"_'_1271 (23)
d
1
oo o0 o0
Ang,(t) = Z Z Z Njuvezp (—jwit — uwst — vwst)
=0 u=0v=0
N 8goe~ /2 i sin (amd/2)
(aA + 02)) [amd + sin(apyd)]
x

The initial average minority carrier profile is exponential
with a peak at £ = —d/2 normal to the incidence of light.

For the case where the surface recombination velocity
S approaches zero in the limit, the condition given by
Eq. (20) indicates that an,d/2 = 0,27,4m,6m,..., and
all the terms in the summation of Eq. (22) vanish except
for a;pd/2 = 0. The mode of decay is m = 0. This results
in an indeterminate form for the limit, which is solved by
the use of L’Hopital’s rule. The result for the S = 0, the
case given by Eq. (25), indicates that only the bulk term
is involved in the decay.
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Note that the coefficient of the exponential terms con-
tains the absorption coefficient a), which is related to
the wavelength of the incident light. The expressions for
average decay indicate that the fundamental frequencies
are unaffected by the absorption coefficient.

III. GROUND AND EXCITED STATE SYSTEM:
FUNDAMENTAL FREQUENCIES wy41

As mentioned in Ref.3 consider a defect energy level
Eg,,d representing the ground state with an excited state

(25)’5‘1 in the band gap of an n-type semiconductor. The

set of linear equations representing the ground excited



state system are Eqs. (27) with the differential operator
D = d/dt, where Cg,, CF,, C7, and C%, are constants

gz
related to the carrier transitions between states. The

|

5

values of f,, and f,. are determined from df,/dt = 0
and df, /dt = 0, respectively:
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where constants 7,y 5)(to) and 7, 2)(t0) in Eq. (28) nie = N.exp (_ (E. — Ex)) , (29¢)
may be evaluated as in Ref.2: kT
Di(g,z) Ppo + P1(g,2)
a = C? N, [ + E, — E,
(9:2) v(g,z) ' t(g,7) Ppo + Pi(g.2) Ni(g,2) piz = Nyexp <_ .(_“’.__._l) . (29d)
kT
+ Mp(9,2) (tO)Ap(O) (28&)
Ni(g,2) ! The method using the differential operator D, as in
Refs.!? and'® whereby the determinant of the matrix of
Egs. (27) equals zero, allows the formation of the char-
Blow) = Cf,’(g,z) Nyoa) [Ppo A—;— P1(g,z) + np(g,:z})v(tO)An(O) acteristic equation:
o) Ho:z) (D® +bD? +¢D +d)exp(—wt). = 0 (30)
(28b)
The fundamental frequencies wy 2,3 (inverse time con-
i
. O B [ (o) Mpo + M1 (g.2) (s)t%a]ral;sj) (1;1{&)}: be evaluated by solving for the three roots
(0:2) g:2)tl0,2 Mpo + N1(g,2) Ni(g,2) 3 2
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+ —, (28¢c)
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E —
my = Noexp (-2 kfg".d)), (292)
E —_
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with the frequencies given by w; = 1/71, ws = 1/m and
Wy = 1 / T3.

Following the analysis in Refs.2,3, and!*, the following
equations for the excess carrier concentrations An,,(t),
Eq. (32), and Ap,,(t), Eq. (33), may be written for the
multiple-level or ground excited state system. There are
three fundamental time constants:

o« 00 0
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Equations (32) and (33) indicate that for ideal surface
passivation (S = 0) there is an infinity of exponential
terms in the decay and the frequencies are a linear com-
bination of the fundamental frequencies.

IV. EXPERIMENTAL CONSTRAINTS

In Secs. II and III the theoretical analysis reveals that
for ideally passivated surfaces (S = 0) the fundamental
frequencies may be determined from the average decay.
Furthermore, the diffusion term vanishes due to condi-
tions imposed on the modes of decay. For this case of
a very low surface recombination velocity (S = 0) the
modes of decay are restricted to m = 0. Also, in the
previous Sec. III, it is shown that for average decay the
fundamental time constants are unaffected by the wave-
length of light. The absorption coefficient only affects the
magnitudes of the coefficients of the exponential terms
in the decay. For the purpose of illustrating the range
of excess carrier concentrations over which the funda-
mental frequencies may be measured, an impulse of light
N,é(t), with a single wavelength and a energy slightly
greater than the band gap, is chosen to represent the
light source. In the limit of weak absorption, an impulse
of light é(t) generates a uniform excess carrier concen-
tration in the semiconductor material where An(0) and
Ap(0) are equal and represent the photoexcited excess
carrier density. The relative change in conductivity of
sample wafers of different resistivity when photoexcited,
defines a criteria for decay detection by a microwave or
inductively coupled detector. Low resistivity p implies
high conductivity ¢ and the relative change Ao /o may
be small:

/2
8o = [ aundn(a,t) + mdp(z, O)dz. (30

For sufficiently small Ap(0) (n-type silicon) the contri-
bution to conductivity in the majority band is negligible
as opposed to the sudden increase in minority carriers
above the equilibrium concentration in the minority band
[for n-type Ap(0) << npo). As the photoconductivity
perturbation Ac is small compared to the wafer conduc-
tivity, the time dependence of the microwave signal is
the same as the average excess carrier density Apg,(z,t)
proportional to Ag. Although the microwave reflectance
is a nonlinear function of wafer conductivity, the above
is true for high (p = 0.2cm?) and low (p = 100Qcm?)

conductivity samples considered here where the values
in brackets represent resistivity. The difference is that
for high conductivity wafers, high-order modes of decay®
(m >> 1) decay much faster and are not observed by the
microwave system. As the excess carrier concentration is
increased the contribution to conductivity of the major-
ity band is not negligible and both carriers contribute to
the conductivity Ao as in Eq. (34).

After the optical excitation pulse in the absence or
low concentration of discrete levels (trapping centers),
the decrease in the average minority carrier concentra-
tion and subsequent observed decay is determined by
bulk and surface recombination and diffusion of carriers
to the surfaces. The average carrier concentration, pro-
portional to the sheet conductance of the wafer, decays
with a characteristic time constant 7, for a given sur-
face recombination velocity S >> 1 cm/s. This volume
integrated concentration is measured by the microwave
reflectance photoconductance decay method®. Equation
(32) represents the impulse response with & + 1 funda-
mental frequencies due to k¥ = 2 multiple defect levels in
the band gap for S = 0, indicating that only the three
fundamental time constants are involved in the decay.

Analysis of the decay for 7441, the fundamental time
constants, is performed using a multitransient technique.
Multi-transient analysis refers to the extraction of com-
ponent exponential terms from a sum of exponentials
comprising the signal. The methods available, as in
Refs.131617 present a means of analyzing signals with ad-
ditive white Gaussian noise. In addition, where the data
matrix and the observation matrix may be subject to
noise fluctuations, the total least squares method Van
Huffel'® (TLS) is employed. This method models the
multiexponential signal as an autoregressive process. For
the present analysis the TLS method of Refs.!” and!®
multitransient analysis, using singular value decomposi-
tion (SVD),?° is applied to the analysis of the multicom-
ponent exponential decay.

From Eq. (34), increasing the excess carrier concen-
tration in the sample means that both An(t) and Ap(t)
contribute to the conductivity Ac. However, from the
present work, both quantities contain the same decay
constants Eqs. (32) and (33). Hence, the decay may
be analyzed for i, with arbitrary excess carrier concen-
tration. Ideally, the range of excess carrier concentration
should encompass the linear (constant) region and the
nonlinear region of variation of 7, with excess carrier con-
centration. Longer minority carrier time constants (1)
indicate lower defect level effects and an estimate of the
linear region of 7 with excess carrier concentration re-
alizes a range of excess carrier concentration before the
onset of trapping.

V. EXPERIMENTAL CONDITIONS

Experimental conditions for determining bulk decay
are discussed below. Specifically, with regard to a n-type



Cz silicon wafer, a uniform excess carrier concentration
may be generated within a sample of 400 um thickness®
by light of a wavelength of the order of 1 um. For a light
source with multiple wavelengths, whether it be blue light
(strongly absorbing) or infrared light (weakly absorbing),
a variation in generation of excess carrier concentration
is expected at the surface with respect to the bulk. The
high excess carrier concentration generated at the surface
produces a long time constant 7j,ngy contribution given
a good surface passivation. This is due to trapping at
bulk states near the surface (see Ref.? for an explanation
of minority carrier trapping). From Eq. (35) it may be
seen that the effective time constant 7, is that of the bulk
states Tgnor: away from the surface, which is shorter.

1 1 1
— = , (35a)
Te Tlong Tshort
Te ~ Tshort- (35b)

Simulations indicate that the infrared light produces
a near uniform excess carrier concentration away from
the surface in the bulk. The light source produces the
initial condition An(0) = Ap(0) at t = 0*. A low sur-
face recombination velocity may be attained with the
Si — Si0, system as in Ref.?!. A phosphorus surface
diffusion (n type) of Ref.22 or boron surface diffusion (p
type) of Ref.?? provides a surface field that limits the in-
jection of carriers into the surface states. However it may
be modulated by the excess carrier concentration, so the
effective surface recombination velocity is taken to be in-
jection level dependent in Refs.?! and®*. A subsequent
oxidation step?? provides the surface passivation. For
excess carrier concentrations 1 x 10% em~2 to 1 x 108
em™ an S.5y < 50 cm/s is assumed to be attainable
with appropriate processing with the Si — Si0, system
for a wafer resistivity of the order of 5 Qcm (5 x 104
cm~3 doping density). This value of the surface recom-
bination velocity is an upper limit with the value of Sezy
decreasing with increasing excess carrier concentration
from the injection level dependence of S.zs. The decay
of excess carriers may be detected by a contactless mi-
crowave as in Ref.2% or inductively coupled as in Ref.?6
photoconductance measurement.

VI. EXPERIMENTAL RESULTS

The following is the author’s experimental results. As
indicated in the Introduction, three candidate complexes
are considered for assessment as to the unusually long
lifetime of the Cz silicon sample by application of the
theory developed in Ref.3. This theory describes the
decay due to pulse of light for the coupled levels sys-
tem in terms of the fundamental frequencies w; = 1/,
wy = 1/m and w3 = 1/73. The first defect complex is
the carbon interstitial-oxygen interstitial C; —O; complex
Ref.”, the second is the vacancy-oxygen V — O complex

7

Ref.” and the third is the phosphorus donor (n type) and
the ground state of the V — O complex or C; — O; com-
plex Ref.%. These complexes have energy levels near the
band edges, which may give rise to the long lifetime.

The resistivity of the n-type Cz silicon sample is 5.5 {2
cm which corresponds to a doping concentration, Np, of
8.34 x 10'* em~3. An n* surface diffusion is performed
as in Ref.??, followed by an oxidation step. The thickness
of the wafer is 411 um. The photoconductance measure-
ment is performed with an inductively coupled system
similar to Ref.2® except that the frequency is lower (8-
10 MHz) and the light source is a tungsten flash. The
major component in terms of intensity, in a tungsten
flash, is infrared light. This light is assumed to gener-
ate near-uniform excess carrier concentration throughout
the thickness of the wafer except near the surface. The
dominant time constants are expected to be that of the
bulk states away from the surface (see Sec. V). Further-
more, the silicon sample is not subjected to high energy
radiation of electrons, which would be expected to create
vacancies in the silicon lattice as in Ref.”.

The first fit of experimental data by theoretical val-
ues of 1 and 7, Eq. (31), determined by adjusting ex-
cited state defect parameters, is shown in Fig. 1. The
defect parameters adjusted were the defect concentra-
tion, N;, the electron and hole cross sections, oy, and
Ops, Tespectively, for the excited state and the electron
and hole cross sections; and g, and o,, respectively,
for the ground state, shown in Table I. Energy lev-
els for this coupled state system correspond to the car-
bon interstitial-oxygen interstitial complex (C; — 0;)7,
with E, -~ E, = 0.04 eV for the excited state, and
E. — E; = 0.84 eV, for the ground state. From Fig. 1
the agreement is good for 7, and m, with the adjusted pa-
rameters of Table I. Experimental data for 73 could not
be determined because this time constant is very short.

A fit of theory for the ground excited state system of
Table II, corresponding to the vacancy-oxygen complex
(V—-0),7 is shown in Fig. 2. Again, the concentration N;
and cross sections of the defect were adjusted to provide
as close a fit to the experimental data with the theoret-
ical values of 7, and 72, Eq. (31). The energy levels for
the V — O complex are E, — E, = 0.17 eV for the ex-
cited state, and E; — Egng = 0.76 eV, for the ground
state. From Fig. 2 agreement is relatively poor for 7y
as the theoretical curve enters a trapping region. This is
because at low excess carrier concentrations the minor-
ity carrier is the major contributor to the decay, which
corresponds to 7;. At higher excess carrier concentra-
tions the time constant 7, is becoming longer, indicating
that for the n-type silicon there are fewer electrons at
the defect levels to recombine with. Hence, the minor-
ity carrier holes are accumulating or being trapped at
the defect levels. Experimental data points do not follow
this trapping behavior. It is concluded that the vacancy-
oxygen complex is not a major contributor to the decay.
This is to be expected since the silicon sample did not
undergo radiation with high energy electrons to create



vacancies in the silicon lattice. A fast time constant 73,
shown in Fig. 2, could not be resolved by the contactless
photoconductance method because the sampling time is
too large.

A fit of the experimental data with theory for the phos-
phorus donor with a concentration of 8.34 x 10! em?® and
cross sections o, = 5 x 1072! em? and 0, = 5 x 1071%
cm?® and ground states of the complexes could not
be achieved. The phosphorus donor lies at an energy
level E. — Ep = 0.045 eV. The ground states were
E.—E; =0.17¢V and E.— E; = 0.76 eV, corresponding
to the vacancy-oxygen complex and E, — E; = 0.84 eV,
corresponding to the carbon interstitial-oxygen intersti-
tial complex’.

VII. DISCUSSION

Given a silicon wafer sample with a well-passivated sur-
face, the fundamental time constants 7; and 75 may be
determined from the photoconductance decay by multi-
transient analysis. A relatively long time constant is at-
tributed to defect levels near the band edges. Examples
of coupled levels used to fit the experimental data have
levels near the band edges. A consistent fit to the exper-
imental data is provided by the C; — O; complex. The
vacancy-oxygen complex V — O shows trapping behav-
ior which is not apparent in the experimental data. The
phosphorus V — O ground state complex could not be fit-
ted to the data given the concentration of the doping con-
centration Np and the much smaller ground state con-
centrations of the C;—O; and V —O complexes. Also, the
history of the silicon sample indicates that it is unlikely
to have a high vacancy concentration. This indicates that
the V — O complex is less likely than the C; — O; complex.
A plot of the fundamental time constants versus excess
carrier concentration may be a method of identifying a

defect species.

The small concentration of the defects (5x 1078 em™3)
determined from the fit, is consistent with the theory of
Ref.? for the ground excited state system. The dip in 7
of the experimental data points, at higher excess carrier
concentration, is attributed to the beginning of Auger
recombination.

VIII. CONCLUSIONS

This work introduces the solution of the carrier con-
tinuity equation, which includes multiple defect levels
in the carrier recombination terms. The recombination
term is expressed as an infinite number of exponential
terms with frequencies which are multiples of fundamen-
tal frequencies. The resulting expressions for the excess
carrier concentrations Angy(z,t) and Ap,,(x,t), may be
readily formulated by analyzing the decay for a well pas-
sivated surface (S = 0) for 7, and 72, the fundamental
time constants. Simplifications are made which reflect
the experimental situation envisaged to carry out a sim-
ple contactless photoconductance decay measurement. A
silicon Cz wafer with both surfaces well passivated is
shown to yield consistent experimental time constants,
with an exact theory.
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TABLE I: Defect level parameters used for the fit of experimental data of the ground excited state system, for Cz sample 6.1,

(carbon interstitial - oxygen interstitial).

Parameter

Ground state

Excited state

E, — E. energy depth from conduction band [ eV ]
E; — Eg4,4 energy depth [ eV ]

N discrete level concentration [ cm™3 ]

oy cross section for holes [ cm? |

o cross section for electrons [ cm? |

0.84
5 x 10°

0%, = 4.5 x 10717
ol =2.5x107%°

0.04

5 x 108
b, =6.5 x107°
ol =8.5x 10718

TABLE II: Defect level parameters used for the fit of experimental data of the ground excited state system, for Cz sample 6_1,

(vacancy - oxygen complex).

Parameter

Ground state

Excited state

E. — E; energy depth from conduction band [ eV ]
E. — E4.4 energy depth [ eV ]

Ny discrete level concentration [ cm™2 ]

0 cross section for holes [ cm? ]

o cross section for electrons [ cm? ]

0.76

2.8 x 10*

ohy = T.5 x 1071°
of, =25 x 107"

0.17

2.8 x 10*
o2, =6.5x107°
ot =85x10713




Figure Captions

FIG. 1. Graph of 11 = 1/wy, 2 = 1wy, and 73 = 1/w;
for the excited state system of C; — O; (carbon intersti-
tial - oxygen interstitial) vs excess carrier concentration
1 An(0) = Ap(0). The doping concentration Np of the
- sample is 8.34 x 10 em™3. See Table I for defect level
- parameters. Continuous line: fit of 7, and 7> determined
from the characteristic Eq. (31), to the experimental
data. Circles: experimental data for n-type Cz sample

11
6_1.

FIG. 2. Graphof 4 = 1/wy, 72 = 1/wq, and 73 = 1/w;
for the excited state system of V' — O (vacancy - oxygen
complex) vs excess carrier concentration An(0) = Ap(0).
The doping concentration Np of the sample is 8.34 x 10'4
em™3. See Table II for defect level parameters. Contin-
uous line: fit of 7, and 7, determined from the char-
acteristic Eq. (31), to the experimental data. Circles:
experimental data for n-type Cz sample 6_1.
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The recent analytic solution to the Shockley-Read-Hall (SRH) rate equations for the transient
case is derived without an approximation for near equilibrium and non-equilibrium situations. The
method of this solution is applied to derive a new steady state solution. It is shown that the result-
ing two time constants or eigenvalues of the linear system, are in agreement with the order of the
underlying second order differential equation. In this work we describe the nature of the approxi-
mation in the original SRH work that leads to one time constant and compare the approximation,
the new exact solution and the analysis of the numerical solution for component time constants.
The new exact solution is in agreement with the analysis of the numerical solution. Furthermore,
this solution is shown to unify the work of previous authors for the single-level defect and small
departures of carrier concentration from equilibrium (small signal).

PACS numbers: 72.20.Jv, 72.40.4+w, 85.30.De

I. INTRODUCTION

A dominant recombination mechanism in semiconduc-
tors, apart from Auger recombination, is Shockley-Read-
Hall (SRH) recombination as described by the SRH rate
equations in 1952 [1] [2]. Shockley and Read developed
an expression for the recombination time constant in the
steady state 7,5. Although developed for the steady state,
the theory has been applied to the transient case in the
neighbourhood of the equilibrium point (small signal)
and the time constant is referred to as 7y. This applies
to a single-level defect although in practical situations
multiple defect levels occur. These rate equations have
been applied to the analysis of experimental data assum-
ing a dominant defect energy level. The literature indi-
cates conflicting partial solutions to the rate equations,
notably the expression with a single time constant [1]
which is defined as (1), where U represents the recombi-
nation rate, and expressions of several authors with two
time constants, indicated below.
o (1)

The focus of the present work is to show that the SRH
expression is an approximation, indicate the source of the
approximation which for the given example amounts to

Tss =
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a relative error of thirty percent, and resolve the con-
flicting issues. The recent general analytic method of
solution {3], for the transient case developed without an
approximation, is applied to the SRH rate equations (2)
to obtain a new steady state solution. This solution is
compared to the existing steady state SRH time constant
expression.

‘é%(;‘) = CpNep(t)f(t) — epNe (1~ £(1)) (22)
_d’(f) = CpoNen(t) (1 — £(2)) — enN: £ (t) (2b)

In Eq. (2), NV; is the defect concentration, n(t), p(t) are
the electron and hole concentrations respectively, f(t) is
the defect occupancy function or probability function, Cy,
and C,, are the electron and hole capture coefficients and,
en and e, are the electron and hole emission rates.

In the present work the theoretical predictions of time
constants from the analytic solution are compared with
the analysis of the numerical solution for component time
constants in the steady state case. Good agreement is
found for this comparison. Previous analyses in the lit-
erature have assumed the validity of the single time con-
stant expression (3) (Eq. 5.3 of Ref. [1]) derived from
Eq. (1) without such a comparison.

(npo +ny1 + An)
CpNt (npo +ppo + An)
(ppo + D1 + Ap)
CrnNt (Npo + Ppo + An)

Tes =




It is shown that the definition, Eq. (1), leads to an incor-
rect theoretical prediction of one time constant 7,, of Eq.
(3) for the steady state whereas at least two time con-
stants are predicted by the analytic steady state theory
presented in this work. This indicates that the definition
Eq. (1) is not related to the physics of the carriers.

The present work demonstrates that the steady state
solution, determined both analytically and by analysis of
the numerical solution, converges to the transient solu-
tion of Ref. [3] in the small signal transient limit. This
confirms the transient and steady state multiple time
constant solutions to be consistent. The single SRH time
constant 7,, of Eq. (3) is inaccurate which implies from
Eq. (1) that the recombination term U = An/7,, is
also inaccurate. In the literature this recombination term
is included in the carrier continuity equation which de-
scribes the flux of carriers into and out of a volume of
semiconductor. Within the volume there may be recom-
bination and generation. The definition of Eq. (1) leads
to a recombination term, which at best is convenient as a
means to represent the SRH equations in the carrier con-
tinuity equation in a mathematical context, is however
not physically meaningful.

A brief survey of developments related to the partial
solutions of the SRH rate equations follows. A partial
solution to the rate equations [4] yielded two time con-
stants written in terms of a “recombination time”, ”a
time to trap a carrier” and ”a time to release a trapped
carrier”. In this case the recombination time constant is
defined as in (1). In [5] the defect problem is addressed
with approximations introduced to elucidate the differ-
ent features of types of defects. For the transient case,
an approximate solution of [6], yields two time constants
comprising an initial decay and a transient decay. A set
of differential rate equations for multiple discrete levels
based on a summation of the single level SRH equations is
stated in [7]. Approximations were introduced to provide
a linear solution to the non-linear differential equations
for small changes in Ap and An from the equilibrium val-
ues. For the single-level, two time constants result from
this solution for the transient case which were simplified
to one time constant and an ”adjustment time” which
agree with [6].

In [8] approximations were applied to the solution not
of the rate equations but to the second order differential
equation in Ap (4) that results from the rate equations

and the charge neutrality condition.

(e 2) - (-2))
— +14+—] - 1-—
Do v Do v Cp
93 n m o, 26
Cn)+y[(l+po>(l+po+cn)
+%(1+-21’i)/(1+’1)]
Do Do Do
2
D ny Cp) Nt( Cppl)
1+ — —4+ =+ —=[(14+ ==
( 0) <po Chn Do Cr po

Do Do Po Do Po Do

(o) (3 22 en)
Do Do Do Do Do Do
=0
where y = Ap/p, and similarly for An and,
E.— FE
n; = Ncexp (—%——t—)) (5a)
— (Et - Ev)

As pointed out by [8], all previous methods of solution
of (4) including perturbative methods, were unsuccessful
in yielding a solution. For this reason previous attempts
at solving the rate equations have inherently involved ap-
proximations in order to gain some insight into the carrier
dynamics. However, Streetman [9] confirmed the exis-
tence of two time constants, as also indicated by [7], for
small departures from equilibrium for the transient case
applied to the single-level defect. In [10], application of
the rate equations to coupled states and two indepen-
dent states is investigated for the transient and steady
state situations. The transient time constant expressions
agree with [7] and [9] for small departures of the carrier
concentration from equilibrium for the single-level case.
There are two time constants in these solutions which
are in agreement with the exact solution of [3]. This is
consistent with the governing second order differential
equation (4) since there are two eigenvalues of the linear
system because the equation is second order.

However, the equations in the multiple level and single
level cases, were stated but the resulting time constants
were not verified against an analysis of the numerical so-
lution for the component time constants. In Section II
the exact steady state analytic solution is discussed and
the steady state fundamental time constants presented.
In Section III the theoretical prediction of these funda-
mental time constants and analysis of the numerical so-
lution for component time constants are shown to be in
close agreement. This solution comprises, for the single-
level, two fundamental time constants, 7; and 72, which
are in agreement with previous derivations notably Refs.
[7] [9] for the small signal case and the order of the under-
lying second order differential equation. In Ref. (3] the

y2+y[(2+&+ﬁl~&)+—%—&/ (1+1—)‘—)]
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minority carrier time constant is defined as 71 and the
majority carrier as 7o. In this respect these two funda-
mental time constants are directly related to the physics
of carrier decay which affect structures such as solar cells.
In this case it is the minority carrier represented by 7
which is involved in the physics of trapping [3].

In [4] and [10] the steady state time constant is defined
as (1) as in [1] (Eq. 5.2), without justification. Although
two time constants are derived for the minority carrier
in n-type and p-type semiconductor material in the ap-
pendix of [1], these time constants are defined similar to
(1). It may be shown that these time constants as de-
fined, for the linear region (constant region) of variation
of the dominant time constant 7, with excess carrier con-
centration, corresponding to the small signal case of [3],
do not agree with the exact solution as given in [3].

For the single level case, the equation describing the
time evolution of the normalised excess electron concen-
tration (4), Anpm(t), is a second order non-linear dif-
ferential equation and has a cubic power of Anpm(t)
given as Eq. (9) in [8). Since the differential equation
for Ann,,(t) is second order, at least two time constants
are expected in the solution (the eigenvalues of the lin-
ear system) for all excess carrier concentrations less than
the Auger limit and the non-degenerate doping concen-
tration. The steady state is realized with the boundary
condition dn(t)/dt = 0 at ¢ = 0% for electrons in the
conduction band. Application of the boundary condition
is still expected to realize two time constants in the solu-
tion since the underlying differential equation is second
order.

In [1] the steady state is realised by setting Un = Uy,
given as Eq. 4.1 of [1]. They define only a single time
constant (Eq. 5.2 of [1] repeated as Eq. (1) of this work),
Tss, implying the solution of a first, rather than second,
order governing differential equation. For a second order
equation to become first order, a zero must be cancelled
by a pole of the same magnitude and frequency as the
zero for all excess carrier concentrations. A zero that
is not cancelled should be realized in the solution. It is
shown in Figure 1 that the time constant 7,; = Tsry is
approximately equal to the dominant time constant 7
for only part of the range of excess carrier concentration.
Furthermore, the analysis of the numerical solution for
component time constants (see Section III) yields close
agreement with the predicted value of 71 for the steady
state. Parameters used for the evaluation are given in
[3]. Hence the definition of 7,, in [1], as stated above,
yields a time constant expression which is inaccurate.

II. ANALYTIC STEADY STATE SRH
SOLUTION

A recent analytic solution (6) [3] to the SRH rate equa-
tions (2) is obtained without any approximations for
uniform arbitrary non-degenerate doping concentration
Na.p, defect energy depth Fi, defect concentration N;

and cross sections o, and g,. The exact solution (6) for
the single-level comprises an infinity of monoexponential
terms with frequencies or inverse time constants a linear
combination of two fundamental frequencies w, = 1/
and wy = 1/m.

oo oo
Angm(t) = E E Ny vezp (—uwit — vwot) (6a)
u=1v=1
oo oo
Appm(t) = E E P, ,exp (—uwit — vwot) (6b)
u=1v=l1
oo oo
Af(t) = E E F, vexp (—uwit — vwat) (6c)
u=1v=1

The magnitude, of the coeflicients N, , and P, , of the
exponential terms, falls away rapidly to a very small value
so that less than eight terms are significant in the series.
The first two coefficients are the most significant, (u,v) =
(1,0) and (0, 1). Expressions for the minority carrier time
constant 73 and majority time constant 7, are derived
and given as (12). The dominant time constant is 7; and
its behaviour with excess carrier concentration indicates
the onset of trapping. A critical point, representing the
transition between the linear (constant) and non-linear
variation of fundamental frequency with excess carrier
density, is identified.

Application of the method of solution derived in (3]
as indicated above, to the steady state is performed as
follows. Fundamental frequencies are derived by scaling
the differential equations and solving the linear form (7)
of the non-linear differential equations.

_dApum(t) = aAppm(to) — BANAm (o) (7a)
Tdt iy,

_-—dA";t"‘(t) = YAnam(to) = 0Apum(te)  (7b)
t=to

where a, 8, v and ¢ now contain the 7,(to) and 7, (to)
terms ( see [3] ), with An(0) = Ap(0) and 7n(to) defined
as follows,

Ma(to) = f:0%) = fo (8
From the charge neutrality relation with An(t,) =
Af,(to) = nn(to) the quantity 7,(¢o) may be defined as
Eq. (9),

mite) = (14 g ) Tt ©)

The steady state definition of the occupancy function
f+(t) (Eq- 4.2 of [1]), with n(t) = ny + An(t) and
p(t) = ppo + Ap(t) and corresponding equilibrium con-
centrations n,, and pp,, is given as Eq. (10).

£.07) = g (10)



At equilibrium the electron occupancy of the defect level
is f, = f(07) given in terms of pp, by:

y 2!
fo = —— 1la
Ppo + D1 ( )
and in terms of np, by:
Tlpo
= — 22 11b
f —— (11b)

The fundamental frequencies 74 = 1/w; and 72 = 1/ws
are given as Eqs. (12) (see Ref [3]).

[V

wo= 2O (g (14— 9B (12a)
2ay~-af (@+7)
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III. NUMERICAL SOLUTION FOR THE
STEADY STATE

The unconstrained coupled differential equations are of
the form (2) and (13), where (13) results from the steady
state condition U, = U, [1] or:

d(t) _ dn) a3

d —  dt
The initial conditions are n(0*) = p(0*) due to the gen-
eration rate G and f(0) determined Eq. 4.2 of [1] for
the steady state.

For small deviations from equilibrium (low excess car-
rier concentrations) referred to as the linear region (con-
stant region) of variation of time constant with excess
carrier concentration at least two time constants are ex-
pected in the steady state as with the transient case.
This is because the governing equation is second order.
For higher excess carrier concentrations away from equi-
librium the time constants are expected to differ from the
transient case because dn(t)/dt = dp(t)/dt will necessar-
ily give a different An(0)criticat [3]. See [3] for the fifth
order Runge-Kutta scheme and typical data used in the
numerical solution.

Multi-transient analysis using the Total Least Squares
(TLS) method, refers to the extraction of component ex-
ponential terms from a sum of exponentials comprising
the signal (see [3]). Figure 2 shows the comparison be-
tween the decay time constants 71 = 1/w; and 72 = 1/w,
as calculated from equation (12) and as evaluated by TLS
analysis of numerical data (An(t + At)) for T = 300
K. The figure indicates the variation from low injection
through to high injection. Agreement is very good. Also,
the steady state values for 71 and 7o agree with the tran-
sient values for the constant region.

IV. DISCUSSION

The steady state solution converges to the transient
solution for low excess carrier concentrations and hence
confirms the transient solution for the near equilibrium
case referred to as the small signal case. This steady state
solution is independently determined from a different set
of boundary conditions and yet converges to the tran-
sient solution as expected from the physics for the small
signal case. Furthermore, for the case of intermediate ex-
cess carrier concentration the steady state and transient
solutions for the time constants are different as shown
in Figure 3. The present work independently addresses
the solution of the steady state, proving consistency in
the solution and indicating a more accurate set of time
constants than that of the 1952 SRH time constant.

V. CONCLUSIONS

From a theoretical standpoint, the SRH lifetime ex-
pression 7,, for the dominant single level model, is shown
to be approximate. The existing interpretation of exper-
imental data relies on one time constant 7,5 (steady state
case) or 7 (bulk decay - transient case) derived from the
definition Eq. 5.2 of [1] (repeated as Eq. (1) here). Fig-
ure 1 and Figure 2 indicate that for low injection the
SRH single time constant expression, applied to both
the steady state and transient situations (small signal),
does not adequately reflect the actual decay. Whereas at
high injection 71 is adequate to model recombination and
trapping, at low injection 72 is also required as the mag-
nitude of the coefficient can be significant. For the steady
state, in low injection the frequencies are the same as the
transient case. From the above it can be seen that the
single SRH time constant expression is not sufficient as
an approximation and it lacks the ability to predict be-
haviour. Furthermore, the steady state solution together
with the TLS analysis of the numerical solution, confirms
the presence of at least two time constants in the decay.
This unifies the existing solutions of the rate equations in
the literature, as expected from inspection of the second
order differential equation (4), for small departures from
the equilibrium carrier concentration where the transient
and steady state solutions are identical.
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Figure Captions

FIG. 1. A graph of fundamental time constant 7, and
SRH time constant 753 = Tsgry Versus excess carrier

concentration An{0%). Circles: 7 derived from multi-
transient analysis of the numerical solution. There is a
relative error € =~ 30% between 1, and 7ggy in the linear
region.

FIG. 2. A graph of 1 = 1/w; and 72 = 1/w, versus
excess electron concentration An(0) for the steady state.
The doping concentration N4 of the sample is 5 x 1013
cm~3. Continuous line: 7, and 7> predicted by equa-
tion (12) Circles: 71 and 7 derived from multi-transient
analysis of the numerical solution.

FIG. 3. A graphof , = 1/w; and 72 = 1/ws versus ex-
cess electron concentration An(0). Comparison between
the transient ([3]) and steady state solutions. Continuous
line: 7 and 7 predicted by equation (12).
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The accuracy of defect level depth determined by a current measurement method, namely Deep
Level Transient Spectroscopy (DLTS), is shown to be sensitive to the number of defect levels present
in the semiconductor sample. A recent analytic solution method of the Shockley-Read-Hall (SRH)
rate equations, extended to differential rate equations for two multiple defect level systems, yields a
multiple-level solution derived without approximation. In terms of semiconductor material charac-
terisation, this exact solution including the full set of carrier transitions is shown to provide more
detailed information on multiple level depths than the existing theory, which relies on independent

dominant single levels.

PACS numbers: 72.20.Jv, 72.40.+w, 85.30.De

In materials’ characterisation, the defect level depth,
which is directly related to carrier recombination, is pre-
dominantly determined from rate equations. A dominant
recombination mechanism (apart from Auger recombina-
tion) is Shockley-Read-Hall (SRH) recombination [1] [2]
as described by the SRH rate equations. Strictly, these
rate equations apply to a single-level defect although in-
terpretation of experimental data has usually relied on
the assumption of a dominant defect energy level. A set
of differential rate equations for multiple discrete levels
based on the summation of the single-level equations is
given in [3] and [4]. A recent analytic solution to the
SRH rate equations [5], extended to include multiple de-
fect levels in a first principles approach, indicates that
the equations of [3] and [4] for multiple discrete levels
are correct only in the neighbourhood of the equilibrium
point.

The Deep Level Transient Spectroscopy (DLTS) tech-
nique of semiconductor defect level depth measurement,
first developed in 1974 by Lang [6], is extended in the
present work by including all multiple-level carrier tran-
sitions in a full set of rate equations. The method of solu-
tion of the recent analytic solution [5] to the single-level
(SRH) rate equations, is extended to the two multiple
level systems, namely the multiple discrete level system
and the ground excited states or coupled levels system.
This proposed theory indicates that the accuracy of the
usual method of DLTS measurement is affected by addi-
tional defect levels comprising the multiple-level systems.
These two defect systems have a major effect on the mi-
nority carrier and hence the physics of device operation.
In the present work the three-multiple-discrete-level sys-
tem, using the exact solution in the neighbourhood of
the equilibrium point, provides a clear distinction of the
effect between one and multiple levels on the dominant

time constants in the decay. The extended solution is ob-
tained without approximation for arbitrary excess carrier
concentration below non-degenerate doping, uniform ar-
bitrary doping concentration N4 p, defect energy depth
E4 1, defect concentration N and cross sections oy
and o, (for the k** level). The solution is comprised
of an infinity of mono-exponential terms, the frequencies
(inverse time constants) of which are a linear combination
of the fundamental frequencies w4, = 1/74+1. Expres-
sions for the minority carrier time constant 7, and time
constants 7y arising from majority carrier transitions
are derived for m discrete defect levels with £ = 1,2,...m
(the magnitude of the time constants is in descending or-
der ; > 79 > 73 > ...7Tk41). The dominant time con-
stant is 71 for n-type or p-type semiconductor and its
behaviour with excess carrier concentration indicates the
onset of trapping.

In order to place the extended solution in context, a
brief review of DLTS is warranted to see what emerges
when it is applied to a multiple defect level system, as
may often exist in practice. In DLTS, a pulse is applied
to a device with a depletion layer, which is reduced in
width by the polarity of the pulse to fill deep levels with
carriers. On application of a reverse pulse the depletion
layer widens and the carriers in each band travel to the
depletion layer edge in a matter of picoseconds. Due to
thermal emission, carriers in the deep levels are emitted
to the respective band and this is detected as a change
in capacitance AC of the depletion layer. The thermal
emission rate determines the decay rate of the depletion
layer. In order to detect the decay rate, a rate window
t; —t2 is usually employed although similar schemes (cor-
relator) are available. At low temperatures the decay
rate is slow and the difference in the decay AC at times
t: and ty is small. At intermediate temperatures, the



difference is greater. However, at high temperatures the
decay rate is very fast as thermal emission is greater and
again the difference is small. Hence, a peak in the emis-
sion rate versus inverse temperature occurs. A plot of
several peaks, corresponding to different rate windows,
produces a straight line plot with the slope proportional
to the level depth. This plot is referred to as an Arrhenius
plot. For multi-exponential decays rate windows may be
selected to resolve the different time constants resulting
in several Arrhenius plots.

Laplace Deep Level Transient Spectroscopy (LDLTS)
[7] is a mathematical refinement of the usual Deep Level
Transient Spectroscopy (DLTS), giving better resolution
of the spectral peaks. Although LDLTS is used to re-
solve multiple defect level depths, it may not lead to the
direct identification of the defect species. However this
may be possible in conjunction with other methods both
theoretical and experimental. The DLTS method has
limitations on the sensitivity or detection of low defect
concentrations.

As originally conceived, DLTS assumes that the ef-
fect of each level may be independently determined from
the multi-exponential decay of a capacitance transient
with the dominant time constant 7 arising directly from
a dominant defect species. One carrier type is assumed
to be emitted from the defect levels. The thermal emis-
sion rate enp = 1/7 derived from the detailed balance
relations is given by Eq. (1) [8].

t
oy U N, -AG

enp = n,p th(;,p) c,v exp[ an,p] (1)

where of . is the thermal cross section for electrons or

n,p
holes, v (n,p) is the thermal velocity of electrons or holes,

N,y is the effective density of states for electrons or holes,
g is the degeneracy and AG,, , is defined by (2).

AGnp = AH,,—TAS,, 2)

AG, , represents the change in Gibb’s free energy re-
quired to emit an electron (hole) from the center at con-
stant temperature. Eq. (2) expresses this quantity in
terms of the change in enthalpy AH and the change in
entropy AS. By substitution of the relevant terms, where
AQG is replaced by AE, implying no change in entropy
(adiabatic process), an emission time constant 7 results
in Eq. (3).

_ g 1 —-AFE
T= ot pYnpNew T? exp[ kT ] ®
where
3
. [27]2
Ynp = 2\/§k2mc,v [h_z] (4)

with k being Boltzmann’s constant, mj, the effective
mass for electrons or holes and k is Planck’s constant.

Modulation by a pulse of the depletion layer of a Schot-
tky barrier or pn junction produces a change in capaci-
tance where the capacitance of the depletion layer is given
by Eq. (5).

C(t) = C(0+)exp (;) —C (5)

A rate window is defined by ¢; —t2 representing two points
on the decay curve. A change in capacitance of the de-
pletion layer may be expressed by Eq. (6).

AC(t) = C(t) - C(tz) (6a)

con(2)-(2) @

Differentiating equation (6b) with respect to 7 yields the
familiar expression relating the rate window t; —t, to the
maximum emission time constant 7 as Eq. (7).

AC(t)
c")

) —t3

B In (%)

LDLTS or the usual DLTS uses the concept of a rate
window to resolve the dominant time constant in the
decay. Over a temperature range a time constant ex-
pression containing the rate window Eq. (7), which is
proportional to the emission time constant of Eq. (1)
(r = 1/enyp), is evaluated. The emission rate e, p is re-
lated to the dominant decay time constant through this
expression. A maximum emission rate is expected at a
particular temperature. This maximum is related to the
defect level energy depth via Eq. (3). A plot of several
maxima versus the inverse of the temperature allows the
defect energy depth to be resolved from the slope of the
linear plot.

Having discussed the DLTS method, the proposed ex-
tended multiple-level theory, comprising the full set of
carrier transitions using the recent method of solution in
Ref. [5], is now applied to the three level system. A re-
view of the DLTS method applied to the actual resulting
time dependent decay and how the rate window scheme
interprets it is examined later in the paper. Fundamen-
tal frequencies are derived by scaling the differential rate
equations and solving the linear form of the non-linear
differential equations. The determinant of the matrix of
these differential equations, Eq. (8), is reduced to a poly-
nomial of the differential operator D = d/dt, termed the
characteristic equation, Eq. (9) [9]. From this polyno-
mial the fundamental frequencies may be determined as
in Eq. (10). For m defect levels there are m + 1 funda-
mental frequencies where 7, = 1/w, is the dominant time
constant. This matrix concept may be seen in [4] for low
excess carrier concentration where the carrier concentra-
tion does not deviate appreciably from the equilibrium

(7)



concentration, and so can be neglected. In this case the
non-linear rate equations become linear. For higher ex-
cess carrier concentrations the matrix terms are modified

|

r 3

prfmeme
o -ow) (o =) MO IR
— (02 — 002) (a02 — foz) 0
— (703 — 003) (o3 — fos) 0
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where the agr, Bok, Yor and ogx, with k = 1,2, 3, refer to
the near equilibrium case.

The characteristic equation is given by equation (9)
and may be solved for the time constants where the coef-
ficients (b, c, d, €) are determined from the determinant
of the matrix formed from Eq. (8).

[D* + D + ¢cD? + dD + e] exp(—wt) =0  (9)

The fundamental frequencies wgy; (inverse time con-
stants) may be evaluated from the polynomial of degree
m + 1 given by Eq. (10).

w—blt+aw—dout+e =0 (10)

By evaluating the four roots of the polynomial (10) the
fundamental frequencies are given by w; = 1/m, we =
l/Tz, W3y = 1/T3 and Wy = 1/T4.

The square matrix, with the differential operator D in
the off diagonal entries as in the matrix of Eq. (8), is of
order m+2. Similarly for the square matrix of Ref. [4] for
the near equilibrium case of two levels. This means that
when more levels are added the order of the matrix in-
creases by the additional number of levels and the degree
of the polynomial or characteristic equation increases cor-
respondingly. It is important to note that with additional
defect levels, the size of the matrix changes and the co-
efficients of the polynomial Eq. (10) change. Hence,
the roots or fundamental frequencies of the polynomial
change. This alters the values of all the fundamental
frequencies. For instance with additional defect levels,
71 becomes lower in value, and is not a linear change.
Hence the effect of all the defect levels is not the sum
or linear superposition of the individual effects of each
defect level.

The main assumption inherent in the multiple-level
theory is that the matrix of Eqs. (8), which strictly

3

as in [5]. Eqgs. (8) describe the full set of carrier transi-
tions whereas Eq. (1) is an approximation involving only
the emission of one carrier type.
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describe the full set of carrier transitions in a field free
region, also apply within the depletion region where an
electric field £ is present. Equivalently, the resulting fun-
damental frequencies (which are the irrational eigenval-
ues of the linear system [5]) are unique for the given de-
fect level properties (see Table I} and are independent of
the electric field ¢ being determined by equilibrium values
of defect level occupancy, cross sections and concentra-
tion. Hence, it may be concluded that the level depths
may be recovered from these same fundamental frequen-
cies in a field or field free region because they reflect the
same level depths. Although the depletion electric field
£ may enhance emission through the Poole-Frenkel effect
[10], the effect is neglected in the present analysis.

In order to recover the true level depths, decay mea-
surements are performed at constant temperature over a
temperature range. The fundamental frequencies wgy;
must be resolved using a multi-transient analysis tech-
nique [5] from each experimental decay and a set of si-
multaneous equations formed at each temperature from
the polynomial of Eq. (10). Each equation in the set
contains a different w. The coefficients (b,c,d,e) of Eq.
(10) are determined in terms of the wgy; from the simul-
taneous equations. From expressions for each coefficient,
found by expanding the matrix Eq. (8), the level depths
may be evaluated from the slope of the plot of each co-
efficient in terms of the w41 versus 1/kT. A graph of
linear plots, with the x abscissa in units of 1/kT, is ob-
tained with the slopes of each line representing the level
depths. This measurement technique is termed Funda-
mental Frequency Spectroscopy.

To place the DLTS method of measurement in con-
text with the foregoing multiple-level theory an example
set of three defect levels from Table I is examined with
respect to the resolution of the levels using the rate win-



dow concept. For the combined effect of three levels,
the best a rate window can do is to resolve a 7 (Eq.
(3)) with time constants 7 = 71 and 7 = 7». The time
constants 73 = 1/w; and 72 = 1/w; make the most sig-
nificant contribution to the respective exponential decay
term, whether all three levels or just one level is included
in the matrix of Eqs. (8). The fundamental frequencies
(w1, wgs1 for k = 1,2---m), for the two cases of three
levels (m = 3) and one level (m = 1), are the respective
roots of the polynomial of Eq. (10) resulting from Egs.
(8) for each case.

For a doping concentration of Np = 5 x 103 em=3 in
a silicon sample, Figure 1 indicates the variation of the
dominant time constant 7; for the combined effect of the
three levels in Table I, and for each level as if it were the
only defect present in the semiconductor sample. A rate
window may be chosen corresponding to the dominant
time constant 71. Figure 1 is a log plot of 7 versus 1/kT,
from which the energy level depth may be recovered from
the slope of each line as described by equation (3).

It is seen from Figure 1 that level one is resolved as
the plot of m; for level one alone almost coincides with
the time constant ; for the combined effect of all three
levels. In resolving the level there is a relative error of
a few percent. From Eq. (10), the next significant con-
tribution to the decay comes from the component with
79 as the time constant. Examining this time constant,
79, from Figure 2, the combined effect of all levels pro-
duces a 7, which does not coincide with any level except
at low temperatures (with a different slope). The closest
level to the combined time constant of 75 is the level one.
However, the level resolved is effectively a ”ghost level”
because it does not exist. It is evident that level one has
the dominant effect on the dominant time constant m;
and the time constant 7, for the combined levels, due to
a combination of deep level depth and concentration (see
Table I).

As shown in Figure 1 at any one temperature 7 is low-
ered by the addition of other defect levels arising from
other defects which are electrically active. That means
that since 71 is the dominant decay time constant in both
n-type and p-type, it varies in an unpredictable manner
with each semiconductor sample. Without taking into
account all the other fundamental time constants and
linear combination of them, DLTS effectively measures
71, the dominant decay constant, via the rate window
concept. Given a dominant defect species in two semi-
conductor samples, but with different numbers of back-
ground defect species in each sample, the values of 71 in
each sample will be different. Each DLTS peak will shift
in an unpredictable way if the background defects are
unknown. Hence, in the two cases the level is resolved
with an error compared to the case where the dominant
defect species level exists on its own, without any other
defect levels present. A similar argument applies for time
constant 7.

3

In conclusion the above discussion may help to shed
some light on the anomalies arising from interpreting
data in experimental methods such as LDLTS which de-
termine the dominant decay time constant for a given
rate window at a given temperature. In the literature
there is a spread of values reported for defect level pa-
rameters such as level depth. This is because a given sam-
ple with, for example, iron as the dominant defect will
have different background defect levels to another simi-
larly doped sample, resulting in a different time constant
71 as well as different resultant fundamental frequencies

Wg+1 = l/Tk+1.
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Table Captions

TABLE 1. Defect level parameters for the analytical
solution of the rate equations of Egs. (8) for the multiple
discrete defect level system.

Figure Captions

FIG. 1. A graph of fundamental time constant 7, from
the root of Eq. (10) versus 1/kT', for the combined effect
of three levels in Table I and for the case of each level
in the Table as if it were the only level present in the

semiconductor sample. Solid line: plot of m; for each
level. Solid line with circles: combined effect of three
levels.]

FIG. 2. A graph of fundamental time constant 72, from
the root of Eq. (10) versus 1/kT', for the combined effect
of three levels in Table I and for the case of each level
in the Table as if it were the only level present in the
semiconductor sample. Solid line: plot of = for each
level. Solid line with circles: combined effect of three
levels.]



TABLE I: Didier Debuf, Phys. Rev. Lett.

parameter level one level two level three

E. — E; energy depth from conduction band [ eV ] 0.55 0.35 0.25

N discrete level concentration [ cm™2 ] 5x 10 5 x 10%° 5 x 10°

o, cross section for holes [ cm? | ov1 = 8.5 x 10718 oy2 = 8.5 x 10717 ov3 = 8.5 x 10712
oy cross section for electrons [ em? ] oe1 =9.0x 10717 oe2=9.0 x 10718 oc3 =9.0 x 1071*

10

10 = T, level two only
3
10 -
1070 7, level three only

7, level one only

FIG. 1: Didier Debuf, Phys. Rev. Lett.

-4
10 T [s]
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FIG. 2: Didier Debuf, Phys. Rev. Lett.
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A GENERAL ANALYTIC SOLUTION TO THE SHOCKLEY-READ-HALL RATE EQUATIONS WITH A
SINGLE LEVEL DEFECT
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ABSTRACT: A recent derivation of an analytic solution to the Shockley-Read-Hall rate equations is compared to the
currently accepted steady state expression. The new solution is written as an infinite sum of monoexponential terms,
the frequencies or inverse time constants of which are a linear combination of two fundamental frequencies. Whereas
the analytic solution is derived without approximation it is shown that the usual steady state expression is approximate
and the source of the approximation is identified. Independent agreement between theory and the numerical solution of
the non-linear rate equations is provided by multitransient analysis which determines the component exponentials in a
sum of exponentials. Minority carrier recombination and trapping is discussed and a definition for the minority carrier

time constant is proposed.
Keywords: Lifetime Defects Recombination

1 INTRODUCTION

The average rate of processes of recombination and
trapping, capture and emission via a single-level defect
is given by the Shockley-Read-Hall (SRH) rate
equations first developed in 1952 [1][2]. A steady state
solution given in [1] is often used with approximations
to interpret experimental data in the literature. In this
respect the assumption of a dominant electrically active
defect is made to simplify the interpretation. A recent
derivation of an analytic solution to the SRH rate
equations [3] indicates that the solution is an infinite
series of monoexponential terms, the frequencies or
inverse time constants of which are a linear combination
of two fundamental frequencies A; and Az. The solution
is determined without approximation for doping
concentration Nap limited to non-degenerate doping
and, arbitrary defect level concentration Nt, defect level
depth E; and cross sections oy for electrons and holes
respectively. As each exponential term in the series
solution represents the response to a linear system, the
solution is the sum of responses to an infinite number of
linear systems. In this sense the analytic solution is the
impulse response. A spatially uniform defect
concentration and uniform excess carrier concentration
are assumed as initial conditions. Note the SRH
equations apply for non-degenerate statistics.

In the present paper it is shown that approximations
were introduced in the steady state solution of [1]. The
present work seeks to address the effect of the
introduced approximations in interpreting decay data
using the steady state solution of [1] in the light of the
analytic solution of [3]. The paper is organized as
follows. Section 2 begins by stating the carrier
continuity equation and indicating constraints in order to
delineate the boundary conditions under which
consideration of the transient and steady state solution is
found to apply. The transient solution due to an impulse
Nod(t) is first considered and the solution of [3] given.
Then the implications of the usual SRH time constant
expression are discussed. Section 3 confirms the time
constants determined from the theory of [3] by a
multitransient analysis of the numerical solution.
Included is the definition of minority carrier time
constant and minority carrier trapping in the light of the

theory of [3]. The conclusions follow.

2 TRANSIENT AND EXISTING STEADY STATE
SOLUTION

2.1 Carrier continuity equations

The carrier continuity equations (1) and (2) describe
the flux of carriers into and out of a volume and apply
for low excess carrier concentration, low electric field E
and parabolic bands (Boltzmann statistics ) [4].
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Consider a single parabolic band such as that found in p-
type silicon where U, represents the recombination rate
for electrons. For the transient solution given in [3] the
generation rate Gp, the electric field E and diffusion D,
terms are considered negligible. Similarly terms in the
carrier continuity equation for p(x,t) are considered
negligible. These conditions are imposed in order to
determine the impulse response as stated above. In the
steady state the term Gy and a corresponding term Gp in
the p(x,t) expression is not negligible and effectively is
required to maintain the steady state.



2.2 Non-linear SRH Rate Equations

The recombination rates U, and U, are given by the
first principles’ derivation given in [1] known as the
SRH rate equations.

Up=CnNn()(A=f(O)=Cnm NSO
&)

Up :Cpth(t)f(t)_Cppth(l_f(t))
CY)

Given an impulse of light that generates excess carriers
in equal concentrations such that An(0)=Ap(0) the above
two equations (3) and (4), with the carrier continuity
equations and the constraints indicated, yield the
following.
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= - S
Un Y (3
ap(x,1)
=—_— 6
Uy = ©

Applying the charge neutrality condition with (5) and (6)
a second order differential equation for the excess
carrier concentration An(t) may be determined [5].
Perturbative methods of solution were unable to yield
satisfactory forms of solution for this non-linear second
order equation. So the rate equations have traditionally
been solved numerically.

2.3 Infinite Series Solution to SRH Rate Equations

The infinite series transient solution to the SRH rate
equations is given in [3] and may be written as follows
with K1=1/‘tl and Kz=1/‘52.

[¢ 0] [¢ 0]
M@= T T Ny jexpl-Gar+ i |
i=0j=0
@)

Since the differential equation for An(t) is second order,
two time constants are expected in the solution for all
excess carrier concentrations less than the Auger limit.
The two fundamental frequencies are determined from
the linear form of the non-linear rate equations. The
minority carrier time constant is defined to be 1, and the
majority carrier time constant is defined to be 1;. The
dominant time constant is ;.

2.4 Steady State SRH Time Constant Expression

The steady state is realized with the boundary
condition dn(tydt = O at t=0" for electrons in the
conduction band where the population remains constant
with time. Application of the boundary condition is still
expected to realize two time constants (the eigenvalues
of the linear system) in the solution as the underlying

differential equation is second order. These two time
constants are the fundamental time constants determined
from the response to an impulse (transient solution of
[3D). In [1] the steady state is realized by Us=Uj, as in
Eqn. 4.1 of [1]. Shockley and Read define only a single
time constant Eqn. 5.2 of [1], <, implying the solution of
a first, rather than a second order governing differential
equation. For a second order equation to become first
order, a zero must be cancelled by a pole of the same
magnitude and frequency as the zero for all excess
carrier concentrations. In effect the zero that is not
cancelled should be realized in the solution as for the
transient case. It is shown below that the time constant
T=tu.sry (Where the subscript H-SRH refers to Eqn. 5.3
of [1] with agreement for high excess -carrier
concentration) is approximately equal to 1; for only part
of the range of excess carrier concentration.

Hence the definition of t in [1] as stated above,
results in an approximation for the time constant
expression Tu.sru ( Eq. 8 ) with 1. sruindicating the low
excess carrier concentration limit for An=0.

rpo(npo+n1+An)+¢,,0(ppo+p1+An)
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®
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Figure 1 Variation of T, with excess carrier
concentration for parameters in Table 1 and
calculated by the method of Ref. [3]. Also shown

is tasra (Eq. 8)

Fig. 1 indicates the variation of 1; with excess carrier
concentration An(t) for t=0". In addition the components
Tusry  and To.gry are shown with the tu.spu solution
providing partial zero cancellation for moderate to high
excess carrier concentrations.such that Tj~Ty.spu. At low
excess carrier concentrations the SRH expression varies
in a non-linear manner towards the lower limit. In this
region the linear region of ty.sru is not clearly defined
and is difficult to apply in practice. For the series
solution of [3], the linear region of variation of 1; with
excess carrier concentration is independent of excess
carrier concentration. The critical point at which the
excess carrier concentration departs from the linear
region is also clearly defined.



Table I: Parameters for the single defect modeled in
Fig. 1

parameter value  units
temperature T 300 X
doping concentration N 5102 cm?
defect concentration Nt 5x10"  cm?
defect level depth E-E, 0.65 eV

9x107%  cm?
8.5x107  cm?

electron capture cross section G,
hole capture cross section o

3 MULTITRANSIENT ANALYSIS AND MINORITY
CARRIER TRAPPING

The analysis of the numerical solution of the rate
equations (3),(4) provides a means of confirming the
theory developed in [3]. No a priori knowledge of time
constants is known about the numerical solution as it
represents the evolution with time of the rate equations
for parameters listed in Table 1.

3.1 Numerical solution of rate equations
A fifth order Runge Kutta scheme [3] is employed

to numerically solve the non-linear rate equations
(3),(4) for the transient case. Fig. 2 shows the variation
of 7; and 1, with excess carrier concentration for both
that predicted by theory and that determined by
multitransient analysis of the numerical solution.
Multitransient analysis refers to the extraction of
component exponential terms from a sum of
exponentials comprising the signal. In addition where
the data matrix and the observation matrix may be
subject to noise fluctuations, the Total Least Squares
method [3] is employed. This method models the multi-
exponential signal as an autoregressive process.
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Figure 2 Variation of T, and t, with excess
carrier concentration, Continuous line: theory
derived in Ref. [3]. Circles: multitransient
analysis of numerical solution. Parameters for
the calculations are listed in Table 1.

Agreement is good and indicates independent
verification of the theory.

3.2 Minority carrier trapping

Fig. 2 indicates that the time constant T, increases as
the excess carrier concentration is increased. At low
excess carrier concentration the time constant is
independent of excess carrier concentration. For high
injection the time constant saturates and is almost
constant. An earlier definition of the minority carrier
time constant is now examined for consistency in the
light of the above behaviour of 1.

Consider the p-type sample with electrons being the
minority carrier. As T; increases the electron population
in the conduction band is increasing as the average time
they remain before recombination is increasing. This
means fewer holes exist at the defect level for
recombination and the defect occupancy or population of
electrons is also increasing. Effectively the minority
carrier is being trapped at the defect level.

As high injection is approached the hole population
although small becomes relatively constant and the
electron occupancy at the defect level saturates. For low
excess carrier concentration the time constant
corresponds to recombination only as there is very little
trapping. The evidence for this is that 1; is independent
of excess carrier concentration. As T; is increasing, T;
significantly decreases. The time constant 1; corresponds
to the majority carrier (holes) which are in abundance in
the valence band. Together with the increasing electron
occuparcy at the defect level considerable recombination
takes place decreasing the majority carrier time constant.
This implies that the rate of change of the holes in the
valence band is increasing with excess carrier
concentration.

3.3 Variation of T1; and 1; with doping concentration

Fig. 3 indicates the variation of T; and T2 with Fermi
level which effectively implies that the doping
concentration is varied.
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Figure 3 Variation of 1, and t; with Fermi level.
Continuous line: theory developed in Ref. [3].
Circles: multitransient analysis of numerical
solution.



The figure shows close agreement with the predictions
of [3] and the multitransient analysis of the numerical
solution.

4 DISCUSSION

For the example listed in Table 1 the relative error in
the value of 1; and Tysru in the linear region of Fig. 1,
is of the order of thirty percent. Further the governing
differential equation is second order so two time
constants are expected in the decay whether it be
transient or steady state. Therefore the usual SRH time
constant expression represents an approximation.

It is evident from Fig. 2 that 7, and 1, are significant

decay components in the linear region of variation of
time constant with excess carrier concentration. This is
the region most often employed to determine defect
parameters from experiment. The magnitude of the
coefficients of the exponential terms determines the
contribution of the components to the decay for the
transient and steady state. The magnitudes may be
modeled as in [3] with known defect parameters.
In the Appendix of [1] two time constant expressions are
derived for small departures from equilibrium. However
these expressions do not agree with the two time
constant expressions derived in [6] for exactly the same
conditions of small departures from equilibrium.
Although [6] applies to the transient case, the steady
state is expected to have the same time constants with
only the magnitudes of the coefficients differing from
transient to steady state. This is because the steady state
is a boundary condition and does not change the
underlying governing second order differential equation.
The results of [3] agree with those of [6]

The SRH approximate time constant expression is
difficult to apply in practice as the extent of the linear
region is unknown. Further the degree of the
approximation is unknown as the relative error changes
in this region. As such the SRH approximate time
constant expression indicates trends only.

Fig. 3 indicates that 1; behaves uniquely for p-type
and n-type and so the definition of 1, as the minority
carrier time constant is consistent. The proposed infinite
series solution indicates the recombination-only region
and a trapping region. The variation of time constant
components with excess carrier concentration should be
plotted in order to determine the onset of the trapping
region.

5 CONCLUSIONS

A general analytic solution to the SRH rate equations
derived in [3] is shown to be consistent by the
multitransient analysis of the numerical solution. There
are few constraints which amount to non-degenerate
statistics, spatially uniform defect concentration and
uniform excess carrier concentration. Further the theory
i1s developed without an approximation. This work
presents a unified approach to recombination and
trapping.
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MULTIPLE DEFECT LEVELS AND ISOTHERMAL TRAPPING: SEMICONDUCTOR MATERJAL QUALITY
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ABSTRACT: A solution to the single level Shockley-Read-Hall rate equations developed recently is applied to two
multiple level systems. The two systems considered are the multiple discrete level system and the ground excited state
or coupled level system. It is shown that the solution to the differential rate equations for the two multiple level systems
derived without an approximation lead to a consistent interpretation of the minority carrier time constant. Hence a
measure of semiconductor quality may be determined by an assessment of the variation of minority carrier time constant
with excess carriers due to an impulse or after steady state conditions.

Keywords: Recombination Lifetime Defects

1 INTRODUCTION

The processes of capture and emission of carriers
from multiple defect levels and recombination and
trapping via multiple defect levels are governed by rate
equations. These processes determine the average
lifetime of minority carriers and hence device
characteristics. A recent exact solution of the single-
level rate equations is derived in {1] and extended to the
multiple level case in [2]. A brief overview of the
multiple level solution is given in the present work.

Consider the decay response of a semiconductor to a
light impulse 8(t). The Shockley-Read-Hall ( SRH ) rate
equations [3]{4] describe the evolution with time of
recombination, capture and emission of excess carriers
via a single defect energy level in the bandgap of a
semiconductor. These rate equations have, to date been
applied to the analysis of experimental data assuming a
dominant defect energy level. Multiple defect energy
levels were discussed in [5] with approximations
introduced to elucidate features of types of defects. A set
of differential rate equations for multiple discrete levels
based on a summation of the single level SRH equations
is given in [6]. Again, approximations were introduced
to provide a linear solution to the non-linear differential
equations.

The validation of the summation of the single level
SRH equations for the multiple discrete level case has
not previously been confirmed. This is especially
important since many analyses applied to the multiple
defect situation have involved approximations. The
validity of the set of multiple-defect rate equations is
confirmed in the present work by applying the method of
solution developed in [1]. This solution represents the
impulse response and is given by an infinite number of
mono-exponential terms the inverse time constants or
frequencies of which are the linear combination of
fundamental frequencies. The fundamental frequencies
are derived from the linear form of the differential
equations. Expressions for the minority 1, and majority
Tw+; With k=1,2....m carrier decay time constants for the
discrete case (see Figure 1) and 1,3 for the ground
excited state system ( see Figure 2 ) are given. These are
derived without any approximation at a given
temperature for excess carrier concentration limited to
non-degenerate doping, arbitrary doping concentration
Nap, defect level concentration Ny, cross section Opiax

and energy level Ey. The theory presented addresses the
whole decay process from 0% <t < oo,

Despite the probability that many defect levels may
be present in a given semiconductor sample, an effective
lifetime, t., is often evaluated as if all the levels may be
represented by one dominant level. In photoconductance
decay for example, at low excess carrier concentration,
the decay is due to minority carriers. At high excess
carrier concentration both carriers contribute to the
decay. Since T is a cumulative time constant the exact
definition of the physics of what 1. represents from low
to high excess carrier concentration is difficult to
address. In the exact solution representing all defect
levels, the time constant 1; represents the minority
carrier decay for low and high excess -carrier
concentration. Its behaviour with excess carrier
concentration gives an indication of the onset of minority
carrier trapping whether the decay is produced by an
impulse No8(t) or in the steady state. A more accurate
measure of semiconductor quality is proposed [1][2]
which is based on a measure of time constant ;. A
critical point representing the transition between the
linear and non-linear variation of fundamental frequency
with excess carrier density is identified. For practical
assessment of semiconductor material quality a
contactless isothermal method is required. The
photoconductance decay method may be applied for a
range of silicon conductivities suitable for device
fabrication. Given ideal surface passivation, S=0, where
S is the surface recombination velocity, a measure of 1,
may be extracted from the decay. Proposed experimental
details are given in [1]. In particular the following are
addressed in the present paper as a result of the
implications derived from the theory developed.

e 1) is more naturally defined as the minority

carrier decay constant

¢ 1; is the dominant decay process in p-type and n-
type material.

e A measure of semiconductor quality is
determined from the linear region of 1) versus
excess carrier concentration

e The value of 1; is influenced by the presence of
other defect levels in the bandgap

o For multiple defect states, all the fundamental
time constants should be measured.
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The paper is organized as follows. Section 2
contains a multi-transient analysis of the numerical
solution to determine the component exponentials in the
sum of exponentials. Comparison of the predictions of
the analytic solution for the multiple discrete system and
ground excited state system with the results of the multi-
transient analysis of the numerical solution is very good.
An indication of recombination only and of trapping is
discussed. An excess electron concentration An(t) and
hole concentration Ap(t) is assumed to be uniformly
generated throughout the wafer thickness at t=0". The
differential rate equations are scaled {7] and when the
normalised excess carrier concentration versus time,
intersects the defect occupancy function the non-linear
terms in the rate equations for An(t) and Ap(t) go to zero
att =1ty > 0%, The differential equations may be solved
att = 0" or t = to for the fundamental frequencies or
eigenvalues -A+;. Having obtained the fundamental time
constants, a general solution for An(t) and Ap(t),
represented by the impulse response may be evaluated.
An analysis for the ground excited state system may be
similarly performed.

Section 3 discusses the implications of the
theoretical results determined above. In particular defect
level parameters for the same level as in [1] are retained
in the present analysis and it is shown that with
additional levels the minority carrier time constant T;
becomes shorter. This has implications in terms of
interpretation of experimental data that relies on
measuring the dominant decay constant.
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Figure 1 Band diagram for three discrete levels
( m=3) indicating carrier transitions with the
respective band.
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Figure 2 Band diagram for the ground excited

state system indicating carrier transitions.

2 NUMERICAL SOLUTION FOR MULTIPLE AND
EXCITED STATE SYSTEMS

2.1 Multiple Discrete level System

In the multiple discrete defect level system the
coupled differential equations form a second order
differential equation in n(t) [8] which is non-linear. The
coupled equations are solved numerically. No a priori
knowledge is known about An(t + At) as it represents the
time evolution of the excess carrier concentration
derived numerically. Table 1 indicates the defect
parameters for the discrete case. A comparison is made
between the numerical solution and the predictions of
the analytical solution and found to indicate close
agreement [2]. This confirms the method used to analyse
the decay. A fifth-order Runge-Kutta scheme [9] is
chosen to represent discrete values of n(t), p(t) and fi(t),
to ensure convergence to the equilibrium concentration
for the minority carrier as t — . The defect level initial
occupation is assumed not to change fromt=0"tot=0"

( f0)=1£(0) ).

Table I: Parameters for multiple discrete level system

parameter value  units
state one E~Ey 0.55 eV
defect concentration Ny 5x102  cm®
cross section holes state 1 oy 8.5x10"°  cm?®
cross section electrons state 1 o¢; 9.0x10"7  cm?
state two E+-Ey 0.65 eV
defect concentration Ny s5x10  cm?
cross section holes state 2 oy 85x10"  cm?®
cross section electrons state 2 G, 9.0x10"  cm?
state three E+-Ev 0.75 eV
defect concentration N 5x10"° cm?
cross section holes state 3 o3 8.5x10"?  cm?

cross section electrons state 3 6.3 9.0x10™  cm?

Table 2: Parameters for ground excited state system

parameter value  units
excited state Ec-Ex 0.320 eV
ground state Ec-Egng 0.745 eV
defect concentration N; 5x10"  em?
cross section holes gnd state oy, 8.5x10"  cm?

~

cross section holes excited state 6w 8.5x10!!  cm
cross section electrons gnd state o,z 8.5x10™"7  cm
cross section electrons excited o, 8.5x10°°  cm

LSRN

The Total Least Squares method ( TLS )
multitransient analysis of the numerical solution {1]
results in the determination of frequencies which are



compared with those derived from a theoretical
expression. Figure 3 shows this comparison between the
decay time constants Tq+1 = 1/Am+ for m=3 as calculated
theoretically and as evaluated by TLS analysis of
numerical data An(t + At ) for T=300 K. The figure
indicates the variation of fundamental frequencies with
excess carrier concentration. Note that the excess carrier
concentration An(0) varies from 1 x 105 cm®to 1 x 10"
cm?  Agreement is excellent and confirms the TLS
method of analysis. The onset of the non-linear variation
of frequencies A1 with An(0) at An(0) = An(0)eritical 1S
clearly seen in the figure where the linear portion
extends to 5 x 10! cm™ and begins to diverge for An(0)
greater than 5 x 10" cm® This indicates the linear
region is in close agreement with the definition given by
Ref. [1]. For parameters listed in Table 1, An(O)citical =
5.44 x 10" cm™ [2]. Note also that TLS multitransient
analysis of the numerical solution results in T are in
close agreement with that predicted by the analytic
solution [2]. Some values (circles) could not be resolved
due to the very small magnitude of the coefficient of the
exponential term.
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Figure 3 A graph of 1, 1, 15 and t4 versus the
excess electron concentration for the multiple
discrete level system. Continuous line: t;;34as
predicted by analytic solution [2]. Circles:
Ty234 derived from multitransient analysis of
numerical solution,
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Figure 4 Decay time constants Ty, 34 versus
Fermi level E.for the discrete level system,

Continuous line: as predicted by analytic
solution [2].

Figure 4 shows the comparison between the decay time
constants 7234 versus the Fermi level Er for the discrete
level system with m=3 discrete levels and T=300 K. The
doping concentration for the p-type and n-type samples
varies from 5 x 102 cm™® to 1 x 10'® cm™. Agreement is
very good between the numerical solution and the
calculated 7. From this figure t; describes the
minority carrier decay constant for p-type and n-type,
and T with k>1, the majority carrier decay constants,
by analogy with [3] for the steady state. As such they
represent fundamental decay time constants.

Figure 3 indicates that for An(0) > An(0)citicat, Ti,
being the dominant time constant, increases. The
minority carriers (electrons) are remaining in the
conduction band for a longer average time indicating a
shortage holes at the defect level with which to
recombine. The defect level electron population is
increasing and electrons are remaining at the defect level
for a longer average time. This is referred to as minority
carrier trapping. The time constant 1; remains constant
in the linear region of variation of tx+; with An(0). This
region corresponds to recombination only whereas the
non-linear region undergoes recombination and trapping.
Eventually the trapping saturates as An(0) is increased to
high injection and the time constant T; reaches a
maximum becoming almost constant.
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Figure S A graph of ;3 versus excess electron
concentration for the ground excited state
system. Continuous line: as predicted by

analytic solution [2]. Circles: multitransient
analysis of numerical solution.

2.2 Ground Excited State System

The equations describing the time evolution of the
decay for the ground excited state system are given in
[2]. Table 2 indicates the defect parameters for this case.
Again, a fifth-order Runge-Kutta scheme is chosen to
represent discrete values of n(t), p(t) and fgx(t) for an n-
type silicon sample. TLS multi-transient analysis of the
numerical solution of the given equations results in the
determination of frequencies which are compared with
the derived theoretical expressions [2]. Figure 5 shows



the comparison between the decay time constants 1123 =
1/h123 as calculated theoretically and as evaluated by
TLS analysis of numerical data An(t + At) for T=300 K.
The figure indicates the variation of fundamental
frequencies with excess carrier concentration.
Agreement is excellent. Again the onset of the non-
linear variation of frequencies A1 23 with An(0) for An(0)
= An(0)crisicat 18 clearly seen in the figure.

3 DISCUSSION

It is evident from the theory presented that 1; represents
an important parameter in terms of the minority carrier
behaviour of a semiconductor sample. This extends to
both the multiple discrete defect level system and the
ground excited state defect level system. These two
systems are considered to be the most significant sources
of defect level effects on the minority carrier. As such
the measurement of 11 with excess carrier concentration
for a given temperature in the linear and non-linear
region realises a basis for evaluating semiconductor
material quality. In particular the linear region which
represents recombination only allows comparison of
time constants 71, A longer dominant decay time
constant may indicate a defect level close to the band
edge. Comparison of time constants in the non-linear
region is at best unreliable as the degree of trapping is
unknown and the range of variation of 1, with excess
carrier concentration is significant.

The ground excited state system may be applicable
to the boron-acceptor complex [10]. It is evident that
even the very low concentration of the ground excited
state levels (see table 2) has a dramatic effect on 1; (see
Fig. 5) compared to the discrete case. Further
experimental evidence for coupled states is provided in
Refs. [11][12].

The defect level parameters for the single defect
level in [1] were intentionally retained in the present
analysis of the multiple discrete level case in [2].
Comparison of 1,=2.55x10™ secs for the single defect
state [1] and that for the multiple discrete level state
7,=2.21x10"® secs in the linear region (see Figure 3),
reveals that additional levels results in a lower minority
carrier time constant. This represents a relative error
greater than ten per cent in addition to measurement
errors. This has obvious implications for interpretation
of experimental data where t; is the dominant decay
time constant. It thus becomes imperative that a multiple
level model such as proposed in the present work be
used to interpret data since the dominant level model is
not sufficient to provide accurate defect level
parameters. Further, the above discussion may help to
explain the anomalies arising from interpreting data in
experimental methods such as Deep Level Transient
Spectroscopy (DLTS) which determine the dominant
decay time constant for a given rate window at a given
temperature. In the literature there is a spread of values
reported for defect level parameters such as level depth
from such methods. This is because a given sample with,
for example, iron as the dominant defect will have
different background defect levels to another similarly
doped sample, resulting in a different time constant T,
for each sample.

4 CONCLUSIONS

It is shown using the method of solution developed in [1]
that the differential rate equations derived for the two
defect level systems are consistent with the numerical
solution of the rate equations. The transition from the
linear to non-linear variation of fundamental frequency
with excess carrier concentration is indicated. Trapping
behaviour of the minority carrier 1; is discussed and a
measure of semiconductor quality is proposed based on
the value and behaviour of 11. A priori knowledge of the
number and value of time constants in the numerical
solution is not known. This independent verification of
the theory determined from the first-principles
derivation of the rate equations confirms the properties
of the above solution and the method of multi-transient
analysis.

The fundamental theory of transient decay due to
the multiple defect level system given in the present
work may find a wide range of application. Some of
these applications may be comparing the quality of
crystalline silicon, polycrystalline silicon and cast silicon
used for solar cells. Furthermore, the effectiveness of
different experimental techniques may be refined with
the measurement of the fundamental decay time
constants associated with multiple defect levels. Hence a
uniform interpretation of defect level parameters across
the techniques may ensue.
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Abstract

Based on the solution of the Shockley-Read-Hall differential rate equations for the single level defect
developed recently, the multiple level solution indicates that the dominant single level model is
inadequate. The solution of differential equations for a multiple discrete level defect system and a
ground excited state system is derived without an approximation. It applies for a given doping
concentration, defect level concentration, defect level depth and electron and hole cross sections. A
consequence of the unified solution for a range of excess carrier concentrations is that a measure of
semiconductor quality may be assessed by measuring the minority carrier time constant 7,. This
applies for single crystal, polycrystalline and cast silicon. Further the solution has implications in
terms of defect level measurement and modelling of device structures such as solar cells.

1 INTRODUCTION

The processes of capture and emission of carriers from multiple defect levels and recombination and trapping via
multiple defect levels are governed by rate equations. These processes determine the average lifetime of minority
carriers and hence device characteristics. The solution of the single-level rate equations is derived in Ref. Debuf et al, (
2002 ) and extended to the multiple level case in Ref. ( Debuf, 2002 ). A brief overview of the multiple level solution is
given in the present work for the purpose of elucidating the features of the solution with application to determining the
properties of electrically active defects. A considerable effort is being expended on improving the quality of
semiconductor material to minimise the mostly detrimental effects of defect levels on device performance. Current
methods of analysis to determine defect level parameters or semiconductor quality are approximate in nature. Despite
the probability that many defect levels may be present in a given semiconductor sample, an effective lifetime 7, is often
evaluated as if they may be represented by one dominant level. A more accurate measure of semiconductor quality is
proposed which is based on a measure of one time constant T, whether the decay is produced by an impulse N,3(t) or in
the steady state. This time constant 7, represents the minority carrier decay and its behaviour with excess carrier
concentration gives an indication of the onset of minority carrier trapping. A critical point representing the transition
between the linear and non-linear variation of fundamental frequency with excess carrier density is identified. For
practical assessment of semiconductor material quality a contactless isothermal method is required. The
photoconductance decay method may be applied for a range of silicon conductivities suitable for device fabrication.
Given the degree of surface passivation S=0 where S is the surface recombination velocity, a measure of t; may be
extracted from the decay. Proposed experimental details are given in Ref. Debuf et al, (2002 ).

Consider the decay response of a semiconductor to a light impulse 8 (t). The Shockley-Read-Hall ( SRH ) rate
equations Shockley et al ( 1952 ), ( Hall, 1952 ) describe the evolution with time of recombination, capture and
emission of excess carriers via a single defect energy level in the bandgap of a semiconductor. These rate equations
have been applied to date to the analysis of experimental data assuming a dominant defect energy level. Multiple defect
energy levels were discussed in ( Rose, 1955 ) with approximations introduced to elucidate features of types of defects.


mailto:didier@ee.usyd.edu.au

Unified Theory of Recombination and Trapping via Multiple Defect Levels D. Debuf et al

A set of differential rate equations for multiple discrete levels based on a summation of the single level SRH equations
is given in Ref. ( Wertheim, 1958 ). Again approximations were introduced to provide a linear solution to the non-
linear differential equations. The validation of the summation of the single level SRH equations for the multiple discrete
level case has not been previously confirmed. This is especially important since many analyses applied to the multiple
defect situation have involved approximations. The validity of the set of multiple defect rate equations is confirmed in
the present work by applying the method of solution developed in Debuf et al, ( 2002 ). This solution represents the
impulse response and is given by an infinite number of mono-exponential terms the inverse time constants of which or
frequencies are the linear combination of fundamental frequencies. The fundamental frequencies are derived from the
linear form of the differential equations. Expressions for the minority T, and majority Ty with k=1,2....1+1 carrier
decay time constants for the discrete case ( see Figure 1 ) and 7, 5 5, for the ground excited state system ( see Figure 2 )
are given. These are derived without an approximation at a given temperature for arbitrary excess carrier
concentration, doping concentration N p, defect level concentration Ny, cross section oy o and energy level Ey. The
theory presented addresses the whole decay process from 0" < t < oo, The analytic solution is verified by analysing the
numerical solution of the rate equations for the above given parameters using a multitransient technique.

In particular the following are addressed in the present paper as a result of the implications derived from the theory
developed.
e 1 is more naturally defined as the minority carrier decay constant
e 1 is the dominant decay process in p-type and n-type
o A measure of semiconductor quality is determined from the linear region of 1, versus excess carrier
concentration
The value of 7, is influenced by the presence of other defect levels in the bandgap
For multiple defect states, all the fundamental time constants should be measured.

W %

1$3 agv

E,

Figure 1 Band diagram for three discrete levels indicating carrier transitions with the respective band.

The paper is organized as follows. A section 2 contains a multi-transient analysis of the numerical solution to determine
the component exponentials in the sum of exponentials. Comparison of the predictions of the analytic solution for the
multiple discrete system and ground excited state system with the results of the multi-transient analysis of the numerical
solution is very good. An indication of recombination only and of trapping is discussed. An excess electron
concentration An(t) and hole concentration Ap(t) is assumed to be uniformly generated throughout the wafer thickness
at t=0". It is shown that the non-linear terms in the rate equations for An(t) and Ap(t) go to zero at t=0" or some time t =
to where to > 0. The resulting linear differential equations may be solved at t = 0" or t = t, for the fundamental
frequencies or eigenvalues -A.,;. Having obtained the fundamental time constants, a general solution for An(t) and Ap(t),
represented by the impulse response may be evaluated. An analysis for the ground excited state system may be similarly
performed. A section 3 discusses the implications of the theoretical results determined above. In particular defect level
parameters for the same level as in ( Debuf et al, 2002 ) are retained in the present analysis and it is shown that with
additional levels the minority carrier time constant T, becomes faster. This has implications in terms of interpretation of
experimental data that relies on measuring the dominant decay constant. As such the minority carrier lifetime
represented by 1, is degraded with the presence of other levels.
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Figure 2 Band diagram for the ground excited state system indicating carrier transitions.

2 NUMERICAL SOLUTION FOR MULTIPLE AND EXCITED STATE
SYSTEMS

Considering the multiple discrete defect level system the coupled differential equations form a second order differential
equation in n(t) Nomura et al ( 1958 ) which is non-linear. The coupled equations are solved numerically. No a priori
knowledge is known about An(t + At ) as it represents the time evolution of the excess carrier concentration derived
numerically. A correlation between the numerical solution and the predictions of the analytical solution is made and
found to indicate close agreement. This confirms the method used to analyse the decay as a useful tool. A fifth order
Runge-Kutta scheme ( Dormand, 1996 ), Press et al, ( 1992 ), is chosen to represent discrete values of n(t), p(t) and fi(t),
to ensure convergence to the equilibrium concentration for the minority carrier as t — c. The normalised excess carrier
concentrations at t = 0% are given by An,,(0") = 1.0 and Ap,,(0") = 1.0 where the subscript nm indicates normalised
quantities. The defect level initial occupation is assumed not to change fromt=0"tot = 0" ( f(0) = f(0") ).

The Total Least Squares method ( TLS ) multi-transient analysis of the numerical solution Debuf et al, ( 2002 ) results
in the determination of frequencies which are compared with those derived from a theoretical expression. Figure 3
shows the comparison between the decay time constants Ty, = 1/Ay4; for 1=3 as calculated from and as evaluated by TLS
analysis of numerical data An(t + At ) for T=300 K. The figure indicates the variation of fundamental frequencies with
excess carrier concentration. Note the excess carrier concentration An(0) varies from 1 x 10 cm™ to 1 x 10'® cm?.
Agreement is excellent and as such contributes to the confidence in the TLS method of analysis. The onset of the non-
linear variation of frequencies A with An(0) for An(0) = An(0)uica is clearly seen in the figure where the linear
portion extends to 5 x 10'' ¢cm™ and begins to diverge for An(0) greater than 5 x 10'' ¢cm™. This indicates the linear
region is in close agreement with the definition given by Ref. Debuf et al, ( 2002 ). See Ref. ( Debuf, 2002 ) for the
evaluation of An(0)eica. For parameters listed in ( Debuf, 2002 ), An(0)ereas = 5.44 x 10! cm™. Note also that TLS
multitransient analysis of the numerical solution results in 7,1 in close agreement with that predicted by the analytic
solution ( Debuf, 2002 ). Some values ( circles ) could not be resolved due to the very small magnitude of the
coefficient of the exponential term.
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Figure 3 A graph of t,, 12, Ts and t, versus the excess electron concentration for the multiple discrete level
system. Continuous line: 1,3 4as predicted by analytic solution ( Debuf, 2002 ). Circles: 1,34 derived from
multitransient analysis of numerical solution.
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Figure 4 Decay time constants T, 5 4 versus Fermi level E for the discrete level system. Continuous line: as
predicted by analytic solution ( Debuf, 2002 ).

Figure 4 shows the comparison between the decay time constants T; ;3 4 versus the Fermi level Er for the discrete level
system with 1=3 and T=300 K. The doping concentration for the p-type and n-type samples varies from 5 x 10" cm> to
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1 x 10" cm™. Agreement is very good for the numerical solution and the calculated Ty.;. From this figure 7; describes
the minority carrier decay constant for p-type and n-type, and t,,; with k>1, the majority carrier decay constants, by
analogy with Shockley et al ( 1952 ) for the steady state. As such they represent fundamental decay time constants.

Figure 3 indicates that for An(0) = An(0)uscal, T1 increases realising a situation where the carrier ( p-type ) time constant
represented by T, is becoming longer. The minority carriers ( electrons ) are remaining in the conduction band for a
longer average time indicating that there are fewer holes at the defect level to recombine with. As such the defect level
electron population is increasing and electrons are remaining at the defect level for a longer average time. This is
referred to as minority carrier trapping. The time constant 7, remains constant in the linear region of variation of 74
with An(0). This region corresponds to recombination only whereas the non-linear region undergoes recombination and
trapping. Eventually the trapping saturates as An(0) is increased to high injection and the time constant T, reaches a
maximum becoming almost constant.

7
0

10; T [ sec ] a
10 G lowinjection o high injection
10 T —

10 o
10°
10
107
10

(VIS T ST+ S S (o (0 N« A T M L
an(0) [an™ ]

Figure 5 A graph of 1,3 versus excess electron concentration for the ground excited state system. Continuous
line: as predicted by analytic solution ( Debuf, 2002 ). Circles: multitransient analysis of numerical solution.

The equations describing the time evolution of the decay for the ground excited state system are given in Ref. ( Debuf,
2002 ). Again a fifth order Runge-Kutta scheme is chosen to represent discrete values of n(t), p(t) and fig,(t). TLS
multi-transient analysis of the numerical solution of the given equations results in the determination of frequencies
which are compared with the derived theoretical expressions ( Debuf, 2002 ). Figure 5 shows the comparison between
the decay time constants T, 3 = 1/A; 23 as calculated and as evaluated by TLS analysis of numerical data An(t + At ) for
T=300 K. The figure indicates the variation of fundamental frequencies with excess carrier concentration. Note the
excess carrier concentration An(0) varies from 1 x 10® cm>to 1 x 10° cm™, Agreement is excellent. Again the onset of
the non-linear variation of frequencies A, , 3 with An(0) for An(0) = An(0)cical 1S Clearly seen in the figure.

3 DISCUSSION

From the theory presented it is evident that T, represents an important parameter in terms of the minority carrier
trapping behaviour of a wafer sample. This extends to both the multiple discrete defect level system and the ground
excited state defect level system. These two systems are considered to be the most significant sources of defect level
effects on the minority carrier. As such the measurement of 7, with excess carrier concentration for a given temperature
in the linear and non-linear region realises a basis for evaluating semiconductor material quality. In particular the linear
region which represents recombination only allows comparison of wafer time constants ( 7, ) so that the longer time
constant wafers may be preferentially processed. A longer dominant decay time constant may indicate a defect level
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close to the band edge. Comparison of wafer time constants in the non-linear region is at best unreliable as the degree of
trapping is unknown and the range of variation of 1, with excess carrier concentration is significant. The defect level
parameters for the single defect level in Debuf et al, ( 2002 ) were intentionally retained in the present analysis of the
multiple discrete level case in Ref. ( Debuf, 2002 ). Comparison of 7,=2.5453 x 107 secs for the single defect state
Debuf et al ( 2002 ) and that for the multiple discrete level state 7,=2.2104 x 107 secs ( see Figure 3 ) reveals that
additional levels results in a faster minority carrier time constant. This represents a relative error greater than ten per
cent in addition to measurement errors. This has obvious implications for interpretation of experimental data where 7, is
the dominant decay time constant. It thus becomes imperative that a multiple level model such as proposed in the
present work be used to interpret data as the dominant level model is not sufficient to provide accurate defect level
parameters. Further, the above discussion may help to explain the anomalies arising from interpreting data in
experimental methods such as Deep Level Transient Spectroscopy ( DLTS ) which determine the dominant decay time
constant for a given rate window at a given temperature. In the literature there is a spread of values reported for defect
level parameters such as level depth from such methods. This is because a given wafer sample with for example iron as
the dominant defect will have different background defect levels to another similarly doped sample.

4  CONCLUSIONS

Using the method of solution developed in Ref. Debuf et al, ( 2002 ) it is shown that the differential rate equations
derived for the two defect level systems are consistent with the numerical solution of the rate equations. The linear form
of the rate equations predicts fundamental time constants which agree with those determined from the analysis of the
numerical solution. The analytic solution to the differential rate equations for the multiple defect state systems indicates
an infinity of exponential terms, the frequencies of which are a linear combination of fundamental frequencies. The
fundamental frequencies are derived from the linear form of the rate equations without an approximation. The transition
from the linear to non-linear variation of fundamental frequency with excess carrier concentration is indicated. Trapping
behaviour of the minority carrier 7, is discussed and a measure of semiconductor quality is proposed based on the value
and behaviour of 1,. A priori knowledge of the number and value of time constants in the numerical solution is not
known. This independent verification of the theory determined from the first principles derivation of the rate equations
confirms the properties of the above solution and the method of multi-transient analysis. The fundamental theory of
transient decay due to the multiple defect level system given in the present work may find a wide range of application.
Some of these applications may be comparing the quality of crystalline silicon, polycrystalline silicon and cast silicon
as described in the case of solar cells. Further the effectiveness of different experimental techniques may be refined with
the measurement of the fundamental decay time constants associated with multiple defect levels. Hence a uniform
interpretation of defect level parameters across the techniques may ensue.
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ABSTRACT

Semiconductor material characterization in terms of defect parameters is presently evaluated experimentally
by applying the Shockley-Read-Hall (SRH) recombination time constant expression. A recent analytic solution
to the SRH rate equations extended to differential rate equations for two multiple defect level systems, yields a
solution derived without an approximation. In terms of material characterisation, this exact solution is shown to
provide detailed information on multiple level depths in contrast to the existing theory, which relies on one
dominant single level. Furthermore, for semiconductor samples known to be predominantly doped with one
defect species, it is shown theoretically that the dominant decay is influenced by the other defect species present
in the semiconductor sample.

INTRODUCTION

Materials' characterisation, in particular the defect level depth, which is directly related to carrier
recombination, is predominantly determined from rate equations. A dominant recombination mechanism apart
from Auger recombination is Shockley-Read-Hall (SRH) [1][2] recombination as formulated by the SRH rate
equations. This applies to a single-level defect and interpretation to date of experimental data has relied on the
assumption of a dominant defect energy level. A set of differential rate equations for multiple discrete levels
based on the summation of the single-level equations is given in [3]. However approximations were introduced
in [3] to simplify the analysis by reducing the non-linear differential equations to a linear form. A recent
derivation of an analytic solution to the SRH rate equations [4], extended to include multiple defect levels in a
first principles approach [5], indicates that the equations of [3] for multiple discrete levels are correct.

This extended solution is obtained without any approximations for a given doping concentration N, p,, defect
energy depth Ey, defect concentration Ny and cross sections oy, and oy ( for the kth level ). The solution is
comprised of an infinity of mono-exponential terms, the frequencies (inverse time constants) of which are a
linear combination of the fundamental frequencies w=1/7y4;. Expressions for the minority carrier time constant
1; and time constants T, are derived in [5] for m with k=1,2,....m, discrete defect levels. The dominant time
constant is 7; and its behaviour with excess carrier concentration indicates the onset of trapping. The time
constants T4, are associated with the majority carrier and the defect energy levels.

In this work the focus is on determining the level depth as a means of assessing material quality. From this
measurement other defect parameters may be determined from the equations. Laplace Deep Level Transient
Spectroscopy (LDLTS) [7] is commonly used to ascertain defect level parameters. Although LDLTS is used to
resolve multiple defect level depths, it may not lead to the direct identification of the defect species. However
this may be possible in conjunction with other methods both theoretical and experimental. Another method in
recent use is Lifetime Spectroscopy [8]. Both methods have limitations on the sensitivity or detection of low
defect concentrations.

There are two main barriers to the determination of defect level depth for a useful assessment of material
quality. The first is the inherent approximations in the derivation of the SRH lifetime expressions in common
use. The recent solution indicated above [5] is determined without an approximation. The second barrier is that
methods that measure the dominant time constant, such as LDLTS, may be in error for another reason. This is
because from the first principles' analysis for multiple defect levels the dominant time constant is influenced by
the presence of other defects, as discussed below. This may lead to a level resolution that is in error.

The defect level parameters for the single defect level in [4] were intentionally retained in the analysis of the
multiple discrete level case in [5]. Comparison of 7, =2.55x107 s for the single defect state [4] and that for the
multiple discrete level state 1) =2.21x 107 s in the linear region, reveals that additional levels result in a lower
minority carrier time constant. This represents a relative error greater than ten per cent in addition to
measurement errors. This has obvious implications for interpretation of experimental data since the level depth is
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contained in the time constant of the exponential term. Furthermore, the above discussion may help to explain
the anomalies in terms of defect parameters arising from interpreting data in experimental methods such as
LDLTS which determine the dominant decay time constant for a given rate window at a given temperature. In
the literature there is a spread of values reported for defect level parameters such as level depth. This is because a
given sample with, for example, iron as the dominant defect will have different background defect levels to
another similarly doped sample, resulting in a different time constant 1, for each sample.

The paper is organised as follows. Section 2 briefly discusses the existing lifetime spectroscopy method of
defect level depth evaluation. Then an account of the proposed lifetime spectroscopy method, termed Analytic
Lifetime Spectroscopy, is given for the single level case as an illustration of the method which may be applied to
multiple levels in Section 3. Section 4 indicates the limitations on material characterisation due to theoretical
approximations and material properties that may lead to erroneous parameter determination as discussed in the
Introduction. The conclusions are given in Section 5.

2 LIFETIME SPECTROSCOPY

An existing method of lifetime spectroscopy [8] using the SRH expression Eq. (1) for lifetime T (Eqn. 5.3 of [1])
proposes the following expression Eq. (2) (Eqn. 18 of [8]) for determining the level depth E -E, where 1=1, is the
dominant decay constant for low level injection.

r= Tno(ypp0+Ap+p1)+Tpo(np0+An+n1)
np0+pp0+An

(M

In| £ 1= _EcT By + const )
T kT

As indicated in the introduction the dominant time constant value does not accurately reflect the effect of a
single defect level if there are other defect species present in the semiconductor sample. It is an effective lifetime
only. Furthermore, Eq. (1) is inaccurate for low injection [6].

3 ANALYTIC LIFETIME SPECTROSCOPY

Consider a single level for the purposes of illustrating the proposed method of the Analytic Lifetime
Spectroscopy [9] described below. Multitransient analysis of the numerical solution of the governing differential
equations has independently verified the fundamental frequencies predicted by the theory [4]. Re-writing the
characteristic equation as Eqs. (3) and substituting the values of the fundamental frequencies ®, and ®,
determined from the measured decay, yields an expression developed below, that allows the evaluation of level
depth.

*a)%:_(a0+70)w1+(a070_0'0ﬁ0) (3a)

—w% :—(ao+70)a)2+(ao}’o—ooﬁo) (3b)

Eqgs. (3) are solved for (a,+y,) and (o.Yo—CoB,)in terms of ®, and w,. Expressions for (o,+y,) and
(0loYo—0oP, ) yield the following Eqs (4).
gn
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and at t=0"
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By dividing Eq. (5a) by Eq. (5b), yields Eq. (7) that is the basis of the proposed Analytic Lifetime Spectroscopy.

Ec_Et Cn Nc
In =-— +1 7
(,) T P (7)

In expression (7), C, and C, are the capture rates of electrons and holes respectively, N. is the effective density
of states and p,, is the equilibrium carrier concentration for a p-type semiconductor. From an analysis of the
decay, dn/dt at t=0" and the time constants ©,=1/w; and t,=1/@,, are evaluated. The quantity g, for a p-type
semiconductor may be determined from quantities which can be measured such as 7y, 7, and dn/dt. This is
plotted against 1/kT. The slope of the plot yields the level depth E-E.. Figure 1 indicates a number of plots of
various single level depths.

In the multiple level case, the graph has a simultaneous plot of lines with slopes corresponding to the multiple
level depths for the fundamental time constants determined from the decay. Since the fundamental time
constants are related to the level depths via the characteristic equation [4][5], more information is available to
determine the multiple levels. This contrasts with the single line plot for an effective lifetime for a dominant
single level used in equation (1), which is approximate
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Figure 1 Proposed Analytic Lifetime Spectroscopy plot for various single level depths from the valence
band edge.



4 DISCUSSION

As indicated above the limitations on material characterisation using the existing method of lifetime
spectroscopy [8] become apparent as follows. From a theoretical standpoint the lifetime expression t for the
dominant single level model, is approximate. Furthermore, from both a theoretical consideration as indicated and
the differences in background defect species of physical semiconductor samples known to be predominantly
doped with one defect species, the dominant time constant in the decay is influenced by the other defect species
present in the semiconductor sample. As indicated in Section 3, the new Analytic Lifetime Spectroscopy is based
on theory which is an extension of the single level theory developed in {4]. A multitransient analysis of the
numerical solution yields very good agreement with the theoretical prediction of the fundamental frequencies
oy for the multiple discrete level case. This independent verification of the theory derived from the differential
rate equations determined from first principles, confirms the properties of the above solution. An advantage of
the proposed lifetime spectroscopy is that multiple levels, corresponding to the fundamental frequencies
determined from the decay, may be resolved. This increases the capability of identifying defect species.

5 CONCLUSIONS

Existing experimental data are largely interpreted using the time constant expression t derived in [1] and for
multiple levels with approximations as indicated in the introduction. The current work seeks to address the
anomalies arising from such an interpretation in terms of the defect level parameters such as level depth using
exact theory developed recently.
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