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ABSTRACT

The behaviour of the solutions of an elliptic boundary value problem in a
plane domain depends heavily on the settings of that problem. If the boundary
of the domain is a non-smooth curve or an open arc, or if the given data are
non-smooth functions, the solutions will have singularities. When the problem
is reformulated, via the direct method, into a boundary integral equation, the
solutions of the latter inherit those singularities. This bad behaviour then affects
the accuracy when an approximation method , e.g. the Galerkin method, is used
for this integral equation. The rate of the global convergence is significantly
reduced compared to the case when the boundary is a smooth and closed curve
and the given data are smooth. However, regardless of the properties of the
curves, if the given data are smooth, then the solutions are smooth locally, i.e.,
away from the singularities. The comparison of the local to global accuracy
therefore deserves a careful study.

The first part of this thesis gives a complete analysis of the local errors of
the Galerkin approximation to solutions of strongly elliptic integral equations
on smooth curves, closed or open. The analysis will lead to error estimates in a
large range of Sobolev norms. In most of the cases, the local error in a smooth
region of the solutions is more accurate than the global error.

Another problem occurs when the highest order of convergence achieved for an
approximation method is hidden in a negative norm. If this is the case, that high
order is not easily observed. We shall establish a post-processing method to force

that order to appear locally in the L2-norm. At first the study is carried out for

vii



the Galerkin method applied to equations on smooth curves, closed or open. In
this case, the mesh is required to be uniform on the interval under consideration
and can be freely defined away from this interval. Then the post processing
is used for a semi-discrete method, the qualocation method, for equations on a

smooth, closed curve on which a uniform mesh is defined.
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NOTATION

The Sobolev spaces on a curve in R2, closed or open, and the corresponding
norms are defined in Section 2 of Chapter II while the periodic Sobolev spaces
and the corresponding norms are defined in Section 2 of Chapter III. Similarly,
the spline spaces on a plane curve are defined in Section 2 of Chapter II whereas
those for periodic splines are defined in Section 2 of Chapter III.

Throughout this thesis, ¢ denotes a generic constant which can take different

values at different occurences.
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CHAPTER 1

INTRODUCTION

1. Prologue: The Matter at Issue

The history of the study of local behaviour perhaps goes back to the 19th

century with Riemann’s well-known localisation principle. It tells us that the
convergence or divergence at a particular point of a Fourier series of a function
is governed entirely by the behaviour of that function in an arbitrarily small
neighbourhood of that point. The story turns out to be more interesting in
the study of approximation methods. It is well known that the behaviour of
the approximations depends heavily on the characteristics of the settings of the
problems. Non-smoothness of domains and singularities of given data incur
singularities of the exact solutions, and reduce the global rate of convergence
of the approximations. It is then natural to ask whether the accuracy of the
approximation is better in regions of smooth behaviour of the exact solutions.
Another interesting question is whether there are efficient ways to recover the
loss of accuracy due to singularities. These problems are clearly pointed out

in the foreword of L. Wahlbin’s article on local behaviour of the finite element

methods [54]

When facing various types of singularities one is forced to consider the local
behavior of an approzimation method .... An archetypical question is the follow-
ing: The problem at hand contains isolated singularities and we know, a priori,
that our approzimation method cannot resolve these singularities (to solve them

may be too costly, we do not know where the singularities are, or even what is
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their nature). Assuming then that we have given up on resolving the singular
behaviors, can we at last assert how good our approzimation is in regions of
smooth behavior? Can we precisely account for the spread of errors emanating
at the singularities into smooth regions? And, can the analysis indicate an ef-
ficient way of resolving the singularities, e.g. by mesh refinement, inclusion of
special functions mimicking a singularity, tracking of its unknown location, or by
a posteriors processing? Regrettably, “... questions are abundant and answers

are rare.”

We shall not give a traditional discussion of boundary element methods, i.e.,
we shall not mention the role of boundary element methods in solving boundary
value problems. The literature is copious [11, 12, 13, 22, 25, 28, 29, 31, 33,
42, 56, 58] and more discussion may be redundant. Our main concerns in this
dissertation are local error estimates and a posteriors processing for the Galerkin
approximations to strongly elliptic integral equations on smooth curves in the

plane, either closed or open.

To illustrate the necessity of the study of local estimates and post-processing,

let us begin with the most common equation, Symm’s equation,

Vi(e) =~ /F log |z — yl¥(y)ds(y) = f(z) forz €T, (111

where I is a smooth closed or open curve in R2.

It is well known that if I' is smooth and closed then V is a continuous and
bijective mapping from H7(T') to H™+1(T') for any real value of 7, provided that
the transfinite diameter of I is different from 1 (see [26, 42, 55, 56]). (All the
Sobolev spaces mentioned in this chapter will be defined in Chapter II.) It follows
in turn that if piecewise-constant functions are used as test and trial functions for

the Galerkin approximation to (1.1.1) then the following global error estimates
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hold:
lell ey < eh® Y| s (r)» (1.1.2)

for -2 <t<s<1,t<1/2 and s > —1/2. Therefore, the orders of conver-
gence in the L2-norm and energy norm (i.e., H~1/2-norm) are O(h) and O(h3/2)

respectively. The highest order achievable is in the H~2-norm, which is O(h?).

When the curve is open it was proved in [46] that if the transfinite diameter
of the curve is different from 1 then V: H™(I') — H™+!(T) is a continuous and
bijective mapping for —1 < 7 < 0 and that, no matter how smooth the given
data F is, the exact solution % of (1.1.1) has a singularity of the form d~/2 at
each end point of I, where d is the distance to the end point (see also [59]). It is
clear that ¥ ¢ H%(T') = L%(T') and therefore, with piecewise-constant functions

used as test and trial functions, only the following estimates [20] hold

lellgery < b lI¥llgey for —1<t<s<o. (1.1.3)

In the case of an open arc I, even though the global norm || — 9| L2(r) is
undefined, the solution % can be smooth in any sub-arc of I" (e.g., if I is the
interval (—1,1) and if F(z) = z then ¢(z) = 2z(1 — z2)~!/2 for z € I'), which
gives rise to the question of how v, approximates 3 in the L2-norm on some
sub-arc of I'. In the energy norm (i.e., H~'/2-norm) or other norms defined
globally, it is also natural to ask whether local convergence is better than the

global convergence.

When the curve is smooth and closed the answers are known. Results were
shown by J. Saranen in [36] for strongly elliptic pseudo-differential equations
on a smooth, closed curve in R? with smoothest splines used as test and trial
functions for the Galerkin approximation. They can be briefly stated as fol-
lows: if the exact solution is smooth in some sub-arc of T', local convergence in

Sobolev norms greater than the energy norm is not affected by the lack of global
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smoothness of the exact solution (provided that the solution lies in the energy
space); whereas additional global regularity is needed to obtained optimal local
convergence in lower order norms. For example, if piecewise-constant functions
on a quasi-uniform mesh are used as test and trial functions and if the exact
solution of (1.1.1) belongs to H**(I'*) N H**(T") with —1/2 < 33 < 8; < 1 then
local convergence in the H*-norm in Iy for ¢ > —1/2 is of order O(h*1~?), even
if s, = —1/2; whereas for t < —1/2 the order is O(h™i®(s1=%22+2)) Here I}, and
I'* are sub-arcs of I with the property that the closure of I is contained in the
interior of I'*. The results for the case of open arcs I' were not mentioned in that

paper. Any endeavour to fill the gap is therefore worthwhile.

There are efficient ways of accommodating the singularity of the exact so-
lution % of (1.1.1) so as to increase the order of global convergence in (1.1.3).
The augmented-Galerkin procedure, used by E. Stephan and W. Wendland [46],
is designed to include, in addition to regular finite elements, appropriate sin-
gular elements mimicking the singular part in the decomposition of . This
approach for the approximation of equation (1.1.1) yields [20, 46] convergence
of order O(h3/2) in the energy norm (i.e., H~1/2-norm) and order O(k?) in the
H~2-norm, which is the same as in the case of a smooth, closed curve. An-
other method, which is simpler to implement, is mesh grading. This method
has been used extensively in the boundary element literature for weakly singular
integral equations and for second kind boundary integral equations arising from
the Dirichlet problem on a polygon through the double-layer potential formula-
tion [16, 23, 53, 60]. It was shown in [53, 60] that by appropriately grading the
mesh at the two ends of the open curve I in the above example, convergence
of the same order O(h%/?) is achieved in the energy norm. A simple argument
(see details in Chapter III) then yields convergence of order almost O(h?) in the

H~2.norm. In this dissertation we consider only the latter method.



The highest order of convergence O(h?) in the case of smooth closed curves or
even in the case of open curves after using mesh grading is lurking in the negative
H~2-norm and hence, at first sight, may not be observed. Indeed, as stressed
by 1. Sloan in [42], this high order of accuracy is beneficial if we finally are not
interested in 1 but in the integral [, g(y)¥(y)dl(y), where g is a reasonably
smooth function. For by using the duality of H~2?(T") and H?(T') we have

| [ asw) - [ s as)] = [ o) (66 = a0 as)

< Ngllaz@yll¥ — ¥all -2y,

so that the O(h®) order of convergence is observable if ¢ € H%(I'). Our main
focus in this thesis is on direct boundary integral equations, of which the solutions
have immediate physical meanings (see [29, 42, 56]). Therefore we are concerned
with the approximation of v itself, in which this O(h3) order of convergence is
not easily observed. Hence it is useful to establish a post-processing method so

that the same order of accuracy emerges in the L?-norm.



2. The Scope of the Thesis

In the following chapters, we try to give some decent answers to the above
questions. However, we shall consider strongly elliptic integral equations rather
than just Symm’s equation, which is then a particular case. Therefore, boundary
value problems with the Dirichlet or Neumann conditions for various types of
equations (Laplace’s equation, the Helmholtz equation, the Stokes and Navier-
Stokes equations,..., see e.g., [56]) are covered in the discussion, and we will
not mention them again. We shall prove local error estimates for the Galerkin
approximations to integral equations on smooth curves (closed and open), and
establish a post-processing method to increase the order of local convergence in
the LZ-norm. We even discuss that post-processing method for the qualocation

approximation to strongly elliptic integral equations on smooth closed curves.

We are inspired by the works of J. Bramble and A. Schatz [7, 9] and V. Thomée
[48] in the finite element literature. The original idea is due to Bramble and
Schatz. These two authors considered the Galerkin approximation to some el-
liptic boundary value problems in which a high order of accuracy is concealed
in some negative norm. They introduced a local, simple and systematic way of
averaging the values of the Galerkin solution, using the so-called K -operator,
so that the high order of accuracy no longer lingers in the negative norm but
emerges in the L2-norm. That operator acting on the Galerkin solution is de-
fined as a convolution of the solution with a special kind of spline with small
support. That spline function is chosen so that it reproduces certain polynomials
under convolution. This method is applicable to a very general class of locally
uniform meshes. Thomée gave an alternative definition (and therefore an alter-
native proof) for the K-operator, and considered the error estimates not only
for the approximate sblutions but also for the derivatives. The salient features

of the K-operator are well elucidated in [54].



When the K-operator is applied to boundary integral equations, difficulties
appear if the mesh is only locally uniform, due to the non-local property of
integral operators. In fact, since the method relies on, besides other factors, the
translational invariance of the trial space, and since non-uniformity spoils this
property of the space of piecewise-polynomial functions on a mesh of the curve
T', closed or open, one has to restrict the trial space to a subspace of splines with
compact supports in a sub-arc of I' where the mesh is uniform. This space is now
invariant under translation by the mesh step of this sub-arc. It turns out that the
local estimates given in [36] for approximation equations defined on the whole
closed curve I' using the whole test and trial spaces are not suitable for our use.
Following the idea of J. Nitsche, Schatz and Wahlbin [34, 38] in the finite element
environment we consider an interior approzimate equation which can be thought
of as an equation to define an approximation of the exact solution in the interior
(i.e., away from the singularities). Local estimates for this approximation can
be obtained by modifying the proof of Saranen in [36]. An interesting outcome
is then achieved. We obtain local error estimates for integral equations on an

open arc since it can be embedded in a smooth closed curve.

Chapter II gives details of the modification of the proof of Saranen [36] to
obtain interior local estimates for interior approximate equations. Local error
estimates for integral equations on open curves are then deduced. We shall in
particular discuss the two most common examples, weakly singular and hyper-
singular integral equations on the interval [—1,1], to illustrate the significant

difference between global convergence and local convergence.

We shall introduce in Chapter III the K-operator method. When the curve
is smooth and closed, we try to be as general as possible when considering the
pseudo-differential operators. The perturbation part of the operator is rather free

so as to allow our method to be applicable to boundary value problems of various



types of equations (e.g., Laplace’s equation, the Helmholtz equation ...). When
the curve is open, for simplicity we restrict our discussion to Symm’s equation
on the interval (—1,1), and give comments on when the method is applicable.
Two kinds of meshes are considered: quasi-uniform and graded meshes. We
shall recover the order of convergence achieved for smooth closed curves by an

appropriate grading at the two ends of the arc.

We reserve Chapter IV to discuss a semi-discrete method, the qualocation
method, to see how well the K-operator works in a different setting. A pertur-
bation argument is used to widen the class of operators that can be considered.
The application of the K-operator is considered only with a uniform mesh and

a closed curve, as the qualocation error estimates have been proved only for this

kind of mesh [17, 39, 41, 42, 45].

Numerical results are supplied in each chapter to convince the reader that the
theoretically predicted increase in accuracy can be observed in practice. This
applies both to local errors compared to the global ones (Chapter II) and to the
K-operator method (Chapters III and IV).



CHAPTER 1I

LOCAL ERROR ESTIMATES

1. Introduction

In this chapter we shall study local convergence properties of the Galerkin
method applied to strongly elliptic pseudo-differential equations given on smooth

curves in the plane, either closed or open. The equations are of the form
Au = f, ' (2.1.1)

where A is a strongly elliptic pseudo-differential operator of real order 2a on a
smooth curve I in R2, Common examples of these equations are Symm’s first-
kind integral equation with logarithmic kernel and the hypersingular integral

equation, which are defined respectively as

Vu(z) := —-217[‘10g |z — y|u(y)ds(y) = f(z) forz €T, (2.1.2)

and

Du(z) := _-71;65:3 /I‘ -é%;(log |z — y))u(y)ds(y) = f(z) forzel, (2.1.3)

where ds(y) is the element of arc-length, and 8/9n, denotes the directional
derivative operator in the direction of the outside normal (at the point z) of T’
in the case I is closed, or of a closed curve I' containing I' in case I' is open.
The operators V and D are of order —1 and 1 respectively. Another example is
the singular integral equation of Cauchy type. These integral equations are of

fundamental importance in solving boundary value problems of potential theory.
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For the Galerkin method global error estimates in Sobolev norms are known
(for various types of equations) in the case of smooth closed curves [25, 26, 27],
smooth open curves and polygonal curves [4, 15, 18, 19, 20, 21, 43, 44, 46,
53, 57, 60]. However, local estimates have been proved only for positive definite

operators [10] and for strongly elliptic operators [36] on smooth and closed curves.

In this chapter, we derive local error estimates for the Galerkin approximation
to strongly elliptic equations on smooth open curves, when smoothest splines
are used as trial and test functions. These results for the open curves follow by
modifying the proof of Saranen [36] to obtain a kind of interior local estimate for
an interior approzimate equation on smooth closed curves. Another application
of these interior local estimates will be discussed in the next chapter, where a

post processing method using the K-operator is studied.

The chapter consists of 5 sections. Notations to be used in this chapter are
given in Section 2. The result on interior local estimates is proved in Section 3.
That result is then applied in Section 4 to achieve local error estimates for the
case of open curves. In particular, we consider a weakly singular integral equation
(Symm’s equation) and a hypersingular integral equation. Section 5 is devoted

to some numerical experiments.

The main result in the chapter is Theorem 3.7 for closed curves and then
Theorem 4.2 for open curves. These give for the local error a bound comprising
two parts. The first part represents the local approximation property of the
splines. The second part consists of the global error term in the deepest Sobolev
norm. The theorems suggest that even though the local convergence in a given
norm is often better than the global convergence in that norm, that local order

cannot exceed the order achieved globally in the deepest negative norm.
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2. Notations and Some Preliminaries

The definition of the Sobolev spaces to be used in this chapter and in Section 4
of the next chapter is as follows. Let I’ be a smooth, closed curve in R2. As in
[24, 32], we define

{u|r : u € H**1/2(R?)}  for s >0,
H*(T')={ L*T) for s =0, (2.2.1)
(H~*(I"))', (dual space), for s <O0.
Moreover, if I'' is a sub-arc of I" we define, for s > 0,

H°(T'") = {u|r: : v € H*(T')},

_ (2.2.2)
H(T")={ue H(I'):u* € H*(I")},
where
u onl',
u* = {
0 onl\I',
and for s <0, 5
H (') = (H™(T)),
(2.2.3)

Ho(I') = (H™*(T")).

For s > 0, the norms in H*(T"), H*(I"') and H *(T") are defined respectively as

llull s (ry = inf{||U]| go+1/2@ny : Ulr = u|r},
lullzerry = inf{|jv]|zer) : vl = ufrr},
"“”ﬁ-(rl) = [|u*|| ze(r)-

For s < 0, the norms are defined by duality.

In the analysis of local estimates, we will repeatedly use a number of sub-arcs

and cut-off functions, so we fix the notations right from here:

Lhehe---elyel.CT, (2.2.4)
wj € Cg°(Tj4+1) and wj=1onIj for j =0,...,J -1, (2.2.5)

11



where X € Y means that the closure of X is contained in the interior of Y.

Let us introduce a family of boundary elements on I'" in the sense of Babuska
and Aziz [5]. Let v:[0,1] = R? be the parametric representation of I' by the
arc-length. With a quasi-uniform mesh A on the interval [0,1], we can define
1-periodic smoothest splines of order r (or degree r — 1) with breakpoints A.
Then, with the parametric representation v, we transplant the splines onto I
and denote the space of these splines by S;, where h is the maximum value
of the step-sizes. This space will be used as both test and trial space for the
Galerkin approximation. The order r is chosen such that the conformity condi-
tion S| C H*(T) is satisfied, i.e., @ < r — 1/2, where 2a is the order of the

operator A. We will also consider the following spaces:

Sp(Ty) = {$ € S} : supp ¢ CT}},

Si(Tj) = {v € H*(T) : v|r; = ¢|r; for some ¢ € S}},

(2.2.6)

for j = 0,...,J. The following properties of the spline space, which shall be

frequently used in this thesis, were proved in [5, 36].

Lemma 2.1. (Approximation property). Assume that to < r — % and g € N.

Let u € H*(T') withto < s <.
(a) There exists { € S}, such that

lu = Cllaery < ch* Hlullgeqy for all t < to.

(b) For any j =0,... ,J — 2, there exist ho > 0 and ( E.g'z(Pj+2) such that

lwju = Cllmeqry < h®lull e 40)s

for all t € [—q,to] and h € (0, ho].

12



Lemma 2.2. (Inverse property). Forallt <s <r— %, j=0,...,J—1, and
é € S}, there hold

I¢llzery < b Il (),

"wj¢"H'(P) < Cht—‘"¢"H‘(F,'+1)'

Lemma 2.3. (Super-approximation property). Assume that to < r — % and
g € N. Then for any ¢ € S} and j = 0,...,J — 2 there exist hg > 0 and
C ES{(I‘H.Z) such that

lwié = ¢y < kGl me(ry 1)

for all t € [—gq,t0), s <r—1 and h € (0, h).

13



3. Interior Local Estimates

In this section I' denotes a smooth, closed curve. We assume that A is an
isomorphism from H*(T") to H*~2%(T') for any s € R. Moreover, we assume that

A has the representation

A=A0+A11

where Ag satisfies, with some v > 0,
(Aou,u) 2 ||ull}aqy for all u € H(T),

and where A;: H*(I') = H*~?%(T') is compact for any s € R. Here (-,-) denotes
the inner product in L?(T'). We then deduce the stability condition (see e.g.

[56]): for some ho > 0,

inf su (44, ¥)]
P
ses; ves; |18l aamll¥llmacr)

>¢>0 for0<h<ho. (2.3.1)

In [36], Saranen studied the local error ||u — up|| ge(r,) for a large range of ¢,
where u globally lies in the energy space H*(I') and is smoother in some sub-
arc I, properly containing Iy (see definition (2.2.4)). More precisely, he assumed

that
(i) ve H*(T)NH*(IL) fora<s<r;
(ii) un € S};
(iii) (A(u —un),¢) =0 for all ¢ € S}.
We are concerned with the error ||u — us|| g (r,), where u and u;, now satisfy
(A1) ue H¥ ()N H*(I,) fora<s<r;
(A2) un € S(TL);

(A3) (A(u—up),) =0 for all ¢ €SL(T.).

14



For technical reasons, as will be seen in the remainder of this chapter and in the
next chapter, we only assume in (A2) that uj is a spline on the sub-arc I, and
can be arbitrarily extended onto I" provided that the extension is still in H*(T").
Later this will allow us to choose the mesh freely away from the interval under
consideration. The interior equation (A3) is analogous to the interior equation

studied by Nitsche, Schatz and Wahlbin in [34, 38] for the finite element method.

The result obtained under the assumptions (A1)-(A3) will be used to
deduce local error estimates for equations on open curves. It is also useful for

the application of the K-operator in Chapter III.

In the remainder of this section we will follow the techniques used in the
proof of Saranen [36] to obtain our result. We consider the following auxiliary

problem (which defines the Galerkin solution):

For any v € H*(T'), find Gv € S}, such that
(A(v — Gv),¢) =0 for all ¢ € S}. (2.3.2)
It follows from (2.3.1) that

"G’U - ’U”Ha(p) < C¢ié1£' "¢ - vllH"(I‘) for any v € HG(P) (233)
h

Let e = u — uj. Introducing the notation ¥ = wyv for any function v,

we decompose the local error € as
é = (u — Gu) + (G — Giy) + (Gip — up), (2.3.4)

and estimate each of the terms in parentheses separately.

Lemma 3.1. Let u € H*(I') N H*(T,) with a < s < r. Then there

exists an hg > 0 such Ithat

|l — Gﬁ"Ha(p) < ch"_a"u"Ha(p.) for 0 < h < hy.

15



Proof. The result follows from (2.3.3) and Lemma 2.1(b). O

As for the second term of the decomposition (2.3.4), by noting the

support of ¢ given by Lemma 2.3, we can prove similarly to [36, Lemma 3.3)

Lemma 3.2. Under the assumptions (A1)-(A3) with a < s < r, for

any fixed § < a there holds
IG@ — Giallga(ry < e{hlellmacr,) + llellaa-1cr.) + llel e cry}s

for 0 < h < ho with some ho > 0, where A = min(1,r — a).

Proof. From (2.3.1) we have

1G#l ey < ¢ sup LWAGESN (2.3.5)
vesy 1Ylla=r)
The equation (2.3.2) yields
(AGE, ) = (A&, ¥) = (Ae,¥) + ([4,wole, ¥), (2.3.6)

where [A,wo] = Awg — woA. By Lemma 2.3 there exists { €S} (I2) such that

19 = Cllzaqry < ch*||$llzar)- (2.3.7)

Since supp( C I; € I, from the assumption (A3) and the fact that w; =1 on
supp(¥ — ¢) there follows

(Ae’ d;) = (AG,'Z - C) = (W2A6,'§Z - C)
= (szwae,'l/; - () + (")ZA(]- - w3)6,’¢~ - C)
Since wa(1 — w3) = 0, from the theory of pseudo-differential operators we know

that wy A(1 —w3) is a pseudo-differential operator of order —oo (see [47]). Hence

from the Cauchy-Schwarz inequality and (2.3.7) we infer

|(4e, )| < e{llwz Awse|| -« (ry + llw2 A(1 — ws)el -« i — Clla=(r)
< ch*{|lellmar.) + llell zo HIgl e (2.3.8)
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The last term of (2.3.6) can be rewritten as

([A7w0]ea d’) = ([A1w0]w26v ¢) + ([A’wO](l - w2)67 ¢)

= ([A,wolwze, %) — (wo A(1 — ws)e, ¥).

Since [A, wo] and wg A(1—w2) are pseudo-differential operators of order 2a—1 and

—oo respectively (see [47]), we obtain, by using the Cauchy-Schwarz inequality,

[{[4,wo]e, ¥)| < {lI[4,wo]wze|l r-a(r) + [lwoA(1 — w2)e|| gr-a () HIY || e (r)

< c{llellza-1(r,) + llell e @y HIYl o (r)- (2.3.9)

Inequalities (2.3.5), (2.3.6), (2.3.8) and (2.3.9) now give the desired result. O

To estimate the last term in (2.3.4) we slightly modify the proof of

Saranen [36).

Lemma 3.3. Under the assumptions (A1)-(A3) witha < s < r we
have

IGin — @nllgacry < c{h*~llullzr.) + B el zar},

for 0 < h < ho with some ho > 0, where A = min(1,r — a).

Proof. We only need to note that by the definition of Sj(I\) there exists
u} € S} such that uj|r, = ua|r,. The proof then follows in the same way as for

[36, Lemma 3.4] if we replace up by uj.

In fact, assume first that a < r —1 and consider the case a < s < r—1.
Since @i = @} (where i} = wou}), by using (2.3.3) and Lemma 2.3, and noting

that 4} € H*(T'), we obtain

IGin — @nllmaqry = |Gk — @kl gaqr) < ¢ jof, ik — éll r=(r)
< ch® "M |ub || e (ry)- (2.3.10)
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Noting that w; =1 on I; and hence on I, we can write
luillzey) < lwzvillery < llw2(ui — ey + lwzdlle@y,  (2.3.11)
with
w2l rrery < Bllae(ry < lwsu — ¢l me(ry + lwsul| mery (2.3.12)
for any ¢ € Si. By Lemma 2.1(b) we can choose ¢ such that
lwsu — ¢llaery < h®*Hlullger,)y fora<t<s. (2.3.13)
Inequalities (2.3.12) and (2.3.13) give
w2l e (ry < ellullaer,)- (2.3.14)

Furthermore, using Lemma 2.2 and the triangle inequality, and noting that
w3 = 1 on I3 we infer
lwa(ui — S)llaery < h*™*|luj — 8]l a(ry)
< b {llu — uhllHa(ry) + llu = Sy}

< ch®{|lu = uhll ey + lwse = ¢llacry}-
(2.3.15)
Inequalities (2.3.13) and (2.3.15) give

lwa(uh = Dllaecry < bl — willmay + lully}.  (23.16)
Combining (2.3.10), (2.3.11), (2.3.14) and (2.3.16) we obtain, by noting that

up|r, = ualr,,

IGin — @allmacry < e{h®*Flul| o) + hllell maqry}- (2.3.17)

Next consider the case a < r —1 < s < r. Then using (2.3.17) with
s =r — 1 we have
IGan — @nllmay < e{A™ *lullgr-1(r.) + Rllell maqr)}
< c{h*7||ullger,) + Rllell maqr)}
< e~ |lull ey + M lell o) }-
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Finally, if r — 1 < a < s < r, we have by (2.3.3) and Lemma 2.3

|Giin — @allza(ry < ch™ % |lunllgr-2(ry)
< ch™{|lullgr-1(ry) + llellar-2qry) }
S c{h*7ullgr-1(r,) + B"7|lel| aqray }

< c{r*"?||ull g,y + Bl gaqr.y}. O

Summing up the results in Lemmas 3.1-3.3 we achieve

Lemma 3.4. Assume that (A1)~(A3) hold witha < s<r. Let f < a

be arbitrary but fixed. Then there exists hog > 0 such that
lellzraqroy < e{h*~llullaecr) + b lell racr,) + lellza-1cr) + llel e (ry}s

for 0 < h < hy, where A = min(1,r — a).

We next use Nitsche’s trick to obtain local estimates for lower order

noris.

Lemma 3.5. Let the assumptions (A1)—~(A3) hold with a < s < r.
Let B < a be fixed. Then there exists hg > 0 such that

llell| ¢ oy < c{h*|lellza(ry) + llellze-1 ) + el ey}

fort < a and 0 < h < hg, where p = min(a — t,r — a).

Proof. The proof is somewhat similar to that of Lemma 3.2. However,

instead of (2.3.5) we will make use of the identity

- I(E’w)l
lélaeqry = sup  —p———. (2.3.18)
D= en-+) lwll -+
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For any w € H™*(T'), let y be the solution of A*y = w. Then y € H2*~(T) and

lyllzrza-e(ry < cllwlla-«r)- (2.3.19)

(Recall that A*, the adjoint of A, is an isomorphism from H*(T') to H*~2%(T)
for any s € R.) Moreover, we can write

(€,w) = (&, A%y) = (4&,y) = (4e,7) + ([4,wole, y). (2.3.20)
By Lemma 2.1(b), there exists G.g';;(I‘g) such that

15 = Cllerary < ch*llyllza-e(ry-
Hence the first term on the right hand side of (2.3.20) can be estimated as
[(Ae, §)| = [(Ae, § — ) = (w2 Ae, § — ()|

< |(waAwse, § — )| + |{w2 A1 — ws)e, § — ()|

IA

w2 Awsell r-aqry + lws AL = ws ell e cry )15 = Clecry

ch* (llellacry + llellzs @) 1yl zze-scr)- (2.3.21)

IA

In the last step we used again the fact that we A (1 — w3 ) is a pseudo-differential

operator of order —oo. The last term of (2.3.20) can be estimated as:
({4, wole, y)| = |([A4,wo]wze, y) + ([4,wo](1 — w2)e, y)|

{[4, wolwze, y) — (woA(1 — w2)e, y)|

< (14, wolwzellse-saqry + lwo A(L = wa)ell e-a(ry )yl sr2e-r

C(”e“m-l(r.) + "e“Hﬂ(I‘)) lyll z2a-e(r)- (2.3.22)

Inequalities (2.3.18)—(2.3.22) now give the desired result. O

INA

Remark. Lemma 3.5 is very slightly different from [36, Lemma 4.1] in
that we allow t to be less than 2a — r, and therefore allowing 8 to be smaller
than 2a — r (as will be seen in the proof of the next lemma), which is necessary

in the application of the K-operator in the next chapter.

Combining Lemmas 3.4 and 3.5 we obtain an explicit estimate in the

energy norm:
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Lemma 3.6. Assume that (A1)-(A3) hold witha < s<r. Let f < a
be arbitrary but fixed. Then there exists hg > 0 such that

lell ey < e{h*~|lull ey + llellna@y}  for 0 < h < ho.

Proof. From Lemma 3.4 we have

llell ze(re) < e{h*~*lull e,y + A |lell mary) + lellza-1ayy + llellze @y}

where A = min(1,r — a), and we have now redefined I}, I;, etc. Using Lemma 3.5

with t = a — 1 we then deduce
lell a-1(ry) < e{h**lell ra(ry) + llell ma-2(ry) + llellzs(r)}s
where 1 = min(a — (@ — 1),r — @) = min(1,r — a) = A. Hence
lell ey < e{h*~*llullmer.) + b llellgacrs) + llellaa-2crs) + llellmay}-
Again we use Lemma 3.5 with ¢t = a — 2 to obtain
lell za-2(ry) < e{h*?|le]| pa(rs) + llell ma-s(rs) + llell ey}
where p2 = min(a — (a — 2),r — a) = min(2,r — a) > X. Hence
lell ra(ray < e{b*~®llullmecr.) + B lell raqrs) + lellza-srs) + llellzecry}-
Repeating the argument, we achieve
lellzra(ro) < e{h*~®llull ey + B lellacry) + lellma-srs) + llell oy}
Taking J sufficiently large so that « — J < 8 we then obtain

||e"H~--’(r;) < ||e||H°'--'(I‘) < ||C||Hﬂ(r),

and therefore

lellzzaro) < e{h*~*||ullmo(r,y + P el acrs) + llellzeqry}- (2.3.23)
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Using (2.3.23) for the term ||e||7a(r,) (by considering more sub-arcs properly

contained in I,) we obtain

lellza(ry) < e{h*~l|ullmer.) + b el acrs ) + el aeqm}- (2.3.24)

Inequalities (2.3.23) and (2.3.24) give

lellace) < A~ llulla=qr.) + h*Xlell o mss + lell e}

Continuing the process we finally achieve

lellraqry < e{h* = lullaeq.) + B llell e sim-1) + lell s (}-

With m chosen sufficiently large so that

W™ lell (R pm-y) < (b lull o) + llellus @y},

the desired result will be proved. This can be done by using Lemma 2.2 for the

spline u}, defined in the proof of Lemma 3.3. In fact we have

hm'\"e"H“(F.H-m-l) < hm’\{"u”H"(FJ+m-1) + ”u’l"H"(FJ+m-1)}
< WM |lull oy + lwstm-1uill ey}
=< hmx{"u"H‘(Pt) + hﬂ_alluhlal(PJ+m)}

< WM llull reray + llell o ry }-

By choosing m so that mA + 8 > s, we complete the proof. 0O

Theorem 3.7. Assume that (A1)-(A3) hold with a < s < r. Let
B < a be arbitrary but fixed. Then for —r +2a <t<s<r andt<r—% we

have
lellzeqroy < e{h*~Null ey + A% llell aem}

where 0 < h < hy for some hy > 0 and where

0 ift<a,
o=

a—t ifa<t.
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Proof. Consider first the case t < a. Using Lemmas 3.5 and 3.6 and

noting that
a-—t ift > 2a-—r,

p=min(a—t,r—a)={
r—a ift<2a-r,

we obtain
llell #eroy < c{R¥|lellzacry) + llellze-2qry) + llell mecry}
< c(h*H* " ullgery + llell me-1(ry) + llell ey}
< c{h¥|Jullger.) + llellae-1(ry) + el mory}s (2.3.25)
where
s—t ift>2a-—r,
V=
s+r—2a ft<2a—r.

Using the same argument for ||e|| z7¢-1(r,) and then inserting into (2.3.25)

we have
llell ae oy < AR llullgsr,) + llell ae-2ry) + llell ey }-

Repeating the argument, we infer

llell #ere) < c{h®|lull o) + llellze-o¢ry) + llell msry}-

Taking J sufficiently large so that ¢ — J < B we arrive at

llell e (ro) < e{h”||ullmo(r.)y + llell ey} (2.3.26)

Consider now the case a <t <r —1/2 and t < s. For any {( € S} we

have, by noting that w; =1 on I} and using Lemma 2.2,

llellze(roy < llwrw = Cllareqrey + llun — Cllzre(ro)
< llwrw = (Il ey + llwo(un — Ollmecry
< flwru = ey + ch®Hlup — (|| ga(ry)
< llwiw = Cllaery + b {llell ey + llu = Cll ey}
< llwrw = Cllaery + k" {llell ey + lwrw = {llza(ry}-
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Using Lemma 2.1(b) and using (2.3.26) for the term ||e|| a(r,) We infer
lellzerey < e{h*~llullaeq.) + 2 llellaary},

and the theorem is proved. 0O

Remark. In the proof of this theorem, the inverse property is used only
on the sub-arc I'* of I'. Therefore, the quasi-uniformity of the mesh is required
only on I'*. This remark is important for the next chapter when we use mesh

grading on I'\I'* to improve the convergence in the case that I is an open curve.
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4. Local Error Estimates for Equations on Open Curves

In this section I' is a smooth, simple, open curve and Tisa smooth,
simple, closed curve containing I'. Let A: H*(T) — H~*(T') be a strongly
elliptic integral operator such that A: H*(I') — H~*(T) is the restriction of A.
We will assume that both A and A are invertible. For example, if A = V or
A = D, then A is defined by (2.1.2) or (2.1.3) with T replaced by I'. In case
A =V, the above assumption is that the transfinite diameters (or logarithmic
capacities) of I" and T are both different from 1. The defining Galerkin equation
is

(A(up —u), @)y =0 for 6 € S; N H*(T), (2.4.1)

where up € Sp N H*(T'). We will use the result of Theorem 3.7 to deduce
local error estimates for this open curve case. Discussion is then concentrated
on the case A = V and A = D. Since local error estimates are only valuable
when the exact solution of the equation is smoother in some sub-arc than on
the whole curve T, it is worth considering the local regularity of the solution. In
the analysis, we shall use sub-arcs and cut-off functions defined by (2.2.4) and

(2.2.5) with the addition that now we assume I, € I since I' is open.

Lemma 4.1. If f € H™(T') for some 7 > —a then the solution u of

(2.1.1) is in H™*22(T}) and there holds the following a priori estimate
lull zr+2a(ro) < e{llull gacry + I f a7} (24.2)
Proof. The proof follows that of [21, Lemma 4.1]. From the equation
(2.1.1) we deduce, for j =0,... ,J -1,

wjAwjp1u = —wjA(l —wjs1)u + w; f. (2.4.3)
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Since w;jA(1 — wj41) is a pseudo-differential operator of order —oo, if we let

gj = —w;jA(l —wj41)u + w;f, then

lgillerry < e{llvllgary + Ifllar@y} forj=0,...,J-1. (24.4)

The equation(2.4.3) can be understood as an equation on the smooth closed

curve I'. To clarify this point, we rewrite that equation as
wjAwjp1u = gj. (2.4.5)
Since A~ exists as a pseudo-differential operator of order —2a, and since
A wjAwjpu = wiwjpu + (A7 w; —w; A7) Awju
we deduce from the equation (2.4.5) that

WiwWjp1u = —([{'le - wjx:i_l )-“ij-l-lu + /i_lgj-

By noting that the commutator (A~1w;—w;A™!) is a pseudo-differential operator

of order —2a — 1 and by using (2.4.4), we obtain, for any t < 7,

lwju|l ge+2ary < e{llwjtrullme+2a-1(ry) + [|g5ll 7y }

< e{llwjtrull ge+2a-1qry + lull gacry + 1|27 (0 }-

By using the above estimate repeatedly, starting with j = 0 and ¢t = 7, we find

the estimate

lwoull r+2a(ry < e{llwsullar+2a-s(ry + llull gacry + 1 Fll a7y }-

By choosing J sufficiently large so that 7+2a —J < a and by noting that wy = 1

on I'g we obtain the desired result. O

We are now able to consider the local convergence properties.
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Theorem 4.2. Assume that the solution of the equation (2.1.1) satis-
fiesu € H*(T)N H*(T,) for a < s < r. Let uy € SN H(T) satisfy (2.4.1). Let

B < a be fixed. Tbenfor—r+2a$t$s$randt<r—% we have

lellzere) < e{b* " llullzacr.) + hllell gory > (2.4.6)

0 ift<a,
o=

a-—t ifa<t.

where e = up — u and

Proof. From the Galerkin equation (2.4.1) we deduce
(A(up — u),)r2qr) =0 for any ¢ €S (T). (2.4.7)

For any function (or distribution) v defined on I we denote by v* the extension

{v onT,
v* =
0 onI'\T.

We then have u* € H"(f) N H*(T.) and u} € S{(T") N H*(T). Equation (2.4.7)

of v onto T’ by 0, i.e.,

implies
(A(u} — u*),0*) a2y =0 for any ¢* €S}(T).
Theorem 3.7 then gives
lur — wllae(r) = llu* = uillmeo) < B llu* | + h7lluk — vl oy }
< b " lullaeqry + R llell oy }-

The theorem is proved. 0O

Remark. The global error term in (2.4.6) controls the highest possible
order of convergence, even though for convenience in the theorem we allow ¢ to

go down to —r + 2a.

As examples, we will now consider the weakly singular and hypersingu-

lar integral equations on the interval I' = [-1,1].
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Weakly Singular Integral Equation. The equation, as given by
(2.1.2), is

Vu(z) = —2% /I‘ log |z — y|lu(y)ds(y) = f(z) forz €.

A physical interpretation of u is that it is the jump in the normal derivative of
the solution of a Dirichlet problem for the Laplacian in R? \ I' with boundary
values f on I' and vanishing at infinity [46]. It is known [46, Theorem 1.5] that
V: H™(I') - H™+(T) is a continuous and bijective mapping for —1 < 7 < 0. If
we use piecewise-constant functions as trial and test functions for the Galerkin

equation (2.4.1), the following estimates hold (see [20, 46])
"e"ﬁc(p) S Chr-t"u"ﬁr(r) for —1<t S 7<0.

Therefore, for any e satisfying 0 < € < 1/2, provided that the boundary data are

sufficiently smooth we have
lellgery < ch™llullg-cry for —1+e<t<—¢

whereas, by applying Theorem 4.2 (with s = 1/2 and § = —1 + €) we obtain

ch=2(|lull grrar,y + "“"ﬁ-f(l‘)) for —1+e<t<-1,
lellzrroy < 1/2-2¢—t 1 1
ch ("u”}p/a(p.) + ||u||I~{_,(P)) for — 2 <t< 2
(2.4.8)
In particular, in the L?-norm we have local convergence of order O(h/2-2¢) even

though the global L%-norm of e is not defined. In the energy norm (H~!/2-norm)
we have convergence of order O(h!~2¢) locally, compared to O(h!/2~¢) globally.
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Hypersingular Integral Equation. The equation, given by (2.1.3),

is

19

7w ong

Du(z) = — /l‘ a;zy(log |z — y)u(y)ds(y) = f(z) forz €T.

This equation arises as a reformulation of the Neumann problem for the Lapla-
cian in R?\ I with boundary values f on I'. The function u is the jump of the
solution of that problem (see [19, 57]). It is known that D: fI"(I‘) — H™ (") is
continuous and bijective for 0 < 7 < 1 (see [19, Theorem 1.7], [57, Corollary 1.7
and the remark after that]). If S3(I') —the space of continuous piecewise linear

functions vanishing at +£1— is used as both test and trial space, then
lellzery < A" Hllullggry for0<t<r <1
Hence, for any € > 0 we have
llell gery < chl_‘—t"u"ﬁ,_,(r) for0<t<1-e

Using Theorem 4.2 (with s = 3/2 and 8 = 0) we obtain

ch' = (llull zsr2qr,y + lull Fi-e(ry) for 0<t<1,

llell e (ro) < { . . \ (2.4.9)
ch /2—t_€(”'UIIHs/2(F.) + "u"ﬁl-e(r)) for 3 <t < 3.

In particular, we have in the energy norm (H'/2-norm) convergence of order
O(h'~¢) locally, compared to order O(h!/2—¢) globally. In the H!- norm, there
is local convergence of order O(h!/2~¢), whereas there is no result for the global

error in that norm because the exact solution u may not be in H*(T').
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5. Numerical Experiments

We tested the convergence of the two cases discussed above. In the
experiments we made use of the program of Manfred Hahne (University of Han-

nover) to find the Galerkin solutions.

Experiment 1. We considered the weakly singular equation (2.1.2)
with f(z) = z. The exact solution is then u(z) = 2z(1 — z2)~1/2. We calculated
analytically the LZ-norm of the error on I'm, = (—1+1,1— 1), and investigated
various values of m, even with m sufficiently large to see a deterioration of the
convergence process. The empirical convergence rate (for small m) is higher

than what we expect from our analysis: we achieved convergence of order O(h)

instead of O(h'/2-2¢) (see Table 1).

N ||e||L2(—o.5,o.5) ||e||L=(—o.9,o.9) ”e||L=(—o.99,o.99)
4 4.36e-01 1.51e-00 2.20e-00

8 1.70e-01 1.36 1.40e-00 0.11 1.77e-00 0.31

16 8.41e-02 1.02 9.70e-01 0.53 1.49e-00 0.25
32 4.22e-02 0.99 1.38¢-01 2.81 1.37e-00 0.12
64 2.11e-02 1.00 7.37e-02 0.91 1.35¢-00 0.02
128 1.06e-02 1.00 3.93e-02 0.91 1.17e-00 0.21
256 5.30e-03 1.00 1.99¢-02 0.98 1.88e-01 2.63
512 2.65¢-03 1.00 9.87e-03 1.01 1.04e-01 0.85
1024 1.32e-03 1.00 4.89¢-03 1.01 4.19e-02 1.31

TABLE 1. L2-errors on indicated intervals and empirical orders of

convergence for Experiment 1

Experiment 2. The hypersingular equation (2.1.3) was tested with the
right hand side f(z) = 2. The exact solution is u(z) = —2(1 — z2)'/2. In the L*-

norm, the errors were calculated on various subintervals and even on the whole
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N | llell2(-0.5,0.5) | llell2(-0.9,0.9) | llellz2(—0.99,0.99) llellz2(=1,1)

4 | 8.25e-02 3.37e-01 3.85e-01 3.86e-01
8 |5.96e-02 0.47 |1.29e-01 1.38 | 1.92e-01 1.00 | 1.94e-01 1.00
16 | 2.96e-02 1.01 | 4.28e-02 1.59 | 9.59e-02 1.00 | 9.84e-02 0.98
32 | 1.49e-02 0.99 |2.39e-02 0.81 | 4.65e-02 1.04 | 5.03e-02 0.97
64 | 7.51e-03 0.99 | 1.22e-02 0.98 | 2.06e-02 1.17 | 2.58e-02 0.96
128 | 3.76e-03 1.00 | 6.13e-03 0.99 | 8.01e-03 1.36 | 1.32e-02 0.96
256 | 1.88¢-03 1.00 | 3.07e-03 0.99 | 3.98¢-03 1.01 | 6.77e-03 0.96
512 | 9.42e-04 1.00 | 1.54e-03 1.00 | 2.04e-03 0.96 | 3.47e-03 0.97
1024 | 4.71e-04 1.00 | 7.70e-04 1.00 | 1.03e-03 0.99 | 1.77e-03 0.97

TABLE 2. L2-errors on indicated intervals and empirical orders of

convergence for Experiment 2

N "e"Hlﬁ(—o.s,o.s) "e"Hllz(—o.s,o.s) ”5"}11/2(-0.99,0.99) ||e||H1/2(—1,1)

4 | 1.90e-01 7.12e-01 9.20e-01 9.01e-01
8 | 1.01e-01 0.91 | 4.26e-01 0.74 5.84e-01 0.66 [6.18¢-01 0.54
16 | 4.99¢-02 1.01 | 2.04e-01 1.06 3.78e-01 0.63 |4.31e-01 0.52
32 | 2.51e-02 0.99 | 5.76e-02 1.82 2.53e-01 0.58 [3.03e-01 0.51
64 | 1.26e-02 1.00 | 2.99e-02 0.94 1.67e-01 0.60 [2.13e-01 0.50
128 | 6.31e-03 1.00 | 1.55e-02 0.95 9.67e-02 0.79 [1.51e-01 0.50
256 | 3.16e-03 1.00 | 7.82e-03 0.99 2.74e-02 1.82 [1.06e-01 0.50
512 | 1.59¢-03 1.00 | 3.90e-03 1.00 1.46e-02 0.91 |7.52e-02 0.50
1024 | 7.90e-04 1.00 | 1.94e-03 1.01 |.6.57e-03 1.15 [5.31e-02 0.50

TABLE 3. Energy norm errors on indicated intervals and empirical

orders of convergence for Experiment 2

interval [—1,1]. In every case we observe the expected convergence rate O(h!~¢),

as one can see in Table 2. We also considered the energy norm (H'/2-norm).

. 1/2
The global errors were evaluated using the formula |le| 1/2ry = (De,€) L/?(l‘) =
(g, 6)2/,2(P), whereas the local norm was approximated by a bound given by the

interpolation theory: ||e"}‘/’il‘,..)|le'"}f/’2(1‘m)’ where ' denotes the derivative with
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N llell 771 (~0.5,0.5) llell 71 (=0.9,0.9) llell 71 (0.99,0.99)
4 4.44e-01 1.54e-00 2.23e-00

8 1.80e-01 1.30 1.41e-00 0.13 1.78e-00 0.32

16 8.91e-02 1.02 9.71e-01 0.53 1.50e-00 0.25
32 4.48e-02 0.99 1.41e-01 2.79 1.37e-00 0.12
64 2.24e-02 1.00 7.47¢-02 0.91 1.35e-00 0.02
128 1.12e-02 1.00 3.97e-02 0.91 1.17e-00 0.21
256 5.62e-03 1.00 2.01e-02 0.98 1.88e-01 2.63
512 2.81e-03 1.00 9.99¢-03 1.01 1.04e-01 0.85
1024 1.41e-03 1.00 4.95e-03 1.01 4.20e-02 1.31

TABLE 4. H!-errors on indicated intervals and empirical orders of

convergence for Experiment 2

respect to z. Convergence rates O(h!/2—¢) globally and O(h!~¢) locally match
the analysis (see Table 3). The H!-norm of the local errors was computed on
I'm with various values of m. We obtained an apparent order of O(h) when m
is not too large, even though the predicted order is only O(h!/2~¢), and again
when we increased m the convergence declined. The numerical results are given

in Table 4.

32



CHAPTER III

A POST-PROCESSING METHOD

1. Introduction

In this chapter we shall study a way of increasing the order of local convergence
in the L2-norm of the Galerkin approximation to the solution of a strongly elliptic
pseudo-differential equation on a smooth curve in R?, closed or open. This better
approximation is a legacy of the highest order of global convergence achieved in

a negative norm.

Consider for example Symm’s equation. With piecewise-constant functions
used as trial and test functions, it was proved that the local L2-error converges
with order O(h) in the case of smooth closed curves [36] and with order almost
O(h'/?) in the case of smooth open curves (see (2.4.8)) . However, it is well known
that the highest orders of global convergence achieved (in negative norms) are
O(h3) for the closed smooth case [27] and nearly O(h) for the open smooth case
[20, 46].

We shall construct, from the Galerkin solution, a better approximate solution
which inherits the highest possible orders of global convergence to give best
local convergence in the LZ-norm. For example, for Symm’s equation mentioned
above, order O(h?) for the closed case and almost O(h) for the open case can be
achieved locally in the LZ-norm. That better approximation is constructed by

averaging the values of the Galerkin solution, using the K-operator.

The K-operator was proved to be an effective post-processing method in the
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finite element environment [7, 9, 48]. Its main features are clarified in [54]. It
produces an easily computed new approximant in the form of a convolution of
the Galerkin solution with a special kind of spline with small support. This
method is applicable when the problem and the trial space are translationally

invariant and when an estimate in a negative norm is available.

If the trial space is chosen to be the space of piecewise-polynomial functions (in
this thesis we always consider this kind of trial space), in order that it is invariant
under translation by a mesh step, it is essential that the mesh be uniform or
at least locally uniform. In the case that the mesh is locally uniform, all the
error estimates considered are local estimates; therefore the estimates proved in
Chapter II are important for the application of the K-operator method in this

chapter.

However, unlike partial differential operators, pseudo-differential operators
have only a pseudo-local property. Hence, the effectiveness of the K-operator is
not obvious in boundary element methods. A careful study is therefore necessary.
This study will give light on the reason for the peculiar assumptions (A2)-(A3)

in the previous chapter.

It is worth noting that for Fredhom integral equations of the second kind,
Chandler [14] has used a method analogous to the K-operator (which he referred
to as ‘superinterpolation’) to obtain superconvergence. The mesh used there is

uniform and only global errors were investigated.

This chapter has 5 sections. Section 2 gives some notations to be used and a
review of the global property of the Galerkin approximation. The definition and
some properties of the K-operator are given in Section 3. Its application to the
case of smooth and closed curves can then be found in Section 4. Section 5 is

devoted to a consideration of a special kind of equation on open curves: Symm’s
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equation on an interval. Both quasi-uniform and graded meshes (graded at the
ends of the interval) are discussed in this section. Using mesh grading, we will
obtain local convergence of order almost O(h3) in the L?-norm, which is the
same as in the case of a smooth and closed curve. Numerical examples are given

in Section 6.

2. Notations and Some Preliminaries

Notations introduced in this section are to be used in Section 3 for the study
of the smooth, closed curve case. Let I' be a plane smooth and closed curve
given by a parametric representation v: [0,1] — R? such that |y’| > ¢ for some
¢ > 0. In boundary element methods, I is the boundary of a given domain
associated with some boundary value problem. Via the parametrization we have
a one-to-one correspondence between functions on I' and 1-periodic functions.

We thus restrict ourselves without loss of generality to equations of the form
Lu=f, (3.2.1)

where u and f are 1-periodic functions. Each periodic function u has a Fourier

expansion

u(x) ~ z a(n)eZm'nz’

n€Z
where the Fourier coefficients are given by the formula

1
i(n) =/ u(z)e~2"" dg,
0

provided u is in L!(0,1). For s € R we define the norm

lull} = 12(O)* + ) Inf**la(n) .

n#0

The Sobolev space H, consists of all periodic distributions u for which the norm
||u]|s is finite. If I' is an open subset of I = [0,1], we also consider the space

H*(I') with norm denoted by || - ||5,7 (see the definition in e.g. (2.2.2)).
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The operator L is assumed to be of the form
L = Lo + Ly,
where the principal part Lg is defined by

Lou(z) := Z[n]aﬁ(n)ez”i"”, (3.2.2)
neZ

with a € R and [n], defined either by

1 forn =0,
[n]e = { (3.2.3)
|n]2* for n #0,
or by
1 forn =0,
[n]a = { (3.2.4)
(sign n)|n|?* for n # 0.

In either case Ly is a pseudo-differential operator of order 2a, and is an isometry
from Hj to H;‘Z" for all s € R. The operator L; is assumed to be bounded
from Hj to H, ;‘2“"'" for all s € R and some positive number 7 to be specified
later. We then have Ly'L; bounded from H} to Hy*" and compact on Hj for

all s € R. We also assume that L is 1-1, and thus by the Fredholm alternative
(I+Ly'Ly)™: H, — H,
is bounded for all s € R.

Since the boundary integral operators associated with regular elliptic bound-
ary value problems on smooth closed curves are pseudo-differential operators of
integer order (see [56, Theorem 2.1]), we assume for simplicity in the sequel that
the operator L has integer order 2a, even though our results are still correct for

any real a.

Let Io,... ,I4, I, and I* be intervals such that ; € [;;; € [, € [* € I =
[0,1], for i = 0,...,3. Let A = {z}, zx < zg41 for k € Z, be a set of points
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on the real axis such that zx4+ny = zx + 1 for some N € N and all k € Z. We
consider for r > 2 the space S} , of 1-periodic smoothest splines, i.e., ¢ € Shp
if ¢ is a polynomial of degree at most r — 1 in every subinterval (zx,zr4+1) and
has continuous derivatives up to order r — 2. Here h is the maximum value of
the step-sizes. The space S,lhp means the space of 1-periodic piecewise-constant
functions. The order r is assumed to be chosen so that the conformity condition
S p C Hy is satisfied, ie., a < r — 1/2, and so that u, the exact solution to

(3.2.1), belongs to H;. We shall also consider the following spaces:

Shp(Li) = {¢ € Sk, : supp (¢l1) C Li},
Sk p(Li) = {v € Hy : v|1; = 4|, for some ¢ € Sf .}, i=0,...,4.
We shall assume that the mesh is uniform in the interval I*. Then there exists an

ho > 0 such that, for any h € (0, h¢}, for : =0,...,3,and for j =1,... ,r — 2a,
Tine 6;57.,,,(1#1) Vo €§Z,,(Is), (3.2.5)
where T}, denotes the translation operator Thv(z) = v(z + h).
Let up € S , satisfy
(Lup,¢) = (Lu,d) for any ¢ € S,';,p, (3.2.6)

where (-,-) denotes the inner product in H) = L3(I). It is known [27] that for

2a —r<t<s<randt<r-1,
lun — ulle < ch*~Yulls. (3.2.7)
In particular, in the L2-norm we have
llun — ullo < chT[u]l-,
whereas in the most extreme negative norm we can obtain

llun — ull2a—r < ch2"=||u||,. (3.2.8)

37



In addition to uj, itself, we will consider K} * u, as an approximation to u
(where * denotes the convolution, and the function K} is to be defined later) in
such a way that if 2a — r < 0 and if u is smoother than previously assumed in
some sub-interval of I, i.e., u € H™(I,) N Hy, for some r; > r to be specified

later, then

1Kh +un = ullogy < h* T (lullry 1. + [lullr)-

Since we are in the periodic context, we need a periodic version of Theorem 3.7

in Chapter II. In this context, that theorem can be interpreted as:

Theorem 2.1. Let v € Hy N H*(I.), a < s <r, and v, € S}, ,(I.) satisfy
(L(vin —v),) =0 for all p €S}, ,(I.).

Let B < a with B arbitrary but fixed. Then there exists hg > 0 such that for

any h € (01 hO]
llon = vlle,zo < (A"~ ||vlls,z. + A7 [lva — v(l5),

With2a—-r5t53$r,t<r—%and

0 ift<a,
a={

a—t ifa<t.

We shall in the next section give a full description of the K-operator.
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3. The K-Operator and Its Properties

The K-operator acting on uy is defined by the convolution of u; with a func-
tion K} defined as a linear combination of B-splines such that it reproduces
polynomials (up to some degree) under convolution. For the application to our

problem we will give here its definition in the 1-dimensional case only.

Let
1 if —% <z < %,
x(z) =¢ 3 fe=Ltorz=-1,
0 otherwise,
and let

P = xyxx*---xx, x occuring [ times ,I> 1.

It is well known that ¥ is the B-spline of order ! symmetric about 0, with
integer or half-integer knots, and with support [—%, %] Let ¢,! be arbitrary but
fixed positive integers. We define

q—1

Kye) = ) kO -3), (33.1)
j=—(g-1)
and try to choose kj, j = —(¢ — 1),... ,q — 1 in such a way that
o _ 1 if1=0,
/ Ki(z)s'dz = { _ (3.3.2)
—o0 0 if:=1,...,2¢—-1.

Since 1) is an even function and since we want K ; to have the same property,

we impose the symmetry condition
k_j =k, j=1,...,¢q—-1. (3.3.3)

Then the condition (3.3.2) is equivalent to

oo 1 ifm= 0,
/ K(z)z*™ dz = { (3.3.4)
—oo 0 fm=1,...,¢g—1.
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In fact (3.3.4) can be written as

g—1 oo 1 ifm=0,
K / YO@) e +ipmde={ (3.3.5)
j=0 —oo 0 fm=1,...,¢-1,
where ky = ko, kj = 2kj, j = 1,... ,9 — 1. The system (3.3.5) is a system of ¢
equations with ¢ unknowns ky,... ,k;_;. It was proved in [8, Lemma 8.1] that

the solutions exist uniquely.
Now for 0 < h < 1, we define
! 11,2
Kh(.'t) = Kh,q(:t) = ZKq('E) (3.3.6)

Then we have supp Kj , = [-(¢— 1+ 3)h, (¢ — 1+ $)h] and

oo _ 1 ifi=0,
/ Kip(z)z' dz = { (3.3.7)
oo 0 ifi=1,...,2¢—1.

As an example, we give here the graph of Kj (Figure 1), a cubic spline. The

3 .3 = 181 = = 17 = =
coeflicients k; in that case are ko = 135, k1 = k—1 = —¢g5, k2 = k-2 = 35.

FIGURE 1. Graph of K3
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Representation of K} * up. We give here the representation of K * uj in

case the mesh is uniform.
Let ¢§:’2 be 1-periodic functions defined by
7] " /
¢§,{3(x) = U >(% - '5) forze€0,1), I'=1,...,N, h=1/N.

If up, is a solution to the equation (3.2.6), then since up € Si , we can write uj

in the form
N-1

up(z) = Z c.z,b(') (z —th).

i=0
Hence K} * up can be represented as

N-1

Ky *ua(z) = ’Z% cidhy (e — G+ g)h),

where ¢§:’2 is a 1-periodic, even function defined by
g—1
K@= Y k-t D).
i==(¢-1)

To ensure that ¢(r+l), and hence K} * up, is a periodic spline of order r + I, we
require ¢ — 1 + —'{— < %— If the inequality is strict, then the support of ¢§::0
in [-1,1]is [-(¢ — 1+ ZH)h, (¢ — 1 + ZH)A). As an example, the graph of
é(t) = (5) p(th) for the case I = 4, ¢ = 3, and r = 1 is given in Figure 2. Its

support in [—&, & is [-2,2].

Stability Discussion. Assume that

N-1

@n(z) = Y Gy (e — ih)
i=0
and that
lei—¢i|<e fori=0,...,N—1.

Then

N-1 r

K un(z) — K in(z)| S € Y 1647, (z = (i + )R]
i=0

41



In case | =4, ¢ = 3 and r = 1, elementary but lengthy calculation gives us

N-1 ) 1 N-1 ) 1
5 : _ 8) (s 4 1
25, X We =+ PRI = X WG+ M)
= 1.2146.

Hence

| Kp * un(z) — Kp * in(z)| < 1.2146¢,

i.e. the K-operator method is quite stable in this case.

0.8

0.7 bbb b N -
0.6F e b -
0.5F PYURUOURPNE UOURNROUUIE IURSURN SURVRUROE URUIIY RURUOS SHUOUURUORIUS JOURTOUORRTRUEE JOUURRURRTUOOE: OO -
0.4 i b e X -
0.3 o e ........................................................................................ -
[0 i) USROS NUUIORIIUIVS: RPN SRS f SRS TR | RS SRS SN RN .

FIGURE 2. Graph of ¢

We will give here some properties of the K-operator.

Lemma 3.1. K}, reproduces polynomials of order no greater than 2q (i.e. of

degree no greater than 2q — 1) under convolution, i.e.,

Kpxv=v ifveP,,
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Proof. Let v(z) = E?_’__};l ajz?. Then by (3.3.7)

2q-1

Ki+o(@) = [ Katw) > aie —vP dy
- g 5 [ Kh(y)g (1)t ay
= g aj:cj
=v(z). O

Using the above property and the Bramble-Hilbert lemma [6, Theorem 2], we

prove the following lemma, which was stated in [9].

Lemma 3.2. ([9, Lemma 5.2]) For any i = 0,... ,3 and s with 0 < s < 2g,

there exist ¢ > 0 and ho > 0 such that for any v € H*(Ii4+1)

| Kn *v—vlo,r; £ ch"||v||.,,1r..+1 for 0 < h < hyg.

Proof. We adapt the proof of [6, Theorem 3] to prove the lemma, only in the
case 1 = 0 and s = 2q, since the other cases can be proved similarly. Let I' be
an interval such that Iy € I' € I. Recall that supp K = [—(¢—1+1/2)h,(q—
1+ 1/2)h]. We can choose hg > 0 such that for any h € (0, ko]

I"'=I'"+supp Ky ={z+y:z2€I'and y € supp Kp} C I;.

For any h € (0, ho], there are a finite number of intervals Jix = (z,Zk+1),

k € N} C N, such that
Iy C Ugen, i C I
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For any fixed z € J; we define
F(z;v) = Kj * v(z) — v(2).

Then F(z;-) is a linear functional on C29~1(1;), the space of continuous functions
on I} with continuous derivatives up to the order 2¢ — 1. Lemma 3.1 implies

that F(z;v) = 0 for any v € P3,. Since ffooo Kin(y)dy = 1 we can write
[ <]
Faiv)= [ Ka@)(o(@ - ) = (@) dy
—o0
By Taylor’s theorem we have, for 1 < m < 2¢ — 2,

Pl =[S0 2 [~ rawaf

+ $|[Z (I(;,(y)y"“"1 ./:(1 —t)" D™ y(z — ty) dt) dyl.

The first term on the right side vanishes due to (3.3.7). For the second term, we

note that z —y € J, C I" C I, where J; = Jx + supp Kj. Hence
|F(z;v)| < ch"‘+1|D"‘+lv|o,Ji for 0 < h < hyo,
where c is independent of z, v, k and h and where, for any j € N,

|Djv|o,1£ := sup IDjv(z)l.

zZ€J,
It follows that
2q-1
|F(z;v)| < ¢ E h?|D’vlo,j;  for 0 < h < ho.
=0

The Corollary following [6, Theorem 2] (the Bramble-Hilbert lemma) assures us

that there exists a constant ¢ independent of z, v, k and h such that
|F(z;v)| < ch24—1/2||D29v[|0,J;‘ for 0 < h < ho.
Therefore,

- 1/2
15+ v=vlo = ([ 1P ds)
k

< ch®9||D*||p 5 < ch®I||v||2q 5 -
Wi 9J
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Here again c is independent of v and k. Summing up over k¥ € N, we then

achieve

1K * v = vllo,ry < ch*|lv]lzq,r,. O

Another interesting property of K, is that its derivative equals a central

difference of a similar function. More precisely, letting

v(z) = %{v(z + g) —v(z - g)},
Bho(z) = 3 {v(a + h) — v(z)},

we have the following;:

Lemma 3.3. ([9, Lemma 5.3]) For any j = 0,1,...,l and ¢ = 0,...

have
DK, = 8V, 7,

and

|DF (Kh * 0)llo,1; < cl|BFv]ls,1i4rs
where

" 1 q—l U T

Vig) =3 Y. k(T ).
h . h
i==(g-1)

(3.3.8)

,3 we

(3.3.9)

Note that in this notation K} = Vh”q. Before going to the main results of this

chapter we state the following lemma, which was proved in [9]:

Lemma 3.4. ([9, Lemma 2.2]) Let 7 be a non-negative integer. Then for any

t=0,...,3 there exists a constant c such that

r
Iollo,r; < €Y 1D 0ll—r 13y

7=0
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4. The Case of Smooth Closed Curves

We shall in this section exploit the highest order of convergence in a negative
norm, given by (3.2.8), to increase the order of convergence in the L2-norm using

post-processing. It is therefore sensible to consider only the case r — 2a > 0.

Theorem 4.1. Let the mesh A be uniform in the interval I*. Assume that
u € H*™)(I,)n H;. Assume further that L, is bounded from Hj to Hjy~2+"
for any s € R and for some n 2> r —2a. If K}, is defined by (3.3.6) with | = r — 2«

and ¢ > r — a then there exists an hg > 0 such that for h € (0, ho],

1K * un — ullo,to < ch®™=(|lulla(r—ay,z, + llull). (3.4.1)

Proof. By the triangle inequality we have
| Kn * un — ullo,ro < | Kn *u —ullo,ry + || Kn * (un —u)llo,, =T+ 1I. (3.4.2)

We will prove separately that I and II satisfy (3.4.1). The result for the first

term comes easily from Lemma 3.2 and the conditions ¢ > r — a:
I < ch* ™ |ullz(r—a) 1. (3.4.3)

For the second term since I = r—2a it is possible (see Lemma 3.3) to differentiate
K}, up to the order r — 2a. Therefore, by using Lemmas 3.3 and 3.4 we are able

to go from the L?-norm down to the H2*~"-norm and then obtain

r—2a r—2a
O<c> D Kn*(un—wl2a-rn, Sc Y. 18] (un - v)llzanr,
J=0 J=0
r—2a )
<c > 18 (un — u+ Ly Ly(un — w))ll2a-r,n
=0
r—2a .
+c Z "aiL(TlLl(“h - u)"2a—-r,Ig
3=0
= IIT + IV. (3.4.4)
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The term IV is easily estimated by noting that ||3,’.v|| s < ||v]|s+; for any v and
that Ly!L, is bounded from H} to H3*" for any s € R:

IV < || Ly " Li(un — u)llo < cllun — ul|—y.
Since n > r — 2a we then deduce from (3.2.8)
IV < cllun — u)|2a—r < A2 ||u]|,. (3.4.5)
For the term IIT let us note that from (3.2.6) we have
(Lo(un — u + L3 Ly (un — u)), p) = 0 for any ¢ €8} (). (3.4.6)
We shall prove that for any j =0,... ,r — 2«
(Lodi(un — u+ L3 La(up — u)), ) = 0 for any ¢ €5} ().  (3.4.7)
From the definitions of 6,’;, Ly and T}, there follows
(Lod](un —u+ Ly L (us — ")),‘ff)
_ly (’) (LoTj(un — u + L3 La(us — ), ¢)

hJ )
i=0

%Z; ( ) (TiLo(un — u + Ly Ly (un — u)), )

J .
hl E ( )(Lo(“h —u+ Ly Ly(un — u)), TS ).
=0

Equation (3.4.7) now follows from (3.2.5) and (3.4.6). It follows in turn that for

any ¢ € Sy, , we have
(Lo{[0fun — ] — [8(u — Ly La(un — w)) — (I}, 0) =0 Vi €5} ,(I2).

This equation, together with the boundedness of Ly 'L; from Hy to H;+” with

n > 0 and the condition (3.2.5), assure that we can use Theorem 2.1 with
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v=6,’;(u+LglL1(u—uh))—(, Vh =3,{uh—c,t=2a—rands=r—1/2-e
with € > 0, to obtain for the j** term III; of IIT
I; = ||[8fun — ¢] = [8(u = Lg" La(un — ) = Clllza—r,r
< (AP B (u = L5 La(un = w)) = Cllr-1/2-e.r,
+ 18] (un — u + Ly La(un — )5}
< c{h2=)=12=¢(||80 u — (|l y—1j2—e,1, + 185 L5 " La(un — w)]lr—1/2-c,1,)
+ 118 (un — u+ Lg" Ly (un — )5}
< (B2 ¢(|wn O u — Cllr—1/2- + L5 La(h = u)llr-1/2-c45)
+ |lun — u+ Lg' Ly(un — u)||g+;}  for arbitrary ¢ € Sf ,,

where w; is a cut-off function satisfying w; € C$°(l3) and w; =1 on Ip. There-

fore,

II; < c{hz(r_a)_lﬁ_e("wZal{“ - C"r—1/2-e + "uh - ”"r—1/2—e)

+ ||un — u||g4+r-2a} forany j =0,...,r —2a.

Here again we have used the boundedness of Ly!L; from Hj to H;"'" for any
s € R with n > r — 2a. Lemma 2.1(b) of Chapter II assures us that we can

choose ( so that

w28 — Cllr—1j2-c < chM?+<(|0ullr, 1, < A2 ¢|ulrpj 1y

< ch1/2+‘l|u||2(r_a),13 forj=0,...,r —2a.
The estimate (3.2.7) then implies, for any j =0,... ,r — 2q,
I0; < R ularmay . + ulle) + s = ullptrza}.  (3:48)

Summing up the result in (3.4.8), combining with inequalities (3.4.2)-(3.4.5), we

deduce

1Kn * un = ullo,ry < c{R*"=N(|lulla(r—ay, 1. + llullr) + llun — ull g+r-2a}-
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Let 8 = 4a — 2r. The desired result then follows from (3.2.8). O

Remark 1. If L is the operator associated with Symm'’s equation on a smooth
closed curve then Ly is given by (3.2.2) and (3.2.3) with a = —1/2 and L,
is bounded from H; to Hj for any s,t € R (see e.g. [42]). The condition of
Theorem 4.1 on L, is obviously satisfied. If L is the operator associated with
the Dirichlet boundary value problem for the Hemholtz equation then L, is only
bounded from Hj to H;‘H for any s € R (see [30]). Nevertheless, if we use
piecewise-constant functions to approximate the solution u, the condition on L,
is satisfied with n = 2 (since 2a = —1), and hence the K-operator method is

applicable to this problem.

Remark 2. As can be seen from the proof of Theorem 4.1, the parameter ! in
the definition of the function K}, is of the same magnitude (with opposite sign) as
the order of the Sobolev norm which gives best convergence order (i.e., 2a —r for
the smooth case discussed above or —1 for Symm’s equation on a slit); whereas
the parameter ¢ is determined (via Lemma 3.2) by the rate of convergence to be

achieved for the K-operator.

Remark 3. The proof of Theorem 4.1 explains the necessity of the modification
of Saranen’s result [36] with assumptions (A2)—(A3) as presented in Chapter II.
In fact, one can see that a,’;u;., the forwa.rd difference of up, is a spline only on
I, if the mesh is uniform on I*, and approximates 3,’,(u — Ly 'Ly(up — u)) only

in the sense of equation (3.4.7).
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5. The Case of Smooth Open Curves

In this section we will study a special equation on an open curve: Symm’s
equation on the interval I' = [-1,1]. The method is, however, applicable to any
pseudo-differential equations on any smooth open curve, provided that negative
norm error estimates are available. The equation, as defined in the previous

chapter, is

Vi(z) := -—%/Plog |z — yl¥(y)ds(y) = f(z) forz €. (3.5.1)

It was proved in [46] that V is a continuous and bijective mapping from H7(T")

onto H™+1(T') for 7 € (—1,0). Moreover, the following results were proved:

Lemma 5.1. ([46, Lemma 2.1 and Theorem 2.3]) Let § € (—1/2,1/2) be
fixed. For i = 1,2, let di(z) = |t — (—1)}| and let x; be cut-off functions

satisfying 0 < x; <1, x; =1 near (—1)‘ and x; = 0 elsewhere.
(i) If f € H3/2+5(T") then the solution ¢ has the form

2
¥=> aid;xi+ o with o € AV/**5(T) and o; €R,

i=1

and there holds the a-priori estimate

2
Y lail + lioll gra+sqry < ellfllasravscry.

1=1

(ii) If f € H3/**%(T') then the solution v has the form
2 ~
Y= (cid; '+ Bid*)xi + 91 with ¢y € AY**5(T) and a;, B; €R,
i=1

and there holds the a-priori estimate

9 _
Z(|ai| +18il) + 1911l gra+s(ry < ell fll gsrz+s(ry-
i=1
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Let A = {z;}, with z; < zj41, 1 =1,... ,N, N € N, be a mesh on I. Let
S» be the space of piecewise-constant functions on I" with breakpoints A, where

h = 1/N. The Galerkin approximation for the solution of equation (3.5.1) is
defined as: v, € Sj such that

(Vion, @) L2y = (f,0)12(r) for any ¢ € Si. (3.5.2)

Quasi-Uniform Mesh. If the mesh A is quasi-uniform, the following global

error estimates hold (see [20, 46))

Il — '/’h"ﬁc(p) < Chr-t"l/«'”ﬁ,(m for —1<t<7<0.

The condition 7 < 0 is necessary because in general ¢ ¢ H°(T') = L?(T"). There-
fore, for any € > 0, provided that the boundary data are sufficiently smooth we

have

"¢ - '/’h"f-i-l(p) < Chl_ze""/’"ﬁ—e(p)- (3.5.3)

As proved in Chapter II (see (2.4.8)), the local L2-error converges as

1% = ¥nllz2ro) < b 2%l mra) + 191 5-o(ry) (3.5.4)

for some € > 0 even though the global L2-norm of ¢ — v}, is not defined. Here

and in the sequel we use nested sub-intervals

ieijmpelh,e™ell fori=0,1,2.

We are led by the Remark 2 following Theorem 4.1 to use a K spline of
order 1, i.e., [ = 1, in the hope that K * u; is an approximation to 1) which
gives local convergence of order O(h) in the L?-norm. That function K}, defined
by (3.3.6) is

Ki(z) = K}a(2) = 3x(3).
h,1 RA\R
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To define the convolution, we extend each function v on I' by 0 onto R\ T and

denote it by 9. The K-operator acting on %} is now given by

Kn(¥n) = Kb + Pn. (3.5.5)

Theorem 5.2. Assume that the mesh is uniform on I'* and that the exact
solution v satisfies 1 € H!~¢(T,) N H~¢(T") for some ¢ > 0. Let ho > 0 be such
that Tupo(T'1) ={z £ ho: z € 1} CI\. Then for h € (0, ho]

IEn(¥n) = bll2wy) < b "> ([llar-«x) + 19l g-<(ry)- (3.5.6)

Proof. Following the line of the proof of Theorem 4.1 we shall prove (3.5.6)
by using Lemma 3.2 and the fact that the forward difference of 1, approximates
that of 1 (in some sense). However, now that 3 ¢ L2(R) it is not useful to define
K (%) as in (3.5.5). We will make use of the function %, = w,3 where w, is a

cut-off function satisfying
we=1lonT, and w.e€C[").
By noting that ¥, = ¢ on I) and using the triangle inequality we obtain
IKn(¥n) = Yllzawy < 1K * v = Pull 2oy + 1Kn * (P1 = Yu)llz2(r)
=I+1I. (3.5.7)
That I is bounded by the right hand side of (3.5.6) comes from the local smooth-

ness of 1 and Lemma 3.2. To obtain the same estimate for II, again we use

Lemmas 3.3 and 3.4, so obtaining, with (3.5.3),

II < o||$n — $ull -1y + 1108 (P1 — Ya)llz-1(ry))
< e(llpn — Blla-1ry) + 1186(bn — D)l -1(1y))

< (B 7l ey + 108 (B1 — D)l r-2(ry))  for 0 < h < ho.
(3.5.8)
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In the second last step we have used the assumption T44(I';) C I’y to obtain
Bhtpe = Optp. To estimate the last term of (3.5.8), let I' be a smooth closed curve
containing the interval [—2, 2] and define V; by (3.5.1) with I replaced by I'. We
extend ¥, — 9 and 8, (¥n —¥) by 0 onto I'\ [-2,2]. Then by using the equation
(3.5.2), and by noting that 1 and v, vanish outside I' = [—1, 1], we obtain, for
any ¢ E.g';.(I‘z) (see definition (2.2.6)) and h € (0, ho] with ko < 1,

(Ven(¥n — ),0) Loy = %{(Vf‘Th('Zh —9),0) 13y — (V¥ — $),0) 12ty }

2 2
=== | [ 1ogle =4l = B)w + ho(a) dy ds

1 2 2 . .
Tk ), /_2 log |z — y|(¥n — ¥)(y)e(z — h)dy dz
(Vf ({b’h - '/;)’ T—h‘P)Lz(fw)

(V(¥ — ¥n), T-np) L2(T)- (3.5.9)

S = =

Since the mesh is uniform on I'*, we have T_, ¢ €Sy(I3) C Sy, for any ¢ G.g'h(l‘g).
Equations (3.5.2) and (3.5.9) then imply

(VeOh($n — $),0) sy =0 for any p €Si(T3).

We can now use Theorem 4.2 of Chapter II to obtain

188($n — P e-2(r) < (B~ *||Ou Pl r-er) + 188 (1 — D)l 1o y)
< (W Nl mr-eray + 198 — Pl gssscry)

< (Wl ey + 198 = bll o ry)-

Choosing f = —2 and using (3.5.3) again, we get the desired estimate and hence

the theorem is proved. 0O

53



Graded Mesh. To recover the order O(h?) of the smooth case, mesh grading
is necessary. We note that in the proof of Theorem 4.2 of Chapter II, the mesh is
required to be quasi-uniform only in some sub-interval of I (e.g., on I'*). Hence a
consideration of mesh grading on I' \ I'* is permissible. For example, in the case
' = [-1,1], we can define a mesh which is uniform on [-3/4, 3/4] and graded on
the other sub-intervals. More precisely, we can define A = {z4 : k =0,... ,N}

as

—1+4¢Y(kh)e  f0<k<N/8-—1,
se={ —1+kh  #N/8<k<IN/8—1,

1—4¢"1(2—-kh)e if7N/8<k<N,
where N =8n,n € N, h = 2/N and ¢ > 1. Note that /s = —3/4, z7n/s = 3/4
and that the mesh is uniform when ¢ = 1. The mesh being dependent on p,
we shall denote the spline space by Sf. We will need the following technical
inequalities, which were also used in [53]: For any u € [1 — 1/p,1] and k =
1,...,N/8

hy :=zf —xp—1 = 4”'1h‘?_[k" —(k-1) < p4@ 1pege?
= 94"'1h"k""1(1 + xk)#4(l—a)uh—o#k—eu
= p4(e~)A-8)(1 4 g, )#pe(1-#)pe(1-n)-1

< 94(0—1)(1—14)(1 + xk)“hl’(l—l‘)’ (3.5.10)
and

k \e
142 = (m) (1+2k-1) <2°(1+2) for z € Jp := [z, 2x). (3.5.11)

For the application of the K-operator in this case, the availability of the error
estimate in the deepest negative norm is necessary. By slightly modifying a
result of von Petersdorff [53, Satz 3.7] and using the a priori estimates given in

Lemma 5.1 we can prove
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Lemma 5.3. Let € > 0 be given. Then

ch®’?|| f|| gee+rirz(r ifl1<p<3,
% = Yull g-ssaqy < § ch*2(log )2\ fllazeery  if 0 =3, (3.5.12)
ch®2|| | 2+e(r) ifo>3.

Proof. By Lemma 5.1, if f is sufficiently smooth we can express ¢ as

2
v=3 aid;xi+¢o  with g € H/?**(T) and o; €R,

=1

where § € (—1/2,1/2). It is essential to estimate the terms involving d; 12,

For each function v on I' we define by vx, £k = 1,... , N, the mean of v on

Ji = [xk—lyxk), i'e'1

Vg = —1-/ v(z)dz,
hk Jk
provided that the integral exists. Moreover, let P,v be defined as

Pow=v;y onJiyfork=1,...,N.

Then Pjv is indeed the L2-projection of v on S 2. Since Py, is linear, it is possible

to decompose 1 — Ppy as

% — Pyt = i:a.' (d;"’x.- - P,.(d,."”x,-)) + (¢0 - P,.(«/)o)). (3.5.13)

i=1
We will prove that each of the term on the right hand side of (3.5.13) satisfies
(3.5.12). Consider first g — Ppg := dl—1/2x1 - Ph(dl_1/2x1). It was proved in
[53, Lemma 3.2] that

N
lg — Phgllzfl-n/z(p) <llg- Phg”?}—l/z(h) + Z lg — Phgllz;']-llz(.],,)
k=2
=I+1I. (3.5.14)
It was also proved in [53, Lemma 3.6] that

I < ch; =c4®71he, (3.5.15)
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For the term IT, let us note that g € H!(J;) for k = 2,... ,N and hence (see
[])
2
lg = 9ell 1120y < ki *l19'llz2(0-
Therefore, by choosing x; with supp x1 C [—1,—3/4] so that 7N/8 last terms in
the sum II vanish and by using (3.5.10), (3.5.11) we obtain

N/8 N/8
IIr< Z "g - gk"%’]—l/z(‘]h) < CZ hillg’”%’(h)
k=2 k=2
N/8
<e) BB+ 20)%H g 13y
k=2
- N/8 )
<cwei=ny" [ (142 (o) da
k=27 "k
0
< ch3e(l-#) / (1+2)730-# gz, (3.5.16)
—14hy

where in the last step we have used |¢'(z)| < ¢(1 + z)~3/2. Since
che™3 if 1 <p<3,
0
/ (1+z)"%edz < { clog(1/h) if 0 =3,
—1+4hy

c if o > 3,

where c is independent of h but depends on p, by choosing y so that 1 —u=1/p

we infer from (3.5.16) that

che f1<o<3,
II < { ch®log(1/h) if o = 3, (3.5.17)
ch? if o > 3.

Inequalities (3.5.14), (3.5.15) and (3.5.17) imply
che if1<p<3,
lg — P’!g"%-llz(p) < ch? log(1/R) if o =3,

ch?® if o > 3.
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Hence

[$ e (70 0|

i=1 H-1/3(r)
che/2 32 |ail if1<p0<3,
< { ch¥?(log(1/R)V/?2 T3, |eil if =3, (3.5.18)
ch*? 33 el if o > 3.

Consider now the smooth part in (3.5.13). For 1 < p < 3, we can choose

6§ € (-1/2,1/2) so that 1/2+ é = (¢ — 1)/2. It was proved in [5] that

o — Pusboll g-sraqry < ch® 2ol e-nraqr)- (3.5.19)

For ¢ > 3 we will use the expansion (ii) in Lemma 5.1 to decompose ¥ — Py

2
b-Pp= Y aidi - Pald;xa)

i=1

+ zz: Bi (d:/2Xl' - Ph(d:/ZXi)) + (11)1 — Pu(th )),

The middle term on the right hand side is smoother than the first term, so can
be estimated in the same way as for the first term. For the third term, now we

have [5] for any € > 0

o1 — Patprll g-ssaqry < ch®**<|lth1 ]| rtecr). (3.5.20)

Combining (3.5.18), (3.5.19), (3.5.20) and the a-priori estimates given in Lemma
5.1 we obtain the desired result. O

Following the line of reasoning in [20] using Nitsche’s trick, we can now prove

the following:
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Lemma 5.4. Let € > 0 be given. Let
{ f'.i,'—l for1 < p< 3,
T =

2+ ¢ for p > 3.
Then for 1/2 < s < 7 there holds
ch*t(e-1/2  if1<p<3,
I — ¢h||17--(r) < q ch¥(log 71;)0 if o =3,
ch3? if o> 3,
where 0 = (1 + € + 3)/(3 + 2¢) and where ¢ may depend on . In particular,

when ¢ > 3 we have

¥ — ¥n "ﬁ-z(p) < ch®~e. (3.5.21)

Proof. We will only give the proof for the case 1 < p < 3 and s = (g +1)/2.

The other cases can be proved similarly. First note that by definition we have

("l) - ¢h’ C)
— ala. _ su . 3.5.22
¥ — ¥ullg (e+1)/2(T) (EH(0+8/2(1‘) ||C||H(v+1)/’(1‘) ( )

For any ¢ € H(e¢tD/%(T), we have ¢ € H'/?(T'). Hence there exists £ € H~1/2(T)

so that V¢ = (. Let £, € S? satisfy
(V(€—¢n),4) =0 for any ¢ € SE.
It was proved in Lemma 5.3 that

1€ = €nll g-1r2ry < k@2 IICN ee+rraqry- (3.5.23)

Lemma 5.3, (3.5.22) and (3.5.23) then imply

".b - ¢h7 VE)

¢ _ ¢h ~ = su (

I I & (e+1>/f(F) (EH(0+812(I‘) I<Hl rce+ayraqry
C o V9O

cerer2r) €I a2
— sup <V(¢ — ¢h),f - fh)
certerviary |l Eervrar)
< sup ¥ — ¢h"§-1/z(p)"£ - fh"ii—u:(p)
T ¢eH(e+)/2(T) <N Erce+ 1272y
<cht. O
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Following the Remark 2 coming after Theorem 4.1, we will now use the spline
K, = K ,’w with [ = 2 and ¢ = 2 to establish the new approximant. That
function K, has the form (see [9, 49])

Ki(z) = ﬁ D (z/h—1) + 149D (/) —pP(z/h + 1)}, (3524)

Replacing (3.5.3) by (3.5.21) and using the same argument as in the proof of

Theorem 5.2 we can prove

Theorem 5.5. Let o > 3. Assume that ¢ € H* ¢(T\,) N H<(T") for some
€ > 0. Let hg > 0 be such that Tyqp,(I1) C Ik. Then for h € (0, ho)

| Kn(¥n) — ¥llL2(ry) = O(R®™).
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6. Numerical Experiments

Experiment 1. We tested the K-operator method when L is the logarithmic-

kernel integral operator arising from the boundary value problem

AU =0 1in{,
(3.6.1)
U=F onl,

where I' = 99 is the ellipse 16t2 + 64t2 = 1 and F(t) = t; +t2 with t = (¢1,%2).
It is known [see e.g., 29, 42, 56] that by using the direct method the problem

(3.6.1) can be reformulated as

1 1 2]
_;/rlog [t — s|%(s) dl, = F(t) - - /r(an’ log |t —s|)F(s)dl,, teT, (3.6.2)

where z = 8U/dn is the directional derivative of U with respect to the outward
normal vector n. Using a parametrisation v: [0,1] — R? for the curve I' we can

rewrite (3.6.2) in the form
Lu(z) = f(z) for z € [0,1], (3.6.3)

where

u(z) = (27) 7 z[x(2)]ly'(2)],

1 3.6.4
Lu(z) = —2 /o log(|7(z) — 7(¥))u(y) dy, (364)

and where f is obtained from the right side of (3.6.2) by using the parametrisa-
tion. It is known (see e.g. [42]) that L = Lo + L; with Ly expressible as

Lou(z) = 4(0) + Z Ill-ﬁ(n)ez"i”’,
n#0 n

and with L; bounded from H} to H for any s,t € R.

There being no need to consider a non-uniform mesh, we used a uniform mesh
and investigated the global errors in this example. We chose piecewise-constant

functions as test and trial functions in the Galerkin approximation for (3.6.3),
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N us — ullo 1K+ us — ullo
8 9.04e-02 4.49e-03
16 4.49¢-02 1.00 4.51e-04 3.31
32 2.24e-02 1.00 4.98¢-05 3.18
64 1.12e-02 1.00 5.83e-06 3.09
128 5.60e-03 1.00 7.05e-07 3.05

TABLE 1. Errors and empirical orders of convergence for Experi-

ment 1

and used Kj = K} , given by (3.5.24) to average the values of us (see Theorem
4.1 and Remark 2 after that). The empirical orders of convergence obtained for
|lu—uallo and for || Kp *up —ullo were O(h) and O(h?) respectively (see Table 1),

which match the analysis.
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Experiment 2. We considered in this experiment the weakly singular in-
tegral equation (3.5.1) with f(z) = = and tested the local convergence on
Ib = (—1/2,1/2) for the errors e = ¥ — 4, and E = 1) — K}(15) with various val-
ues of p. When g = 1 (uniform mesh) we achieved convergence of apparent order
O(h) for both errors (see Table 2), instead of the predicted orders of O(h!/?) for
llell L2(ro) and O(h) for || E|| 2(r,). However, one can see that || E||2(r,) is smaller
than ||e||z2(r,) by an order of magnitude. When ¢ = 3 or ¢ = 3.2 almost nothing
changed for ||e||z2(r,) Whereas the empirical rate of convergence for || E||12(r,) is
slowly asymptotic to O(h%). When g is increased to 3.5 the asymptotic O(h?)

order is obtained much more quickly (see Table 2).

llell 2(ro) I Ellz2(ro)
N e=1 o=1 0=3 0=3.2 0=3.5
8 |1l.le-1 1.7e-2 4.1e-2 4.1e-2 4.1e-2

16 |5.4e-2 1.00 | 5.8¢-3 1.58 |3.0e-3 3.77 |3.1e-3 3.70 | 3.4e-3 3.60
32 |2.7e-2 1.00 [2.8¢-3 1.06 |8.2e-5 5.18 |4.9e-5 5.98 | 7.9e-5 5.40
64 |1.4e-2 1.00 |1.3e-3 1.06 | 1.5e-5 2.42 [9.0e-6 2.46 |1l.4e-5 2.51
128 | 6.8e-3 1.00 | 6.5e-4 1.03 | 2.8e-6 2.44 |1.5e-6 2.61 |1.6e-6 3.15
256 |3.4e-3 1.00 |3.2e-4 1.02 |4.8e-7 2.57 |2.4e-7 2.61 |1.7e-7 3.18
512 [1.7e-3 1.00 |1.6e-4 1.01 | 7.5e-8 2.67 |3.7e-8 2.70 |2.1e-8 3.02

TABLE 2. Errors and empirical orders of convergence for Experi-

ment 2
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CHAPTER 1V

A SEMI-DISCRETE METHOD

1. Introduction

In this chapter we shall see how the K-operator method works in a different
setting, where a semi-discrete method (the qualocation method) is used instead

of the Galerkin method.

The qualocation method (see [17, 39, 40, 41, 42, 45]), which can be explained
in short terms as a quadrature-based modification of the collocation method
with unusual quadrature rules, aims to increase the order of convergence given
by the collocation method while reducing the difficulty in implementation of
the Galerkin method. Formally, the qualocation method is obtained from the
Galerkin method by replacing the ‘outer’ integral with a well-chosen quadrature

rule. In some particular cases, it even gives higher order convergence than the

Galerkin method itself.

To illustrate, consider for example the logarithmic-kernel integral equation on
a smooth and closed curve I' in the plane. With the trial and test spaces being
the space of piecewise-constant functions on a uniform mesh, the Galerkin and
the collocation methods yield an O(h?) order of convergence in suitable negative
norms (see e.g. [2, 3, 27, 37, 56]). Yet, it is shown in [17] that the quadrature
rule for the qualocation method can be chosen so that the qualocation method
yields an order O(h%) (in a suitable negative norm). More precisely, a Simpson-

type rule that achieves order O(h%) has just two points per interval, one at the
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break-point where the weight is 3/7, and the other at the midpoint where the

weight is 4/7. For a systematic review of the qualocation method, see [41, 42].

In this chapter, we will exploit the highest order convergence (in a negative
norm) of the qualocation method to obtain, by using the K-operator, a higher
order of convergence in the LZ-norm and the max-norm. We even consider the
convergence of approximations to the derivatives of the solution. However, since
the error analysis for the qualocation approximation is so far proved with a

uniform mesh and in the global sense, we shall consider only the global errors.

This chapter contains 4 sections. Section 2 gives a brief review of the qualo-
cation method. In an attempt to make the K-operator be widely applicable for
this approximation method, we shall in this section use the perturbation argu-
ment used in [30] to widen the class of operators that can be considered. The
main result of the chapter is in Section 3, where higher orders of convergence of
the approximate solutions and derivatives, both in the L? and in the maximum

norms, are proved. Section 4 is devoted to a numerical experiment.
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2. The Qualocation Method

We recall in this section some basic notion of the qualocation method for the

equation

Lu = f, (4.2.1)

with L, u and f are defined as in Section 2 of Chapter III. Other notations to
be used are also the same as introduced in that Section, except when otherwise
identified. However, the mesh considered now is assumed to be uniform, the
trial space is also S} ,, but the test space is taken to be S,',:p, i.e., the space of

smoothest splines of order r'.

The qualocation method is a discrete version of (3.2.6) in which the outer
integral is approximated by a composite quadrature rule determined by points

§¢; and weights w; with j =1,...,J, where
0<&H<b<...<€5<1, (4.2.2)

and

J
wj; >0, wa = 1.
=1

The qualocation rule is defined by

N J
Qn(g9):=h Z Z wjg(zi + hEj). (4.2.3)

=1 j=1

This in turn allows us to define the discrete inner product

(u,0) v := Qn(u), (4.2.4)

where v denotes the complex conjugate of v. The qualocation solution to the

equation (4.2.1) is then defined by
up € S5, and (Lua,¢')v = (f,¢')n Vé' €S}, (4.2.5)

After choosing bases for S} ; and S,',':p, we obtain from (4.2.5) a system of N linear

equations in N unknowns, which is referred to as the qualocation equation.
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Definition 2.1. The qualocation method is well defined if either
r>2a+1

or

r>2a+1/2 and & >0.

The condition §; > 0 in the latter alternative is necessary because of the fact
that if
2a+1/2<r<2a+1,

then L¢ for ¢ € S is in general not continuous at the knot points, so that in
this case the knot points are not allowed as quadrature points. The condition
r > 2a + 1/2 ensures the continuity of L¢ at points other than knot points for
¢ € Sf , (see [3, 17] for more details).

For y € [-1/2,1/2], let

D(y) := Z @;i(1+ Q(&;,y))(1 + A'(fb v),

j=1

and let 5

E(y):=)_ @&, y)1 + A5, v)),

i=1
where
Ay =y" Y, —e?mile,
= + y)

and where

1) £, y y r—2a — eZm'lf

€0 =Wl 2

if r and Ly are both even or both odd, or

. - sign [ -
&, v) = (sign VI Y g™
‘ 1#0 y

if r and L, are of opposite parity.
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Definition 2.2. The qualocation method is stable if
inf{|D(y)| : y € [-1/2,1/2]} > 0.
It is said to be of order r — 2a + b if

E(y) = O(lyl"™****)  fory € [-1/2,1/2].

Theorem 2.3. Let (4.2.1) be solved by a well defined qualocation method
which is stable and of order r — 2a + b with b > 0. Assume that L, is bounded
from H} to Hy~?**" for any s € R and for some n > b+ 1/2. Then uy is

uniquely defined for all N sufficiently large. Moreover, for all s,t satisfying
t<r—1/2, 2a+1/2<s, 2a-b<t<s<r, (4.2.6)

we have

”uh - u”t < Chs_t”u"s+max(2a—t,0)- (4'2'7)
The case L = Lo was proved in [17].

Proof for the case L = Lo + L;. We give here a slightly different argument
from that in [17] by using the reasoning used in [30]. Assume for the moment
that (4.2.5) has a solution up € S} ,. Since we can write the defining equation

as

(Lo + L)un, )n = (Lo + La)u, ') for ¢' € SE,,
or
(Loun,¢")n = (Lo(u — Ly Ly(up — u)),¢')ny for ¢' € S,';:P, (4.2.8)
we have from Theorem 2 in [17] for the special case L = L,

lun — u + Lg" La(un — w)lle < ch*~*|lu — Lg" Ly (un — u)ls,
< ch*"(lulla, + |1 Lg" La(un — w)lla,),
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where s; = s + max(2a — ¢,0). The boundedness of Ly 17, from Hpt to H;"*"'

implies
llun —u+ Lg" La(un — w)lle < ch*~*([ulls, + llun — ulls;—y)- (4.2.9)
On the other hand, since (I + Ly L) is an isomorphism on H} we have
llun — ulle < ell(X + Lg™ L1 )(un — ). (4.2.10)
Inequalities (4.2.9) and (4.2.10) now give
llun — ulle < ch**(llulls + llun = vlls;—n)- (4.2.11)

Note that (4.2.11) holds for all s and ¢ satisfying (4.2.6). Also note that
2a +1/2< 3t <r+b. Sincen >b+1/2 and r > 2a + 1/2, we can choose 7’
such that

1/2<n'<n and 2a<s—7n'<r-1/2.

Therefore we can write (4.2.11) with ¢ replaced by s; —n' and s by § = min{r, s;}
to obtain

e ’
lun = ulls,—nr < h?=*F7 (|Jullse + llun — vllse—),

where s* = 5§+ max(2a—3s:+7',0) =5 < s¢. Since ||up —ul|sr—p < ||ur—ul|s,—y

and 3 — 3¢ + n' > 1/2, we have, for sufficiently large N,
"u’l - u’"’t—'l S Ch1/2”“||ae- (4'2'12)

Inequalities (4.2.11) and (4.2.12) now give the desired estimate (4.2.7). It remains
to establish the existence and uniqueness of the solution uj of (4.2.5). Assume
that there are two solutions uﬁl) and ugtz) of (4.2.5). Then u = uf) - ug) is the
solution to (4.2.5) with f = 0 on the right hand side. Since L is 1 — 1, we have
the exact solution u = 0 in that case; therefore we obtain from (4.2.7) up = 0 for

large N. Uniqueness (for large N) for equation (4.2.5) is proved. The existence
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of uy, for large N then follows because (4.2.5) is a system of N equations in N

unknowns. 0O .

As a consequence, in the energy norm, we obtain by settingt = @ and s = r
in (4.2.7)

lur — ulla < A" *||u||r+max(a,0);

which is the same order as in the collocation or Galerkin method (except that an
increased regularity of the exact solution is required). The special feature of this
Theorem is that if the additional order of convergence b is greater than r then
we may also obtain, in a suitable norm, a still higher order of convergence than
the Galerkin or collocation method. In fact, in that case by letting ¢t = 2a — b

and s = r we obtain

llun — ull2a=b < ch™372%||u| 1. (4.2.13)

Results on max-norm estimates have been proved for the case in which the
trial space is a space of smoothest splines of odd degree, the test space is a space
of trigonometric polynomials and L = Ly is an even operator (see [40]). Actually

the same argument can be used to prove the following theorem:

Theorem 2.4. Let the conditions of Theorem 2.3 hold and let § > 0. If
u € H;"’ﬂ with
B 2 max(2a, 6) +1/2,
then

lun — ulo < ch™in(nr+b=2a)|1y| . 5. (4.2.14)

Here we have introduced the notation

lvlo = 22X, lv(z)]. (4.2.15)
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We also define

vl, =) |Div)o fors=1,2,.... (4.2.16)
j=0

With these notations introduced, we have similarly to Lemmas 3.2 and 3.3 of

Chapter III, in the global norms:

Lemma 2.5. [9, Lemmas 5.2 and 5.3] For any s € [0,2g] and j =0, ... ,l,
|Kn * v —v|p < ch®|v]s,

|Dj(K;l * )|, < c|6,’;v|,.

We will in the next section exploit the highest order of accuracy given by
(4.2.13) to further develop the order of the L2- and max-norm estimates. If
2a — b < 0, the order will be O(h"+*=2%) compared to O(h") given by the
qualocation method. The case 2a — b > 0 is not interesting in our analysis since
for both the L2?- and max-norms the qualocation method itself gives optimal

estimates of order O(h"™t%~2®) (see Theorems 2.3 and 2.4). In this case the

averaging method gives the same results.
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3. The K-Operator and the Qualocation Method

For the reason given in the comment following Lemma 2.5, we consider only

the case 2a — b < 0.

Theorem 3.1. Assume that the conditions of Theorem 2.3 hold. Assume
also that b — 2a > 0. Let 7 = [b — 2a], the least integer greater than or equal
to b —2a. Let m, | and q be non-negatfve integers satisfying

l274+m and 2¢2r+T. (4.3.1)

Assume further that L, is bounded from H to H;‘“’“‘" for all s € R and some
n>b+1/2+4+ 1+ m. Then

|D™u — D™ K}, * upo < ch™2=2%||u]|g, (4.3.2)

WhereR=r+b+-r+m.

Proof. By the triangle inequality we have
|D™u — D™Kp * upllo < ||D™u — D™ Kp *xullo + || D™ Kh * (v — un)|o
=I+1I.
We will prove separately that I and II are bounded by the right hand side
of (4.3.2). Any convolution operator commutes with D, so by Lemma 3.2 of
Chapter III we have
I=|D™u— Ky * D™ulo

< ch’||D™ul|s £ ch®||lul|s+m for 0 < s < 2q. (4.3.3)

To estimate II, we assume first that L = Lo, i.e. L; = 0. Then by Lemmas 3.4
and 3.3 of Chapter III

,
I <e) ID™ (Kn + (un — u))laans

Jj=0

< e 105 (un — u)llzacs. (4.3.4)

i=0
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We claim that 8,':"” up is the qualocation approximant to 6,':'“ u for j =
o,...,T,ie., 3,’:‘+juh € Sf , and

(LoBy+ (up —u),¢")v =0 for ¢' € S}, . (4.3.5)

First we note that 6,':'+j up € S{,p since the mesh is now uniform. The proof then

can be carried out in the same way as for (3.4.7) even though in this case we

replace the L2-inner product by the discrete product (-,-)n defined by (4.2.4).

We can now use (4.2.13) to estimate 6,':'+j (un — u), and obtain
10 (un — wllzacs < AP 20T w4y < ™ st (4:3.6)

Inequalities (4.3.4) and (4.3.6) give the required estimate for II and hence the
theorem is proved in case L = Ly. For the general case, a familiar argument is
used. From the equation (4.2.8), we see that uj is the qualocation approximant
to u — Ly Ly(up —u) in the case L = Lo and hence by the first part of the proof

we have
||D™ (u - Lo_lLl(uh - u)) — D™ K} % uplo < ch"""-z"llu - Lo_lLl(u;l —u)||r.
By the triangle inequality and the boundedness of Ly L; : H;™" — H, for any

real value of s we have
|D™u — D™ K, * ullo < |D™(u — Ly Li(us — w)) — D™ Kp * uplo
+1D™ L5 La(un — w)l
< ch™=2%|u|| g + ch™* 72 lup — ul| Ry
+ lun — u||m—n- (4.3.7)

Since n > b+ 1/2 + 7 + m, it follows that R —n < r — 1/2; hence Theorem 2.3

gives, for € > 0 sufficiently small,
lun = wllR—n < llun = ullr—1/2-c < b2 *|lull, < ch?/?|u||r, (43.8)
and
luh = wllmen < s — ullzacs < h™5~2ullr4s < A2 ullz.  (4.3.9)

Inequalities (4.3.7)—(4.3.9) now give the desired result. O
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Theorem 3.2. Let the conditions of Theorem 3.1 hold. For § > 0,
|D™u — D™ K}, * uplo < ch"™2%||u|gr, (4.3.10)

where R' = r + 7 + m + max(b + 1, max(2a, §) + 1/2).

Proof. By the triangle inequality we have

|ID™u — D™ K}, * unlo < |D™u — D™ K, + ulo + |[D™ K * (un — u)|o

=I+1I.
By Lemma 2.5 we have, as in the proof of Theorem 3.1,
I < ch®|u|s4m for 0 < s <2q. (4.3.11)

To estimate II we use Bramble & Schatz’s trick [9]. Let kx(z) = K} ,(z). Then

we have

II S |kh * DmKh * (uh - u)lo
+ |kp * D" Kp * (up — u) — D™ K} * (up — u)lo

= I + IV. (4.3.12)

We will prove separately that III and IV are bounded by the right hand side of
(4.3.10). Since

1
II < c||kp * D™ Kp * (up — u)|1 = cz |D7ky, * D™ Kp, * (up, — u)|o,
j=0

from Lemmas 3.3 and 3.4 (Chapter III) we infer

7+1
o < c) 1|85+ (un — u)l|zas. (4.3.13)

J=0

Again consider first the case L = L,. By (4.3.13), (4.3.5) and (4.2.13) we have

IT < ch™ 729 u|| g bt r414m < ch™ 0729 |u| . (4.3.14)
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To estimate IV, again we use Lemma 2.5 to obtain

IV < ch"|D™ K}, * (up — u)|,

=ch”™ Y |D™H Ky * (un — u)lo

=0

.
< ch™ Y |05+ (un — u)lo. (4.3.15)

i=0

Using (4.3.5) and (4.2.14) we have

107+ (un = wlo < A" IO ull i maxaa 12

< ch"||u|lr 4 max(2a,6)+ m+j+1/2- (4.3.16)
From (4.3.15) and (4.3.16) we infer
IV < Chr+f"u"r+mu.x(2a,6)+m+r+1/2 < Chr+rllu”R’-

Hence the result is proved in case Ly = 0. The case L; # 0 is treated by the

familiar argument used in the proof of Theorem 3.1. O
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4. Numerical Experiments

In this section we test the averaging method for the qualocation approxima-
tion to the equa.tion.(3.6.3). Recall that equation (3.6.3) arises as a bound-
ary integral equation to solve the problem (3.6.1). In this experiment, we
consider I' as the ellipse t3/4 + t3/9 = 1 and the boundary data F(t;,t;) =
sin(t; — 0.1) cosh ( t2 — 0.2 ). The exact solution of equation (3.6.3) is then

u(z) =3 cos 27z cos(2 cos 2wz — 0.1) cosh(3 sin 27z — 0.2)

+ 2sin 27z sin(2 cos 2wz — 0.1) sinh(3 sin 27z — 0.2).

By Green’s theorem we can express the exact potential U, solution of (3.6.1),

in the form

1 ) !
U(t) = :?;/p(an, log |t — s|)F(s)dl, —-/0 log [t — v(z)|u(z) dz, t € Q,

where dl, is the element of arc length and 5—?‘—' denotes the directional derivative

operator in the direction of the outward normal at s.

We solved (3.6.3) using piecewise constant splines as trial and test functions
and using the qualocation package written by B. Burn and D. Dowsett (The
University of New South Wales). Let Uj, be the approximate potential given by

Un(t) = %/P(ani’log lt—s|)F(s) dl,—/0 log [t—~(z)|un(z) dz, t € Q. (4.4.1)

As proved in [17), if we use the Simpson-type quadrature rule with just two points
per interval, one at the break-point where the weight is 3/7 and the other at the
mid-point where the weight is 4/7, then the additional order of convergence is

b = 3, i.e. the highest order achieved is

lu — unll-4 < ch®[lulls.
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Therefore we can investigate U inside the boundary I" by writing

Ut) - Un(®) = - [ loglt = 2(=)l(u(z) - un(2)) de
= (u — uan, G(t — v(-))) for t € (2,

(where G(t) = —log |t| ) and then using the Cauchy-Schwarz inequality to obtain
UL (t) = U@)| < llun — ull-alGE = v(Dlle < h®[lullallGE=v()lls fort € Q.

However, for t € " the use of Cauchy-Schwarz inequality is not possible because
of the singularity of the logarithmic kernel on the boundary. If we approximate
U by Up defined by (4.4.1) with u, replaced by Kj * us, where K = Kz’:, as

given by Theorem 3.1, we can now make use of (4.3.2) (with m = 0) to obtain

[UR () = U@)| = [{(Kn * un —u, Gt —7())| < || Kn * un — ullo[| G = ¥(-))llo

< ch5||u||3||G(t —v()Dllo forte QUT.

Hence the averaging method gives an order of convergence in max-norm in Q for
the approximation of the potential U. However, high smoothness is required for

the exact solution u.

The numerical results shown in Table 1 are :

(1) The max-errors and the estimated orders of convergence for the qualo-
cation solution,

(2) The errors and estimated orders of convergence at midpoints for the
qualocation solution,

(3) The max-errors and the estimated orders of convergence given by the

K-operator.

The results are as expected. Superconvergence at midpoints given by the qualo-
cation method was proved in [40]. Slow asymptotic achievement for the K-

operator is due to the requirement that N > 16 (see page 41).
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N lun — ulo max [un(Zit1/2) — wW(Ziy1/2)] | Kn * up — ulo

16 8.17 0.59E-00 0.92E-00

32 4.22 0.95 0.24E-00 1.28 4.26E-02 4.43

64 2.08 1.02 6.10E-02 2.00 9.57TE-04 5.48
128 1.05 0.99 1.54E-02 1.99 1.97E-05 5.60
256 0.52 1.00 3.85E-03 2.00 4.35E-07 5.50
512 0.26 1.00 9.62E-04 2.00 1.07E-08 5.34

TABLE 1. Errors in the Approximations of the Solution

Approximation of the first derivative. To approximate u'(z), by Theo-

rem 3.2 we take [ = 5 and ¢ = 3. Hence

2
Ka@)=7 Y kO i),

j==2

where

319 107 47

ko 1152

The numerical results yield the expected O(h®) convergence (see Table 2).

N Maximum Errors Orders of Convergence
16 39.9E-00
32 2.29E-00 4.12
64 5.70E-02 5.33
128 1.16E-03 5.62
256 2.37E-05 5.61
512 5.38E-07 5.46

TABLE 2. Errors in the Approximation of the Derivative

The above numerical results convince us that the K-operator method works

well for this approximation method.
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