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Abstract

Two failures of the dynamic programming (DP) approach to the stochastic optimal control
problem are investigated. The first failure arises when we wish to solve a class of certain
singular stochastic control problems in continuous time. It has been shown by Lasry
and Lions (2000) that this difficulty can be overcome by introducing equivalent standard
stochastic control problems. To solve this class of singular stochastic control problems,
it remains to solve the equivalent standard stochastic control problems. Since standard
stochastic control problems can be solved by applying the DP approach, this then solves
the first failure. In the first part of the thesis, we clarify the idea of Lasry and Lions
and extend their work to the case of controlled processes with jumps. This is particularly
important in financial modelling where such processes are widely applied. For the purpose
of application, we applied our result to an optimal trade execution problem studied by
Lasry and Lions (2007b). The second failure of the DP approach arises when we wish to
solve a multiperiod portfolio selection problem in which a mean-standard-deviation type
criterion (a non-separable criterion) is used. We formulate such a problem as a discrete
time stochastic control problem. By adapting a pseudo dynamic programming principle,
we obtain a closed form optimal strategy for investors whose risk tolerances are larger than
a lower bound. As a consequence, we develop a multiperiod portfolio selection scheme. The
analysis is performed in the market of risky assets only, however, we allow both market
transitions and intermediate cash injections and offtakes. This work provides a good basis
for future studies of portfolio selection problems with selection criteria chosen from the

class of translation-invariant and positive-homogeneous risk measures.
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Introduction

Motivation and Background

This thesis is divided into two parts, each of which is devoted to investigate a failure of

dynamic programming (DP) approach.

In the first part, we study the failure of the DP approach which arises when we wish to

solve a class of singular stochastic control problems driven by Lévy noise in continuous time.

Now, let us consider the following stochastic control problem. The (controlled) state pro-

cess (Xi)i>s is assumed to follow the stochastic differential equation (SDE):

(

dXt = G(Xt_)dt + b(Xt_)Utdt + O'(Xt_)th + / ’y(Xt_,n)]\?(dt, d77)
0<|n|<1
In[>1
X, =x € R, 0<s<t<T,

where u is an admissible control process. The value function is defined as

V(s,x) = sup V¥%(s,z),
UEAS

where A, is a given admissible control set at time s, and

Vi(s,z) = E(/STf(Xg)dtJrh(X%)) (1)

is the revenue functional. Here, we add the superscript u to (X;);>s to emphasize its de-

pendence on the control u.

From classical stochastic control theory, we know that the associated Integro-Hamilton-

Jacobi-Bellman (henceforth HIB) equation takes the form



—D1V(s,x) 4 sup < < =DV (s,x),a(x) + b(z)u > )
ucA

17’— 2V (s,z)o(x)o(z)T) —
+2t( D3V (s, z)o(w)o(x)") /0<|77<OO

~V(s,2)~ < DV (s5,2),7(x,m) > Loapyer) ) v{dn) — [(z) =0, (2)

<V(8,w +7(z,m))

where A C R. Here the solution is understood in the viscosity sense (we will clarify the

meaning of this in Chapter 3).

When A is not bounded, the expression inside the supremum may be infinite and this
yields a singularity. The singularity leads to the failure of the DP approach, since the HJB
equation does not make sense any more. In stochastic control theory, this often happens
when control enters into the state in a linear fashion (see for example Pham (2005) for

more discussions).

There are a few ways to deal with this issue. We may reformulate the definition of vis-
cosity solution to avoid the use of supremum (see for example Da Lio and Ley (2008)).
Alternatively, we may consider to use variational inequalities instead of (2) (see Pham
(2005) for more details). In recent years, a popular approach to deal with this issue is
to formulate an equivalence result, see for example, Dufour and Miller (2002); Motta and
Sartori (2007, 2010, 2011) and the references therein. By interpreting control problems in
the weak sense (i.e., by considering the underlying probability space as part of the control),
it has been shown that any member of this class of singular stochastic control problems is
equivalent to the corresponding combined optimal stopping and stochastic control problem
(with controls taking values in compact set). The equivalence is in the sense that the value
functions of the two control problems are equal and the main approach is based on a time

transformation technique.

Unlike the aforementioned works, the early work of Lasry and Lions (2000) proved a dif-
ferent equivalence result. They have shown that, within this class, the value function of
any singular stochastic control problem is invariant under a flow associated to the drift
coefficient of the corresponding state process. As a consequence, by interpreting control
problems in the strong sense (i.e., by fixing the underlying probability space in advance),
they have shown that, within this class, the value function of any singular stochastic control
problem and the value function of the corresponding standard stochastic control problem
are equal. Since controls of the corresponding standard stochastic control problem take
values in a compact set, this then can be solved via classical argument (i.e., by using the
DP approach). Thus, one can solve this class of singular stochastic control problems by

solving the corresponding standard stochastic control problems.

Lasry and Lions (2000) proved their results for state processes driven by Brownian noise.



It is interesting to see if similar result holds when we consider state processes with general
Lévy noise. Also, we note that the theory of Lasry and Lions provides a basis for their
later studies of the impact of trading and hedging on the dynamic of an asset (see Lasry
and Lions (2006, 2007b,a)). Since asset prices are better modeled by processes with jumps,
(i.e., general Lévy noise; see for example Di Nunno et al. (2006) and the references therein),
for the purpose of application, it is important to extend their theory to the case of general

Lévy noise.

The primary aim of the first part of the thesis is to extend the work of Lasry and Lions
(2000) to allow general Lévy noise. We will show that, with general Lévy noise, the in-
variance property outlined in their paper still holds, and as a consequence the equivalence
to the corresponding standard stochastic optimal control problem is preserved. The main
difficulty to extend the work of Lasry and Lions is the fact that their approach requires that
the state process possess some finite moments. This is certainly true for Brownian noise
with appropriate assumptions. However, for general Lévy noise, this may not hold. To
overcome this difficulty, we use an approximation which is used in construction of solution
of SDE with Lévy noise (see for example Theorem 6.2.9 on p374 in Applebaum (2009) or
pp354-355 in Kunita (2004)). We close the first part of the thesis by applying the extended
theory to an optimal trade execution problem studied by Lasry and Lions (2007b). The re-
cent work of Kato (2014) studied a closely related problem with Brownian noise, and their
work is generalized by Ishitani and Kato (2012) to allow jumps. We have independently
obtained (in some sense) a more general result than Ishitani and Kato (2012). The work of
Ishitani and Kato (2012) does not prove the equivalence result which is required to solve
the optimal trade execution problem. Instead, they assume the value function is invariant
under the same flow as in the case of Brownian noise, although they allow the jump term
to depend on the control. Moreover, they have a stronger restriction on the Lévy measure

to allow the existence of moments. In the current work, we remove this assumption.

The second part of the thesis studies a multiperiod time consistent portfolio selection prob-

lem which often encounters in personal wealth planning and management.

Due to the practical popularity, portfolio selection problems have been of a great interest by
both academics and practitioners. There are various selection criteria available. Some ex-
amples include the classical mean-variance (MV) criterion introduced by Markowitz (1952),
the safety-first criterion proposed by Roy (1952), and the criterion which targets a partic-
ular wealth level used by Skaf and Boyd (2009). In second part of the thesis, we choose a

mean-standard-deviation (MSD) criterion which (in the single period case) has the form:

Jo(u) = Em(W“)—m/Varm(W“),

where W* denotes investor’s wealth at the end of the investment horizon, which depends
on investor’s initial wealth x, his investment strategy w, and a parameter x > 0 which

characterizes investor’s risk tolerance. All terms will be defined in a more precise way



later. There are several reasons to choose this criterion. The most significant one is the
fact that it provides a partial understanding on how to choose a dynamic portfolio for the
class of translation-invariant and positive-homogeneous (TIPH) risk measures. The TIPH
risk measure class contains many interesting examples such as the well-known Value at
Risk, and the Conditional Value at Risk. In a single period portfolio selection model, it
has been shown (see for example Landsman and Makov (2011)) that if the asset returns
follow a (joint) elliptical distribution, optimizing a risk measure from the TIPH class is

equivalent to optimizing the MSD criterion.

There has been extensive research in the past regarding single period portfolio selection by
using MSD criterion. For example, Landsman (2008) found a closed form solution by using
matrix partitions. Owadally (2012) proposed two alternative ways in which the obtained
solutions are more efficient computationally. The first approach is based on the relation-
ship between optimizing the MSD criterion and optimizing the MV criterion which is close
to a precommitment approach. For portfolio selection by precommitment approach, we
refer to Li and Ng (2000); Cakmak and Ozekici (2006). The second approach utilizes the
standard Lagrange argument together with some facts from linear algebra. One may note
that both Landsman (2008) and Owadally (2012) consider a market of risky assets. Later
on, a risk free asset is added to the model in Landsman and Makov (2012), however only

a trivial solution is obtained (when a budget constraint only is imposed).

Just like in the second method given by Owadally (2012) we follow a standard Lagrange
method to solve the single period problem. However, the main interest of this work, is to
extend the single period framework to a multiperiod model. In doing so, we note that the
MSD and the MV criterion face the same difficulty due to the presence of the variance term
in their formulation. This is known as non-separability, see for example Li and Ng (2000),
which causes the failure of the DP approach since we can no longer apply the standard
dynamic programming principle (DPP). In recent years, it is quite popular to use the time
consistency concept to establish a pseudo DPP. This concept has been widely applied in
the multiperiod portfolio selection problem with the MV criterion. We mention a few ref-
erences here: Bjork and Murgoci (2010); Wu (2013); Chen et al. (2013); Bensoussan et al.
(2014) for discrete time, and Bjork et al. (2014); Bensoussan et al. (2014) for continuous
time setting. There are different definitions of time consistency. Here, we concentrate on
the time consistency of optimal strategy with respect to a multiperiod selection criterion.
To formulate a pseudo DPP, it has been argued that a rational investor should choose
his strategy consistently through time. In other words, the investors only choose among
strategies which they are going to follow in the future (see Strotz (1955-1956)). Thus, in
discrete time, by utilizing this time consistency approach one can select an optimal strategy
through a period-wise optimization and backward recursion. A meaningful explanation is
given through a game theory point of view, and such a strategy has been called an equi-
librium control (henceforth referred to as a weakly time consistent optimal strategy). It

inherits the equilibrium concept that arises in game theory. We refer to Bjork and Murgoci



(2010); Wu (2013); Bensoussan et al. (2014) and the references therein for more details.
With a rather strong form of time consistency as proposed, for example by Kang and Filar
(2006), an extra property of a time consistent optimal strategy is required. This property
states that any sub-strategy of a weakly time consistent optimal strategy is also optimal for
the corresponding subsequent periods. This is essentially satisfied for an optimal strategy
that can be obtained through the standard DPP. Inspired by the work of Kovacevic and
Pflug (2009), Chen et al. (2013) constructed a multiperiod separable selection criterion.
With respect to this criterion, they proved that the optimal strategy obtained through
the pseudo DPP satisfies the extra property of strong time consistency. They obtained a
closed form optimal strategy with a multiperiod separable selection criterion of MV type.

Later on, their work has been extended by Chen et al. (2014) to allow market transitions.

To the authors’ best knowledge, the multiperiod portfolio selection problem in which a
MSD type criterion is used as a selection criterion is only briefly mentioned in Kronborg
and Steffensen (2015). However, the authors consider a model with two assets only, where
one of the assets is supposed to be risk free. Within their setting, a trivial result (a special
case of Landsman and Makov (2012)) only is obtained. In essence, the outcome is that is
the reward is large enough, it would be advisable to invest as much as possible in the risky
asset, whereas when the reward is too little in comparison to the investor’s risk tolerance,
the strategy is to invest in the risk free asset only. A similar result is obtained in the
corresponding continuous time problem (see Kryger and Steffensen (2010); Kronborg and
Steffensen (2015)). Thus, in this work we consider a market of risky assets only. We take
the single period MSD criterion and formulate a separable multiperiod selection criteria of
MSD type (similar to Chen et al. (2013) for the MV case). By applying the aforementioned
pseudo DPP, we obtain a closed form optimal strategy. As a consequence, we develop a
multiperiod portfolio selection scheme. In doing so, we allow for market transitions, and
also for intermediate cash injections and offtakes. Thus, the wealth process of the investor
is no longer self-financing in our setting. As far as we are aware, for multiperiod portfolio
selection problem, the only work in which intermediate cash injections and offtakes are
allowed and closed form solution is obtained, is by Wu and Li (2012). However unlike
our work, the authors consider the multiperiod MV criterion, and follow a precommitment

approach.

Outline and Contributions

The outline and the main contributions of this thesis are summarized below.

The first part of the thesis contains Chapter 1 to Chapter 4. In Chapter 1, we present
some basic concepts and theories. These include the integral flow associated to a vector
field, Poisson random measures, Lévy processes, and SDEs with random coefficients and

Lévy noise.

In order to accomplish our main task of the first part of this thesis, we make some prepara-



tions in Chapter 2 and Chapter 3. In Chapter 2, we prove the DPP for standard stochastic
control problems with general Lévy noise (i.e., Theorem 2.3.1). We stress that when we say
the general Lévy noise, we mean that there is no assumptions imposed on the associated
Lévy measure. This is the first contribution of this thesis. It is worth to note that our proof
of the DPP does not require any moments assumption of the state process. In Chapter 3,
we give an overview of the theory of viscosity solutions of HJB equations. We prove that
the (relevant) value function is a viscosity solution of the associated HJB equation. We
also present a rigorous derivation of a comparison theorem for semi-continuous bounded
viscosity solutions of the HJB equations (i.e., Theorem 3.3.3). However, there are not re-

ally new contributions in this chapter.

In Chapter 4, we prove our main result of the first part of this thesis (i.e., Theorem 4.2.3).
This extends the result of Lasry and Lions (2000) to the case of general Lévy noise. To
prove this result, at the beginning of Chapter 4, we include some auxiliary results. Part
of these results come from various references. We have, in some sense, partially extended
some of these auxiliary results in various directions. Then, together with these auxiliary
results and by following Lasry and Lions (2000) we prove Theorem 4.2.3 in Section 4.4. A
financial application of this theory is presented in the last section of this chapter where the
main result is summarized in Theorem 4.5.2. Finally, we include a brief outline of some

possible future research directions. This closes the first part of this thesis.

The second part of the thesis is included in Chapter 5. At the beginning of this chapter, we
set up the market model, outline our assumptions, and formulate our multiperiod portfolio
selection problem as a discrete time stochastic control problem. We then briefly outline
the properties of the single period MSD criterion and discuss the issue of the presence of
the risk free asset. By using pseudo DPP and backward recursion, we obtain a closed form
optimal strategy (i.e., Theorem 5.3.1). We also derive the optimal conditional expectation
and conditional variance of the terminal wealth (i.e., Section 5.3.3). Moreover, we develop a
multiperiod portfolio selection scheme (i.e., Algorithm 5.3.1) which is the main contribution
of second part of this thesis. In addition, we perform some numerical illustrations and
comparisons. A closing remark which includes some possible future research directions is

presented at the end.
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Chapter

Some Basic Concepts and Theories

In this chapter, we recall some basic concepts and theories which are related to the first

part of the thesis.

1.1 Integral Flows Associated to Vector Fields

The concept of the integral flow (henceforth just flow) and its properties can be found
in many standard textbooks. Here, we follow Teschl (2012); Barreira and Valls (2012) to

outline some basic facts.

Definition 1.1.1. For all k1,k2 € R, and zg € R?, the mapping ¢ : R x R4 — R? which

satisfies the following properties:

(FP1): ©(0,20) = zo;

(FP2): (k2 + K1, 20) = @(k2,p(k1,20));
1s called a flow.

Under suitable conditions, the solution of a first order autonomous ordinary differentiation
equation (ODE) defines a flow in the sense of Definition 1.1.1. This is summarized in the

following proposition.

Proposition 1.1.2. Consider the ODE:

) _ iz,
(1.1)
Z(0) = zy € RY,

where k € R. Assume 5 : R® — R? is Lipschitz, i.e., there exists a constant C' > 0 such
that for all z1, z0 € R? we have

1B(21) — B(22)] < Clz1 — 22].

Then there exists a unique solution Z to (1.1). Moreover, ¢(k,z9) = ZZ° defines a flow
(associated to the vector field ().



Proof. The proof follows from section 2.2 on p36 in Teschl (2012), and Proposition 1.13 on
p8 in Barreira and Valls (2012). O

Now, we make the following assumption.

Assumption 1.1. D3 : R? — R% is bounded, twice continuously differentiable functions

with bounded derivatives up to second order.

Then we obtain some nice properties of the flow. These are outlined in the following

sequence of results.

Theorem 1.1.3. The flow ¢ defined by the solution of (1.1) is Lipschitz, i.e., there exists
a constant C > 0 such that for all z1,2z0 € R%, and k1,k2 € T, where T € R is compact
such that

|p(k1,21) — P(k2, 22)| < Clz1 — 20| + C|t — 5.

Proof. The proof follows from the proof of Theorem 2.9 in Teschl (2012) (see p44 of Teschl
(2012)). O

Theorem 1.1.4. The flow ¢ defined by the solution of (1.1) belongs to C3(R x R%; R?).

Proof. The proof follows from the proof of Theorem 2.10 in Teschl (2012) (see p46 of Teschl
(2012)). O

Lemma 1.1.5. There exists a constant C' > 0 such that for all z,z1, 29 € R?, k, K1,k €T,

where T C R is compact, we have

|Dagp(k, 2)| < C,  |Dag(k1,21) — Dag(k2, 22)| < Clzr — 22| + Clr1 — k2|, (1.2)
|D3¢(k,2)| < C, |D3d(k1,21) — D3g(k2,20)| < Cla1 — 2| + Clr1 — k2| (1.3)

Proof. Let
A(r, x) = Dagp(r, ),
by the argument on p46 of Teschl (2012), we see that A(k,z) solves
K
A(k,x) =1 +/ DB (p(r,x))A(r, x)dr.
0
First, it is easy to see that
K
Ao < C+C [ lAGaln
0

The first claim of (1.2) then follows from Gronwall’s inequality.



Next, let us show the second claim of (1.2). For all z1,z9 € R?, and ky,ky € T (without

loss of generality we assume ko > k1 > 0) we see that
|A(k1,21) — A(ko,z2)| < |A(k1,21) — A(k1, 22)| + |A(K1, x2) — A(K2, 22)|-

The first term, after an application of Gronwall’s inequality, yields

|A(k1,21) — A(K1,22)] < Clzg — x4/,
and second term implies

|A(k1,x2) — A(K2,z2)] < Clra — K1].
Thus, we have

[A(k1,21) = Alkg, @)l < C (o1 — @] + 2 = 1.

This completes the proof of (1.2). The proof of (1.3) follows a similar argument. O

1.2 Poisson Random Measures and Lévy Processes

There are many good sources which contain a detailed discussion on Poisson random mea-
sures and Lévy process. Here, we mainly follow Applebaum (2009); Cinlar (2011) to present

some basic theories on this topic.

Throughout this section, we assume that all random quantities are defined on given a
probability space (2, F,P).
We first define the random measure.

Definition 1.2.1. Given a measurable space (Rg, B(Rg)), a random measure 1S a Mapping
N :Qx B(RE) — Ry such that

e for every E € B(RY), w — N(w, E) is a random variable;
e for every w € Q, E — N(w, E) is a measure on (RE, B(RE)).

Here, we have defined the random measure on the measurable space (RZ, B(R%)). This
is actually not essential, we can define a random measure on a more general measurable
space. However, for the purpose of this thesis, this would be enough for us. To define the
Poisson random measure, we need an intensity measure, it is convenient to use the Lévy

measure.

Definition 1.2.2. A Borel measure v defined on (R4, B(RE)) is called a Lévy measure, if

/ (Il A D) < oo. (14)

0

10



On (R, B(RY)), every Lévy measure is o-finite.

Next, we define the Poisson random measure.

Definition 1.2.3. A Poisson random measure N : Q x B(RE) — R is a random measure
such that

e for every E € B(RY), N(w, E) has a Poisson distribution with mean v(E);

e for every disjoint sets Fy, ..., E, € B(RE), where n > 2, N(w, Ey),..., N(w, E,) are

independent.

Let £ = (0,t] x A. If A € B(RY) is bounded below, i.e., 0 ¢ A, by Lemma 2.3.4 in
Applebaum (2009) (see pl01 in Applebaum (2009)), the Poisson random measure N is
finite a.s. For the sake of notations, we will sometimes omit the w and simply write
N(w, (0,#] x A) as N(t, A). For every t > 0, and A € B(R%) bounded below we define the

compensated Poisson random measure N (t, A) (associated to N) by
N(t,A) = N(t,A) — tv(A).

A Lévy process can be characterized by the Poisson random measure and the compensated
Poisson random measure through the Lévy-Ito decomposition. Before we present this

decomposition, let us define the Levy process.
Definition 1.2.4. A stochastic process (Li)i>0 taking values in R? is a Lévy process if
o Ly=0 (P-a.s.);

e [ has independent increments, i.e., for all s < t < r, L, — Ly and Ly — Lg are

independent;

e [ has stationary increments, i.e., for all s < t < r, L, — Ly and Ly — Ls have the

same distribution;

e [ is stochastically continuous, i.e., for all e >0, and s > 0

limP(|Ly — Lg| > €) = 0.

t—s

Now, we ready to present the Ito-Lévy decomposition.

Theorem 1.2.5. Let (L;);>0 be a Lévy process. There exists b € R, a Brownian motion
W with covariance matrix D and o independent Poisson random measure N such that for

every t > 0 we have

Ly =bt+ W+ / nN(t,dn) + / nN(t,dn). (1.5)
0<|n|<1 In[>1
Proof. see the proof of Theorem 2.4.16 on p126 in Applebaum (2009) U

11



We may classify a jump as a large jump if || > 1, and a jump as a small jump if 0 < |n| < 1
(for this classification, see p364 of Applebaum (2009)) The large jumps part give rise to a

compound Poisson process (P;)¢>0, where
P, = / nN(t,dn). (1.6)
Inl>1

Given a general Lévy process (Lt);>0, we do not expect that it has any finite moments at
all. It is the large jumps (or the compound Poisson process given in (1.6)) cause the failure

of the existence of finite moments. This result is summarized in the following theorem.

Theorem 1.2.6. Let (L;);>0 be a Lévy process. For everyn € N andt >0, E(|L™) < oo

if and only z'f/ In"v(dn) < oc.
Inl>1

Proof. see the proof of Theorem 2.5.2 on p132 in Applebaum (2009). U

1.3 Stochastic Differential Equation for Jump Diffusion with

Random Coefficients

The theory of stochastic differential equations (SDEs) for jump diffusions with random
coefficients plays an important role. The basic theory of SDE are well known and can
be found, for example, in Applebaum (2009); Kunita (2004); Menaldi (2014). The exis-
tence and uniqueness of solutions of SDE are often obtained under the Lipschitz (or local
Lipschitz) and growth conditions. However, these assumptions can be weaken (see, for
example, the recent work of Xu et al. (2015) and Kulinich and Kushnirenko (2014)). In
this section, we will review some of the the basic theories of SDE driven by Lévy noise and
random coefficients. Our main references are Kunita (2004); Applebaum (2009); Menaldi
(2014); Xu et al. (2015).

We will work on a complete filtered probability space (2, F,P, (F¢)¢>0) on which an m-
dimension standard Brownian motion W and a Poisson random measure N are defined.
We shall assume that W and N are independent, and the filtration satisfies usual condi-

tions (i.e., Foy contains all the P null sets, and (F;)¢>¢ is right continuous).

A predictable set is a subset of [0,77] x £ which has a form of (s,t] x A for some A € F;.
Sometimes, the set {0} x Fy is also considered as a predictable set. The sigma algebra
generated by all predictable sets associated to the filtration (F;);>o is denoted as P. A

process is called predictable if it is measurable with respect to P.

For a fixed T > 0 and s € [0, T, consider the SDE

dXt = bO(t7w7Xt—)dt + 70(t7w7Xt—)st7
(1.7)
X, =z € RY, 0<s<t<T,

12



where (L;)¢>0 is a Lévy process, X;_ is the left limit of Xy, by : [0, 7] x © x RY — R9, and
70 : [0,7] x Q@ x R? — R% are P x B(R?) measurable mappings.

For b € R?, define the mapping b : [0,T] x Q x R? — R such that
bl(tawax) = bo(t,u},ﬂ?) + b’)/o(t,w,ﬂT).

By Theorem 1.2.5, we may replace the Lévy process by its Ito-Lévy decomposition. Thus,
(1.7) becomes

( ~
dXt = bl (t, w, th)dt + WO(t’ w, th)th + / WO(ta W, th)’r}N(dt’ d77)
0<|n|<1
+/ Yo(t,w, X¢— )N (dt, dn) (1.8)
[n|>1
X, =z € R 0<s<t<T.

In what follows we will consider a more general SDE, i.e.,

( ~ ~
dXt = b(t, w, Xt,)dt + &(t, w, Xt,)th + / ’ﬁ/(t, w, Xt,,’l’])N(dt, d?])
0<|n|<1
+/ A(t,w, Xe—, )N (dt, dn) (1.9)
In|>1
X, =z € R, 0<s<t<T,

where b : [0,7] x Q x RY — R?, 65 : [0,7] x Q x RY — R¥>*™ are P x B(RY) measurable
mappings and 4 : [0, 7] x Q x RT x R — R4 is a P x B(R?) x B(R?) measurable mapping.

We shall assume (local) Lipschitz and growth conditions which will be the key assumptions
in future chapters.

Assumption 1.2. There exists a constant C' > 0 such that for all ¢t € [s,T],
|z1], |z2] < N, 0 < |n| <1, and w € , the following hold.

~ ~

|b(t,w, 1) — b(t,w,x2)| + [6(t,w,z1) — 6(t,w,z2)] < Clzg — x2;

At w,x1,m) — At w,z2,m)] < Clnller — xaf;

Assumption 1.3. There exists a constant C' > 0 such that for all ¢ € [s,T], z € R?,
0<|nl <1, and w € Q, the following hold.

b(t, w, )| +16(t,w,2)] < C(1+|a]);
A w,zn)l < Clal(1+ |2)).

As a consequence of Assumption 1.2 and Assumption 1.3, we have the following theorem.

Theorem 1.3.1. There exists a unique cadlag and adapted solution (Xi)i>s of (1.9).

13



Proof. By a construction of solution (see for example Theorem 6.2.9 on p374 in Apple-
baum (2009) or pp354-355 in Kunita (2004)), it is sufficient to consider the existence and

uniqueness of the solution of the following SDE:

dXt = B(t, w, Xt_)dt + 6’(t, w, Xt_)th + / ’A)’(t, w, Xt_,?’])N(dt, d77)
0<|n|<1 (1 10)

XS:.%', OSSStST-

The proof of such a result then follows from the argument in Section 5.1.1 of Menaldi
(2014). O

Given a predictable process (u¢)i>0, we may view the following SDE:

(

dXy = b(t, Xy, ug)dt + o (t, Xy, ug)dW; + / Y(t, Xe—,ug,n) N (dt, dn)
0<|n|<1
+/ V(t, Xi—, ug, n) N (dt, dn) (1.11)
[n|>1
| X; =z €RY, 0<s<t<T,

in terms of (1.9). Indeed, we may write

b(taXtaut(w)) = B(t7w7Xt)7
U(taXtaut(w)) = &(tawaXt)a
fY(t?Xt7777ut(w)) = 'AY(@W’Xtﬂ?%

then, by Theorem 1.3.1 there exists a unique cadlag and adapted solution to (1.11).

Next, consider a special case of (1.11):

( ~
dXt == b(Xt,)utdt + O'(Xt,)th + / ’Y(Xt,,’l’])N(dt, d?])
0<|n|<1
+/ V(Xe—, )N (dt, dn) (1.12)
In|>1
X, =z € RY, 0<s<t<T,

Instead of assuming Assumption 1.2 and Assumption 1.3, we impose the following assump-

tions.

Assumption 1.4. There exists a constant C' > 0 such that for all t € [s,T],
|z1], |x2] < N, and 0 < |n| < 1, the following hold.

|b(x1) — b(x2)| + |o(21) — o(x2)]
v(@1,m) —v(z2,m)] < Clnllrr — 22l

IN

C‘.%'l — .%'2’;

A
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Assumption 1.5. There exists a constant C' > 0 such that for all ¢ € [s,T], z € R?,
0<|nl <1, and w € Q, the following hold.

b(@)| +lo(@)] < O+ a]);
ml < Clnl(t + |z)).

Assumption 1.6. There exists a constant C' > 0 such that

T
/ lugldt < C P — as..
0
Theorem 1.3.2. Under Assumption 1.4 - Assumption 1.6, there exists a unique cadlag
and adapted solution (Xi)i>s of (1.11).

Proof sketch. Again, it is sufficient to prove the existence and uniqueness of solution of

dXt = b(Xt_)utdt + O'(Xt_)th + / ’)/(Xt_,?’])N(dt, d77)
0<|n|<1 (1 13)

X =z, 0<s<t<T,

The result then follows by adapting to the the argument in Section 5.1.1 of Menaldi (2014).
O

Remark 1.3.3. One may note Theorem 1.3.2 remains valid, if

e we replace s and x with a stopping time 7 and a Fr-measurable random variable

respectively;

o we replace the set {|n| > 1} by {1 < |n| < M} for M > 1.
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Chapter

Dynamic Programming Principle for
Stochastic Control Problems driven by

General Lévy Noise

The dynamic programming principle (DPP) is a well-known device in studying stochastic
optimal control problems. For a standard control problem with finite horizon, it states
that the value function for the control problem starting at time s € [0, 7] from a position

XY =z is given by the formula

-

Vi(s,z) = sup E(/ Fr, X, up)dr + V (7, X:)), (2.1)
u€As s

where 7 is some stopping time, u is an admissible control process, A is a given admissible

control set at time s, and X" is a controlled state process (where the superscript emphasize

the dependence on the control). All terms will be defined in a more precise way later.

To complete the main task of the first part of this thesis, the DPP plays an important role.
Thus, in this chapter, we extend the proof of the DPP for standard stochastic optimal

control problems driven by general Lévy noise.

2.1 Some Comments on the Proof of DPP

There are many ways to prove the DPP. When the underlying probability space is fixed
in advance, we say a stochastic control problem is under a strong formulation. In this
case, one may use the theory of piecewise constant controls to construct appropriate su-
permartingales and show that the DPP holds through properties of supermartingales (see
Krylov (2009) for the diffusion case, and Ishikawa (2004) for the jump case). Alternatively,
we can prove the DPP by partitioning the state space, provided the value function sat-
isfies certain regularity conditions or using its semicontinuous envelope (see for example
Bouchard and Touzi (2011)). When a control problem is defined in the weak sense, that

is the underlying probability space is taken to be part of the control, we can also apply
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this approach (see for example Azevedo et al. (2014); Yong and Zhou (1999)). Moreover,
recently by interpreting controls in the weak sense, El Karoui and Tan (2013) proved the
DPP by using a probabilistic approach.

To prove the DPP, in most cases, the state process is required to have finite second moments
(see for example Azevedo et al. (2014); Bouchard and Touzi (2011); Ishikawa (2004); Krylov
(2009); Yong and Zhou (1999)). A stochastic control problem is often formulated with the
state process assumed to follow a certain stochastic differential equation (SDE). For SDE
driven by Brownian noise, with appropriate assumptions on the coefficients of SDE, it is
well known that the existence of finite second moments is assured. However, this does
not hold in general case when the SDE is driven by a more general Lévy type noise. For

example, let us consider the following state process:

dXy = b(t, Xy, up)dt + o (t, X, ug)dWy + / Y(t, Xe—,ug,n) N (dt, dn)
0<|nl<1
+/ ’Y(t7Xt—7ut777)N(dt7 d77)
[n|>1
| Xs =z €RY, 0<s<t<T,

where W is a Brownian motion, N is a Poisson random measure, and NV is the associated
compensated Poisson random measure. In this case, we need further assumption on the

measure v, for example
/ In|Pv(dn)dt < oo, for some p > 2, (2.2)
[n|=1

to assure that there exists a finite second moment for the state process. This would re-
strict us to only a subclass of Lévy type noise. However, in order to study controlled state

processes with heavy tailed distributions, one needs to relax the moments assumption.

Zalinescu (2011) extended the proof of DPP to stable processes, which requires (2.2) to
hold for a certain p > 0. He proved the DPP in the context of a combined control and
optimal stopping problem in which a C2-approximation of the state process is introduced.
In contrast, the recent work of El Karoui and Tan (2013) formulated the stochastic control
problems in terms of controlled martingale problems. Their proof assumes that (2.2) holds

for p=1.

In this chapter, we shall extend the proof of the DPP (under the strong formulation) by
relaxing (2.2) in which no finite moments assumption are imposed. To this end, we use
an approximation which is used in construction of solution of SDE with Lévy noise (see
Section 1.3). The idea behind this is to define a new state process by cutting off the jumps
if they are too large. Since large jumps cause the failure of the existence of finite moments
(similar as in Theorem 1.2.6), by cutting of the large jumps we retain the nice property

of existence of finite moments. We will follow Bouchard and Touzi (2011) and Zalinescu

17



(2011) to establish a DPP for the approximated state process. Then, by passing through

the limit we obtain the desired result.

2.2 Problem Formulation

We will work on the Wiener-Poisson space. Let us recall the construction of such a space
given in Bouchard and Touzi (2011); Ishikawa and Kunita (2006). To this end, we first
recall the definitions of Wiener and Poisson spaces. Fix a T > 0. Let Qu = C(]0,T];R?),
and for wy € Quy, set Wi(wy) := wi(t). Define FV := (F}V);>0 as the smallest filtration
such that W is measurable with respect to 7}V for all s € [0,¢]. On (Qu, F"), let Py
be the probability measure such that W is the m-dimensional standard Brownian motion,
where FW = .7-"}/‘/. Then, we obtain the Wiener space (Qy, F*,Py/). Next, let Qx be the
set of integer-valued measures on [0, T'|xR{, and for wy € Q, set N(wq, I X A) 1= wa(Ix A),
where I € B([0,t]), and A € B(R{). Define FV := (F}¥);>0 as the smallest filtration such
that N(-,I x A) is measurable with respect to F;¥ for all I € B([0,t]) and A € B(R{). On
(Qn, FN), let Py be the probability measure such that N is the Poisson random measure

with intensity v, where FV = ]::]pv , and v is the Lévy measure, i.e., it satisfies

[l A vyt < .

0
Then, we obtain the Poisson space (Qy, FV,Px). Now, consider the product space Q =
Qw x Q. For w = (w1,wq) € Q, set Wi(w) := Wi(w1), and N(w,I x A) := N(ws, I x A).
Let P := Py ® Px be the probability measure on (€2, F), where F is the completion of
FW ®FN. This then yields the Wiener-Poisson space (2, F,P). Without of loss generality,
we may assume that this space is complete. On this space, we may associate a filtration

(F;)i>0 which is the right-continuous completed version of the filtration (F}V @ FN);>o.

Let .EW’S be the smallest o-algebra such that W, — W is measurable with respect to .7-";4/ *
for all r € [s,tVs], and ]:tN’S be the smallest o-algebra such that N (-, 1o x A)— N (-, I; x A)
is measurable with respect to F;** for all I1, Iy € B([s,t V s]), A € B(RY), where I; C I.
We define a commonly used filtration (F});>s which is the right-continuous completed ver-
sion of (FV'* @ F*%)1> (see for example Bouchard and Touzi (2011) for this filtration).

Next, we consider the following control problem. Fix s € [0,7), the (controlled) state

process (X{*)¢>s is assumed to follow the SDE:

dXy = b(t, Xy, ug)dt + o (t, Xy, ug)dWy + / Y(t, Xe—,ug,n) N (dt, dn)
0<|n|<1
+/ V(t,th,Ut,U)N(dtadn) (23)
In|>1
X, =z R, 0<s<t<T,

where X;_ is the left limit of X;, and u : [0,T] x Q@ — R is a predictable process
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which acts as a control. Moreover, b : [0,T] x R? x R® — R? is a continuous function,
0 :[0,T] x R? x RY — R¥™ is a continuous function, 7 : [0,7] x R? x R x R§ — R is a

Borel measurable function, and v is continuous in (¢, z,u) for every n € R{.

Fix a compact set A C Rf. The set of admissible controls (ut)iejo,r) 1s denoted by As,

where

A = {u 1[0, T] x Q — A | u is predictable with respect to (F;)i>s

and u, = 0 for all r € [0,8]}.

In the rest of this chapter, we shall make the following assumption.

Assumption 2.1. There exist constants C' > 0 and Cj; > 0 such that for all ¢ € [0,7],
u€ A, r1,20 € R and 0 < |n| < M, we have

o (t,z1,u) — o(t,x2,uw)| + |b(t, 21, u) — b(t, z2,u)| < Cloy — 22,
{’Y(t7x17u777)_7(t7x27u777)‘ < CMmel —.%'2‘,
Ytz mu)| < Curlnl(1+ [2]).

It is well known that under Assumption 2.1 and the compactness of A, there exists a

constant C' > 0 such that for all t € [s,T], u € A, x € R?, we have
‘a(t,x,uﬂ + ‘b(t,x,u)‘ < C(1+ |z)).

By Theorem 1.3.1 there exists a unique cadlag and adapted solution solution of SDE (2.3).

To emphasize dependence on initial conditions and the control, we may write X; as X,"*".

The revenue functional for a given u € Ay is defined as

T
Vi(s,x) = E(/ F(t, X5 ug)dt + h(X;’S’””)), (2.4)

where f : R x R x R — R and h : R* — R are continuous bounded functions. We will
say that

V(s,z) = sup V¥(s,x) (2.5)
UEAS

is the value function. If there exists a maximizer u*(s) := u* € A, then

*

V(s,z) = V" (s,x).

2.3 The Dynamic Programming Principle

We start this section by stating the DPP. For s € [0,T7], let T[s 1] be the set of stopping
times in [s, T adapted to (F})i>s. The DPP is then stated in the following Theorem.
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Theorem 2.3.1. (Dynamic Programming Principle): For every T € Tis,r) and all
r € RY,

V(s,z) = sup E(/ f(r,Xff’s’x,ur)dr—i—V(T,Xﬁ’s’x)) (2.6)
u€As s

In order to prove the DPP, we need some preparations.

2.3.1 An Approximation of State Process

In this subsection, we present an approximation of the state process. Fix s € [0,T]. Let
70 = 8, and for k = 1,2,..., let 7 be the arrival time of kth jump of a compound Poisson

process (L¢)¢>o after 7, where

L= / niN(t,dn).
[n|>1
Lemma 2.3.2. For M > 1, let Tp; be a stopping time such that
v =inf{t > s: AL; € Ey},

where Eyp = {n € R : |n| > M}. As M — oo, we have 1., <1y — 0, P-a.s. In particular,
we have 1(7, <71 — 0 P-a.s. for every 7 € Ts 1.

Proof. Step 1: We show that 1;,, <7 — 0 as M — oo in probability, i.e.

lim P(1(,<r = 1) =0.

M—o0

First, it is easy to see that

{rm <t} ={ sup |AL,| > M}.
re(s,t]

In particular if ¢ = T, we have

{tmy <7} C{rm <T}= { sup |AL,| EM}
r€(s,T]

for every 7 € Tjs 7).
Thus, to show

lim P(1{TM§T} — 1) —0,

M—o0
it is enough to show
lim P( sup |AL.|>M ):0.
M—o0 { rée(s,T] " }
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Let (M,)n>1 be an increasing sequence such that M, — oo as n — oo, and let

A, = {rgl[g)ﬂ |AL,| > Mn}

Since A, 11 C A,,, we have { sup |AL,| = oo} = ﬂAn.

r€(s,T]

Now, we see that

lim P sup |AL.| > M = lim P(A4,
({ sup |AL| > M}) (40)

M—o0 rels, T n—00

= P(TSEPT} |AL,| = oo)

= O’

where the last equality is due to the fact that the size of the jump can not be infinity in a

finite time period.
Step 2: We next show that as M — oo, 11 <7y = 0 P-as.

From Step 1, we know that there exists an increasing subsequence (M,,),, (with M,, — oo
as n — oo) such that L, <y = 0 P-a.s. as n — oo. Now, we observe that 1(; <7y is
bounded and non-increasing in M thus it converges to a limit a P-a.s. and a must equal

to 0, since we can’t have two different limits. O

Set Cé\/[ =z, and for £k =1,2,..., define

U Tho— ’CA{ Uy Tl — 7<A£
C]iw = XTk oLk 11{|ALTI€‘<M}+XTI@:€ ok 11{‘ALT;€‘2M}7
and
[eS) o
M UyTk
Xt - ZXt o 1[7'k77'k+1)(t)1[s,T} (t) (27)
k=0

By construction of solution, we see that (XM );> satisfies the following SDE:

4 ~
dXtM = b(t, Xt]‘if, ug)dt + o(t, Xt]‘if, ug)dWy + / ~(t, th\f, ug,n) N (dt, dn)
0<|n|<1

+/ y(t, X ug, )N (dt, dn) (2.8)
1<nl<M

XM — 4

\ s )

0<s<t<T.

Again, to emphasize dependence on initial conditions and the control, we may write ng

u,s,x, M
as X, .

Following a standard argument, for example similar as in Kunita (2004) (see pp340-341 in

Kunita (2004)), we can obtain the estimates below.
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Lemma 2.3.3. For every M > 1, and all p > 2, there exists a Ctp > 0 such that

1. E( sup {Xtu’s’x’M{p> < Crp M (1 + \x]p>,
te[s,T]

2. IE( s[upT] |X;L,s,x,M - X;Lé,i“,M‘p) < CT7p7M<|$ — &P+ (14 |z|P)|s — §|).
tels,

w,8,2,M

Remark 2.3.4. We may extend X*“5%M by setting X =& for allt € [s,8] (see
p175 in Zalinescu (2011)).

For the sequence of state processes (XM )t>s, we define their corresponding revenual func-

tionals VM ag
T
VeM(s,z) = E( / f(t,X;*’Sv”“M,ut)dtJrh(X;v”vM))
S

The value functions VM is given by

VM(s,z) = 821}4) VM (s x). (2.9)

Next, we obtain the following lemma.

Lemma 2.3.5. For every (s,z) € [0,T] x R%, as M — oo, VM(s,2) — V(s,x).

u,s,x,M

Proof. Since f and h are bounded and 1., - X;"" = 117, s X;
t € [s,T] and u € A, we see that

P-a.s. for every

T
V“(s, x) < E(/ (f(t, X;A’S7$7 Ut)1{7-M>t} + Cl{TMSt})dt
+1{TM>T}h(X;’7S7$) + Cl{TMST}>
T M M
< E / (f(t, X;L’S’J:’ s ut) + h(X%S’x’ )>dt + Cl{TMST}
< VMM(Sax) + CE(l{TMST})

As M — oo, and by Lemma 2.3.2, we have

Vi(s,z) < liminf VM(s,z).
M—o0

Taking supremum over Ay, we have

V(s,z) < liminf VM (s,z).
M—r00

To show the converse inequality, we observe that for every M > 1 and ¢ > 0 there exists

an e-optimal control u©™ € A, such that
VM(s,z) < VOM(s,z) +e (2.10)
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By (2.10) and again note that 1{TM>T}X;‘€’M’S”C = 1{TM>T}XZLE’M’S’$’M P-a.s. we see that
VM(s,xz) < V“E’M’M(s, x)+e€

T usM sz e M
< E / (f(taXt Ty )1{TM>t} +01{TM§t})dt

usM s
+1{TM>T}h(XT )+ Cl{TMST}) te

IN

T usM sz € usM s
E( | (e gy e ))dtwlmsn) +e

M

yue (s,2) + CE(lr,,<1y) + €
< V(s,x) + CE(lfry, <)) + €

IN

As M — oo, and by Lemma 2.3.2, we obtain

limsup VM (s,2) < V(s,z)+e

M—oo

Since € is arbitrary, the proof is completed. O

Next, we present two results which we borrowed from Zalinescu (2011) (modified version
of Lemma 2.3 in Zalinescu (2011)). Since the author does not provide a proof, we prove it

here in our context.

Now, under the assumption that f and A are continuous, we know that the functions f

and h admit a joint modulus of continuity (see Lemma 2.3 in Zalinescu (2011)):

pla,f) = swp  (If(tww) = f(t,2,0)] + [h(z) - h(@)]),
t€[0,T],u€A,

such that ma lirrb p(a, B) = 0. Thus, we have the first result below.

—00 a—>
Proposition 2.3.6. There exists constants C' > 0 and Ctp > 0, such that for every
u € As, (s,7),(5,2) € [0,T] xR?, and allp > 2, a >0, 3 >0,

|z — 2P + (1 + |2[P)]s — 5|
oP

(Ve (s,z) — VM (s, 2)

< Crp(e,B) + Crpum

(1 + |z[P + |2]P)
+C7p, M L ;

Proof. For u € A, and (s,x),(8,%) € [0,T] x R, we see that

|veM (s, z) — veM(s, i)

< |V“’M(s,x) —ywM S, &)
+|veM(s,2) — VM (s, 2)
= () + (L). (2.11)

The first term in (2.11) yields
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(L) = [v*M(s,z) = V“M(s,2)
T T ~
E( / £t X5 0M ) — f(t, XS0 )| dt + | (XM - h(Xé,f’”’M)Q

= (I11) + (I12).

IN

The second term in (2.11) can be estimated as
(L) = |[veM(s,2)— VM (5,2)
E ( / £, XM ) — (8, X050 M ) |dt + (XM ) - h(X;vévivMH)

= (l13)+ (I1,4)

IN

Each of (I1,1) — ({1,4) can be estimated by using the bounds of f and h, the Markov

inequality, and Lemma 4.3.1. For example, for (I) we have

T ~
(Il,l) = E (/ |f(t’ X;L7s’x,Ma ut) - f(ta XZL7S7I7M’ ut)|dt)

IN

CTP< S[u%] |XZ‘,S,I,M — Xz%s,:i“,M‘p > ap) + Crp(a, B)
tels,

+CrP| sup |Xf’s’x’M|p25p + CrP| sup ‘Xf’s’j’M‘pZﬁp
tels,T| te(s,T]

(1 + [P + [2[7)
P

|z — &P

< Crpla,B) + Crpm " + Crp.m

In a similar way, we obtain

x — P 1+ |x|P + |2P
(ha) < Cro(a8)+ Crpar =20 o+ 0, EE D),
1+ 1]zP)|s — 5 14+ |z
(1173) < CTp(Oé,B) + CVT,p,M( | | p)| | + CTJ)’Mw,
o BP
1+|2P)|s -5 1+ |zlP
(1) < Crp(a, )+ Crpa 2N =8 g OH )
oP Bp
Combing (1) — (IV'), we complete the proof. 0

Since

]VM(s,x) — VM(S,Q%)] = | sup V”’M(s,w) — sup V”’M(s,uﬁ)‘

UeAs UEAS
V“’M(s7 x) — V“’M(s, aﬁ)‘,

< sup
u€EAs

the following corollary is a direct consequence of Proposition 2.3.6.

Corollary 2.3.7. For all p > 2, there exists constants Cr > 0 and Crppr > 0 such that
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fora >0, >0, and (s,z),(5,2) € [0,T] x R%, we have

x—Z|P+ (1+|2P)|s — §
oP

VM (s,2) — VM(5,8)] < CrplasB) + Crpar.

(1 + [z[P + [2]")
+CT7p7M IBp :

In order to prove the DPP, the Markov characterization of the state process (see for exam-
ple, Lemma 3.2 in Zalinescu (2011)) plays an important role. The next lemma states the

controlled Markovian property for jump processes.
Lemma 2.3.8. The following two assertions hold.

1. For almost every w € Q, all 7 € Ty 7, and u € As, there exists a control 4 € A;
such that

T
B( [ 70X w4 RO F ) () = VI (1), X205 ),

2. For every t € [s,T], and all T € Tz, there exists a control i € As, where

Uy = UpLire[s ]y T Urlire(r1]}s

and 4 € A, such that

T - ~
B( / P, XomM ) dr 4+ B M) | F) (@) = VI (), X200 M () Pas.

Proof. The proof follows from Remark 3.10 and the proof of Proposition 5.4 in Bouchard
and Touzi (2011). O

2.3.2 The Proof of DPP

We now proceed to the prove of DPP. We will follow Bouchard and Touzi (2011) and
Zalinescu (2011).

Proof. We start from the easy direction. For 7 € Tj, 77, u € As, and by the first assertion
of Lemma 2.3.8, we see that for M > 1 there exists a control 4 € A, such that

T
E(/ f(taXt1L7S7I7M7Ut)dt+h(X;LJS’x’M)>
s
-
= E(/ f(t,XZhS,I,M,ut)dt_}_ VU’M(’T, X;_L,S,:L‘,M))
s

.
< E(/ f(t, XZ‘@I, Ut)l{TM>T}dt + CTl{TMST} -+ VM(T, ngs,x)l{TM>T}> .
S
In the last line, we have used the fact that 1{TNI>T}Xf’8’x’M = 17>y X7 (P-as.) for

every t € [s,7]. As M — oo, by boundedness of f, and h, we can apply the Dominated

Convergence Theorem. Thus, together with Lemma 2.3.2 and Lemma 2.3.5, we have
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T T
E(/ P X w)dt + h(X%S’x)> < E(/ f(t, X0 ug)dt + V(r, Xﬁ”))

Taking supremum over A, we obtain

V(s,z) < sup IE( / f(t,Xt“’s’z,ut)dt+V(T,Xﬁ’s’x)>. (2.12)
u€EAs s

To show the converse, fix € € (0,1) and choose a < e. Next, choose § > (%)% such that
p(a, B) < e. For a fixed p > 2, let us take a Borel partition {B;};>1 of R? such that

sup |z; — ;P < ofe. (2.13)
$j,ijEBj

For M > 1,t € [5,T] and = € R, we know that there exists an e-optimal control @™ € A,
such that

VMt z) < VMEY (¢ 1) +e (2.14)

By Corollary 2.3.7, (2.13)-(2.14), and Proposition 2.3.6, we see that for every x;,2; € By,

there exists an e-optimal control @/ e A, such that

VMt ;) < VM(t,2;) + eCrpa (1 + |a;]P)
< VMEN (G g+ eOrpar(L+ |z5P) + e
< VMEN (G w ) + eCrpar(1+ |2;P). (2.15)

For u € Ay, we take a sequence of controls

aieM _ Uy, if r € [s,t],
" ap™M, ifr e (¢,T) and X, € By,

where @M € A,. It is easy to see that 4/“M € A, which is a consequence of the
and the fact that Ff C F? for all s <t < r. By uniqueness of

solution, the second assertion of Lemma 2.3.8 and (2.15) we then obtain

O M
measurability of X"

T ) o
V¥(s,2) > E( / Flr, X emM o ydr 4 h(Xg vas,x,M)>
S

! Z T ~je, M u,s,z,M .
- E(/ f(r, Xﬂ’s’”““’Mmr)dT) ! E<E( / Flr, X7 ey gy
s t

j>1

ﬂe’j’NI,t,le’S’z’M

Hh(XE )\ft) 1 {X?,S,I,MEBJ_}>

t
—_ 19y 7M E’j’]MyM t) 7M
= E(/s f(r, X" ,u,n)dr> + E E(V” (¢, X" )1{X;"S’”’Mij})

j>1
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A\

E(/:f(r,Xg’S’x’M u, )+ZE<< XusaCM)

7>1

—eCrpm(1+ ]Xg,s,m,M’p)) 1{X:,s,x,M€Bj})
t
= E (/ f(r, X;fvs,x,M7 uy)dr + VM(t7 Xtuvs,:v,M)> — eCrp mE (1 + ’XZ‘,S,I,M‘P).
S
Since € is arbitrary, we then have
t
VM(s,2) > E( / Flr, X2 0M oy )dr + VM (-, X;“S””’M))
S

Let G(t f FX2%0dr + VM (¢, X[25%). For every tq,ts € [5,T), and

R up, ifr € [s, t1],
u pr
" Gy, ifre (ty,T],

where u € A; and u € A, we have, by uniqueness of solution and the second assertion of
Lemma 2.3.8,

t1
E(G(t2)|Fy) = £, X050 M )t

S

to Xustu Xust
+E< f(t, X ag)dt + VM (ty, X, |}"t1>

t1
1
£, X050 w)dt + VM (i, XM

= gs(tl)-

IN

Thus, G is a supermartingale, and by Doob’s Optional Sampling Theorem we know that,

for every stopping time 7 € T, 77 and u € A, we have
VM(s,z) > E< / Ft, X050 M uydt + VM (r, X;‘MM)). (2.16)
S

Without loss of generality, we assume that f,h > 0 for all (s,2) € [s,T] x R%. Then, (2.16)

implies
VM(S’ x) z E( / f(t’ XIZL7S,:B’ ut)l{TM>T}dt + VM(T’ X}—L’S7I)1{TM>T}) '
S
Here, we use the fact that 1{TM>T}X;"S’$’M = lry > Xy "7 (P-as.) for every t € [s,7].

As M — oo, thanks to the boundedness of f and h, the Dominated Convergence Theorem
can be applied. Together with Lemma 2.3.2 and Lemma 2.3.5, the above yields

Visa) = B( [ 00 w)de+ Vi Xpeo)).
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Taking supremum over Ay, and combining with (2.12) we obtain the desired result. O
Finally, as a consequence of (2.12) and (2.16), we obtain the following result.

Corollary 2.3.9. For every 7 € Tjs 1), and all x € R?. the following holds.

VM(s,z) = sup E(/ £, XusoM oy Ydr + VM (7, Xﬁ’s’x’M)>. (2.17)
u€EAs s

2.4 A Brief Concluding Remark

In this chapter, we have extended the proof of DPP for standard stochastic control problems
with Lévy noise. In doing so, we do not assume the state process possess any moments
and we do not impose any restrictions on Lévy measures. It worth note that our result is
under the restriction that the set of admissible controls are independent of Fs . However, as
remarked in Bouchard and Touzi (2011), this is not necessary (see Remark 5.2 in Bouchard
and Touzi (2011)). For future work, one possible extension of our work is to consider a
combined optimal stopping and stochastic control problem, and show that similar result
can be established.
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Chapter

The Associated Hamilton-Jacobi-Bellman
Equation for Stochastic Control Problems

driven by Lévy Noise

The infinitesimal version of DPP, that is the Hamilton-Jacobi-Bellman (HJB) equation,
provides a necessary and sufficient condition for optimality. It is necessary, since as a
direct consequence from last chapter, we can show that the value function satisfies the
corresponding integro-HJB (henceforth just HJB) equation in the viscosity sense. It is
sufficient, since the value function is the unique viscosity solution of the corresponding

HJB equation.

The proof of the uniqueness of the solution of the HJB equation often relies on a comparison
theorem while prove of the comparison theorem generally relies a maximum principle and
a carefully chosen test function. There are many works devoted to prove an integro-version
of maximum principle and /or a comparison theorem. To name a few, we mention Jakobsen
and Karlsen (2005, 2006); Barles and Imbert (2008) who consider the theory of general
integro-partial differential equations (henceforth integro-PDEs), Pham (1998); Zalinescu
(2011) who consider HJB equations (or variational inequalities) arising from combined
optimal stopping and stochastic control problems, and Barles et al. (2009); Dumitrescu
et al. (2015) who consider integro-PDEs (or variational inequalities) related to backward
stochastic differential equations. In the context of HJB equations (arising from stochastic
control problems), Pham (1998) has proved a comparison theorem for uniform viscosity
super and subsolutions. In his proof, the viscosity solution is defined in terms of parabolic
semijets. Zalinescu (2011) has taken a further step and proved the comparison theorem
for semi-continuous viscosity super and subsolutions. Since he considered process with
no Brownian part, the proof is simplified a little bit and does not require the maximum
principle. Both proofs have some restrictions on the Lévy measure. In contrast, a more

general Lévy measure was considered by Jakobsen and Karlsen (2005, 2006).

To extend the work of Larsy and Lions, the comparison theorem for HJB equations also
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plays an important role. In this chapter, we apply the DPP (Corollary 2.3.9) to show that
the value function (which we defined in section 2.2) is a viscosity solution of the corre-
sponding HJB equation. Moreover, we borrow the nonlocal version of maximum principle
from Jakobsen and Karlsen (2006, 2005), and formulate a comparison theorem by choos-
ing an appropriate test function. An immediate consequence of this comparison theorem
is a uniqueness result which states that there is a unique viscosity solution to the HJB
equation (in the class of bounded semicontinuous functions). We emphasize that although
there is not much novelty in this chapter, the work in this chapter is very important for
us. The aforementioned works have covered our needs from various directions. However,
we can’t directly apply their result, and there is some work need to be done to fit into our
framework. Here, our main references are Yong and Zhou (1999); Zalinescu (2011); Pham
(1998); Jakobsen and Karlsen (2006, 2005); Barles et al. (2009); Ishii (1984); Barles and
Imbert (2008).

3.1 Theory of Viscosity Solution of HJB equation

Through this chapter, we assume Assumption 2.1 holds, and we work under the framework
of the previous chapter. In addition, we make a stronger assumption on functions f and h
(recall that these are defined in (4.3)), and an extra assumption on functions b, o, and =y
(recall that these are defined in (2.3)). This is presented below.

Assumption 3.1. There exists constants C' > 0, Cjy > 0 and a modulus of continuity p,
such that for all s1,s9 € [0,7T], u € A, x1,72 € R% and 0 < |n| < M, we have

|f(s1,21,u) = f(s2, w2,u)| + |h(z1) — h(y2)] < Cp((s1,21) — (52, 92)),
‘b(slaxlau) - b(SQ,.%'l,u)‘ + ’O’(Sl,-%',U) - 0(227y7u)’ S C‘Sl - 82‘7

")/(81,.%',21,77) - 7(327x7u777)‘ < CM‘WHsl - 82"

We first recall some basic facts from the theory of viscosity solutions. Fix M > 1. For
s€(0,T),z€R uec Aand ¢ € C;’Q((O,T] x R4 R), define an operator

IM[¢](s,x,u) = / <¢(s,x + ’)/(S,,I,u,’l’])) — o(s,x)
0<n|<M
- < D2¢(87x)7'7(87x7u777) > 1{0<|n\<1}>y(d77)'

The so-called (generalized) Hamiltonian is defined as

’H(s,x,u, ngﬁ(s,x),D%gb(s,x),IM[gb] (s,x,u))
= < —Dap(s,x),b(s,z,u) > —}—%tr( - D%qﬁ(s,x)a(s,x,u)a(s,x,u)T>
—IM[g](s,2,u) — f(s,7,u). (3.1)

Fix M > 1. For s € (0,T) and x € R?, we consider the HIB equation:
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—Dig(s,2) + sup M (s, 7, u, Dag(s,x), D3g(s,2), IV [6](s, v, ) ) =0,
ucA

6T, 2) = h(x).

It is clear that we may not able to find a (classical) solution in the class of smooth functions

(3.2)

(whose partial derivatives exist as required in (3.2)). Thus, the notion of viscosity solutions
allows us to seek for a (weaker) solution in a larger class of functions. There are several
equivalent ways to define viscosity solutions (see for example Barles and Imbert (2008);

Arisawa (2008)). Here, we present two of them.

Definition 3.1.1. A function w € USC([0,T] x R4 R) (respectively LSC([0,T] x R%:R))

is a viscosity subsolution (respectively supersolution) to equation (3.2) if
1. w(T,z) < h(x) (respectively w(T,x) > h(x));

2. whenever ¢ € C’,}’2((0, T] x R%:R), and ¢ —w attains a global mazimum (respectively
global minimum) at (s*,z*) € (0,T) x R, we have

—Dy¢p(s*,x%) + sup?-[(s*,x*,u, Dyp(s*, x™), D%(ﬁ(s*,x*), IM[qﬁ](s*,x*,u)> <0,
ucA

(respectively > 0).

If w is both a viscosity supersolution and subsolution, then it is a viscosity solution, and we
say that w satisfies the corresponding equation in the viscosity sense. This definition allows
us to show that value function is a viscosity solution of the HJB equation. However, in
order to prove the comparison theorem and hence formulate the uniqueness result, we need
another definition of viscosity solutions. To make some preparations, we define some new
terms. Fix M > 1. Fors € (0,T),z € R, € (0,1),u € A, q€R, ¢ € Cg’z((O,T]XRd;R),
and w € SC([0,T] x R%R), we define two operators
1°[¢)] (s,z,u) = / (qS(s, z+ (s, z,u,m)) — ¢(s, )
0<In|<p
— < Dag(s,x),7(s, 2, u,1m) > )V(dn),

and
IM s by oy = ) + ) Ly - )
5 [w](s,z,u,q) /ﬁ§|n<M <w(s x4+ (s, x,u,m)) —w(s, )
- < Q77(Samau7n) > 1{0<|77\<1}>V(d77)'
Furthermore, we define the function
H (5,20, 1°()(s, 2, ), I [w] (5, 3, 4, Da(s, )
= < —Dsp(s,x),b(s,z,u) > —l—%tr( - D%(ﬁ(s,x)a(s,x,u)a(s,x,u)T>
—Iﬁ[gb](s,x,u) - Ié\/[[w](s,x,u, ¢2(Sax)) - f(S,,I,U). (33)
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Next, we present the second definition.

Definition 3.1.2. A function w € USCy([0, T] x R%: R) (respectively LSCy([0,T] xR%;R))

is a viscosity subsolution (respectively supersolution) to equation (3.2) if and only if
1. w(T,z) < h(x) (respectively w(T,x) > h(x));
2. whenever ¢ € CY2((0,T] x R%:R), and ¢ —w attains a global mazimum (respectively

global minimum) at (s*,2*) € (0,T) x R, we have

—Dio(s*,z") + sup?-l(s*, x*, u, Do (s*, %), D3¢p(s*, %), I8 [](s*, 2", u),
u€A

1Y) (5", 2 u, Dag(s", 7)) ) <0,
(respectively > 0).

Now, to conclude this long summary of viscosity solutions, we include the following two
results without proofs (for (C1)-(C4) and (F0) -(F3), see Example 4.1 and Example
4.7 in Jakobsen and Karlsen (2006) and the proof of Theorems 4.1 - 4.3 in Jakobsen and
Karlsen (2005); for (F4), see p193 in Zalinescu (2011)). These results summaries some

properties of viscosity solutions and ensure the validity of the maximum principle.

Lemma 3.1.3. For s € (0,T), z,y € R%, ¢ € R?, X,Y € S, and ¢*, ¢, € C’,}’Q((O,T] X
R%R), the following hold.

(C1). If (t,y,Y) — (s,z,X), then
H (. u, D2o(t,), Y, 1V [6)(ty,0) ) — H (5,20, D2 (s, 2), X, 1M (6], ,w)
uniformly in u.

(C2). If (sg,xr) — (s,x), and

o = ¢
Dyd* — Dog
D3¢" — D3¢

locally uniformly in (0,T) x R?, then
7'l<8k,l“k,u, D2¢k(8k,$k),D§¢(5k,$k),IM[¢k](8k,$k,u))
= H(s,2,u, D20(s,2), D3g(s,2), IV [6](s, 2, ))

uniformly in u.

(C3). If X <Y (i.e., Y —X is positive semidefinite) and (¢p—1))(s, -) has global mazimum

at x*, then

supH(s,m*,u,q,X, IM[(b](s,m*,u)) > supH(s,x*,u,q,Y, IM[T/J](S,.%'*,U)).
u€EA u€A
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(C4). For every constant C' € R,

supH(s,m,u,q,X,IM[¢+C](s,x,u)) = SupH(s,m,u,q,X,IM[¢](S,x,u)>.
u€EA u€A

Lemma 3.1.4. For 3 € (0,1), s € (0,T), =,y € RY, ¢ € RY XY € $¢ w,—v €
USCy([0,T] x R%:R) and ¢F, 9%, ¢, € C12((0,T] x REGR) the following hold.

(F0). The function H satisfies the property

sup 7 (s,2,u, Dag(s, @), D3 (s, x), 17[6](s, 2, u), I} (6] (s 2,1, Dag(s,)) ).
u€A

= supH(s,z,u, Dao(s, x), D3o(s, x), IV [6](s,z,u) )

u€A
where H satisfies (C1).
(F1). If X <Y and (w —v)(s,-) and (¢ —)(s,-) have global mazimum at x*, then
sup H s,x*,u,q,X,Iﬁ[qﬁ](s,x*,u),Ig/I[w](s,m*,u,q))
u€A

= Sup’;’:[(s,x*,u,q,Y, IB[¢](5,x*,u),]é\/[[v](s,:c*,u, Q)>
u€A

(F2). For every constant C,C € R,
sup”;’:L(s,x,u,q,X, Iﬁ[(ﬁ + C](s, z,u), Ig/l[w + C’] (s,x,u,q))
ueA

= sup A (s,2,u,0, X, 1°[6)(s, v, ), I} [w] (s,,u,q) )
u€A

(F3). If Y% — w then
A (3,2, 0,0, X, 17(9] (s, 0), I3 165 (5, 2, ,) )

— ﬁ(s,x,u, q,X,Iﬁ[gb](s,:c,u),]é\/[[w](s,:c,u, q))

uniformly in u.

(F4). The function

H: u— ﬁ(s,x,u,q,X,Iﬁ[qﬁ](s,x,u),I%[w](s,x,u,q))

1S upper semicontinuous in u.

3.2 Value Function: Viscosity Solution of HJB Equation

Now, we show that, for every M > 1, the value function V™ (which is defined in (2.9)) is

a viscosity solution of (3.2).

Theorem 3.2.1. For every M > 1, VM defined in (2.9) is a viscosity solution of (3.2).

33



The proof follows from a standard argument (see for example Yong and Zhou (1999); Pham
(1998); Zalinescu (2011)) which need the following proposition.

Proposition 3.2.2. The value function VM is continuous.

Proof. This proposition is a consequence of Corollary 2.3.7, and the its proof is identical
to the proof of Proposition 2.4 in Zilinescu (2011). O

We now prove Theorem 3.2.1.

Proof. Fix M > 1. By (2.9) and Proposition 3.2.2, to show the desired result, it is enough

to verify the second condition of Definition 3.1.1.

Fix s € (0,T), and = € R?, for u € Ay and N > |z|, define
Ony = 0(N,u,s,x) = inf {t €(s,T): X" ¢ B(x,N)}.

We split the proof into two parts. Firstly, we prove that VM is a viscosity subsolution.
Suppose that VM — ¢ attains a maximum at (s*,2*) € (0,7) x R%. For every ¢ > 0, we
can choose § € (s*,T') such that § = § — s* are small enough so that by Corollary 2.3.9 we
can find a control u®M := u(e, M, 5) € Az« such that

3/\01\77”6

Moo« . §/\€N,u6 uﬁ’M,s*,x*,M €,M M (A Ue’M,S*,{L‘*,M
V¥(s*2*) < E flt, X, , U dt+V (S/\HN7u€,X ) + €.
s*

Rearranging terms and dividing both sides by § we obtain

1 M M/~ UE’]MS* z* M §/\9N,u€ ue,M s* . p* e M
SE[VY(,0%) = V(5 A e, X2t )_/ £t xEMs oMy ) <
S

§/\0N,u€ N —

Since VM — ¢ attains a maximum at (s*,z*) € (0,T) x R%, we see that

e, M % % R e, M x %
o(s*, ") — ¢(§ A, X8 ’M> < VM(g* g*) —yM <s AOn e, X8 7M>.

S/\GN,ue S/\GN,ue

This implies

1 * ok A usM o* p* M SNON ue usM g* p* M e M

SE o(s*, %) — ¢ s/\HN,ue,XgAGN’ue - ft, X, sug )dt | < e
S

Since X; and X;_ differs only on a countable number of points, applying Ito’s formula,

rearranging and taking expectation of both sides yields
e, M x %
E<¢(S*7x*) - ¢<§7 X;L/\GN’ie’x 7AJ))

§/\0N,u€ €, * ok €, * ok €, * ok
— E(/ (= Dro(t, XM < Do, XM, (e, XM M)
S

*
UE’]W7 *

1 €, * ok * €, * ok
+§tr(—D§¢(t,Xf Manat My o xpotstat M ey ut st ’M,u?M)T))dt
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'§/\9N,u€ €, * ok €, * ok
(e XA g, )

s* 1<|nl<M

€, sk '§/\€N7“6 €, s,k
_(ﬁ(t,XZL M s* @ 7M)>y(dn)dt —/ / ((ﬁ(t,X;‘ M s* @, M
s* 0<|n|<1

_i_,y(t’XZte’M,s*,x*,M’U?M’n)) . (ﬁ(t,XZﬁM’S*’w*’M)
- < ngﬁ(t,X;‘e’M’S*’x*’M),'y(t,Xz‘e’M’S*’x*’M,uE’M,n) > V(d?])dt)).

Since ¢ € C’; ’2((07 T] x R% R), we may apply the Dominated Convergence Theorem. This
then yields

SAG;V,uﬁ

lim < <¢<s*, 7%) = 03 A e, X0 ))
= —D1o(s",2%)+ < —Daop(s*,x%),b(s™, 2", u) >
—i—%tr( — D3p(s*, x%)o(s*, 2%, u)o(s*, z*, u)T>
[ (o A ) — 65" a) ()
1<|n|<M
_/ <¢(S*,$* +7(5*ax*auan)) - gb(s*,x*)
0<|n|<1
- < D$¢(S*7x*)77(8*7x*7u777) > >V(d77)

and

6—0 *

1 §/\/\€N,u5 e «
lim SE / F,X 70" Ju)dt | = f(s*, 2%, u)
S
for almost every s* € (0,7"). Thus, we have
—D1g(s*,2%) + ’H(S*,x*,u,Dggb(s*,x*),ngb(s*,x*),IM[qb](s*,x*,u)) < e (34)
Finally, by taking supremum of u over A and letting ¢ — 0, we obtain

—quﬁ(s*,x*)—|—sup?—[(s*,x*,u,DQ(ﬁ(s*,x*),Dgé(s*,x*),IM[¢](8*,x*,u)) < 0
ucA

for almost every s* € (0,7T). Since ¢ is 02’2((0,T] x R%R) and by (C1) the above claim
holds for every s* € (0,7T).

Next, we show that VM is a viscosity supersolution. Suppose that VM — ¢ attains a
minimum at (s*,2*) € (0,T) x RY. Take 8 € [s*,T], and a constant control u (i.e., u; = u
for all ¢ € [0,77). By Corollary 2.3.9, we have

*

é/\gN’u * * * *

Mor s » 5", Ma 5%,

VM (s %) > E(/ F6 X0 u)dt + V <8A9N,u’X§‘A?efv,u>>-
S
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Rearranging terms and dividing both sides by § — s* we obtain

1 * * é/\gN’u * *
0 < - E(VM(S*,x*) _yM (s A O XI5 ) ~ / Flt, X ,u)dt>.
R s

s — s* *
Since VM — ¢ attains a minimum at (s*,z*) € [0,T) x R%, we see that
VM * % VM A Xu,s*,:v* < * % SAD Xu,s*,m*
(S y L ) - S5, SNON W ) — ¢(S » L ) - ¢ 5N N,u, SAONu )

This implies

1 o x é/\gN,u .
0 < ——E(g¢(s",2%) —¢(§A9N,U,X;‘A’gg ) —/ FE X5 w)dt |
S— S U s*
Now, Ito’s formula implies
1 * % '§/\€N,u * %
0 < —E[¢(s",2%) — ¢(§A9N,U,X5A’;j ) —/ FE X2 w)dt
S— S U s*

1 '§/\€N,u . . ..
= ;B / —Dyg(t, X;* ° )+H(t,X§"S T u, Dagp(t, X",
S

s — s* *

D3o(t, X7 "), IM[g)(t, X7, u)>dt>

N

1 ST * ok * % * ok
_ E(/ —Dio(t, X" )—l—sup?-[(t,X;"S *u, Dagp(t, X770 ),
S

S_S* * UEA

IN

D3o(t, XY, IM ] (, X5 ) ) dt) .

As § — s*, the result follows from (C1), and the fact that ¢ is C;’Q((O,T] x R%R), and
(Xt)tzs is Cédlég |

3.3 Comparison Theorem and Uniqueness of Viscosity Solu-
tion of HJB Equation

In this section, we establish a comparison theorem for viscosity solutions of (3.2). We will
first present two preliminary results. The first one is a classical lemma which summaries
some properties of a chosen test function. Different versions of this result are taken and
proved for different purpose, see for example Pham (1998); Zalinescu (2011); Dumitrescu
et al. (2015); Yong and Zhou (1999); Ishii (1984); Crandall et al. (1992). Here, we repeat
some of the arguments from those works. The second result is a maximum principle for
HJB equation (see for example Theorem 2.2 in Jakobsen and Karlsen (2005)). By using
these two results we obtain a comparison theorem. We present a proof of the comparison
theorem which follows from Pham (1998); Zalinescu (2011); Jakobsen and Karlsen (2006).

An application of this comparison theorem then implies that there exists a unique solution
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to (3.2) in the viscosity sense.

Lemma 3.3.1. Suppose wgyy € USCy([0,T] x REGR) and ws? € LSCy([0,T] x R4 R)
are viscosity subsolution and viscosity supersolution of equation (3.2) respectively. Assume
that there exists some (s, o) € (0,T) x R? such that

Weup(80,20) — WP (s0,29) =0 > 0, (3.5)

For 6 >0,€>0, A\>0 and (s,2,9) € (0,T] x R* x R?, define a function

(1)5’€’>\(S,$,y) = wsub(s’x) - wsup(s,y) - QS&E,)\(S,x’y)a (36)
where
1
PN (s, x,y) = %]m —yP* + %exp (MT - ) (Jz|* + \y!2) + 9%- (3.7)

Further, we define

X&E,)\ - sup @575,)\(37 z,Y), (3.8)
(s,2,y)€(0,T] xREx R
X = sup wSUb(s7 .%') - wsup(‘s? y) - 08_0 ) (39)
(s,2,y)€(0,T]x REx R4 25

then the following hold.

§,6,A

1. The supremum x s finite, and we can find an €9 > 0 such that for all € < €

there exists (s¥N, 26X y56A) € (0,T) x R? x R? such that

X(S,E,)\ _ (IDJ,E,A(SJ,E,)\’ xé,e,)x’ yé,s,)\). (310)

2. Asd — 0, there is a subsequence (also denoted as gheA phed y‘S’E’)‘) such that s> —

Se,)\; 1.5,6,)\7y5,€,>\ N xe,)\ and

1
lim —|z>¢* — 22 = 0. 3.11
lim <|z%% =y (3.11)

3. Letting § — 0 followed by letting ¢ — 0, we have

lim lim x>¢* = . 3.12
eg%ég%x X ( )
Proof. Since wgy, and —w**P are bounded, and —¢%*(s,z,7) < 0 for all § > 0, € > 0,
A>0, (s,z,y) € (0,T) x R? x R?, we see that ®>¢* is bounded above. Hence, x> is

finite. In addition, we see that

|$|_Fl‘i;|r1_>oo %A (s, z,y) = —oo, uniformly in s e (0,7],
liH(l) <I>5’E’)‘(s, z,y) = —oo, uniformly in z,y € R%.
S—
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Thus, we can find a compact subset K,y C (0,7]xR¢xR? such that for all (s, z,y) € K¢,,
0

we have <I>5’E’)‘(s,x,y) < 0. Moreover for all € < ¢ := , we have
2 exp ()\(T — 50)) |02

1
X‘S’E’)‘ > (135’67)‘(80,350,300) = Wy (S0, x0) — WP (s, x0) — e]wo\z — 65 > 0. (3.13)

767)‘

Since wgy, and —w**P are upper semicontinuous and ¢>¢* is continuous, there exists some

(896N, 06N g0ed) € K. ) such that

Xé,e,)\ — ‘1)5’6’)‘(55’6’)‘, $6’€’>\, yé,e,)\)‘
Now, it is clear that we have
@5’€’>\(T7 O, 0) S @5,6,)\(85,6,)\7 x&,e)\’ yé,e,)\) — X(S,e,)\’ (314)

we may choose a constant C' > 0 which is independent of §, € and A such that for all € < ¢

we have

elz®M? <, and ey P < C. (3.15)

d,6,\

For every € > 0, we see that is increasing in §. For this reason, we observe that

X25,e,)\ _ sup @25,6,)\(8’ z, y)

(s,2,9)€(0,T) xR xR
> (1)25,6,)\(85,6,)\’ 1_5,6,)\7 y5,e,)\)
1
— X(;,E,)\ + E’xé,e,)\ _ yé,e,)\’2. (316)

Hence, as & — 0 together with (3.13), (3.15), and s%* € (0, T, the second claim is proved.

At the same time, we obtain

€ = lim %%, 3.17
X lim x (3.17)

Moreover, from (3.13) and the fact that wey,(T,z) < w*P(T,x) for all x € RY we know
that s> € (0,T) (i.e., it cannot occur at T'). This completes the proof of the first claim.

Next, by definition, we know that for every ¢ > 0, there exists a (s¢,2%) € (0, 7] x R? such
that

1
X — € < Weup(s°, 2%) — wP (55, %) — 0—.
s

This implies

X(S,e,)\ — (1)5,6(55,6, $6’€, y5,e)

> (55, a8, 2%
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1
= wsub(sgaxg) - wsup(sg,xﬁ) - 6|$£|2 - 9_5
S

> x—&— et
Taking limit as § — 0 together with (3.17) we obtain
X —€&—el* P <x“ < x.

As e — 0, the last claim is proved.

O

Theorem 3.3.2. (Mazimum Principle): Suppose wey, € USCy([0,T] x R%:R) and
wsP € LSCy([0,T] x R%R) are viscosity subsolution and viscosity supersolution of (3.2)
respectively. Let ¢ € C*22((0,T] x R x R4 R) and ®(s,z,y) admits a mazimum at

(s*, 2%, %) € (0,T) x R? x R, where

(b(saxay) = wsub(‘sw%') _wsup(s7y) - (p(S?m?y)'

If there exists go € C((0,T] x R4 xR%R), g1 € C((0,T] xR x R4S, and gy € C((0,T] x

RY x R4 SY) with go(s*,z*,y*) > 0 such that

D22¢(8*7x*7y*) D23¢(8*7x*7y*)
D32¢(S*a ,I*, y*) D33¢(S*’ x*’ y*)

I —I 91(s,2,y) 0
< gO(S,CC,y) ( I T ) + < 0 gQ(Saxay) >

for all (s,z,y) € Q", where

Q" = {(s,z,9) | |s" = s>+ |o* —a> +|y" —yI> < for some r > 0}.

Then, for every a € (0, %), there exists two matrices X € S* and Y € S such that

X 0 g1(s*, 2%, y*) 0
0 -Y 0 ga(s*, 2", y*)

90((8*71'*731*)) I 0
«o 0 I

90(8*71.*721*) I -1
1 -2« I I

and

a+ Sup?:l(‘S*ax*aua D2¢(S*’x*’y*)aX’ IB[¢](S*,x*’u),
u€A

I Twaun) (5% 2" u, Dao(s™, 2", y)) ) <0,

b+ sup 7L (", 5", u, —Dyo(s™ 0%, y"), Y, I [=9] (57, v ),
ucA
Ié\/[[wsup] (s*,y*,u, —D3¢(S*,$*,y*))> > 07

where Dy¢(s*,x*,y*) = b— a.
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Proof. The proof is outlined in Jakobsen and Karlsen (2005) (see the proof of Theorem 2.2
in Jakobsen and Karlsen (2005)), which follows from Ishii and Lions (1990), Lemma 7.8
and the proof of Theorem 4.9 in Jakobsen and Karlsen (2006). O

Theorem 3.3.3. (Comparison Theorem): If wy,, € USCy([0,T] x R%:R) and wsP €
LSCy([0,T] x R%: R) are viscosity subsolution and supersolution of (3.2) respectively, then
Weup(8, ) < WP (s,z) for all (s,z) € [0,T] x RY.

Proof. By Definition 3.1.2, we have wgu(T,z) < h(z) < wP(T,z) for all x € RY. By
the semicontinuity of viscosity subsolution and viscosity supersolution, we can obtain the
desired result at s = 0 provided wip(s, ) < h(z) < w*P(s,z) for all (s,z) € (0,T) x RY.

Indeed, if we have wgy(s, z) < wP(s,x) for all s € (0,T). then we see that

Weyp(0, 2) < liminf wgyp(s, z) < lminf w®*P(s, ) < limsup w**P (s, ) < wP(0, z).
s—0 s—0 5—0

Thus, we only need to prove the desired results for all (s,z) € (0,7) x R? for which we
prove by contradiction. To this end, let us assume there exists a point (sg,zg) € (0,7") x R¢
such that

0 = wsup(s0,z0) — WP (sg,29) > 0. (3.18)
We choose a test function (ﬁ‘s’e’)‘(s, x,y) such that
FNswy) = oxle—yl+exp (T - 5)) S (o + y) + 652,
B 20 2 2s
It is easy to see that ¢>¢* € 02’2’2((0,T] x R x Rd;R). Next, we define
DN (s, ,y) = weup(s,x) — wP(s,y) — ¢"N(s,2,y).

By the first claim of Lemma 3.3.1, we know that the supremum of ®>%* is achieved at
some (%€, 2% y>€) € (0,T) x R? x R%. Also, we have

D%qb(sé,e,)\’ 276’5’)‘, y(s,e,)\) D23¢(56’6’>‘, 276’5’)‘, y(s,e,)\)
D32¢($5’6’>‘, 1.5,6,)\7 y(S,e,)\) D§¢(85,6,A7 .%'5’€’>‘, y(S,e,)\)

1 I I el 0
= g(—] / >+exp(A(T—s))<O d).

By Theorem 3.3.2, for all 0 < § < 1 there exists two matrices X € S% and Y € S¢ such
that
X 0 1 I -1 el 0
< = +exp (AT — s ,
<O—Y>_5<—I I> p(( ))<O eI)
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and

a+supH 85,6,A7x5,e,xju’ D2¢5,E,A(s5,e,,\’x5,e,x7y(s,e,,\)’X’ 18 [¢5,e,)\] (8576,)\7.%,5,67)\’,“)7
uceA
M Se X 5, SeN( Se N SN . Se)
Iﬁ [wsub]<s © 71. © 7U7D2¢ © (S © 7'%' © 7y © )>> S 07

(3.19)

bt S“B % (85,6,,\’ yé,e,)\7 u, _D3¢5,6,A(85,6,A7 x&,e,)\’ yé,e,)\)’ Y, 18 [_¢5,E,A] <$5,e,)\’ yé,e,)\7 u) 7
ue

Iéu [wsup] <8576,)\’ y(s,E,)\’ u, _D3¢5757)‘($5767>\7 x57€7>‘7 y(s’e’)‘))) > 07

(3.20)

where b — a = D1¢67E,)\(56,67>\’ 276’5’)‘, y(s,e,)\).

By (F4) and since A is compact, there exists a control u* := u(s,z, M) such that the
supremum is attained. Using (3.20) - (3.19), we obtain

950 * * * * M * €
72(86757)‘)2 < (J{‘ +Jy +J3 + Jff M u > ~ Xexp ()\(T . s))i(‘xé,e,AF + \y5’€”\\2).
where
J{‘* — < D3¢6’€’>\(85’6’)\, $6’€’>\, yé,e,)\)’ b(s&e,)\, y5,e,)\’ u*) >
4 < D2¢6’€’>\(85’6’)\, $6’€’>\, yé,e,)\)’ b(s&e,)\, y5,e,)\’ u*) >,
* 1
Jé‘ = 5757- (XO'(S(S’e’)‘, $6’€’>\, u*)o_(sé,e,)\, $6’€’>\, u*)T)

—%tr (YU(S(S,@,\’ YA ) (BN, BN u*)T>’
Ju = / B¢5,E,A (85,5,A7x5,e,A +7(85,6,A’x5,5,x7u*m)’ya,E,A) _ ¢(5,E,)\($5,e,>\7w5,67>\7y5,e,>\)
0<n<
L < DaP e (BN BN S BENY (BN pBEX ik oy S ()
_/ ¢57E<56,e7>\’x575,)\,y5,e7>\ +7(55,6,A’y5,s,x,u*,n)> QPN (DEA e e
0<n<p
L < DDA (DA e BNy (BN BN ux iy S (dp),
JuM / ) wsub<56,e,>\,x6,e7>\_}_,Y(S(S,E,)\,xé,e)\’u*’n)) W (57, 28
B<|n|<M
C < DN (DA, BNy BEN) (DA pBEA kS ()
_ /5§,7|<M WP (55,6,,\,y5,e,x n 7(55,6,A’y5,e,x,u*,n)> _ wsup(55,e,)\’y5,e,)\)
— < = D" A (P, 2N YN, A (85N, A ut ) > w(d),

JE = f(s,x,u) = f(s,y,u”).

Now, let us look at each of these terms. The first term implies
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*

J{JJ - < D3¢575,)\(86,e,>\’ 1_5,5,)\7 y(s,e,)\)’ b(S(S’E’)\, y(S’E’)\, u*) >
+ < D2¢575,)\(86,e,>\’ 1_5,5,)\7 y(s,e,)\)’ b(S(S’E’)\, 1_5,5,)\7 u*) >

1
- < _g(xé,e)\ _ yé,e)\) + eyé,e)\ exp ()\(T . 8)), b(sé,s,)\7 yé,e)\’ u*) >

1
+ < S(xé,s,)\ _ yé,s,)\) + Exé,s,)\ exp ()\(T _ S)),b(sé,s,)\, xé,e)\’ u*) >
1
= sup ( < —($6’€’>\ _ yé,e,)\), b(Sé,e,)\’ 275’6’)\, u) _ b(s&e,)\’ yé,e,)\, u) >
ucA 4
+ < ex®exp (NT — s)),b(s‘s’g’)‘, A u*) >

+ < Ey57E,)\ exp ()\(T — 3)),1)(8575,)\, y5,e,)\’ u*) > >

1
< Cg‘xé,e)\ _ yé,e,A‘Z + CeeXp ()\(T - 8)) (1 + ‘xé,e,A‘Z + ‘yé,e,A‘Z).

By using (3.19), and follow a similar argument as in Fleming and Soner (1993) (see

Lemma 6.2 on p240 in Fleming and Soner (1993)), the second term yields

*

1
JéL — §t7“ (XO’(Sé’e’)‘, .%'5’€’>\, u*)a(sé,e,)\’ 1‘5’6’)‘, u*)T)

1
—§t7’ <YU(86’E’)\, y(s,e,)\’ u*)O'(S(S’e’)\, y(s,e,)\’ u*)T)

< %{0—(56767>" x575,)\’ u*) _ 0_(56,67>\’ yé,s,)\, u*) {2
—l—% exp (AT — s)) (‘0’(86757)\7 s u*)f n ‘0(85,5,,\7 e u*)f)

1
< Cg|$6’e’>\ _ y6,€7>\|2 + Ce exp ()\(T _ 5)) (1 + |$6’€’>‘|2 + |y675,)\|2)‘

Next, we observe that the third terms gives

Ju = / ¢6,e,>\<86,e,>\,x6,e,>\+W(Sé,e,A,xé,e,A’u*’n),yé,e,A>
0<n<p

_(bé,s,)\(sé,e)\’ 1_5,5,)\7 6,6,)\)

Yy
— < D2¢575,)\(86,e,>\7 xé,e,)x7 y(s,e,)\)’ 7(86,67>\’ 1_5,5,)\’ u*’ n) > I/(dn)

S, N[ 06N 0,6, e N 0,6\, 0,e,\
_/ _¢ ‘ <S ‘ y L ‘ Y ¢ +7(5 ‘ Y ‘ ,U*,U)>
0<n<p

_< _ ¢5,e,)\(85,e,)\7 .%'5’€’>\, yé,e,)\)>

< _Dg(bé,e,)\(s&e,)\’ 1_5,6,)\7 y5,e,)\)7 7(85,6,)\7 y5,e,)\’ u*’ n) > I/(dn)
1
/ ‘,Y(sé,e,A’wé,e,)\’u*’n)T/ (1 — £)D2ghe (85,6,A7x5,e,,\
0<n<p 0
+E(sN, 2% ), y‘s’e“) dgy(sN, 2w, ) ( v(dn)
1
+/ ‘,Y(S(s,e,,\’ya,e,x7u*777)T/ (1- §)D§¢5,E,A (85,6,)\7.%,5,67)\’215,6,)\
0<n<pB 0
+£7(867E7}\’ y5,e,>\’ U*a 77)) dgr)/(s&g)\’ y&E’)\? u*’ 77) | V(dn)

1
- / P (am)C (5 + eoxp (AT = )) ) (1+ 1P 4+ [y P).
o<n<p

IN
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For the forth term, we first calculate the expression below by using the definition of ®%¢A,

the fact that ®%<* attains its supremum at (s>}, 2%, 3%¢A) and polarization identity of

inner product.
<wsub (8675,)\7 pher 7(85,6,A’ 1_6,5,)\7 u, 77)> _ wsub(56’€7>\a ma,g,x)
< Dz(bé,e,)\(s&e,)\’ 1_5,6,)\7 y5,e,)\)7 ")/(86’6’>\, .%'6’€’>\, u*’ n) > >
_ (wsup (56,€7>\, y(s,e,)\ + ,}/(56,6)\’ yé,s,)\, u*, 77)) _ wsup(sé,e,)\’ yé,s,)\)

S,e N Oe N - Se N . Se N Se X . Se N . *
_<_D3¢€ (S ¢ , L ¢ 7y ¢ )77(8 ‘ 7y ‘ ,’LL,?’])>>
67 7)‘ 67 7)‘ 67 7>\ 67 7)‘ 67 7>\ 67 7>\ 67 7)‘ 67 7>\
= (wsub(s A a4y (s7, 2% ,77)) 8“”(8 T TG Th ,u*,n)>>

B (wsub(sé’e’Aa 2EN) — ¥ (g5 y‘ie,A))

1
_( < g(xa,s,x (5,5,)\) +eexp (A(T _ S))xé,s,)\,,y(sé,e,)\ Be w, ) >

1 € € € € € *
— < (@ PN (1) + cexp (AT = 9))y" N (PP ) > )
< (@675,)\ <$6’€’>\, 1’675’)\ + ’)’(S(S’E’)\, xé,e,)\’ u*’ n)7 y(s,e,)\ + 7(86,67>\7 yé,e,)\7 u*’ n))
1
_(I)S,e,)\(sé,s,)\’ 1’6’5’)\, yé,e)\)> + 2_5 {7(86,67>\7 xé,e,)\7 u*7 77) _ 7(8675’)\, y(s,e,)\’ u*’ 77) ‘2
€ € € €, € 2
5 e (MT = ) (|7 (™2 w ) [P+ [1(29, N ) )
1 € € 2 € €
< OsnfPla? =y + Celnf? exp (A(T—s>>(1+ 22 4 AR, (3.21)

Then, we calculate the following expression by using the definition of ®.

<wsub(85,e,)\’ 1’5’6’)\ + 7(8576,)\7 .%'5’€’>\, u, n)) . wsub(s&e,)\’ 1’576’)\)>
_ (wsup(sé,e,)\ 0,6,\ + ’7( d,€, )\ 5, €, LU 77)) sup(szg,e,)\’ yé,e,)\)>
< <wsub(85,s,)\’ 1’675’)\ + ’)’(S(S’E’)\, xé,e,)x’ u, n)) — S (86,€7>\’ yé,s,)\ + ’)’(S(S’E’)\, y(s,e,)\’ u, n))

055 ) — @A @t ), (3.22)

By (3.21) and (3.22), the forth term becomes
Jjj* _ /ﬁ<| " (wsub (Sé,s,k,xé,e)\ i 7(56,59\ 259N ﬂ7)> _ wsub(sa,m’xa,m)
<
< D2¢6’E’)‘(56’€’>‘, xé,s,)\, yé,e)\), ,}/(56,67>\, xé,e)\’ u*’ ,’7) > )

_ (wsup (8675’)‘, yé,s,)\ + 7(8675’)‘, y(s,e,)\’ u*’ ,’7)) _ ,wsup(s(s,e,)\, y(s,e,)\)

< D3¢5’6’)\(S5’6’>\, 275’6’)\, y5,e,)\),7(55,e,)\, y5,e,)\’ u*’ ,’7) > )V(d’l’])
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+/ <wsub <85’€’>\, .%'5’€’>\ + 7(8576,)\7 .%'6’€’>\, u*’ n)) o wsub(s&e’)\y .%'6’€’>\))
1<]n|<M

_ (wsup <56,e,>\, y(s,e,)\ + 7(8675’)‘, yé,s,)\’ u*, 77)) _ U}SUP(S(S’E’)‘, yé,e)\)) l/(dT})

IN

1
O P gle et — e
0<|n|<1

+C v (dn)eexp (T = )) (1 + 2242 + [y>?).
0<|n|<1

+/ <w8ub<55,e,)\,x5,e,)\_}_,Y(S(S,E,)\,xé,e,)\’u*’n))
1<nl<M

e L deX e e gk 0
_wsup(s € Y € —|—")/(8 € Y ¢ , U 777)> _HW

_@5,6,)\(85,6,)\’x5,e,)\7y5,e,)\))y(dn). (323)
The last term yields
Jgf = {f((gé?ev)"x&ev)"u*) — f(86757)\,y6757)\7u*){ S Cp(‘x&G)\ _ y6,€7>\‘).

Combining all of these terms and note that s>* € (0,T') we obtain

(980

1
ﬁ < x/0<7]<6 ‘W’QV(dU)C'(S + eexp ()\(T — S))) (1 + ’1’675’)\’2 + ’y575,)\’2)

1 € € 1 € €
+O5 |20 =y AP+ O 0w (din) 5 %% =y 2

0<|n|<1
+CW(‘.%'5’€’>\ - y5,e,)\‘) +/

1<nl<M

57 7>‘ 57 7>‘ 57 7)‘ 57 7)‘ S0 57 7)‘ 57 7>‘ 57 7>‘ 57 7>‘
_wsup<5 € Y ¢ +’7(S ‘ 'Y ¢ aU*’n)> _928576,)\_q) ‘ (5 ¢ » L ¢ Y ¢ ))V(dn)

<wsub <85’€’>\, .%'5’€’>\ + 7(8576,)\7 .%'6’€’>\, u*’ n))

+eexp ()\(T — s)) (C(l + ]wé’g’)‘IQ + ]yé’g’)‘IQ) — )\% (]x‘s’g’)‘IQ + \y‘s’e’/\\z)).

(3.24)

Taking 5 — 0, the first term on the right hand side of (3.24) vanishes. Next, we take
limsup as § — 0, by the second claim of Lemma 3.3.1, the second, third and fourth terms

of (3.24) vanish, and the last two terms become

/ (wsub Ss,e,A,xs,e,A+7(85,5,A’x5,5,x’u*’n))
1<nl<M

67 7>\ 67 7>\ 67 7>\ 67 7)‘ 80 67 7)‘ 67 7)‘ 67 7>\ 67 7)‘
_wsup(s A Tt _{_7(5 Ly ,U*,U)>—928576,>\—‘1> ‘ (S o xhen, yne ))V(dn)
N / lim sup | weup (85,6,)\, $5’€’>\ + 7(55,@)\’ 275’6’)\, u*, 77))
1<|n|<M  6—=0

S.e N, 5N S . SeN ok 50 Se Nl 56N SEN . SEN
_wsup(s R T _{_7(5 Lyt u ’77)> _928576’)‘_(1) ‘ (S T T ))V(dn)
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< / W (s”, 2 4+ (s, 2N n)) — w*™P <86’A, Yo+ (s Yo n))
1<nl<M

_ S _ 1iI§1 S(l)lp @675’)‘(8675’)‘, x6,67>\’ y(is,)\)) V(dn) (3.25)
—

and

cexp ()\(T _ S)) <C(1 + |$6’€’>\|2 + |y6,e,>\|2) _ )\%(|x6,e,>\|2 + |y6,e,>\|2)>
— eexp (MT — 3)) (0(1 + 202 ?) — )\|x6’A|2). (3.26)

Taking A sufficient large, and taking limsup as € — 0, by the last claim of Lemma 3.3.1,
and (3.24) - (3.26), we obtain

080
— < 0.
272 —

This contradicts (3.18). The proof is then completed. O
Remark 3.3.4. If f is independent of s and u, then Assumption 3.1 can be dropped.
The comparison theorem then implies the following uniqueness result.

Corollary 3.3.5. There exists a unique viscosity solution of equation (5.2) in the class of

bounded semicontinuous functions.

Remark 3.3.6. In the above analysis, we take 1 < M < oo, we may repeat the above

argument to establish the corresponding result in the case M = oo.
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Chapter

On a Class of Singular Stochastic Control
Problems driven by Lévy Noise

We have made some preparations in Chapter 2 and Chapter 3. In this chapter, we return
to the main task of the first part of the thesis. We again work on the Wiener-Poisson space.
Let us recall, from the Introduction, that the main difficulty to extend the work of Lasry
and Lions (2000) is the fact that their approach requires that the state process possess some
finite moments. This is certainly true for Brownian noise with appropriate assumptions.
However, for general Lévy type noise, this fails. Thus, to overcome this difficulty, we again
use the approximation of the state process which we presented in Chapter 2. A version of

this work has submitted to Stochastic Processes and Their Applications.

4.1 The Result of Lasry and Lions

To start this chapter, let us briefly recall the original result proved by Lasry and Lions
(2000) (in the case of Brownian noise). All detailed assumptions required in this section
will be presented under a more general framework in later sections. On the Wiener space

(7, FW  P), consider the stochastic control problem with state process satisfies

dXt = (Z(Xt,)dt + b(Xt,)utdt + O'(Xt,)th,

Xy =z € R% 0<t<T,

and admissible control set

A = {u 1[0, 7] x Q@ - A CR | u is predictable with respect to (F;)t>0, and

T
/ lug|ldt < C P —as. ;.
0

The revenue functional for a given u € A is defined as
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V(s x) = IE(/OT F(X,)dt + h(XT)>,

where f:R?Y - R, h: R? — R. We will say that

V(s,z) = sup V*(s, z).
ucA

is the value function. If there exists a maximizer u* € A, then
V(s,z) = V¥ (s,x).
Let ¢ be the flow associated to b, consider a new control problem with state process satisfies
dZy = 6 (e, Ze— ) AWy + b(pue, Zy_ )dt,

Zy = x € R, 0<t<T,

where

tr(D3e (. 0~ k. 2))o (o =k, 2)) (o —h,2)T )

Fix a compact set T C R, where C is given in the definition of A. We take the set of

admissible controls of the new control problem to be
M = {,u :10,T] x Q2 — Y¢ | p is predictable with respect to (]:t)tzo}-

For 1 € M, the revenue functional of the new control problem is defined as

Vi (s,x) = E(/ST Fpe, Ze)dt + E(ZT))7

where

f(’%v Z) - f((P(_"@ Z))? h(Z) = ilelgh(@(_’%v Z))

The value function of the new control problem is given by

V(s,x) = sup V¥(s,z).
HEM

Then, the result of Larsy and Lions is presented below.
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Theorem 4.1.1. For s € [0,T), and x € R? the following hold for all k € R.
V(s,z) = V(s,¢(k,2)) = V(s,a).

Starting from the next section, we will extend this result to the case of Lévy noise.

4.2 Problem Formulation

Consider the following stochastic control problem. We will call this control problem the
original control problem. Fix s € [0,T'), the state process (X;);>s is assumed to follow the
stochastic differential equation (SDE):

dXt = a(Xt_)dt + b(Xt_)utdt + O'(Xt_)th + / ’y(Xt_,n)]\?(dt, d77)
0<|nl<1
+/ V(Xi—, )N (dt, dn) (4.1)
[n|>1
X, =x € R, 0<s<t<T,

where X;_ is the left limit of X;. Here, u : [0, T]xQ — R’ is a predictable process which acts

as a control. Moreover, a : R — R? is a continuous function, b : R — R is a continuous

Rdxm

function, o : R — is a continuous function, v : R% x R{ — R? is a Borel measurable

function, and + is continuous in z for every n € RE. As usual, N denotes the compensated

Poisson random measure associated to N, i.e., N(dt,dn) = N(dt,dn) — v(dn)dt.

The set of admissible controls (u;).e(o,7) is denoted by As, where
As = {u :[0,7] x Q@ - A C R | uis predictable with respect to (F; )>s,
T
u, = 0 for all r € [0, s], and / lug|dt < C' P —as. (4.2)
S
It is worth to note that A; C A; forall 0 <t <s<T.

In the rest of this chapter, we impose the following assumptions.

Assumption 4.1. There exist constants C' > 0 and Cy; > 0 such that for all 21,z € R?,
and 0 < |n| < M, we have

{ (ml)—aazg{—}—{ a(zy —a:vg)‘ < Clzy — 29|,
y(@1,m) = y(z2,m)| < Cumlnller —
o(@)] < C(1+g(a]%)),
@ m| < Culnl(1+ g(lz]2),
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where g(z) = x A 2.

Assumption 4.2. Db : R? — R? is bounded, twice continuously differentiable functions

with bounded derivatives up to second order.

By Theorem 1.3.2, we know that under Assumption 4.1 there exists a unique cadlag and

adapted solution (X¢)s>s to (4.12). To emphasize dependence on initial conditions and the

. u,s,r
control, we may write X; as X, 7.

The revenue functional for a given u € Ay is defined as

T
Vi) =E( [ 06+ X)), (4.3)
where f:R?Y - R, h: R? — R are continuous bounded functions. We will say that

V(s,xz) = sup V¥(s,x). (4.4)
UEAS

is the value function. If there exists a maximizer u* € A,, then
Vis,z) = V¥ (s,z).

If A is compact, as in Chapter 3, we can show that the value function V satisfies the

following HJB equation in the viscosity sense :

—D1V (s,x) + sup < < —=DoV(s,x),a(x) + b(z)u > )
u€A

+ytr( = DRV (s.0)a(@)o(@)) - [

0<|n|<oco

<V(8,w +(z,m))
~V(s,2)= < DaV(s,2),7(2,m) > Loapyer) )V(dn) = f(2) =0, (45)

When A fails to be bounded, the term under the supremum may be infinite. This can be
seen through the following example. Let A = R,a(z) = 0,b(z) = 1,0(z) = 0,v(x,n) =

0, f(z) =0, and h(z) = z. In this case, the value function becomes

V(s,x) =x + sup </ST utdt>. (4.6)

UG.AS

The supremum part of (4.5) yields

21613 ( < =DV (s,x),a(x) + b(z)u > > = itelg (—u). (4.7

Now, it is clear that this supremum may be infinite. Thus, (4.5) only makes sense provided

we have

< DoV (s,x),b(x) >=0. (4.8)
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Let ¢ : (k,z) = @(k,x) be the integral flow associate to the drift coefficient b, i.e., ¢ is

the unique solution of the following ordinary differential equation:

d
A b)), meR,
dr
(4.9)
0(0,z) = x.
Now, if we can prove that
V(s,p(k,z)) =V(s,2), (4.10)

by differentiating (4.10) with respect to x and invoking (4.9) we obtain (4.8). This leads to
the observation made by Lasry and Lions (2000) that the original control problem should
be invariant under the flow ¢. This invariance property motivates the construction of a

new control problem.

The new control problem is a standard stochastic control problem whose controls take
values in a compact set and whose value function is equal to the value function of the
original singular stochastic control problem. Now, fix a compact set Yo C R, where C is

given in (4.2). We take the set of admissible controls of the new control problem to be

M, = {u 1[0, 7] x Q@ — Y¢ | p is predictable with respect to (F})i>s,

and p, = 0 for all r € |0, S]} (4.11)

Again, we note that M, C M, forall 0 <t <s<T.

The state process (Z;):>s of the new control problem satisfies the SDE:

07, = 6(j10, Zo_)AW, + s, Zo)dt + / 5 yies Zoe, )N (dt, d)
0<|n|<1
+/ V(e Ze—,m)N (dt, dn), (4.12)
[n]>1
Z,=1x € R, 0<s<t<T,
where
6-(’%7 Z) = DZ(p(H? (p(_’%a Z))U(QO(_"@ Z)),
- 1A
b("£7 Z) = DZ(p(H? (p(_’%a Z))a((p(_’%a Z)) + §b("€7 Z)

+/0 et (go(/{,go(—m, z) +7(p(=k, ), 1))
<Inl<

—2 = Dl p(—r, )=, 2),1) ) v(dn),
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tr( D3 (k, p(—r, 2o (p(—r, 2o (p(—r, 2)T )
i)(/ﬁ}, z) = :

tr( D3¢ (. (—k, 2))o (=, 2) o (o(—r, 2)T )
p(r, (=K, 2) +7(p(=k,2), 1)) — 2.

A(k,z,m)

Indeed, the process (Z;);>s is induced by the process (Y;):>s through the flow ¢, where
the process (Y;)¢>s satisfies the SDE:

4Y; = a(Yi)dt +o(Vi)aWo+ [ (Vi) (dr,d)
0<|n|<1
+/ v(Yi—,n)N(dt,dn), (4.13)
[n]>1
Y = o(—k, ), 0<s<t<T.

and ¢ is the flow associated to the function b (as defined in equation (4.9)). We note that
(Y2)¢>s is the solution of (4.1) with the constant control process u such that u; = 0, Vt €
[s,T]. The intuition behind the construction of the process (Z;)¢>s is the following. For
each i = 1,...,n, we apply Ito’s formula to ¢'(k,Y;) which yields

do'(k,Y;) = < Dop(k,Y1),a(Yi_)dt > + < Do (k, Y1), o (Y )dW; >
1 . .
5t (D3¢ (k, Yo)o (i o (Vi) )t + / (' (5, Yie + (Yo, m)
0<|n|<1

—§H (5., )= < Do, i), 1 (Yo m) > ()t

w (P i) = s, ) N de)
<|n|<

+/n|>1 (s, Ve +2(Yie,m)) = @' (5, Yo ) ) N (i, ).

Let Y} = ©'(k,Y;), by the flow property, we have Y; = wi(—n,fﬁ). By replacing Y; with
gpi(—ﬁ,ﬁ) and ~ with a predictable process (ut)¢>s, the state process (Z;)i>s of the new
control problem is then taken be the solution of the resulting SDE. We will call (Z;):>s
the state process induced by the process (Y;)¢>s through the flow ¢.

Remark 4.2.1. It can be checked that there exist constants C > 0 and Cys > 0 such that
Jor all |z1], 22| < N, k1,62 € T, and 0 < |n| < M,

{5’(/‘{1,21) — 5‘(%2,22)‘ + ‘5(51,21) — B(KQ,ZQ)‘

< C|Zl — 22| +C(1 + |Zl| VAN |22|)|I£1 — 52|,

and

H(Klazlan) - 5/(’6%22/'7)‘
< Culnllzr — 22| + Culnl (1 + |21] A |22]) w1 — Kal,
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and there exists constants C > 0 and Cp > 0 such that for all z € R, k € YT¢, and
0<|nl <M,

‘5(K,z)| +‘l~)(/£,z)‘ C’(1+|z|),
H(“,Z,U” > CM|77|(1+|Z|)'

IN

A

Proposition 4.2.2. There exists a unique cadlag and adapted solution to (4.12).

Proof. By the construction of solution of SDE with Lévy noise (see for example Theo-
rem 6.2.9 on p374 in Applebaum (2009) or pp354-355 in Kunita (2004)), to show this

proposition, it reduces to show the existence and uniqueness of solution of the SDE:

0% = & (j1g, Zo AW, + Bljae, Zo )t + / 5 (e, Zo, )N (dt, dn),
0<|nl<1 (4 14)

Z, =z € R, 0<s<t<T.

Next, to show the existence and uniqueness of solution of the above SDE, it is sufficient to
show that its coefficients satisfy the conditions (5.6) and (5.7) on p495 in Menaldi (2014).
This then follows from Remark 4.2.1. ]

For p € Mg, the revenue functional of the new control problem is defined as

T
VE(s,x) = E(/ F g, 257 dt + B(Zéf’s’x)), (4.15)

where

f(r,2) = f(p(=k,2)), h(z)= Sup h(p(—k, 2)),

and f,h are defined in (4.3). The value function of the new control problem is then given
by

V(s,z) = sup VH(s,z). (4.16)
HEM

To conclude this section, we present our main result.
Theorem 4.2.3. For s € [0,T), and x € R? the following hold for all k € R.

e Invariance: The value function of the original singular control problem has the

mvariance property:

V(s,z) =V (s,p(k,x)). (4.17)

o FEquivalence: The original singular control problem and the new standard control

problem are equivalent in the sense that

V(s,x) =V(s,x). (4.18)

92



4.3 Auxiliary Results

In order to prove Theorem 4.2.3, in this section, we include some auxiliary results.

4.3.1 More on the Approximation of the State Process

We first recall some facts from Section 2.3.1. Let (X{M);>5 be the approximation of (X¢)s>s
in the sense of (2.3.2), where (X )¢>5 is a solution of (4.1). Again, to emphasize dependence

N L . M
on initial conditions and the control, we may write X} as X;">"".

Adapting the proof of Lemma 2.2 in Dufour and Miller (2002), we can obtain the estimates

below.

Lemma 4.3.1. Let
T~ :=T7(N,M,u,s,z) =inf{t > s: |X;L’s’x’M| ¢ B(z,N)}. (4.19)

For every M > 1, t € [s,T], and all p > 2, there exist a constant Crp, pr > 0 such that

£ B P) < Cryn (34 2P);
2 E( sup Ljaryy[ X2 7M7) < Oy (14 [2P);
rels,t|

Proof. We will only prove the first result, since the proof for the second result follows in

the same fashion.
Firstly, by a straightforward calculation we obtain
M ! M
u,s,T, UyS,T,
1{t<TN}‘Xt ‘ < 1{t<rN}|x| + ‘ / 1{5<TN}Q(X§_ )df‘
S

! M
+ / 1{5<TN}O-(X2L7—S7L )de‘

S

t
+ // 1{£<TN}7(X§‘f’m’M,n)N(d£,dn)‘
s Jo<|n|l<M

t
+ // 1{f<rN}7(X§‘f’I’M,n)V(dn)dﬁ‘
s J1<nl<M
t t
+C/ \u5]d§+/ C‘U£’I{§<TN}‘Xg’S’x’M’d§
! M
= gt+/ C’u§’1{§<TN}’Xg’S’m’ ‘df

By Gronwall’s inequality, and invoking
T
/ lugldt < C P —as. (4.20)
0

we obtain
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t
e8] < €+ ) + 0] [ 1gampal(Xe el
¢ M
+C / Heanyo (XM dwe|

t ~
+C / / Vearyyr(XESTM )N (d, dn)‘
s JO<|n|l<M

t
| [ ] deenr (X dna| P -as
s J1< <M

Next, we apply Kunita’s inequality (see for example, Theorem 2.11 on p332 of Kunita
(2004)). The above then implies

t
E<1{t<TN}‘XZL7S’x’M‘p) < Crpm(1+[zfP) + vaM/ E<1{T<TN}‘XTQ’L7S7Z"M‘I)) dr.
S
Applying Gronwall’s inequality again, we obtain
E(Lpar) X5 MP) < Crpoar (14 Jal?).

Letting N — oo, the results then follows by noting that 1.,y — 1 P-as. (for every
M >1).
O

For the sequence of state processes (X' ’S’x’M)tZS, we define their corresponding revenue
functionals VM by

T
Vi) = B( [ RO ar s hooeet),

and the value functions VM are given by

VM(s,z) = sup V@M (s, ).
UE.AS

Then, the following result holds.
Lemma 4.3.2. For every (s,z) € [0,T] x R%, as M — oo, VM(s,2) — V(s,x).

Proof. Proof is identical to Lemma 2.3.5.

O

Next, we define a process (ZM);>, as an approximation of (Z;);>s in the sense of (2.3.2).

Remark 4.3.3. By a construction of solution of SDE with Lévy noise, we see that (ZM )y
satisfies the following SDE:
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dZM = & (e, ZM)AW, + b(pg, ZM )t + (e, Z )N (dt, dn)
0<|n|<1
+/ (e, 22, m)N (dt, dn), (4.21)
1<nl<M
ZM = g, 0<s<t<T,
Since
[ vty < o, (4.22)
1< n|<M

for every M > 1, and all p > 2, a consequence of the existence of solutions is

E( sup \Zf’s’x’M\p) < 0. (4.23)
te(s,T)

We define the corresponding revenue functional V*™ and value function and VM as

T
V“’M(s, x) = E(/ I (e, Zf’s’x’M)dt + h(Zéf’s’m’M)),

and

VM (s x) = sup VWM (s, ).
ﬂEMS

Here, the functions f and h are defined in the new control problem (see (4.15)).

Remark 4.3.4. One may check that Lemma 2.5.5 remains valid with VM and V' replaced
by V and VM.

In a similar way, we define (Y;™);>s as an approximation of (¥;);>s in the sense of (2.3.2).
Let (ZM)s>s be the state process induced by the process (Y;*)>, through the flow ¢. We

define the corresponding revenual functional V%™ and value function VM as

T
Pt (o) =B( [ Fue 200 e+ B2,

and
VM (s x) = sup VWM (s, ).
HEM
Then, the following lemma holds.

Lemma 4.3.5. For every t € [s,T), we have Z!*>%M = Z#52M p_g o

Proof. Firstly, we observe that (Y;);>4 satisfies
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dYM = a(YM)dt + o(YM)dW, +/ (VM )N (dt, dn)
0<|n|<1

+ / (Y M, )N (dt, dn)
1<|n|l<M

YM = p(—k, ), 0<s<t<T,

\ S

By the definition of (ZM);>,, it is easy to see that it also satisfies (4.21). The argument

then follows from the uniqueness of solution of SDE. O
As a consequence we have the following result.
Corollary 4.3.6. For every p € U, and (s,z) € [0,T] x R, we have

VM (sz) = DRM(s,a),

VM(s,2) = VM(s,).

4.3.2 Piecewise Constant Controls

In this subsection, we recall some results from the theory of piecewise constant controls
which we mainly collect from Krylov (2009); Ishikawa (2004) (possibly with minor modi-

fications).

With the Euclidean metric | - |, we know that (Y¢, |- |) is a compact metric space, where
Y is defined in (4.11). Let S = {a1, ag, ...} be a countable dense subset in T, and take
Sy ={a1,q9,...,any} C S. Next, take a partition P, := P,(s,T) = {s =tg<t1 < - <
ty, = T}. The piecewise constant control is recalled next (see ppl142-143, Definition 5 in
Krylov (2000)).

Definition 4.3.7. The control p € My is called a piecewise constant control, if for all
w € Q, it takes values in Sy and satisfies p(w) = p, (w) fort € (ti,tiy1],i=0,1,...,n—1.
The set of all piecewise constant controls corresponding to partition P, taking values in Sy
is denoted by ME(P,, N), and we will sometimes denote the piecewise constant control as

uPe to emphasize the fact that it is a piecewise constant control.

Further we define

ME(Py) = | JME(Po, N), and M = J ME(P,).

N Pr

In addition, we define the convergence of the control process in the following sense (See
Definition 3 on p142 in Krylov (2009)).

Definition 4.3.8. Define a metric d on Mgy such that

T
) =B [t = ). (4.24)
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for pt,u? € My. We say that a sequence of controls (" )nen, where u* € My, converges
tou e Mg if d(p™,1n) = 0 as n — oo.

Remark 4.3.9. With minor adjustments, we can define convergence of sequence of controls
of the original control problem (those controls in Agy) in the same sense as in Definition
4.83.8. Thus, from now on, when we refer to as the convergence of control process, we will

always mean the convergence in the sense of Definition 4.3.8.

Next, we have the following convergence lemma. (see Lemma 6 on p143 in Krylov (2009),
and see also Proposition 4.2 in Ishikawa (2004)).

Lemma 4.3.10. Take a sequence of partition Pl = P,{(s,T) = {s = té < t]i < e <
tiz(j) = T}, Jj=1,2,..., each of which is a refinement of the previous one. Suppose that
as j — oo (or equivalently as n — 00), maXi(tgH —tg) — 0. Then, for every u € My there

exists a sequence of controls u" € M?C(P,{) converging to the control u € Ms.

Proof. This lemma follows from the proof of Lemma 6, on pp143-144, in Krylov (2009). O
For r <'s, we set u, = 0 for us € M,. The convergence of the control process leads to the
following convergence result.

Proposition 4.3.11. Suppose there exists a sequence of controls p™ € Mg such that
ur = p e Mg asn — oo, then

lim E( sup ’Ztunvs,x,M . Z#7s,x,M‘2) —0.

n—r00 tels,T)

In particular, for every t € [s,T], M > 1, and all x € R, an’s’m’M — Zf’s’I’M P-a.s.

(along a subsequence if necessary).

Proof. The proof follows from a standard localization argument (see for example pp499 -
500 in Menaldi (2014)). Let

z, if |z| < N;
Mo(s) — 4.25
~(z) { if 2| > N. (4.25)

N (,2) = bp,Tn(2)),
(1, Ty (2)),
PN zm) = A,y (2),m).

o

¥

&
Il
Qe

Let (Zf’s’z’M’N)te[&T} be the solution of (4.21) with b, 5,7 replaced by bV, 5V 3V, We
split the proof in two steps.

Step 1. We will show that for every p € M, and M > 1, the sequence (fn)n is uniformly
integrable, where

Pp— M787Z‘77M M787x77M7N 2
fn = sup |Z; —Z :
te(s,T)
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By a straightforward calculation together with Remark 4.2.1, Kunita’s inequality, and

Gronwall’s inequality, we obtain

E< sup |Zf’s’$’M’N|4> —HE( sup |Zf’8’x’M|4)
te[s,T] t€(s,T)

< Cra(1+ |z|h). (4.26)
Then, we see that

E( ]2\/) = E( sup ’ZtM,Sw”M_Ztu,s,a:”M,N‘4>
tels, T

< Cra(14+|zf*).

By Theorem 4.2 (on p214) in Gut (2013), (fnx)n is uniformly integrable.
Step 2. Next, we will show the desired result holds.

By Remark 4.2.1, Kunita’s inequality, and Gronwall’s inequality we obtain

E( sup {Z{tu,s,:v,M,N . Z#”,s,z,M,N{Z)
te[s,T]

T
< CT7ME</ {bN(Mta Ztu_,s,z,M,N) _ bN(M;L7 Zf_’s’x’M’N){th>

S

T
+CME< / 6N (g, 25Ny GN (i Zé‘_’s’x’M’Nﬂth)
S
T
B ~ 2
+CME< / / N (e, 205N ) — AN (i, zfo> =N )| ”(dn)dt)‘
s 0<|n|<M

Since control takes values in a compact set, by Remark 4.2.1, Hélder’s inequality, and by

invoking (4.26), we obtain

M,N n M,N |2
E( Sup ‘Z#vsvl‘? ) _ Z# S, T, VL, ‘ >
tels, T

1
P T
< Cru <1+E( sup \Zé"s’x’M’N!A‘)) <E</ \u?—ut\dr>)
tels,T| s

< cT,M(<1+rm\4>)%<E( [ ru?—utrdt)>2 (1.27)

Then, by invoking (4.27), we see that for every e > 0 there exists n. such that for all

N

n 2> Ne,

E( sup |Ztu",s,x,M . Ztu,s,x,M|2>
te(s,T)

< 3E< sup |Z#”,S7$,M _ Ztu",s,x,M,N‘?) + 3E< sup |Ztu”,s,x,M,N . Ztu,s,az,M,N|2)
te[s,T) te(s,T)
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+3E< yn)\ZfﬁwJLN——Zfﬁwqu)
te(s,T|

1
< 3E(ts[upT] |an’8’x’M — Z#n,s7m7M,N|2> +eCr M ((1 + ]w\‘l)) 2
cls,

ﬁm<$m\@“@MN—4W%Wﬁ.
te(s, T

It is well known (see for example p500 in Menaldi (2014)) that for every u € M, and
0<N<N,

P( sup | ziostAN _ Zs N 0) — 0, as N — oo.
te(s,T)
From Step 1 and since probability measure is finite, we can apply Vitali convergence
theorem (see for example, Theorem 2.18 on p38 in Da Prato et al. (2011)). Thus, as

N — 00, we found

N

E(fF%HZf“@JL—Zf&LMF> < eCfM<u44xﬁ0 .
cls,

(along a subsequence if necessary). Since € is arbitrary, we complete the proof.

Next, as a consequence of Proposition 4.3.11, we obtain the lemma below.
Proposition 4.3.12. For every (s,z) € [0,T] x RY, V"M (s 2) — VM (s 1) as n — oo.

Proof. Fix s € [0,T], and x € RY. Take a control € M, then by Lemma 4.3.10, there
exists a sequence of control u" € M%°(P,) such that u™ — u, as n — oco. Next, we observe,

by definition of the revenue functional V*M (s, x), that
(VM (5 ) (s, ) =V (5,) (5, )

T
< IE( / Fzt ety — fipeaau e [z ea - B(Z#W,S,I,M)‘).

By boundedness and continuity of f and h, and continuity of flow, we see that f and h
are bounded and continuous. Thus, as n — oo, by Proposition 4.3.11, we complete the

proof. O
Moreover, by Proposition 4.3.12, we see that the following result hold.

Lemma 4.3.13. Let p"* € ME(P,), we then see that:

VM (s, x) = lim sup VM (s 2); (4.28)
n—oo }LnGMgC(Pn)

Proof. see pl44, Corollary 9 in Krylov (2009) for the diffusion case, and the proof of
Proposition 4.3 in Ishikawa (2004) for the jump case. O
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4.3.3 Approximation of Admissible Control Set

In this subsection, two auxiliary results which are due to Lasry and Lions (see Section
3.1 and Lemma in Section 3.2 in Lasry and Lions (2000)) are presented. Since they only

sketched the proof (in the case of Brownian noise), we fill in the gaps in the case of Lévy

noise here.
Let
VM (s ) = sup V@M (s, ), (4.29)
ucA?
where

AL = {u € A;:u, € B(0,n) for all t € [S,T]}.

S

Remark 4.3.14. For any sequence of u" € A such that u" — u € Ay (see Remark 4.3.9

for the meaning of this convergence), Lemma 4.3.13 remains valid if we replace V"M

and VM by V"M and VM respectively. Indeed, we may compute, in the same way as in
Lemma 4.3.1 by invoking (4.20),

Lty p | X700 — xpsm ]
= ‘/ 1{£<TM} xgse My — g(xghem M) )dg‘
/ He<rn,n }( (XM — o (X ”M))dwg(
+ / /O<n|<M1{5<TNn}(( D il ,?7)—v(Xg‘f’S’”C’M,n))N(dg,dn)(
+ / /1<n|<M1{£<mn}( (XM ) = (XM ) ()|

n u,s,x,M n
+c/$ \u5—u5]d§+0/8 e mm g1 X275 g — ] de

t
+C’/ \u?\l{s@v,n}!ng’va _Xgi,s,x,M,dg
S
t
= g+ C/ |u?|1{5<TN,n}|XgLs’x’M _ XE:’S’%MW&
S
where

T™Nn = T(M,N,u,u", s, )
= inf{t >s: XM 4 x50 M) ¢ Bz, N)Y.

By Gronwall’s inequality, and note that
T
/ lug —ugld§ < C P —as. (4.30)
0

we obtain
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u,s,x, M u™, s,x, M
Ltary | X000 = X4 |

O] [ Vg (a0 — a2 g

IN

t
u,s,x,M u™,s,x,M
+C / Weany (XM = o (oM Y aw|

t
+C / / 1{£<TN7¢L} <7(Xg7_87x7M7 77) - V(Xg_ﬁ’x’Ma 77)) N(d§7 d?’])‘
s JO<|n|l<M

t
4] [ ey (O ) = A (X )|
oy ong e (YT ) = (X ))vdn)

t
+C +C sup 1{T<TNH}]X;"S’$’M\ / lug — ug|d§ P — a.s.
re€(s,t] ’ s

Next, by Kunita’s inequality, Hélder’s inequality and (4.30), the above implies, for allp > 2,

DI IS D i )

1
< C<E(t€s[1£] 1{t<TN,n}|XZL’S’x’M|2”)) 2 (E(/ST |ur —U?Idr>)

t
+Cyu1 / E<1{T<TNW}|X;‘M’M — xpemM \”) dr.
S

=

Applying Gronwall’s inequality again and Lemma 4.3.1, we obtain
1
2

n 1 T
E<1{t<TN7n}{X2;U‘,S7I7M _ X;L ,s,x,M‘p) < CT,p,M(l + |x|2p) 2 (E(/ |Ur _ umd?ﬂ))
S

Letting N — oo, we see that 1.7 1 — 1 P-a.s. for every n. Then, by letting n — oo,

we obtain

lim B (| ;55— xpem M P) -~

n—0

Thus, for every t € [s,T], we see that
X;‘n’s’x’M — X;‘n’s’x’M P-a.s. (along a subsequence if necessary), as n — co.

As a immediate consequence, we see that Proposition 4.3.12 remains valid if we replace
YutsMgnd YeM by VMo gnd VM respectively. The claim then follows.

Lemma 4.3.15. For every (s,z) € [0,T] x R, we have

lim VM (s, 2) = VM (s, ). (4.31)

n—oo
As a consequence, VM : [0, T] x RY — R is lower semi-continuous.

Proof. First, for every s € [0,T], € R and M > 1, we see that V™ is non-decreasing
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and bounded by V™ hence the limit exists.

Take a sequence of control u™M such that u»™ = &M A n, where u&™ € A, is an
e-optimal control for VM. Tt is easy to see that ™™ € A". Thus, by Proposition 4.3.12
(and Remark 4.3.14), we see that for all € > 0, we have

e,M . n,e, M
VM _ <y M — iy M <M,
n—o0

Letting € — 0, we obtain (4.31).

Furthermore, as a consequence of Corollary 2.3.7 we know that V™M are continuous (see
for example the proof of Proposition 2.4 in Zalinescu (2011)). This then concludes that

VM is lower semi-continuous as a pointwise limit. ]

Next, for every s € [0,7], k € R and € € (s, T, define a control u¢ by

, forallte[se;
ug := u(K, s, t,e) =¢ €—5 (4.32)
0, forallte (¢T).

Set N, =
€—s

following lemma.

‘, then for all n > N, we see that u¢ € A,,. Moreover, we have the

Lemma 4.3.16. The sequence (X" 5%), converges to ¢(k,x) P-a.s. as € | s, where u¢ is
defined in (4.32).

Proof. For i =1,....,n and t € [s, €], apply Ito’s formula to ¢ ( = (t—s), X;LE’S’I’M), and

substitute ¢ = e. This then yields
SDi(_ K Xuﬁs,x,M) _ xi
s e

‘ —K . —K )
WEINE T

€
+ / < Doy’ ( ’2 (r — s),Xﬁe’s’w’M),a(Xffe’s’x’M) > dr
: -

€ - € €
4 [ < Dt (= ), b ) >
s €—s

1 € > - € € €
+3 / tr(D3gt (= — ), XM ) (0 mm Mg (o mm ) ) i
S
*/ < Dot (= (r = ), Xy ) (X5 M aw, >
—K € M € €M
_ Xu 8, L, Xu 8, T, )
//MMM (= ), X (e
—¢ (== = ). XM ) ) N (dn, di)

i TR €,8,2,M €,8,2,M
_ Xu 8, L, Xu 8, L, >
/ /1<|n<M €—s (r=s) X T )
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—' (== ), X5 ) u(dy)r
€ . —K € €
+ / ‘ 1 (SOZ (E — S (r B 8)’ X:‘L_7S’x7M + fY(X:‘A_7S7x’M’ n))
s <

0<|n
i TR u€,s,x,M
_SDZ(G — S(r —s), X,

—K (T‘ . S) XU€7S,$,M>,’}/(XH€7S’$,M, ,’7) > >I/(d7])d7‘

9 — —
€—§ T T

- <D2$0i(

Letting € — s, by the right continuity of X and the continuity of i, b and Dy, we see
that, the first term,

/:( —K >cpi< —K (r—S),X:fe,s,g;,M)dT —  —rb(z) P-as.

€— S €— S

and the third term,

€ - € €
/ Uy < D2gol< il (r—s), X ’S’x’M),b(Xff STMYy S dr — kb(z) P-as.
S

€— S

By Kunita’s inequality, the right continuity of X and the continuity of o and D', the

Brownian term yields

€ - € €
lim | / < Do (= (r = ), XM (XM yaw, > )
S

€—s €E— S

€ p—
Cr.m limE(/ ‘D2gol< il
€—s s €— 8

IN

(r—s), Xﬁe’s’x’M)J(X;fe’s’x’M)‘Zdr> =0.

Thus,

/ < DM( A S),Xﬂe’s’m’M),U(Xﬂe’s’m’M )dW, — 0, P-a.s.
S

€— S

along a subsequence (if necessary). Similarly, the jump term goes to zero. Finally, it is
easy to see that all other terms also go to zero by the right continuity of the integrands.
Thus, we have

O (—r, XUO5TMy 28 Poas.

(along a subsequence if necessary). By definition and the continuity of flow, we obtain

XM = ok, @),

which completes the proof. ]

Next, let us consider a different control @€ such that

. . —r , forallte[s,e€;
a5 = u(kK, s, t,e) =< €—s
0, forallte (¢T],

where € € (s,T], and k € R. We can find N. such that for all n > N., u¢ € A,. Arguing

as in the proof of Lemma 4.3.16 we obtain the following result.
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Corollary 4.3.17. The sequence ¢ converges to x P-a.s. as € s.

4.4 Invariance and Equivalence

4.4.1 Proof of Invariance

We now proceed to the proof of Theorem 4.2.3. We adapt the approach in Lasry and Lions
(2000) and extend their argument to the Lévy case.

We first present the proof of the Invariance property.
Proof. By Lemma 2.3.5, it is easy to see that to show (4.17) it is enough to show
V¥ (s,2) = VY (s, 0k, 7)),
where k € R. Let u¢ be the control defined in Lemma 4.3.16. For n > N, we have
VM(s,z) > VM (s z),
where V™M is defined in (4.29). By Corollary 2.3.9, we see that

VM(s,2) > E( / f(XfE’S’m’M)dt+V”’M(6,X§‘€’s’l"M)),

As n — oo, by boundedness of f and h, we see that the Dominated Convergence Theorem

can be applied here. By Lemma 4.3.15, we then obtain
€
v¥s,2) > B( / FO =Myt 4 VM (e, XM )
S

Letting € — s, by Fatou’s Lemma, lower semi-continuity of value function (see Lemma

4.3.15), and Lemma 4.3.16, we conclude

VM(S,QJ) > E(liminf(/ f(XZL€7s’x’M)dt+VM(G,X;LE,S7$7M))>

€E—S

= VY(s,0(k,2)).

To show the converse, we repeat the above argument. Indeed, by considering the control
defined in Corollary 4.3.17, we see that for all n > N¢, we have

VM(S,QO(K,x)) > Vn,M(Sagp(ﬂaw))'
Corollary 2.3.9 then implies
VM(s,QD(H,x)) > E(/ f(XZﬁ,s,tp(n,z),M)dt + Vn’M(E,Xge’s’v(H’x)’M))

Thus, by first letting n — oo, then letting ¢ — s, the result follows from the Dominated

Convergence Theorem, Fatou’s Lemma, lower semi-continuity of value function, Lemma
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4.3.15, and Corollary 4.3.17. This completes the proof. U

4.4.2 Proof of Equivalence

To show the equivalence, we need another invariance result. This is summarized in the

following result.

Lemma 4.4.1. For every s € [0,T], x € R?, and all k € R such that 2k € Y, we have
VM (s, x) = VM (s, 0(k, x)). (4.33)

Proof. To see the validity of this lemma, we will consider two cases. Firstly, we see that

when s = T the claim holds trivially. Indeed, we have
M _ o ouTaM
VE(T,z) = max h(so( p, Zr ))

= maxh )
neER LA

(o
= rgggh(@ /L+/<&$)

= maxh(g uw%@))

= V(T.¢(r2).

Next, fix s € [0,T), and take a partition P, := P,(s,T) = {s =tp < t; < ... < tp_1 <
tn, = T}. Let i be a constant control such that fiy = 0 for all ¢t € [s,T]. By definition of
ZM  we observe that

T ! ~~
V(s,z) > E( / f (‘P(_ﬂ,Z#’S’JC’M))dt—i—h((p(—ﬂ,Z%’S’x’M))>

to T

t1
- E( e L (e T fa@O’”’M)dHh(Yﬁvs’%).

t1 tn—1

Take an arbitrary piecewise constant control pu” € ML°(P,). By definition, we see that
Y;:O’S’x’M = o(up, Zut oiplm),M ) over t € [t tiy1), i =0,...,n — 1. This implies

t t
f/(s,x) > E(/lf(,ut,ZM 5,0 (K,), )dt—i—/Qf(,ut,Z“ ,8,p(r,x), M )dt

t1

T
+_”._+L/m f(ut’ZW J#%Hx)A4)dt+'h(Zﬂ ﬁ#ﬂnz)ﬂ4)>

tn—1

= P (s, o(k, x))

Taking supremum over MY°(P,), and letting n — oo with Lemma 4.3.13 yields

V(s,z) > lim V¥ (s,0(k,x)) = V(s, (K, x)).

n—oo

The reverse inequality can be proved in a similar way. Take a constant control ji such that
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fiz = 2k for all t € [s,T]. For an arbitrary piecewise constant control u" € ML(P,), we
see that

T

Voolnn) > B [ 1 A,waﬂvM»dHh<¢<—ﬂ,z¢vs’@<w>vM>>>

f Os<p( H:B))dt+ f( 0,s,<p ))dt—{—

t1

I
=

[/
i

+
!

/ £V, Osw( I”:))dt—}—h( 0,5,p(—k )))
tn 1

:E<

T
+/ Flut 24" M e + (2 ”M>>
t

n—1

t1 to B -
/ (g, 2= My dt+ | fuy, 21555 Mydt + -

t1

7'L

= V(s

Taking supremum over ME(P,), and letting n — oo together with Lemma 4.3.13, we

complete the proof. O

Remark 4.4.2. [t is worth to note that the invariance of the value function of the new
control problem stated in Lemma 4.4.1 does not hold for all k € R. However, the invariance

of the value function of the original control problem (see Theorem 4.2.3) holds for all k € R.

We now prove the equivalence.

Proof. Replacing x by ¢(—k, ), we obtain, from (4.33),
VM(s,x) = VM(s,go(—/-i,x)).

Take a partition P, := P,(s,T) = {s =ty < t1 < ... < tp—1 < t, = T'}. By definition of
VM and (YM)yeps7), we see that

T
E(/ f(Y;EO,s,ap(fn,z),M)dt + h(ng,s,ap(li,x),M)>

_ E( f( Osgo( K,xz),M )dt—}— f( 0,s,<p )M)dt

Y

VM(S,QJ)

t1

T
4+ 4 f( 075799 K@), M )dt+h( OS‘P( ’ix)M)>

th—1

By Lemma 4.3.10, for every u € M,, there exists a sequence of controls (u"),, where
u € MES(P,) such that u™ — pasn — oo (Convergence is in the sense of Lemma 4.3.10).

We again use Yto’s”p( )M = p(uy, Z“t M ) which yields
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~ t2

t1 - ~ s
Vﬂw(s,x) 2: E:(u/ﬁ f(M?72¥L7&xJM>dt4— f(M?,2¥L7&xJM>dt
S

t1

T
oot [ Rz b2 *Svﬂ“M)) =V (s, ).

tn—1

Taking supremum over M4°(P,), letting n — oo, and by invoking Corollary 4.3.6 and

Lemma 4.3.13, we obtain

VM(s,z) > lim VM (s, 2)

n—oo

= VM(s,2).
As M — oo, by Lemma 2.3.5 we have
V(s,x) > V(s,x).

To show the converse, similar as in Chapter 3, we can show that whenever VM — ¢ attains
a global maximum at (s*, p(k*,2*)) € (0,T) x R where ¢ € C’,}’z((O,T] x R%R), the

function ¢ satisfies the following inequality:

Lh+L+ 13+ 14+ 15+ I
— Dig(s (k2N < ~Dad(s” (k" 1) Bl (" 27)) >
ttr( — DRo(s", o” ) (5", ol 7)) (5", (", "))
(0 )+ Al 1)) = DL ol 0)) ()
1<|nl<M
[ (0l el ) + A (7)) = B ()
0<|n|<1

- < D2¢(5*,@(H*ax*))a5("@*’80("@*,35*)’77) > >V(d77) - f(@(’f*,l“*)) > 0.

Substituting the value of b, &, ¥, f, and by definition of flow, we see that

I, = < —=D¢(s*, ¢(k*,2%)), Dap(r*,2*)a(z") >

43t (3-Da(0) (5%, ol ") D3 (7, 4o (a”)o )

i=1
—Doo(s*, p(k*, z%)), K, x* z*,m)) — o(k*, "

b < Daols" ol a ). [ (0t e )t )

—Dw(n*,w*)’y(w*m)) v(dn) >,
I3 = %tr<—Dacp(ﬂ*w*)TD%(S*,@(Fﬁw*))Dz@(ﬂ*,w*)a(x*)a(x*)T),
Iy = — s*, p(r*, x* ¥, — ¢(s™, p(r*, ) Jv(dn),
= (66T ) 6 ot ) Jta)
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b= = [ (8l el a ) - 6l ol )
0<|nl<1

— < Dag(s", (K", 27)), (K%, 2" +v(2*,n)) — p(K", 2%) > )V(dﬁ)a
Is = —f(z").

Combining all these terms, we obtain

~Di6(s" (k" 2+ < ~Dagp(", 1) Dad(s", 2°), ala”) >
——tr(ZDQ s*, o(s*, 2*)) D3¢t (K%, %) o (%) o (z*)T
H(Dap", )T DROS", 0" 7)) Dapli” 2o (w) o (7)1 )
[ (0t ) = 6" () )
1<|n|<M
[ (0l A ) — ")
0<|n|<1

— < D2g(s™, (k" %)) Dok, %), v (2", 1) > )V(dn) — f(") = 0.

Moreover, for every ¢ € C';’Q((O7 T]xR%; R), we may define a new function b e C’;’z((O, T] x R%:R)
such that

This then yields
D1¢(S*7(p(ﬁ*,$*)) - D1¢(8*,$*),
Do (s, p(r*,2")) Dap(r*,a*) = Dad(s",z"),

ZD2 s*, (5", a")) Dy (", 2*) + (Dap(r*,2*)) D3 (s", o(k", a*)) Doy (", z*)

¢(5*,w(ﬁ*,w*+7(w*,n))) = ¢(s*, 2" +7(z",n).

Hence, whenever VM — ¢ attains a global maximum at (s*,¢(k*,2*)) € (0,T) x RY,
VM (. o(k*,-)) — ¢ attains a global maximum at (s*,2*) € (0,7) x R% Moreover, the

function ngb satisfies the inequality

~Dio(s", 2 )+ < ~Dad(s", 1), () > + tr( D33 (s, *)o(a")o <x*>T)

—/ (@3(8*,x*+7(fv*ﬂ7)) —¢(S*,w / (s%,2" + (2", n))
1<nl<M 0<\n|<1

—4(s",2%) = < Dad(s",2%), A"\ m) > Juldn) = f(*) = 0 (4.34)

Also, we note that VM is lower semi-continuous. Indeed, to verify this, it is enough to

verify that for every u € My, the function V%M : (s,2) — V@M (s,x) is continuous.
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Then, the claim follows from the fact that the supremum of an arbitrary set of contin-
uous functions is lower semi-continuous. To show that for every u € Mg, the function
yuM . (s,x) — VM (s, 2) is continuous, by Remark 5.2 in Bouchard and Touzi (2011),
it is enough to show that for every u € My, the function V¥ : (s,z) — V&M (s, 2) is

continuous. The proof of this is similar to Proposition 2.4 in Zalinescu (2011).

The above facts make VM : (s,2) — VM (s, ¢(k, x)) a viscosity super-solution of

0 = —Digd(s*,2%) +n| < Dagp(s*,2%),b(z*) > |+ < —Dag(s*,2%),a(z") >
1 D20 ok ok * T\ Tk ok *
rgtr(= D3t 2o e)) = [ (6600 et )

~

—o(s*, %) ) v(dn) — b(s*, z* z*,m)) — ¢(s*, z*
o)t = [ (30670 4t m) 6,0
— < Dad(s", 7)1 (" m) > Juldn) - f(a").

with terminal condition

VYT, p(k,x)) = max h(p(—p, p(k, x))) 2 h(z).
ne

for which V™M (s, x) is a viscosity solution.

By Theorem 3.3.3, we conclude that VM (s,z) < VM (s,¢(k,z)). Thus, from Lemma
4.4.1, we have VM (s 2) < VM(s, x). Taking limit as n — oo followed by letting M — oo,
the claim follows from Lemma 4.3.15, Lemma 2.3.5, and Remark 4.3.4. This completes the
proof. O

Remark 4.4.3. If the flow ¢ is linear we may repeat the above argument with a slightly

weaker assumption. Indeed, in this case the coefficients l~), o, and 7y reduce to

b(’%v Z) = Ga(()@(_"@ Z))? 5'(’%7 Z) = GU(@(_K7 Z))? and :Y(’%a Zﬂ?) - GV(@(_Kv 2)777)'

where G is a constant matriz. Thus, we can replace Assumption 4.1 with

Assumption 4.1*. There exist constants C > 0 and Cpy > 0 such that for all x1, x5 € R?,
and 0 < |n| < M, we have

!a(wl) — a(xg)‘ + ‘a(wl) — a(m)! < Clzy — x|,
v(@1,m) = (@) < Culnller — a2,
Y| < Culnl(1+ |xl).

4.5 Application: An Optimal Trade Execution Problem

In this section, we apply our main result to an optimal trade execution problem. We will

show that the optimal payoff of the investor can be computed in close form which general-
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izes Theorem 2.3 in Lasry and Lions (2007b) (see also Theorem 4.2 (ii) in Kato (2014)) to
the case of Lévy noise. Also, we note, in the case of Lévy noise, a closely related problem
was studied by Ishitani and Kato (2012) (see Theorem 7 in Ishitani and Kato (2012)). In

some sense, we also generalize their results.

We consider a "large" investor who trades an asset during a finite investment horizon [0, 7.
For a large investor, here, we mean an investor who is large enough so that his trading will

influence the price of an asset. The price of the asset is assumed to follow the SDE:

s, = St_< — Quydt + 0dWi + [y, <, (exp(n) — 1) N(dt, dn)

+ Jiys1 (exp(n) — 1) N(dt, dn)>,
So = S§>0,

where o > 0 is a constant which denotes the volatility of the asset price, > 0 is a pa-
rameter which quantifies investor’s influence on the price of the asset. Here and after, all

random quantifies are defined on the Wiener-Poisson space (2, F,P).

At any time ¢ € [0, 7], the investor holds the amount of asset p;. We assume its dynamics

is given by

d = —wdt
{ Iu’t ut ) (435)

Mo =

where the process (ut)¢>o acts as the control. We may interpret u; as the instantaneous
trading rate of the investor, and trading executed at the price S;_. If u; > 0, it represents
a selling, and if u; < 0, it represents a buying. We denote the set of admissible controls
as A which contains a set of caglad processes u : [0, 7] x © — R adapted to the filtration
(Ft)e>s such that the following hold P-a.s.

T
/ lug|dt < C for some constant C' > 0; (4.36)
0

T
/ wdt = 0; (4.37)
0

Because the investor’s trading will influence the price of the asset, it is natural to restrict
investor’s trading intensity. This is given in condition (4.36). Thus, the amount of the

assets held by the investor is restricted, i.e.
el < p+C.

Also, we require the investor to close out his position at the end of his investment horizon
which is condition (4.37).

The investor holds a cash account K which is used to trade the asset. We assume that
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this account does not generate any interest. The cash account is assumed to follow

dK, = S, udt
{ t St-uydt, (4.38)

K, = K.

The investor wishes to maximize

V0, K, S, pn) = E(U((1a070)(KT7STaMT)T) |So =S, Ko = K, 1o = M)
= E(U(Kr)ISo = 8. Ko = K, jto = 1),

_ B(U(posKn),

where U : R — R, is a continuous, non-decreasing and bounded utility function such that:
e U is concave if z > C, and U(z) =0 if x < C, where C' > 0 is a constant.

The optimal payoff of the investor (or the value function) is thus given by

V(0,K,S,pu) =sup V*(0, K, S, u).
ueA

Next, we propose the following two conditions.
Condition 4.1. p > 0, uy > 0 for all t € [0,77], and v((—o0,0)) = 0.
Condition 4.2. p <0, u; <0 for all t € [0,77], and v((0,00)) = 0.

Remark 4.5.1. The first (respectively the second) condition is an example of investor who
has a positive (respectively negative) position at the beginning of his investment horizon and
tries to liquidate (respectively recover) his position at the end of his investment horizon. In
doing so, he is not allowed to short sell (respectively purchase) more of the assets during

this period of time.
Then, we obtain the following theorem.

Theorem 4.5.2. Assume Condition 4.1 or Condition 4.2 hold, the optimal payoff

Vs, K, 8 0) = U(K + 1—%(—9“)5). (4.39)

Proof. We note that we have a singular control problem with state process (K¢, S, fi¢)e[o,77-

The drift term is given by
b(K,S,u)=| —-0S [,

with the associated flow

K+ 1—exp (7911)5

0
o(k, (K, S, 1) = exp (—0k)S
p— K
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Since the flow is linear, one can check that Assumption 1* and Assumption 2 are satisfied.
By the first claim in Theorem 4.2.3, we know that V' is invariant under the flow ¢. We

note that the invariance claimed in Theorem 4.2.3 does not require (4.37) holds.

To prove this theorem, we again construct a new control problem as in Section 4.4. Let
us recall briefly what we have done in Section 4.4. We construct the new control problem
by first setting the old control process equal to zero. Then, we define a new state process
through the flow with a replacement of the time parameter in the flow by a predictable
process (which acts as the new control process). The purpose of setting the old control
equal to zero is to remove the old control, and the purpose of replacing the time parameter
in the flow by a predictable process is to introduce a new control. To keep this in mind,
we define a new state process (P, Lt);c(o,77, by using the flow ¢ and by replacing the time
parameter £ by the process (it )sec[o,7], such that

— exp (—0u)

1
Pt == Kt + ) St, and Lt = exXp (—H,ut)St

Thus, the component p of the old state process now becomes the new control process. We
use M to denote the set of all new controls . By Ito’s formula we compute the dynamics

of the new state process

AP, = St<1_#f_0“t)) (ath+/() e (exp(n) — 1) N(dt, dn)
<Inl<

+/|n21 (exp(n) - 1)N(dt,d77)>,

dL; = S;_ exp(—@,ut)(ath +/O et (exp(n) — 1)N(dt,dn)
<Inl<

+ /|n21 (exp(n) — 1) N(dt, dn) ).

We may add superscripts to emphasize the dependence of state process on the control and

its initial conditions, for example P} 0P

Define (StM)te[QT} as the approximation of (S¢).e(o,7) in the sense of (2.3.2), and define

1-— —0
pM ﬂdmygy,

where

t
KM =K+ | SMu,.dr.

S

By the second claim in Theorem 4.2.3, we need to compute

maxU((l, 0,0)<p< — K, (P¥’O’P,LT, 0)>> = U(Pﬁ’of)a

kER

where we use the fact
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T
pr = / —udt = 0. (4.40)
0
Thus we obtain the equivalent control problem as

V(0,P, L) = E(U(PAOTY).
O.PL) = sup ("))

We further define
oy =inf{t>0:|SM| >N P-as}

Since, we require that pup = 0 (i.e., the investor has to close his positions at the end of his

investment horizon), it is easy to see that for all ¢ < 7x s, we have
t
PM :K+/ SMy,dr > K — NC P—a.s.
0
Since U(P:‘F"O’P)l{TM>T} = U(P#’O’P’M)1{7M>T} (P-a.s.), we see that

E(U(P:;f’ovp)) — E(l{TM>T}U(p¥707P7M)> +E<1{T]MST}U(P’§£7O7P))

E(U(PEOPM)) + (1, <ry U (PEOT)),

IN

where 7 is defined in Lemma 2.3.2. A further split yields

E<U(P¥7O’P)> < E<1{7A'N,M>T}U(P7l’L7O’P7M1{7A'N,M>T})> + E<1{7A'N,MST}U(PI}“%QP’Ml{?N,MST}))
+E (L, < U (PE) )
E<U(P¥707P7M1{7°N,M>T})> + E(U (P%QP’Ml{f'N,MST}))

E(Lry <y U (PEOT) ).

IN

By concavity of U, we have

E<U(P¥7O7P)> < U(E <PZ#707P’M1{7°N,M>T})) + E<U(P¥707P7M1{7A'N,MST})>

tE (1{T§TM}U(P¥7O,P)) :

Taking N — oo, by a similar argument as in Lemma 2.3.2, we see that 1z ~7) — 1

P-a.s. By the Dominated Convergence Theorem and continuity of U, we obtain
E(U(PF)) < U(E(PEYM)) 4B (1, U(PE))

- <P N E / 1 — exp( Gut)) dt /1<|n§M (exp(n) — 1)V(d77)))

+E (U(Pi}f7 7 )1{TSTM})'

73



By Condition 4.1 (or Condition 4.2), the fact that S} > 0, and since U is non-decreasing,

we obtain
E(U(POT)) < UP)+E(UPE ) 1ran,)).

Letting M — oo, we first apply the Dominated Convergence Theorem together with the
continuity of U, and then take supremum over My. This yields

1-— —0
V(0,K,S, 1) = V(0,P,L) < U(P) = U(K + WS). (4.41)
Now, to obtain the utility on the right hand side of (4.41), we apply strategy (4.32) for
e > 0 small enough. For more details of this strategy, we refer to Lasry and Lions (2007b);
Kato (2014). By applying this e-optimal strategy, we obtain the right hand side of (4.41).
Hence, the proof is completed.

O

4.6 Future Extensions

There are a few possible extensions of our current work. Firstly, we can include dependence
of controls to the Lévy term and try to establish a similar equivalent result. This would
allow us to study the optimal liquidation problem in Ishitani and Kato (2012) without any
moments assumptions. Another possibility is to apply our main result to study the option
hedging problem initiated by Lasry and Lions (2007b) in the Brownian case. In addition,
Larsy and Lions have mentioned a few extensions in Lasry and Lions (2000, 2007b) in the
Brownian case. For example, one possible extension is to allow controls take values in R.

These extensions are also interesting topics in case of Lévy noise.
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Part 11

Limitation of Dynamic Programming

Approach: Time Inconsistency
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Chapter

Mean-Standard-Deviation Time Consistent

Portfolio Selection: a Discrete Time Model

As mentioned in the Introduction, the second part of this thesis studies a time consistent
portfolio selection problem. This work is based upon a project that completed by the
candidate during the Australian Mathematical Science Institute (AMSI) Internship with
the industry sponsor, Optimo Financial. A version of this work has been submitted to

Automatica.

5.1 Problem Formulation

5.1.1 The Market and the Investor

Consider a market which has a finite number of different states such as "Normal", "Bull"
and "Bear". From time to time the market may shift from one state to another. The
transitions of the market are captured by a discrete time homogeneous Markov Chain
{0,,,n > 0}, with a state space S = {1, ..., k}, and a transition matrix Q = (gi;)xx%. There
1 d

n

RO &

are d > 1 risky assets in the market with random return rates r evolving over

time interval [0, N]. The vector process of return rates (v}, ..., r$)” will be denoted by

7, whose dynamics is given by an equation
Tri1(0n) = My (0,) + 5 (0n)€nsr € R, (5.1)

(see for example, Costa and Araujo (2008), for this commonly used model). The process
(€n)n>0 1s a sequence of independent identically distributed d-dimensional zero mean ran-
dom vectors, with covariance matrix I. The functions m,, : S — R% and s,, : S — R%*? are
deterministic for each n =0, ..., N — 1. In what follows it will be sometimes convenient to
use the notation 7, (6,,) for r,,. Then, for a given market state 6,, = j, the ith component
7% 1(j) of rny1(j) represents the return of the ith risky asset over time period [n,n + 1].

Thus, for every one dollar, we obtain

Ros1(6n) = 1+ i1 (00), (5.2)
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where 1 € R? is a vector of ones. An investor, who has a finite investment horizon [0, N],
chooses a strategy at time 0, and adjusts his strategy at times n = 1,..., N —1. We denote

the strategy of the investor as
w = (ug(6), ..., un_1(0n-1))7, (5.3)
where each u,, : S — U is a deterministic function and
U={ucR?:1Tu=1}. (5.4)

For any given market state ,, = 7, the ith component u!, (j) € R represents the proportions
of wealth allocated by the investor to the ith asset. The set U of all such strategies will be
interpreted as a set of strategies admissible at time 0. For all m > 0, we call u™ = (up)n>m

a sub-strategy of u, and use U™ to denote the set of such admissible sub-strategies.

In this work we assume that at every stage the investor can make cash injections and
offtakes. More precisely, at time n < N — 1, the investor can manually change his account
by amount of C,, := C), (6,,), where C), : S — R is a deterministic function. If C),, > 0,
this represents a net cash injection, and if C,, < 0, this represents a net offtake. Thus, if
the market is in a good state, the investor may choose to add money to his portfolio and
if the market is in a bad state he may wish to take some cash out. When injections and
offtakes are deterministic, this can be interpreted as those investments and/or consump-
tions which the investor has already planned to add and/or withdraw at the beginning of

his investment horizon.

The wealth process (Wp,)n>0 of the investor is modeled by an R-valued discrete time

stochastic process with the dynamics
W1 = W R 1 (00)un (0,) + Cr(65). (5.5)
Moreover, for n =0,..., N — 1, and all 1 € S, we write

M, (i) == E(Ry41(05)|0n = i) = 1 + my (i),
Y.(1) = Var(Ry41(0,)|0, = 1) = sn(z)sg(z)

5.1.2 Assumptions

Now, in the rest of this work, we make the following assumptions.

Assumption 5.1. Suppose 6 is deterministic. Assume that the Markov chain
{0, > 0} is generated by

9n+1 = F(an,gnJrl),

where F : S x R? — S is a mapping , and (£,),0 is a sequence of independent R-
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valued random variables (see Theorem 58.1 in Levine (2010) for this way of generating
Markov chain).

Assumption 5.2. The sequences (§,)n>0 and (€,),>0 are independent.

Assumption 5.3. All random quantities are defined on a complete filtered proba-
bility space (€2, F,P) equipped with a discrete time filtration {F,},>0. We assume
Fn = J(Qn vyn> for n > 1, where G,, = 0(§,,1 < m < n), and YV, = o(€y,1 <

m < n), and Fp is trivial.
Assumption 5.4. Without loss of generality, we assume W) is deterministic.

Assumption 5.5. The matrices X,,(i) are positive definite for n = 0,..., N — 1, and
all i € S.

Assumption 5.6. Short selling is allowed, and there are no tax and transaction

costs.

We note that, under Assumption 5.1 - Assumption 5.3, W,, and 6,11 are conditionally
independent (given 6,,). Under Assumption 5.5, we know that X, (i) is invertible and
its inverse is positive definite for n = 0,..., N — 1, and for all 4 € S. To simplify our

presentation, for n = 0,..., N — 1, and all i € S, we further define

an(i) = 112101, b,(i) = 1721 (1) M, (i),

i) = M7 S DM, 90(0) = i) — 200
Since 3, 1(i) is positive definite, it is clear that a, (i) > 0.

5.1.3 The Control Problem

Firstly, we introduce a definition of a single period selection criterion. We adapt the
definition of probability functional and separable expected conditional mapping proposed
by Kovacevic and Pflug (2009), and extended by Chen et al. (2013).

Definition 5.1.1. A single period selection criterion over a given time period [n,n + 1],
where n > 0, is an Fy,-measurable functional Jp,(-) : L*(2, F,P) — R.

For a fixed € R and i € S, a single period mean-standard-deviation (MSD) criterion over
[n,n + 1] takes the form:

jn,:v,i(WnJrl) = En,m,i(WnJrl) - /‘{n(i)\/varn,x,i(quLl)a (56)

where

En,m,i(Wn+1) = E(Wn+1|Wn =, Hn = i),
Vary gi(Wyi1) = Var(Wy 1 |Wy, = 2,6, =1).
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We may add a superscript u to W,, when we wish to emphasize the dependence of the

wealth process on a (corresponding) strategy.

It is easy to see that in the presence of the variance term we can not apply the law of
iterated expectations to single period MSD criterion. Thus, the standard dynamic pro-
gramming principle (DPP) fails. This is referred to as non-separability (see Li and Ng
(2000)). To this end, we introduce a separable multiperiod selection criterion of MSD
type. Then, this allows to formulate the problem of interest as a discrete time stochastic
optimal control problem. By applying the pseudo DPP, which we shall present later, we

can solve this optimal control problem.

Now, for any starting time n = 0, ..., N — 1, we define the separable multiperiod selection

criterion of MSD type as

Jn,:v,i(un)

N-2
= E( Z jm,Wmﬂm(Werl) + jN—l,WNfl,ngl(WN”Wn = x,ﬂn = 7’) . (57)

Here and after, we use superscripts to emphasize the dependence of J on n,z, and <.

Next, we borrow the definition of time consistency from Kang and Filar (2006).

Definition 5.1.2. Given any starting timen =0, ..., N — 1, a strategy
u™t = (u;(é?n), s U*N—l(aN—l))

is said to be a strongly time consistent optimal strategy with respect to Jy pi(u™) if it

satisfies the following two conditions.

Condition 5.1. Let A™ C U™ be a set of strategies of the form

u" = (v(0), Uy i1 (Ong1), oo w1 (ON-1)) (5:8)

where v(i) € R is arbitrary. Then, we have

sup Jpgi(u") = Jpgi(u™). (5.9)
une A"

Condition 5.2. Form=n+1,..,N —1,

sup Iz i(u™) = I i(u™"), (5.10)
umeyym

where w* = (wh (i), ...,uy_;(On-1)).

m

If Condition 5.1 is satisfied, then we say that the strategy is a weakly time consistent optimal

strategy with respect to Jp g.i(-).
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Condition 5.1 states that a weakly time consistent optimal strategy is obtained through
a period-wise optimization and backward recursion. This formulates a pseudo DPP and
provides a way of selecting an optimal strategy. In contrast, a strongly time consistent
optimal strategy has an extra property which guarantees that any sub-strategy of a weakly
time consistent optimal strategy is also optimal for the corresponding subsequent period.
This extra property makes a strongly time consistent optimal strategy similar to an opti-

mal strategy obtained by standard DPP.

Let

V(n,z,i) = sup Jpgi(u").
uneAn

Based on the arguments in Chen et al. (2013), if there exists a weakly time consistent
optimal strategy for the above problem, then such strategy satisfies the strong time consis-
tency conditions presented in Definition 5.1.2. Our mission is to solve this optimal control

problem and find such optimal strategy.

5.2 Some Discussions of the Single Period Problem

The name single period MSD criterion is actually a special term taken from Actuarial
science, and its negative opposite in some sense is called the standard deviation premium
(see Landsman (2008) and the reference therein). In this section, we briefly outline some
properties of the single period MSD criterion, and discuss the issue of the presence of risk
free asset. Without loss of generality, we consider the first period. Since the cash injections

(and offtakes) are no longer relevant, we have
J0,2,i(W1*) = Eo2,i(W1*) — koy/ Varezi(Wi), (5.11)
where

Eo...i(Wi") = wug (1) Mo (i),
V(ZT‘O,:B,Z‘(WIH) = :c2ug(z)20(z)u0(z)

For a single period problem, the market transitions and time dependence are also irrelevant.
To simplify notations, we drop the subscripts in x, M, 3, w, W, and J, and also drop

the market state argument ¢ in M, 3, and u. Then, we have the following lemma.

5.2.1 Properties of Single Period Mean-Standard-Deviation Selection

Criterion

We summarize the properties of the single period MSD criterion in the following lemma.

Lemma 5.2.1. The single period MSD criterion satisfies the following properties.
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(Translation Invariance): For all u € R?, and y € R we have

TJWH+y) =T W) +y.

(Positive Homogeneity): For all w € R?, and a > 0 we have

T (@W™) = aJ (W*).

(Scaling Property): There exists some functional J such that for all z € R,

TJWY) = zJ(u).

(Concavity): Assume that x € (0,00). Then, J : u — z(u' M — VuTSu) is a

strictly concave function of w, i.c., for allu,w € R, w # @ and € € (0,1), we have

T (u)+(1-86)T(a) < T (§u+ (1 —¢)a). (5.12)

Proof. The first three properties can be trivially verified. For concavity, we can either
follow the argument in Landsman (2008) (see pp319 - 320) or in Owadally (2012) (see

p4435). Alternatively, we could also argue from the Hessian matrix.

Indeed, since x and k are positive deterministic scalars, and u” My is linear, it is enough
to show that

H(u) = /Gu):=VulZu
is strictly convex. The Hessian of H is given by

D2H - 2GD1%G _ DUG(DUG)T - 4(uT2u2 — E’U,’U,TE)
“ 4GVG 4uTSuvulSu

Note that U is convex, and ¥ is positive definite (i.e., u'Su > 0), thus it is easy to
see that H is strictly convex if the matrix u’ BuX — Zuu’ X is positive definite. Since
< x,y >= x Xy defines an inner product for all &,y € R?, by Cauchy-Schwarz inequality

we have
x’ (uTEuE — EuuTZ)a: = (uTEu) (a:TEac) — (acTEu)2 > 0,

We note here that the use of the strict Cauchy-Schwarz inequality relies on the assumption
that vectors used in the inner product are not collinear. This hold true in the present case

since u takes values in U. O

The first two properties are not surprising since we have mentioned in the Introduction ,
that under the assumption that returns follow a (joint) elliptical distribution, optimizing a

risk measure from the translation-invariant and positive-homogeneous (TIPH) risk measure
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class is equivalent to optimizing the single period MSD selection criterion. One may note
that by definition the negative of a single period selection criterion is a risk measure.
For different members of the TIPH risk measure class, the form of single MSD selection
criterion only varies through the parameter x. As shown in Landsman and Makov (2011),
for example, for Value at Risk (VaR) we have x = F~!(q) for some q € [0, 1], where F~! is
the inverse of the distribution function of a standard univariate elliptical random variable.
The parameter x characterizes the investor’s risk tolerance. The larger the «, the more risk
averse the investor is. For any k > 0, 7 (W™) represents a quantile value, that is x standard
deviations of the wealth away from the investor’s expected terminal wealth E(W*") to the

left (see Figure 5.1). This quantile value in turn corresponds to a probability p, where
p= IP’(W“ > j(W”)).

Thus, the investor will have with probability p at least J(W™) at the end of the invest-
ment period (the green area in Figure 5.1). This provides a confidence level to the investor
which is somewhat inherited from VaR. Hence, it is possible to choose an appropriate risk
aversion parameter, provide the returns are reasonable, so that his wealth is above zero

with a high probability.

The scaling property and the concavity form an important aspect of the single period
MSD selection criterion. Unlike the single period mean-variance selection criterion, the
MSD selection criterion does not possess a nice quadratic structure, however, these two
nice properties make it a suitable candidate in both single and in multiperiod portfolio

selection.

Probability

kx o(WYH) ~—

J (W) E

—~ K-

W)

Figure 5.1: Investor’s Risk Characterization
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5.2.2 The Presence of Risk Free Assets

Without loss of generality, we set © = 1. Then, from (5.11), we see that the single period

problem becomes

max ul M — kVuTZu, (5.13)

u

st. 1Tu=1.

As mentioned in Introduction, there are more than one way to solve the single period
problem. In fact, the solution can be obtained from the result in the following section. For

alternative ways of solving this problem, we refer to Landsman (2008); Owadally (2012).

It worth to note that we only consider the market of risky assets. For the single period
problem, this has been work devoted to study the market in the presence of risk free asset.
In the rest of this section, we will discuss the issue of the risk free asset. To alleviate the
presentation, we consider the case of two assets: one risky and one risk free (see Kronborg
and Steffensen (2015)). Let r denote the return of the risky asset, and r¢ denote the return
of the risk free asset. Suppose that we allocate a proportion of u to the risky asset. By
(5.14), we know 1 — u proportion will be invested into risk free asset. Thus, our problem

reduces to the following optimization problem:

sup <(E(r) —ro)u — na(r)\u!),
ucR
where o(r) denotes the standard deviation of the risky asset, and & is the risk aversion.

We make a trivial assumption that
E(r) > ro.
After some simple algebra we obtain the optimal solution

00, if A >k,
ut = 0, if A <k,
any admissible u > 0, if A =k,

where

We may interpret A as the Sharpe ratio of the risky asset (with reference to the risk free
asset). If the reward is large enough, it will be optimal to invest as much as possible into
the risky asset. Similarly, if the reward is so little in comparison to investor’s risk tolerance,
investor will prefer to invest into the risk free asset only. Thus, in the presence of risk free
asset, the solution does not tell us much. This trivial result coincides with the more general

one period model in Landsman and Makov (2012). In fact, as in Landsman and Makov
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(2012), if there are other requirement for the investment which leads to extra restrictions,
this may leads to more interesting result. Thus in the remaining of this chapter, we shall

only consider the market with risky assets only.

Remark 5.2.2. One may note that the time length we consider here is one unit, while
Kronborg and Steffensen (2015) argue that we can always find a time interval small enough,
so that the optimal solution is always given by 0, and thus in the continuous time the optimal
solution is 0. Also, the similar argument can be extended to multiperiod problem. However,
this does not seem to make sense as the investment in risky asset suddenly changes from

oo to 0 by just taking a slightly shorter rebalanced period.

5.3 Optimal Portfolio Selection under Market Transitions and

Intermediate Cash Injections

Now, we turn to the multiperiod problem. In order to build our portfolio selection scheme,

we first calculate our optimal strategy.

5.3.1 Optimal Strategy and Value Function

Theorem 5.3.1. For any given time n = 0,...,N — 1, a market state 0, = ¢ € S, and

x € (0,00), assume that k(i) > Ry (i), where

fn(i) = \Jon()(1+Qa,,,, ()2 (5.14)

the optimal strategy is given by

1 Q i n(l i -1 i
) an()
=, (01
* an(i) ' (5.15)

and the corresponding value function is given by

N-1
Vin,z,i) = xdu()+Cu(@)(1+Qa,,, () + Y Q" DQc, (i)

m=n+1
N-2
+ Z Qmi(nJrl)QCmQAmﬂ(i)a
m=n+1
where
o) @
fn(z) - i - Z— N2 an/f; i)’
1= ig((z)) (1 + QAn+1 (Z)) 1 - ,@28




Proof. Step 1: For n = N — 1, we have the following static optimization problem

MaXq, (1) (EN—17$7’i(WN) - /<LN—1(i)\/Va7°N—1,a;,z‘(WN) >7

s.t.

Wy = WN_lRiZ];f(Z‘)uN—l(Z‘) + CN_l(i),
1Tuy_1(i) = 1.

Since & and Cn_1(i) are known at n = N — 1, simple calculations yield the conditional
expectation

En_1,4:(Wn) = My _(i))un_1(i) + Cn_1(i),

(5.16)
and the conditional variance
Varn_1.:(Wy) = 2?uk_1()En_1()uy_1(3). (5.17)
Let
Sn-1(i) Sn-1(i, un-1(2))
kS (v (i), (5.18)
Thus, we have
EN—104(Wx) = Av-1(i)y/ Vary-10q(W)
T <M}G_1(i)uN_1(i) — nN_l(z')SN_l(z‘)> + COn_1(3). (5.19)

Then, it is easy to see that optimizing the above function is equivalent to optimizing

(ME 1 (un—1() = Ain1 ()Sw1(0))
(which is really the Scaling Property in Lemma 5.2.1).
Thus, we obtain an equivalent optimization problem:
Jnax <M£,1(i)u1v—1(i) - ﬁN—l(i)SN—l(i)>7

st. 1Tuy_ () =1.

Let Any—_1(¢) be the Lagrange multiplier. Since z > 0, the Concavity in Lemma 5.2.1

holds. Thus, the following first order conditions yield a unique global optimum, if there
exists a solution:
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En-1()un-1(9)

MN_l(i) — Iﬁ:N_l( ) SN_l( ) )\N_l(i)l = 0, (5.20)
1Tuy (i) = 1. (5.21)

From (5.20), we obtain
’U,N_l(i) = 51182 1 1(2) (MN_l(i) — )\N_l(i):l) . (5.22)

Substituting (5.22) into (5.21) we find Ay_1(4) as

Sn-— 1()1T2 1 ()MN 1(~)_1

. K (z)
)\N—l(Z) = 2Nt (5.23)
1(i) e
v By (01
Substituting (5.23) into (5.22) gives the optimal strategy
Si—1(4) 1 bN—l(i)EJ_Vlfﬂi)l
uy_ (1) = pIPe M ,
N-1(9) kn—1(i) No1(B) M1 (i) — an—1(9)
Zyta (i)
4 — 5.24
a1 () (5.24)
where S5, (i) = Sy—1(i, uly_(2)).
One can obtain S}, _, () by substituting (5.24) into (5.18). Thus we have
: (@)
* . _ an—1(1
Sl = 1 e W)
H?\T71(i) “?Vfl(i)aN—l(i)
= fn-1(9), (5.25)

provided that ky_1(7) > \/gn—-1(¢) := An—1(¢). Substituting S} _,(¢) into (5.24), we ob-
tain the desired form of uj,_(i).

One may note that we always have gy_1(i) > 0, by Cauchy-Schwartz inequality, and
the fact that 2;\,1_1(2) is positive definite (which is a consequence of the assumption that

Y n_1(i) is positive definite). Indeed, we see that

% (i
gn-1(i) = hn_1(i) — bN*l(‘)
aN_l(z)
= Tre i (M OB My (1B
N-1

—(1T2N£1(1)MN—1(i))2) > 0.

Next, let us calculate the value function V(N —1,z,4) at time N —1. By (5.24) and (5.25),
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we see that

fn-1(gn—1() | by-1(0)
Iﬁ:N_l(i) aN_l(z')’

My (Duy_y (D)

and

V@ DTOEN @y () = Skoi() = fyali),
Thus, we have

VN =1La,i) = o ME_(uk_y() = kv-1(0)S5-a(0)) + O 0)
= .%'AN_l(i) + CN_l(i). (5.26)

Step 2: For n = N — 2, we have the following static optimization problem:

max <EN2,:B,i(WN1) - KN72(i)\/VaTN72,x,i(WN71)
UN72(Z)
+EN72,m,i<V(N -1, Wn_1, 9N1)>> ,

st. Wy_1=Wny_oRY _{())uy_o(i) + Cn_a(i), (5.27)

1Tuy_o(i) = 1.

Similarly, as in (5.16) and (5.17), we calculate expressions for

En—2i(Wn_-1) and \/VC”"NfQ,m,i(WNfl),

which yield

EN_271'7Z'(WN_1) = $M£72(2‘)UN_2(Z')+CN_2(Z‘), (5.28)
VVarn e i(Wyo1) = ay/uf_y()Sy_a(i)un (). (5.29)

Moreover, by using (5.26) and (5.27), we find

EN72,:c,i<V(N—1,WN71,9N71)> = 2Qa, ()M _y(i)un_s(3)
+CN—2(1)Qay_, (i) + Qcy_, (1) (5.30)

Combining these three expressions, and by recognizing that z and
Cn-2()Qa,_, (1) + Qcyy_, (1)

are known at n = N — 2, thus we obtain an equivalent optimization problem:

max  (ME_y()un—2() — kn-2()Sn-2(0) + Qa,_, ()MFE_o(iJun—2(i)).

’U,N,Q(’i)

st 1Tun_s(i) =1,
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where

SN_Q(i):SN_Q(i,UN_Q(i)) = \/’U;%_Q(Z‘)EN_Q(Z‘)'U/N_Q(Z‘). (5.31)

We repeat the procedure from Step 1. Let Any_2(7) be the corresponding Lagrange multi-
plier. The solution of the following system of equations, if exists, yields an unique global

optimum:

(14 Qay_, (1) My_2(i) — Kn—2(i) EN_;](\QZJ(]Z)_Q(U

1Tuy_o(i) = 1.

—An_2(i)1 =0

Solving this system yields

(1 + aAN—1 (Z))

by _2(1)E N, (i
w00 2253400 (zm(z’)Mmu)— R ”)
FN-2 an—2(?
aN_Q(i) ’

where Sy _,(i) = Sn—2(i,uj_5(7)). Similarly to Step 1, we obtain an expression of
Si_o(7) by using (5.31) and (5.32). This yields

1

* . an—2(%) .
Sn_o(i) = e —5 = fn-a(9),
L— ZIQV%((Z)) (1 + QANfl(Z))

N-—-2

provided that ky_o(i) > \/gN,g(i)(l + @AN_I(i))Q. This gives the desired form of opti-
mal strategy at n = N —2. Arguing in the same way as in Step 1, we see that gy_2(i) > 0.

By knowing the optimal strategy, we can easily obtain the value function V(N —2,z,1) as
in Step 1, in which we need (5.28), (5.29), and (5.30). Thus, simple algebra yields

V(N —2,z,i) = zAn_2(i)+ Cn_2()(1+Qa,_,(0)) + Qc,_, (i)

Step 3: Forn = N — 2,...,0, we use backward induction. Since we have proved the claim
holds at N — 2, let us assume it holds up to n + 1. Over any time period [n,n + 1], we

solve the following static optimization problem:

Un (7)
st Wygt = WoRE L (D)w, (i) + C(d),
17w, (i) = 1.

max <En,x,i(Wn+1) - "fn(z) \/V@Tn,a:,i(wn-i-l) + En,a},i <V(n + 17 Wn-i—la an—i—l))) )

We repeat the procedure in Step 1 (or Step 2). Firstly, we calculate
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Epzi(Wis1) = ML (i), (i) + Cp(i), (5.32)
VVarn e W) = oy ul ()20 (i) (). (5.33)

By induction hypothesis and the proof of Lemma 3 in Wu and Li (2012), we obtain

Eni (V041 Wat,0051)) = 2Qa,, (VM (iun() + Ca(i)Qa,, ()
N-1
+ Z Qm— Q¢ (i)
m=n+1
N-2
+ > Q@ Qe,Qa,n () (5:39)

m=n+1

Then, we obtain the first order (necessary and sufficient) condition for the equivalent

optimization problem with the Lagrange multiplier A, (i):

(14 @, () M) = wn () i1 =
17w, (i) =1,
where Sy, (i) = Sy (i, wn (7)) 1= /uL (1), (i) un (1)

The unique solution of this system is then given by

w, i) = (”Q“‘““())s*m( ROLAGEE

Ko, (1)

where S} (i) = Sy (i, u) (7)).

We can obtain S} (i) in the same way as in Step 1 (or Step 2). Thus, we have

1
S* (i _ an (1) = f . 7
n(Z) J 1- NQEZ (1 + QAn+1( ))2 ! (Z)

provided that k(4 \/ gn (i) (1 + QAn+1( ))2

Furthermore, by using the optimal strategy, (5.32), (5.33) and (5.34) we obtain the value

function

N-1

V(n,z,i) = 24,()+Cr(D)(1+Qa,,,®) + > Q" Qg (i)

m=n-+1

N-2
+ Y QT UTQe, Qa, (i)

m=n+1
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This completes the proof. ]

5.3.2 The Multiperiod Portfolio Selection Scheme

From the proof of Theorem 5.3.1, we see that when the separable multiperiod selection

criterion of MSD type is used for portfolio selection, there exists an optimal strategy if:
1. The investor’s risk aversion parameter is above a given lower bound.

2. For all market states ¢ € S and all periods n =0, ..., N — 1 the wealth of the investor

is positive.

The first condition is crucial. The investor has to be risk averse enough in order to obtain an
optimal strategy (recall that the larger the risk aversion parameter, the more risk averse
the investor is). We note that for any n = 0,...,N — 1, one has to specify their future
risk aversion Kp41(0nt1),..., in—1(0n—1) for all market states 6,41,...,0n—1 in order to
obtain the lower bound for the current risk aversion parameter k,. This reflects the time
consistency idea, according to which the investor maintains a risk aversion consistently

through time.

set abandon = false;

forn=N-1,...,0do

for 6, =1,....,k do

set W, =1;

calculate ky,(6,,) by using (5.14);

choose an 6,(60,) > 0;

set kin(0n) = Rn(0n) + 6n(0,);

calculate w,,(6,,) by using (5.15);

calculate pp(un,6,) =P(W , > 0);

if pp(un,0,) > 1 —exp(—9,) then
| keep the strategy w,(6,);

else
| abandon = true;

end

end

end

if abandon == false then
| take the investment;

else
| abandon the investment;

end
Algorithm 5.3.1: Multiperiod MSD Portfolio Selection

Scheme

Mathematically, we could remove the second condition, however, to reflect the reality, this

is a must. Of course, there is no guarantee that the wealth of the investor always stays
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positive, although this may not be a big issue in practice (see Remark 8 in Wu (2013)).
However, the whole point of portfolio selection is to make a decision. Depending on the risk
aversion, the investor may still wish to take the risk and go for the investment, provided
that his wealth stays above zero with a high probability (under our optimal strategy). This
leads to Algorithm 5.3.1.

By Algorithm 5.3.1, our portfolio selection process proceeds in the following way. Over the
period [n,n + 1], and given a market state 6,,, we pick a number 6, (6,,) > 0 in such a way
that ky,(0r,) > Rn(0y) holds. Next, with our strategy in (5.15), we calculate the probability
Pn(Un,0,) that the wealth at the end of this period is positive for every 1 dollar which
we invest at the beginning of this period. Thanks to the Scaling Property, this will be
enough to determine whether to abandon the investment. Finally, we choose a threshold
equal to (1 — exp(—&n)). If the probability is larger than this threshold, we keep our
strategy, otherwise we give up the investment. The choice of threshold is arbitrary. We
only need an increasing function (since the larger the risk aversion parameter, the more

risk averse the investor is) whose range is between 0 and 1.

5.3.3 Optimal Conditional Expectation and Conditional Variance of Ter-
minal Wealth

Apart from the optimal strategy, we derive the optimal conditional expectation and condi-

tional variance of the terminal wealth. For the purpose of this section, we introduce some

additional definitions. For n =0,..., N — 1, ¢ € S, define
1+ Qa, () fa(D)gn() by (i

Da(i) = e +w§, Du(i) = 20, (1)Da(i),  Culi) = C2(0),

A ~ ~

D,, = (Dn(l)’ aDn(k))’ D,, = (ﬁn(l)’ ’Dn(k))’ Cn= (én(l)’ ,én(k)),

) = (1 +§An+1(i?)fn(i)gn(i) (1 +§An+1'(i))fn(i) Do)+ bu (1)
I{"(l) Kn(l) an(l)

ap(i)

Proposition 5.3.2. Given Wy =z > 0, and 0y =i € S, the optimal conditional expecta-

tion and conditional second moments of the terminal wealth are given by

Eoui(WR)?) = ~y(0)a® + (i) +n(0), (5.36)

where

N1 N1 N-1 N—1
a(i) = Do(i) [[ @p.(i), B() =Co@) ][] @p.()+ > Q" 'Qc,. [[ @p.(),
n=1 n=1 m=1

n=m+1
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(@) = Go(i)7(i),  8(i) = Do(i)7(i) + Do(0)(3),  n(i) = Co(i)T(i) + Co()3(7) + A(d),

N-1 N—-1 /-1 N-1
n=1 (=1 m=1 n=~+1
N-—1 N—-2 N-1 m—1 N—-1
A =) Q" 'Qg, H Qa, (i) + Q"'Qc, | @p.Qp, [] Qec.)
m=1 n=m+1 =1 m=(+1 t=0+1 n=m+1

Proof. For every n =0,...,N — 1, we have
;zk+1 = W*Rn+1(9 Jun (0n) + Cr(6y).

Taking conditional expectation with respect to the condition (Wy = z,00 = 1,04, ...,0,),
and by taking into account (5.15) together with the conditional independence between W

and R,.1, we obtain

E(W;H]WO — 2,00 = 1,01, 9n>

- Dn(en)E<W;;|WO = 2,00 =i, 61, ...,an,1> + Ch(6,). (5.37)
Using (5.37) and backward recursion, we find that

IE(W;HWO — 2,00 = i, 01, ...,eN,1>

N-1 N-1 N—-1
= 2 [ Dulbn) + > (cm(em) 11 Dn(an)>.
n=0 m=0 n=m++1
Iterated conditional expectation then implies

N-—1 N-—1 N-—1
m=1

n=1

N-1

n=1

By Lemma 3 in Wu and Li (2012), we have

N-1 N-1
E0< 11 ann)) - [I @o.0.
n=1

and for all m=1,..., N — 1 we have

N-1 N-1
EO,m,i<Cm(9m) H D(en)> = Qm lQCm H QDn

This then yields (5.35).
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To compute the conditional second moments, we compute the square of the optimal wealth

process:

Wi = (WiRL(0)ui(0,) + Col2)

Again, we take conditional expectation with respect to the condition (Wy = z,00 =
i,01,...,0,). By (5.15) and a similar independence argument as in calculating the con-

ditional expectation we obtain

E(( ;+1)2|W0:x,90:i5917"'59n)
= GulO)E((W;)2Wo = 2,00 = .01, ., 01 )

+f)n(9n)E(W;;|WO = 2,00 =i,01, ..., en,l) + Co(6,). (5.38)
Using (5.38) and backward recursion, we find that

E((Wﬁ)Q\WO =z,00 = 1,01, ---7‘9N—1>

N—-1 . N—-1
= z? H Gn(an) +$<D0(90) H Gn(en)

" N-—1 —1 nAZI N-1
+Dy(6o) ( H D (0m)De(0y) H Gn(an)>>
/=1 m=1 n=~0+1
~ N-1 N-1 _ —1
+Co(90) Gn((gn) + Z (Cm(em) H Gn@n))
n=1 m=1 n=m+1
N-1 /-1 A N—-1 ’
+Co(6o) ( H Dy (0m)De(0y) H Gn(en)>
/=1 m=1 n=~¢+1

In the above expression, we may arrange and combine terms in different ways. However, we
have chosen this form deliberately, so that when we calculate this conditional expectation
later, we can directly apply Lemma 3 in Wu and Li (2012). Next, by iterated conditional

expectation, we have

N-1 A N-1
EO,x,i((thf)2> = xQGO(i)EOJJ,i( Gn(en)> + xDO(i)EO,x,i< H Gn(an)>
E

n=1 n=1
N-1 /—1 . N-1
‘|’CUDO(Z) O,m,l( H Dm(em)Dﬁ(aﬁ) H Gn(en)>
/=1 m=1 n=0(+1
N-—1 N-—1 ~ N-1
n=1 m=1 n=m-+1
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N-1

N-1
+Co(i) EO,aﬁ,i( H D (6m)De(60) ] Gn(an)>

(=1

N-2 N-1 m—1 ) N—1
+ Eo,2,i (Cz(ee) H Dy(04) Dy (01n) H Gn(en)>' (5.39)
{=1 m=¢+1 t=0+1 n=m-+1

Similarly, as in calculating Eq ; ,,(W3), we apply Lemma 3 in Wu and Li (2012), which
then yields

Z— ) N-1 —1 N-1
EO,aﬁ,i( Din(0m)De(00) ] Gl ) HQDmQDl I @e.()

n=~0+1

N-1
EO,m,i <ém(9m) H G ( )) Qm 1QCm H QGn form— 1 N—l,

n=m+1

and

m—1 A N-1
EO,x,i<CZ(9€) H DtDm(am) H Gn(en)>

t=0+1 n=m-+1

m—1 N-1
= Q'Qc, [] @n.Qp, ][] Qe.()
t=0+1 n=m+1
form=¢4+1,..,.N—-1/4=1,...,.N —2.

Finally, by substituting the above results into (5.39), we obtain (5.36). This completes the
proof. O

A direct consequence of this proposition leads to

VaroesWi) = Eocd(Wi)?) - (BowaWin)’
= (v(d) = a®(i))2® + (8(i) — 2a(0) B(0)) = + (n(i) — B(7)?).

5.4 Numerical Illustrations

We collect (weekly) stock prices of ANZ, BHP, and Telstra, which traded on Australian
Securities Exchange !, during two periods of time 2. We calculate their expected returns
and the corresponding covariance matrices. Thus, in all examples that follow, we assume
that there are two market states (S = 1,2) and three risky assets (d = 3). We further
assume that the investment horizon consists of five periods (N = 5), and for n =0, ..., N —
1, the expected returns m,, and covariance matrices 3, are equal. Thus, we drop the

dependence on time, and for each market state we simply write

'Data obtained from Yahoo Finance https://au.finance.yahoo.com/
2Two periods are 01 01 2008 - 23 05 2011 and 02 01 2012 - 25 05 2015.
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State 1:

—0.000566 0.002203 0.000848 0.000330
m(l) = 0.000180 , X(1) = 0.000848 0.002971 0.000248 |,
—0.002364 0.000330 0.000248 0.0008%84
and
State 2:
0.002425 0.000537 0.000261 0.000195
m(2) = —0.000633 , X(2) = 0.000261 0.000730 0.000105
0.003943 0.000195 0.000105 0.000311

Moreover, without loss of generality, we will assume that the initial wealth is 1 dollar, i.e.,

Wy = 1.

We use three examples to illustrate our model. In the first example, we investigate the
effect of different risk aversion parameters. In the second example, we investigate the effect
of cash injections. In the last example, we investigate the difference between investment

strategy with and without cash injections and offtakes under multiple market states.

Example 5.4.1. We assume that there is only one market state, which we take to be State

2. There are no cash injections or offtakes.

| 1st period | 2nd period | 3rd period | 4th period [ last period
constant £,(2) through time

Fin(2) T 1 T T T
kn(2) | 0.789058 0.630508 0.472666 0.315436 0.158743
increasing Kk, (2) through time
Kn(2) 1 1.1 1.6 2 2.2
kn(2) | 0.781398 0.623197 0.467012 0.312385 0.158743
decreasing £, (2) through time
Kn(2) 2.2 2 1.6 1.1 1
kn(2) | 0.784313 0.628606 0.472401 0.315436 0.158743
random £, (2) through time
Kn(2) 1.6 1 2 2.2 1.1
kn(2) | 0.782971 0.624450 0.469305 0.315180 0.158743

Table 5.1: Risk Aversions and its Lower Bounds

Now, we apply Algorithm 5.3.1. We choose four sequences of §,,(2) such that we have: a
constant kK, (2) through time, an increasing sequence of k,(2) through time, a decreasing
sequence of k,(2) through time, and a random sequence of £,(2) through time. This is
summarized in Table 5.1. It seems that the influence on the actual value of the lower bound
Rn(2) is quite small, and the general trend remains the same for all four cases. Thus, from
now on we will consider only a constant k,(2) through time, and will simply write (2)
instead. One may wonder whether we should take this investment. In order to make this

decision, we need to specify the distribution of the return r(2). For example, if we assume
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r(2) ~ N(m(2),3(2)) i.e., normally distributed with mean m(2) and covariance matrix
3(2), Algorithm 5.3.1 then implies that we will take this investment under each of these
four cases. From now on, we will always assume that we are given a distribution of return

such that we will take the given investment, and focus on the analysis of our model.

k(2)=1
1st period | 2nd period | 3rd period | 4th period | last period
AN7Z 0.124591 0.127184 0.128699 0.129819 0.130761
BHP -0.502347 | -0.242418 | -0.090490 0.021798 0.116286
Telstra | 1.377756 1.115234 0.961791 0.848383 0.752952
k(2) =3
1st period | 2nd period | 3rd period | 4th period | last period
ANZ 0.130190 0.130494 0.130788 0.131073 0.131353
BHP 0.059000 0.089497 0.118914 0.147541 0.175632
Telstra | 0.810810 0.780009 0.750298 0.721386 0.693015

Table 5.2: Optimal Strategies (k(2) =1 and x(2) = 3)

Now, fix two risk aversion parameters, x(2) = 1 and x(2) = 3. The former represents
a more risky choice than the latter. For each case, we compute the optimal strategies
(see Table 5.2), and the optimal conditional expectations and conditional variances of the

investor’s terminal wealth for different time length of investment (see Table 5.3).

k(2)=1
N=1 N =2 N =3 N =4 N =5
Eo12(W5) 1.006053 | 1.010941 | 1.015149 | 1.018850 | 1.022123
Varg,12(0W5) | 0.000672 | 0.001105 | 0.001448 | 0.001749 | 0.002031
k(2) =3
N=1 N =2 N =3 N =4 N =5
Eo12(W5) 1.003475 | 1.006822 | 1.010044 | 1.013144 | 1.016123
Varga1,2(W5) | 0.000271 | 0.000540 | 0.000807 | 0.001073 | 0.001341

Table 5.3: Optimal Conditional Expectations and Conditional Variances of Investor’s Ter-
minal Wealth

In addition, we plot the optimal strategies for each case (see Figure 5.2 - Figure 5.3).
As expected, in the less risky case (i.e., k(2) = 3), investor’s optimal strategy is more
conservative along the way. This is reflected in the fact that he keeps a large and steady
proportion in the less risky asset (i.e., Telstra). We can also see this by plotting the
single period optimal expectation of the portfolio value and its variance for each time (see
Figure 5.4 - Figure 5.5). The more risky case (i.e., £(2) = 1) dominates the less risky case
(i.e., k(2) = 3) through time in the sense that it always has a higher expected return and

a higher standard deviation.

Example 5.4.2. We assume that there is only one market state which we take to be State
2. Assume that there is a constant cash injection of 30.1 at each periods. The risk aversion

parameter is assumed to be k(2) = 3.

As we have seen in Theorem 5.3.1, the presence of cash (in the form of our model) does
not affect the optimal strategies, however, it affects the optimal conditional expectation

and the conditional variance of investor’s terminal wealth. We calculate investor’s optimal
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Figure 5.3: Optimal Strategies (x(2) = 3)

conditional expectation and conditional variance of the terminal wealth, which yields
Eo1,2(W5) =1.519203, Varg,2(W5) = 0.001943.

Let us compare this result with the case of no cash injections (the last column of Table 5.3
when k(2) = 3). After subtracting the extra cash injections and by ignoring the time value
of money, we see that the optimal conditional expectation and variance of investor’s wealth
are higher if there are cash injections. This makes sense in this example. As he injects

extra amount into his portfolio he will invest more in these risky assets. On one hand, this
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increases the expectation of his wealth and on the other hand, he also exposes himself to

uncertain environment.

Optimal Expectation of Portfolio
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Figure 5.4: Single Period Optimal Expectations of Portfolio (k(2) = 1, and x(2) = 3)
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Figure 5.5: Single Period Optimal Variances of Portfolio (k(2) =1, and k(2) = 3)

It is worth noting that in this example we only consider cash injections but no takeoffs. It
becomes an interesting question if the investor has a plan at the beginning of his investment
horizon to withdraw certain (deterministic) amount of money at some future time. The
question is how much he is able to withdraw. It may happen that the investor wishes

to withdraw large amount, but it turns out that he does not have enough money in his
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portfolio (at the time he wishes to withdraw). In Table 5.3, we have calculated the optimal
conditional expectation and conditional variance of investor’s terminal wealth for different
time length of investment. Thus, we can then calculate the corresponding MSD values of
the wealth position. This is summarized in Table 5.4. Similarly to the single period MSD
selection criterion (see Section 5.2.1), for every risk aversion parameter x(2), we can attach

a probability p such that

p= IP(W;{, > Fo12(Wh) — k(2) * \/VaTO,LQ(W]’Q)).

Thus, for any given distribution of asset returns, one can calculate such p. This provides
some confidence level to the investor about the amount he would be able to withdraw

without going bankrupt.

k(2) =3
E . — [ N=1 | N=2 | N=3 | N=4 | N=5
012(Wx) = £(2) * \/Varo12(WX) | (954089 | 0.937108 | 0.924821 | 0.914874 | 0.906264

Table 5.4: Optimal Conditional MSD Values of Investor’s Terminal Wealth

Example 5.4.3. We assume that there are two market states. If the market is in State 1
("bad state"), we take out 0.1 dollar, and if the market is in State 2 ("good state"), we

add 0.1 dollar. The risk aversion is assumed to be 3 for both states and all time. We also
assume the transition matriz to be given by

0.1 0.9
0.15 0.85 |

For each market state, we calculated the optimal strategies which we summarized in

Table 5.5.

Q=

State 1
1st period | 2nd period | 3rd period | 4th period | last period
ANZ 0.184722 0.180831 0.176960 0.173108 0.169264
BHP 0.158328 0.153187 0.148075 0.142987 0.137910
Telstra | 0.656950 0.665982 0.674965 0.683906 0.692827
State 2
1st period | 2nd period | 3rd period | 4th period | last period
ANZ 0.130198 0.130500 0.130791 0.131075 0.131353
BHP 0.059815 0.090056 0.119259 0.147704 0.175632
Telstra | 0.809986 0.779444 0.749950 0.721221 0.693015

Table 5.5: Optimal Strategies (State 1 and State 2)

Next, let us have a look how market transitions affect the choice of the optimal strategy.
Given we are in State 1 at the beginning (i.e., n = 0), we follow the corresponding optimal
strategy for State 1. When we move to the second period, if the market state switches to
the State 2, we use the corresponding optimal strategy for State 2 (by treating the initial

state as State 2 and dealing with a four period problem). We continue this process until

3This has been classified as a "bad state" since majority of the assets in this state have less
expected return and all assets have larger standard deviation than in State 2".
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we select the optimal strategy for each time period.

To give a concrete example, let us assume that the market has the following transitions.
State 1 — State 2 — State 2 — State 1 — State 2.

The corresponding optimal strategy will be

0.184722
ug(l) = | 0.158328 (1st period of State 1)
0.656950

0.130500
— uj(2) =] 0.090056 (2nd period of State 2)
0.779444

0.130791
— wu5(2) =] 0.119259 (3rd period of State 2)
0.749950

0.173108
— wu3(l) =] 0.142987 (4th period of State 1)
0.683906

0.131353
— uj(2) =] 0.175632 (last period of State 2).
0.693015

Next, we calculate the optimal conditional expectations and conditional variances of the

investor’s terminal wealth with cash injections and offtakes (as described in Example 5.4.3):

Eo1,1(W5) =1.202311,  Varg,1(W5) = 0.020094,
Eo12(W5) =1.399611, Varg12(W5) = 0.021796.

and without cash injections and offtakes:

Eo1,1(Wy) =1.008384, Varg1,1(W5) = 0.002028,
Eo12(W5) =1.013296, Varg12(W5) = 0.001612.

By taking extra positions during the "good" market state and reducing positions during
the "bad" state, we see that he obtains a higher expected wealth (as it can be checked,
by ignoring the time value of money, this holds even after subtracting the expected cash
injections). However, like in Example 5.4.2; this has created more variations (variance has

increased significantly).
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5.5 Conclusion

In this second part of this thesis, we develop a portfolio selection scheme where a multi-
period selection criterion of MSD type is considered. We perform the analysis in a market
of risky assets and obtain a closed form optimal strategy in which market transitions and
intermediate cash injections and offtakes are allowed. This model forms a good base to
further study multiperiod portfolio selection problem in which a multiperiod selection cri-
terion is of a type from the TIPH risk measure class. It is also interesting to see the effect
of short selling and transaction costs to our model. These questions are left as future areas

of research.
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