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Fore word

During a staff seminar on Growth and Capitai theory at the
University of New-South-Wales in January 1963 , Professor Murray Kemp
suggested to me a research topic which has become the subject matter
of this thesis. The entire investigation was carried out under his
supervision and without his kind help and patient guidance this thesis
could not have been written . My indebtedness aﬁd gratitude to Professor
Kémp hoﬁe#er gd.beyénd ﬁh#t a student owes to his teéchet : T am refer-
ring to the more important prolongéd stimulations for many jears which
he has created and to his ready permission to include ( in chapters 4
and 7 ) the substance of a joint article of outd which,as Professor Kemp
himself stated in a letter dated Aﬁgust 22nd 1966, " was truly a joint
product to which we contributed.equally in effort and ideas". '

I have also greatly benefited from numerous discussions of the
thesis and related topics‘with Professors Henry Wan,Jr.,George Hadley,
Maurice McManus,Ken-ichi Inada and Dr. Leor Wegge . I have also ieatued
much from correspondences with Professors Leif Johansen dnd Robert Salow.
Several staff members of the Australian Atomic ﬁnergy Commission have
helped me in the simulation study which provides the appénaix to chapters
5 and 6 . In particular,I should like to record myindebtedness to Roph |
Bardwell and Don Mercer .

While my thanks go to all the above mentioned people, they are not

to be held responsible for any mistakes that remain .
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Chabter 1

INTRODUCTION

Growth is a very old theme in Economics : it is almost two hundred years

(1)

further back in time to the writings of mercentilists and physiocrats in which

since Adam Smith made his celebrated enquiry ~°. Perhaps one must reach even
the contours and elements of a theory of economic growth first appear(z?.Thése
pioneers who broke the patﬁ left for their progeny little more than an intri~
guing myth and tﬁe legacy has not always been particularly welcome.

The laws which detérminé the pattern of | society's progress fascinate
layman and economic tﬁeorist alike.The passion is evidenced by the prevalence
of this theme in the vast literature of Economics.Yet sadmittedly,there was a
long period when economic analysis was,so to speak,"fobbed off with another

"( )

tic and political rather than academic.In the first place,when David Ricardo

bride— a theory of value However,the very nature of the affair was pedan-

named Distribution ,the centre-piece of the theory of value, as "the prin-

n(4)

from an area in which to him it was so extremely difficult to conduct &n ana-

c1pa1 problem in Political Economy , he only tried to shift the emphasis
1ysis.Vide his letter to Malthus of October 9th,1820 :"Political Economy you
thlnk is an enqulry 1nto the nature and cause of wealth-—I thlnk 1t should be
called an enquiry into the lﬂws which determine the div151on of the pfoduce of
industry amongst the classes who concur in its formation.No law can be laid
down respécting quantity but a tolerable correct one can be laid down respec-

"(5) )

ting proportions
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In the second place there was also a deep-seated political reason. Ricardo's

days were days of unrest., In England modern industry was just emerging from the

age of childhood but it already had made some impact upon the class structure of the
society. Early English radicals read Ricardo in the 1820°s and interpret his theory
as describing the antagonism of class interests of wages and profits, of profits

and rents. The succeding period witnessed a quarrel between industrial capital

and aristocratic landed property and the growing déscord between the government

and the feudal aristocracy gathered around the Holy Alliance on the one hand end
and the popular Mass on the other. The literature of Political Economy in England
of this period, as Marx put it, "calls to mind the stormy forward movement in France
after Dr. Quesney's death, but only as a Saint Martin's summer reminds us of spring"
(6). Then with the emerge_of Sismoan, Proudhon, Robertus, Lassalle, Marx and .
other continental socialists, economic writings suddenly became social messages
and genuine scientific reseach was replaced by "the bad conscience and the evil
intent of apologetic" (7). The popularity of distribution theory was thus in-

evitable.

After this long period during which the new social structure finally took
shape, attention was again focussed on the problem of growth and fluctuation.
At first the interest was purely academic: the problem with all the rigour
complexity and purity of jits logic is extremely exciting and is good as an
exercise for the mind., But it is not like the mOrning jam that one would see
and touch each day. Until the late 'thirties the most socially irportant pro-
blem seems to have been that of unemployment and Keynes with his short-run
comparative static tool had handled it masterly. Only after the second war did
the problem of growth become also a real and urgent problem: on the one hand
there was the task of reconstruction in countries which had been bankrupted by

the war, on the other there was the task of development in countries which had

long suffered from backwardness. As a result , planning for growth has become
the national policy in most countries: it has become the common concern of every
one, from philoscPhers, theologians, pamphleteers, special pleaders, reformers to
the general publig. This additional feature of the problem has helped to create
a new literature which is so strikingly esoteric.

I am totally intrigued by the intellectual fascination that the problem
offers, but I also share the interest of the so-called traditionally-minded,
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‘o, :
emp¢rically- inclined, earthy economists. Most of the contributions to the
literature so far have been criticised by them as being unrealistic: it is a
bad show that after more than two decades of theorising we are still somewhat
in the domain of one-sector world and its fable of a golden age. I think there
is much truth in these criticisms and one must take them very seriously.

This thesis is an attempt to inject certain features of reality into an
analysis of the kind so dominant in the literature, namely the neo-classical
approach, We shall begin with a stocktaking by giving a brief survey of
modern growth theory with special emphasis being placed on a synthesis of
Leif Johansen's which had made the injection of these features into the neo-
classical scheme possible. We shall then proceed to investigate models which
incorporate these features in great detail. - S

It will soon be obvious that the additional features will immensely compli=-
cate the analysis. This seems to be the price of keeping a nose for reality.
Aiming at this I shall offer no apology for the serious mathematics that will
be employed.
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(5)

(6)
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Footnotes to chapter 1.

Cf Adam Smith: An Inquiry Into the Nature and Causes of the Wealth of
Nations, 1TT6.

Cf. Joseph J. Spengler: '"Mercantilist and Physiocratic Growth Theory",

in Theoriee of Eeomomic Growth, The Free Press of Glencoe, Illinois, 1960,
Pp. 3-6L.

Joan Robinson: Thg Accumulation of Capital, London: Mac Millan & Co Ltd,

1956$ PeVe

Works of David Ricardo, ed. P. Sraffa, Vol I, Preface to the Principles,
De 5. '

Works of David Ricardo, tbid.

K
Karl Marx: Das fapital, afterword to the Second German Edition, Hamburg,
Verlag von Otto Meissner, 1873.

Karl Marx, op. eit.



Chapter 2.

MODERN GROWTH THEORTIES:
A BRIEF SURVEY

When Harrod made a "tentative and preliminary attempt" in 1939 to "give

”" (1)

would "determine the course of events in detail" but aimed only at providing a

the outline of a dynamic theory he did not have in mind a theory which

framework of concepts relevant to the study of change analogous to that provid-

ed by static theory for the study of rest"(z). With John von Neumann's paper
3)

Ergebnisse eine mathematischen Eolloquiums (4), PRarreod's cssay had all the

on general economic equilibrium still lying obscure and untranslated in the
charm of 2 pathbreaking paper. It did not contribute much to modern dynamics
in the sense of Ragnar Frisch (5). But its importance lies in the stimulus it
gave to what we may term "traditional dynamics” - a dynamical theory of the
kind introduced by John Stuart Mill (6), namely, the analysis of long run

@)

the time element.,

equilibrium, An analysis of this kind calls for an explicit introduction of

That "the element of time is a chief cause of those difficulties in econ-

omic investigations is well known and yet up to 193 economic literature

had never gone beyond the "famous fiction of the Stationary State" (10). it is
true that the "steady state" of cconomic progress was discussed as long ago
(11)

~as in 1826 by Johan Heinrich von Thiinen and that Gustav Cassé¢l introduced,

as 8 generalisation of the stationary state,’the concept of an “evenly pro-

gressive economy where population grows at a constant rate and production is incr-

n(12)

eased in proportion to population but they failed to meke any use of
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their idea. It was Barrod’s article that laid the foundation stone of modern
growth theory. For, as Sir John Hicks has tecently,observed, “what used to be
called the theory of long period equilibrium has turned, in modern economics,
into the theory of growth"(13)‘

There is in effect not a unified body of thought that can appropriately be
referred to as the theory of economic growth. If such a theory exists, it
must be able to inform us about all the phenomena of a changing economy. These
phenomena are so immensely complex that any theory about them is "bound to sim-
plify, or at least in some way to over-simplify" (14). What really do exist are
economic growth models. By growth theories therefore will be meant the set of
hypothésésAcbnhefning the behaviour over time of certain écénémic‘vériaﬁlés‘iﬁ
various simplified economic structures. 1In this sense perhaps one should con-
sider growth theory as a post-war development, Since the war there have been
two distinct lines of thought on the construction of simplified economic
structures. The first has developed from the input-outpuf model of Leontief
and from the above mentioned article of vonNeumann, the english translation of
which was made available by the Review of Economic Studies in 1945; its
general character is sufficiently indicated perhaps by the caption Linear Econ-
omics. The second line cf development had its origin in Harrod's 1939 essay.

Harrod's original theme was taken up by Evsey Domar in 1946<15) and again
in 1947,(16) and 2 year later Harrod himself published his Towards A Dynamic

(17). It is in these writings that the first modern growth model of

Economics
traditional type took shape.
The schematic form of the Harrod - Domar model is extremely simple and may

be presented as follows:
(1) A constant proportion s of income (Y) is devoted to saving.

(2) A unit of ocutput is produced by a given minimum amount of capital and

labour - in other words, the capital~output ratio ‘v.is'fixed.

(3) The labour force grows overtime at a constant rate n, fixed by non-

economic, demographic factors.
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Much of subsequent work stemming from this model is but a modification of
the assumptions concerning these three key parameters (s,v and n).It is easy
to see that in a state of steady growth income must grow at the same rate as
the capital stock ("warranted rate') since the capital output ratio is 3ssumed
to be fixed; and that ,in the absence of technical progress,income must also
grow as fast as the labour force ("natural rate™) since a given amount of
labour is required for each unit of output.In other words,in terms of the above
notations,for steady growth it must be true that n = s/v .Since n is deter-
mined hy demographic factors,s by psychological factors and v by technological
factors,it is only by pure chance-— or,to use an expression of Joan Robinson,
"by a fluke"(la) that this equality holds. Unless it does hold however,
" there is no possibility of steady growth. o

A divergence of the warranted from the natural rate 1s not the only
obstacle to full employment steady growth. By definition, the warranted rate of
growth is that rate of growth which,if it occurs,will leave all parties
satisfied that they have produced nelther more nor less than the right
. What happens then, if the economy is actually growing at a rate
whlch is not warranted by present technologlcal condltxons ? The answer will
depend of course on our assumptions about the behav1cur of the economic agents
who appear in the system ; in particular,it will depend on thelr expectations
and on their adjustments to error. Farro s original assumptlon led him to
conclude that the warranted rate is hlghly unstable ,in the sense that a
"departure from equilibrium ( warranted rate ) instead of being self-righting

will be self-aggravating"(zo)
(21)

although other sets of assumptions could lead
to the opposite result
In general therefore,the implication of this analysis is that " even
for the long run the economlc system is at best balanced on a knlfe-edge(zz)
eau111br1um growth. Vere the magnltudes of the key parameters —the saving
ratlo,the capital output ratio,the rate of increase of the labour force — to
stop over so slightly from dead center, the consequence would be either
grow1ng unemployment or prolonged 1nf1at10n "(23)
In view of the styllsed fact" Kaldor-style or otherw1se ’ th1s
line of thought seems to have led to a far-too-strong conclusion . Several

2(24)

attempts were made to systematlze the relations between the warranted
and the natural rate of growth in order to weaken the Barrod - Domar

conclusion. Given the rate of growth of the labour forece n
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variations in the saving ratio s or in the capitzl output ratio v, or in both
these ratios, may eliminate any differences between n and s/v. These views were
taken simultaneously by two schcols of thoucht almost a decade after the publi-
cation of Harrod’'s and Domar's post-war articles. To oppose the assumption that

the capital-output ratio is a constant is tc take a position similar to

that of the neo-classical economists against the classical: in the tlassical
theory capital and labour were treated as if they were hiphly complementary fac-
tors whereas in neo-classical theories they arc regarded as notentially substi-
tuable, In 1956. Solow (25) and Swan (26) independently »resented growth models
which incorporate this neo-classical assumption: the Harrod -~ Dorar model was
re-forrulated to include the assumption that the éapitéléoﬁtput ratio is a
variable. The opposition to a constant saving ratio on the other hand was
dominated by an explicit injection of income distribution theory into growth

analysis with a speciai Keynesian fiavour. This was undertaken by Kaldor 27

and Mrs. Joan Robirson. (28).

Explicitly introduced in the neo-classical scheme is a smooth production
fuaction relatimg output to inputs (capital and labour) and revealing the
existence of a continuum  of techniques. Flexibility of factor # proportions
ensures the equality of n and s/v and thus removes the first obtstacle to steady
full employment growth. IlLiowever the knife edge problem does not necessarily
disappear: to get rid of this second obstacle to stéady growth we need to make !
futher restrictive assumption concerning saving and investment behaviour or the
price mechanisn in the factor market.‘(zg).

The introduction of a saving function could also remove one of the obstacles
to full emnloyment steady prowth. If the prcpensity to save differs from one
ercup of income earners to another then the aggregate saving ratio depends on
the distribution of income. If v is fixed factor rewards are not restricted to
the rule of marpinal productivity calculation, hence the distribution of income
(and the value of s) may be assumed to be such that the equality of n and s/v
is ensured. If v is a variable, the production function may be. such that the -
substitution petween capital and labour is unitary-elastic and the stability
properties of the system will be the same as those of Swan's and Solow's neo-

classical models. If the elasticity of substitution is not equal tec unity the
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movement in profit"s share will be such that the stability of the steady
growth solution is unimpaired.
These models are usually comstructed so as to incorporate also the
assumption of technical progress and/or the depreciation of capital equipment.
Technical change has two aspects which are important : the nature of
the change and the bias of the change.Up tc 1962 most treatments of technical
progress were based on the assumption that it is an exogenous factor which may

(30) was the first* to advance

either be embodied or disembodied.Arrow
the hypothesis that "technical change in general can be ascribed to expe-
~rience,that it is the very activity of production which gives rise to

respect to depreciation there are also two kinds of treatment: the sudden

problems for which favorable responses are selected over time

death and the radioactive decay.In the former case machines are assumed to
last for some T periods and then suddenly fall into pieces,whereas in the
latter case it is assumed that a physical proportion of the machine
"evaporates' at every moment of time : it is like a fall-out effect and
every machine will suffer,hence the term "'radiocactive”.

The neo-classical model with or without technical change has been
(32) (33) (34),Dhrymes(35) (36)9

to cover the case in which consumption goods

generalised by Uzawa

37

s Inada
(38)

, Takayama ,Kurz

Solow and by Drandakis
and capital goods are formally separated.
Up to the late’fifties one may say generally therefore that growth

theory is dominated by the neo-classical scheme.
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Bootnotes to chapter 2.

(1) R.F. Harrod: "An Essay in Dynamic Theory", Economic Journal,vol XLIX,
March 1939, reprinted as essay 13 in R.F. Harrod: Economic Essays,London:

Macmiilan & co, Ltd, 1952, p. 254.
(2) ROFO HarrOd, ZOO. cit'

(3) von Neumann: "Uber ein okonomisches Gleichungssystem und eine Verallge-
meinerung des Brouwerschen Fixpunktsatzes'" (On an Economic Equilibrium System
and a generalisation of Brouwer's Fix-point Theorem). English translation
appeared under the title: '"A Model of General Ecomomic Equilibrium"
Review of Economie Studies,13 (1), 1 - 9 (1945 - 1946).

5

(4) Franz Denticke, Leipzig and Vienna, 1937.

(5) Ragnar Frisch: ™0n the Notion of Equilibrium and Disequilibrium",
Review of Eeconomic Studies, 111 (1935-3%), pp. 100 = 106. Aceordine to
Frisch, a system is dynamical if its behaviour over time is determined by
functional equations in which variables at different points of time are

involved in an essential way.

(6) Mill seems to have taken the concept from Auguste Comte, with whom he
frequently corresponded. (cf. Lettres d'Auguste Comte a John Stuart MIll,
181 - 1846, Paris, 1877). 1In his Cours de Philosphie Pbsitive,(:orntéf
separated the problems presented by social organism into two kinds: those
that may be said to belong to the social evolution and those which do not.
In order to emphasize a parallelism between this method of study and that
of natural science, Comte borrowed the terminology of a zoologist,
H. de Blainville, to call the former (social evolution) statics and the

latter (non-evolutionary phenomena) Dynamics.

(7) Vvide Mill'sPrinciples of Political Economy with Some of their Applications
to Soctal Philosophy, London: Longman, Green, Reader & Dyer,(189) Book V,
chapter 1 (p.421) We have still to consider the economical condition of

mankind as liable to change, and indeed... as at all times undergoing
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9

(10)

(11)

(122

(13)

(14)

@15)

(16)

an
(18)

(19)
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progressive changes. ' We have to consider what these changes are, what
are their laws and what their ultimate tendenceies thereby adding a theory
of motion to our theory of equilibrium - the Dynamics of Political Economy

to the statics."

Alfred Marshall: Prineiples of EconomicgBook V, chap. V, § 2. London
Macmillan, 1891, p. 366.

e
E. Lundberg's Studies in the thyory of Economic Expansion, (1937) secems to

have made no impact on the literature.
Alfred Marshall, Zloc. cit.

von Thunen : Der isolierte Staat in Bezielung auf Landwirthschaft und
Nationalokonomie, (1826)

Gustav Cassel: Theoretische Sozialokonomie, Stockholm, 1918, chap. 1. § 6.
English translation by Joseph McCabe: The Theory of Social Economy,
T. Fisher Umvin Ltd, London, 1923, Vol 1, Book 1, Chap. 1. § 6, p. 35.
%Y
J. R. Hicks: The Theory of Wages, London: Macmillan, 2nd Edition, 1963

J. R. Hicks: Chpital and Growth Oxford at the Clarendon Press, 1965, p.v.

E. Domar: "Capital Expansion, Rate of Growth and Employment".
Econometrica, Vol 14, Bpril 1946
»

E. Domar: "Expansion and Unployment", American Economic Review, Vol 37,
“ - ]
March 1947,

" London: Macmillan, 1948.

Joan Robinson: The Accumulation of Capital op. eit, p. 405

R. F. Harrod, loc. cit., p. 256.
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(24)

(25)
(26)
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(28)

(29)
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R.F. Harrod, ibid., p. 264.

Cf. H. Rose: '"The Poesibility of Warranted Growth". Economic Journal,
Vol LXIX, June 1959. D.W. Jorgenmson: '"On Stability in the Sense of Harrod",
Economica, Vol XXVII, August 1960.

The term knife-edge, as used frequently in the literature, refers to the
possibility of a divergence between the actual rate and the warranted
rate only and not to the general instability of Harrod's model which
includes also the possibility of a divergence between the warranted rate
and the natural rate of growth.

R.M, solow: "A Contribution to the Theory of Ecomomic Growth". Quarterly
Journal of Economics, Vol. LXX, No. 1. February 1956 p. 65.

T.W. Swan: "Economic Growth and Capital Accumulation"/, Esonomic Record
Vol. XXX11, November 1956. pp. 334-61.

R.M. Solow, Zbid.
T.W. Swan, <bid .

Cf. Nicholas Kaldor: "Alternative Theories of Distribution". Review of
Economie Studies, Vol. 21 1954. "A Model of Economic Growth",

Eeconomie Journal, Vol. L¥Xll, December 1957. '"Capital Accumulation and
Economic Growth" in Theory of Capital, eds. F.Lutz and D.C. Hag;tbe,

London: Macmillan, 1961.

Joan Robinson. loe. eit.

Cf. F.H. Hahn: "The Stability of Growth Equilibrium", Quarterly Journal
of Economics, Vol. LXX1V, May 1960, A.W. Phillips: "A Simple Model of
Employment, Money and Price in A Growing Ecomomy", Eecomomica, Vol. XXV111,
Nov. 1961, and "Fmployment Inflation and Growth", Economica, Vol. 29,
Feb, 1962,J.R. Sargent: "The Stability of Growth Equilibrium: Comment".
Quarterly Journal of Economics Vol. LXXV1 August 1962.
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(31)

(32)

(33)

(34)

(35)

(36)

37
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K.J. Arrow: "The Economic Implications of Learning by Doing" , The
Review of Economic Studies No 80, Vol XX1X (3), June 1962,

K.J. Arrow, ibtd. p. 156.
H.Uzawa: "On a Two Sector Model of Ecomnomic Growth: I", Review of Economic
Studies, Vol XX1X, October 1961. 'On a Two-sector Model of Economic Growth:

11", Review of Economic Studies, June 1963 (Vol XXX).

K.I. Inada: '"On Two Sector Model of Economic Growth: Comments and a

-Generalisation, Review of Economic Studies, Vol XXX, June 1963 "On the -

Stability of Growth Equilibria in Two Sector Models" Review of Economic
studies, Vol 31, 1964,

A, Takayama: 'On a Two-sector Model of Economic Growth: A Comparative
Static Amalysis", Review of Economic Studies,Vol XXX, June 1963.

P. Dhrymes: "A Multi-Sector Model of Economice’ Growth",Quarterly Jourmal
of Economics", June 1962,

M. Kurz: "A Two Sector extcnsion of Swan's Model of Economic Growth:  The
Case of No Technical Change". International Economic Review, Jan, 1963,

R.M, Solow: 'Note on Uzawa's Two Sector Model of Economic Growth", Review
of Economic Studies, Vol XX1X, October 1961

E. Drandakis: "Factor Substitution in the two-sector Growth Model" Review
of Economic  Studies. Vol XXX, October 1963

Perhaps we should say that he is the first to treat technical change as
being endogenous 7w the context of growth models. Similar treatment of

technical change appeared long ago in the infant industry arguement.



Chapter 3.

LEIF JOHANSEN'S CRITIQUE
AND A CRITIQUE OF JOHANSEN.

There is much merit in classical economics and this can hardly be denied.
However Meade would further insist that the preservation of the continuity of
tradition and method is in itself "a positive virtue" (1). The neoclassical
scheme in growth analysis po doubt has this virtue: it enjoys, so to speak, "the
Ricéfdiaﬁ vice" . (2) while it supplies, in the most elegant manner, a description
of the behaviour overtime of the simplest form of classical economic system. But

the form of neo-classical theory as it stands is much too simple to be accepted
as a good description of reality. In particular, its treatment of capital is
unsatisfactoty in at least two respects.

(1) In the first place the re-employment of a general production function,
which had been used frequently and unquestioningly by Bthm-Bawerk, J.B. Clark,
Wicksteed, Marshall and even Wicksell, re-opens a number of conceptual problems
that had never been raised properly before. In these days it is understandable:
Wicksell for example was more interested in expounding a theory of distributive
shares than a theory of growth and he obviously had wished to speak of a social
marginal productivity. However in growth theory, one would also like to discuss
the problem of capital accumulation . Thus to accept the neoclassical procedure
is to argue that capital, as a concept, can be treated as a single homogeneous
factor. Not being aware of this is simply being miseducated.(3)

There is of course a vital difference between the aggregation of consumption

goods and that of capital goods. Since consuming has always been identified
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with purchasing,consumption goods are implicitly, assumed to have no time dimen-
sion: the production period has no counterpart in consumption. Aggregatién of
consumption goods is therefore only the correlative of an aggregation of various
commodities in eross-section, which involves - in comparative statics at least -
simply the ordinary index number problem. This problem was almost settled in
1936 vhen Leontief (4 showed that an aggregate of two or more goods which are used
in given proportions can be treated as a single good in equilibrium analysis. The
quantity and price of the aggregate must be neasured by indices, the quatitity index
varying proportionatley with the quantities of the geparate goods amd the price
index varying proportionately with the ratio of total expenditure cf the quantity

(5

index. Three years later, Picks showed that those goods whose prices vary

proportionately can also be treated as a composite commodity. ' ( Similar proof was:

(6)

finitesimal changes are considered. In 1952 Wbld(7) subplied an alternative

also obtained, apparently independently, by Lange‘ ’, In these proofs only in-

proof which does not suffer from this weakness.) Vhile these results are important
from a demand analysis view point, they nlay only a minor role in growth amalysis,
particularly in ceﬁnection with the aggregation of capital(e). The difficulty

in capital aggregation is twofold: on the one hand, as Klein(9) has pointed out,

if the production function is to retain its origipal meaning - namely the relation-
ship between output and factor inputs, one of which being capital - it must be a
singled~valued function cf the factor inputs and it must be purely technical in
character: it must not depend on prices or other purely economic variable. On

the other hand, as have been agreed by all, capital goods have a time dimension.

(10)

The aggregation of capital, as clearly recongnised by Swan , will involve

therefore not only the ordinary index problem but also the "reduction of.a very

high order system of lagged equations.....to a more manageable system with fewer

lags"(ll). To dodge this difficulty, at first one is asked to think in term of =

very simplified world and imagine that "capital is made up of a large number of
identical meccano sets, which never wear out and can be put together, taken apart,
and recasesembled with negligible cost or delay in a great variey of models so as
to work with various combinations of labour and land, to produce various products"

«sessothat are "sold at conrstant price-ratios among themselves no matter how the

n(12)

rates of wage, rent and profits may vary. O0f course this is only a simpli-

fied ricturc and "it is not true that cnlv one kind of capital gocd exists, but

+(13)

there is also more than one kind of labour . In other words if the heterogeneity

of labour can be ignored then the heterogencity of e€apital canrvery well be

ignored "in the same way"(la).
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Recently attempts (15) have been made to show that in some cases, there
existsa meaningful ageregate capital stock that can be regarded as a single
homogeneous factor in an aggregative surrogate production function. But this
result does not seem to be very helpful: the surrogate production function for-
mulated in terms of this aggregate capital stock do not imitate well the behaviour

(16)

embodied only in new equipment, '"there would be a tendency for the surrogate

of the production process. In models where technical change is assumed to be

(production function) to underestimate the shares of wages .... because wages eat
up such a large part of the output of the oldest capital in use"(17).

(2) In the second place there is also another unsatisfactory aspect in the
neo classical treatment of capital which makes the defectiveness of the proceedure
become more serious: "it insulates the analysis from contact with reality"(la).

This is the implicit assumption of perfect malleability of machinery.(lg).Meade_
points out that if capital is homogeneous old capital goods must somehow be
equatable to nmew capital goods - not merely equivalent in value terms but.tech-
nically equivalent. And not only old capital goods must be made homogeneous with
new; all capital goods must be made homogeneous with each other. This, to quote
Hicks, "surely is the point at which the theory loses contact with reality in a
way that really matters. Real machines are not malleable, the beating of swords
into ploughshares is always a costly operation, if indeed it is not a figure of
speech" (20). When technical change is assumed to take place, the homogeneity as-
sumption for capital also has another unrealistic connotation: it would imply
that new and old equipments alike benefit from technical changes at equal rate.
:This is perhaps conceivable if technical changes are totally disembodied. Common
iobservation however tells us a contradictory story: that 'each unit of equipmeni21)
represents the technological stage of development reached in its year of origin"
?and that in reality, "technical specification of capital goods is constantly chang-

"(22). In other

;ing; new kinds of goods constaﬁiy appear and others disappear.....
lwords, technical improvements in fact do not accrue indifferenly to equipment of
all vintages.

Taking these facts into account, it seems that the homogeneity assumption
for capital can no longer have a'raison d'étre. It is not altogether clear how-
ever Wk whether or not, once this assumption is dropped one must also abandon
the neoclassical scheme.v The answer to this question was provided by Leif Johansen
in a masterly analysis.

Johansen's critique which was published in Econometrica in 1959(23) did not
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quite bring out into light these obscure implications of the neo-classical scheme.
His aim was modest: he simply wanted to "propose a kind of synthesis' between
different approaches in growth theory. His proposal to replace the Harrod-Domar-
Leontief assumption of fixed factor proportions and the Solcw-Swan assumption
of variable factor proportionsby the assumption that '"substitution possibilities
between capital and labour exist ex-ante but not ex-post' was made as a '"compro-
mise" (24). However besides this compromise there is also an explicit re-formula-
tion of the technical progress factor to take account of the fact that 'mew
production techniques can be introduced only by means of new capital equipment."(zs)
Equipments are now distinguishable by the proportions at which they are combined
with labour. These proportions are co-determined by the .state of technical
knowledge and the rate of the real wage which prevail at the time when the equip-
ment is being installed. In other words, different capital éqﬁibménfs may be
differentiated by their vintages.

Johansen's article thus provides a neoclassical model in which capital is
treated as being heterogeneous for the first time. The neoclassical results are
shown to hold good still: when general (ex-ante) production functions are used
and when equipménts are assumed to last indefinitely while depreciating expr>nent-
ially or not at all, output will grow asymtﬁtotically to the path of steady growth.
Johansen also considers a non-classical case and shows that if the physical life-
time of equipments is fixed and production functions ex-ante are linear, then
not only are fluctuations in income possible but also (even if we neglect complex
solutions) the asymptotic rate of growth will depend on the rate of saving.

The most remarkable thing about Johansen's analysis is that it marks a de-
parture from the neoclassical parable of one-capital-stack-and-one-production-

(26) has rightly insisted,

function. One is now totally convinced, as Samuelson
that "capital theory can be rigously developed without using any Clark-like concept
of "aggregate'capital” and that growth analysis can be undertaken in a system
where there is a continuum of heterogeneous physical capital goods and processes
through time. In this respect, beyond all doubt, Johansen's formulation is a
landmark in both growth analysis and capital theory. His analysis in its original
form is however incomplete in that it overlooked one non-trivial detail posed by
the economic problem of obsolescence. In the framework of Johansen's system,
because technical change is assumed to continuously take place, the normal situa-
tion is that of a rising real wage. If there are no substitution possibilities
ex-post, then after some interval of time a piece of equipment may no longer be

capable of earning a non-negative quasi rent and should be scrapped. This critical
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cut-off point is reached when the current real wage is such that the output
produced by the equipment is just guff@cieut to cover the associated wage cost.
The period during which an equipment can be operated profitably is its economic
life. Johansen's model can be reﬁised to solve for this critical vintage.
Also, in Johansen's original analjsis the rdle of entrepreneurs' expect-

ations was not at all clear and the distributional aspects of the model were
not fully investipffgated. In the next chapter we shall explore these specific
points in a context of steady growth., In chapter 5 and chapter 6 is studied

the asymptotic behaviour of the system, with chapter 5 devoted to the dis-
cussion of the non-steady growth paths and chapter 6 to the stability conditions
of the steady growth solution. To these chapters are appended the numerical
results of several simultation runs on a discrete model of similar character.

In chapter 7 and chapter 8 we offer a multi~sector generalisation of the model.
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Chapter 4.

ONE SECTOR GROWTH MODEL
WITH HETEROGEVEOZ2US CAPITAL

In what follows we shall study a classical system in which cutput is produced
by two competitive factors: labour and capital. The term Yeompetitive! is used
here in a rather restrictive sense: the two factors are competitive only at the
margin so that the fundamental process of labour-capital substitution is the con-
struction of different kinds of capital rcods. However. once a machine is in-
stalled, no variation in the complementary labour required to operate it is
possible. In other words, we fecllow Leif Johansen in assuming that substitution
possibilities exist ex-ante but not ex-post . The characteristics of a machine
are surmarized by its labour requirement. The latter is, in turn, assumed to be
determined by the wage rate which currently prevails, the pattern in which it is
expected to vary and by the extent to which new techniques can be introduced.
Irprovements in technology are assumed to accure exponentially and to be of the
embodiment type so that they affect cutput only to the extent that they are
carried into practice either by net capital formation or by the replacement of
old fashioned equipment by the latest models. It follows from these assumptions
that capital equipment may be distinpguished by its vintace. Since time will
be treated as a continous variable these assumptiors imply that the system under
consideration is a system in which there is a continuum of production functions-
one function for each type of capital equiprent. Expectations concerning the

behaviour of real wapes are of two tynmes: static. in which case the real wasge is
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expected to remain stationary, and non-static, in which case
it is expected to increase exponentially at the “correct” golden age rate. On the
steady growths path, where the wage rate does rise exponentially, the former is
the case of zero foresight whereas the latter is the case of perfect foresight.
As regards depreciation we shall also follow the two lines of treatment which are
so familiar in the literature: the radiocactive type and the sudden death type.
Accordingly we shall consider two cases: the case where all machinee are infini-
tely durable but depreciate steadily at a constant exponential rate and the case
where all machines have a fixed physical life time independent of use.

In this chapter we shall show the existence of a steady growth solution of
a one sector system and study the economic proverties of such growth paths. The
asymptofic’béhéviof 6f'the'systeﬁ will be studied in the next éhéptef whérég. .
strictly in the spirit of the old tradition, the fundamental mechanism which sets

the syster to work is assurmed to be generated in the labour market. Also, to
preserve the Neo-classical scheme in the spirit of Solow and Swan, we shall assume

that the ex-ante production function for each type of equipment is of the
Wicksell- Cobb- Douglas type so that technical improvements, as described above,

may be regarded as being neutral in the sense of Hicks.
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1.ZERO FORESIGHT : EXPONENTIAL DEPRECIATION

Let K _(t)dv stand for the amount of equipment of vintages v to v+dv
surviving at time t (tgv) ~and L (t)dv for the labour required to work
that equipment.For t>v the ratio of K (t) to L (t) is,of course,fixed;
for t=v,it is variable.Then for each v1ntagc of equipment there is a

production relationship of the form

S ‘
.1 Q) = e"Kv(t)“Lv(t)B , a+B= 1, a,80

where Qv(t)dv stands for the rate of output at time t from equipment

of vintages v to v+dv,and X is the rate at which technical improvements
-5(t v)K )

vhere § is the rate of depreciation ~nd Kv(v) is the rate of sross investment

accrue.Since all equipment decays exponentially we have Kv(t)=e

at time v.Since ,ex-post ,factor proportions are fixed,we have also

Lv(t) = e*a(t_v)Lv(v). Hence equation (4.1) may be written as

6t+(l+6)v

4.2) Qb HOENOL

Total output at time t,therefore,is

(4.3) Q(t) 6t (A+6)

K ( ) L (v) dv

v(t,W)
where V(t,W) is the set of profitable vintages at t.It is not difficult
to see that along the steady growth path this set reduces to V¥ :

<

Vk = {t-6=v St} for allt

where 6 is the constant ( Golden Age ) economic life time of machines.
Since in this chapter we are primarily interested in studying the properties
of the steady growth path,we shall treat the economic life time of machines
as a constant.Thus (4.3) may be re-written as
(4.3 Q) = e J LTS K (%L () av
t-9
The labour force L(t) is spread over vintages (t—6) to t and is

growing exponeﬁtially ,says;at rate n. We therefore may write
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(4.4) L(t)=L e = L (t)dv=e St VL (vyav
gt-6 ¥ t-6 v

Let Lt(t) stand for the flow of labour available to work with equipment newly ‘
installed at tirme t. Lt(t) is composed cf three parts: the rate of net addition
to the labour force, nL(t): the rate at which labour is freed by the steady decay
of existing equiprment, SL(t); and the rate at which labour is freed by the scrap-
ping of equipment jui;Le reriods old. The third component may be calculated

as an infinite weight/sun of the first two cormnonents, dated at t-6, t-26, t-30,...

Thus

4.5 L (©)=(a+6) L()+(n+8) L(t-0)e °°

+(n+8) L(t«-ze)e"z‘Se

+(n+8) L(t-30)e 268

*tieoeossccoaas

But the labour force is growing exvonentially. Hence (4.5) reduces to

(4.6) L ()=(n+s) L _e"F [1we” (RF8)04"2(nt8)6  3r8)e, ]
=(n+6)L0ent .
—le if nts =0
1- -6 (n+§)

The rate of gross capital formation at time t is given by

(4.7) R () = sQ(t)

wvhere s is the constant average propendity to save. DNote that both Kt(t) and
Q(t) are pross of depreciation.
Differentiating (4.3) with respect to t, and noting (4.6) and (4.7), we

obtain the nonlinear difference differential equation
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(4.8) Q(t)=an () +b [0(t) *+c0(t-0)*]E
where
Q= =§
bes®] (OL, g
1o B(nt)
- (A+8+8n)
and
d=A+fn.

Let the exponential path of total output be
(4.9) Q(t)=Qe°".
Equation (4.8) then reduces to

(4.10) (9-0)@7=b (1+ce *9%) e [2+8(n-0)]¢.

The coeffient of t is extinguished by choosing

(4.11) 9=n+%

whence

1/8
(4.12) Q=2 [1-e7® (9’*6)] }
o-a

and

(4.9 ) Q&:)— i‘ii)l‘ \ [ ~6(9+6)]11/8 oSt
L -e(n+6j 9 + 5
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We have not yet solved for 6. But at this stage we may note that a stea-
dy path exists,and that ¢ ,the rate of growth along that patk is independent
both of the proportion of income saved and of the rate of depreciation. The
reason is that in steady growth,output,capital and the effective labour sup-
ply (that is the labour supply corrected for its growing efficiency) must all

(A/B)t

grow at the same rate;and the effective labour supply,e L(t) ,evidently
grows at the exogeneously given rate ¢ = n+(A/B) , which is independent of §
and s.The latter determines tﬁe level of output on the steady growtﬁ path and
the annual increment of output,but not the ratio of one to tﬁe other.O0f spe-
cial interest,perhaps,is tﬁe elasticity of steady growth output witﬁ iespéct

to the savings ratio :

s () _ _s_ | 30 (O
Q(t) 3s Q(t)| 3s ® constant 36 3 s

s [a+ 20w, 36
Q(t) | 8 36 3s

But,as we shall soon discover ( equation (4.20)), 36/3s = O, hence

.L.Mg.é
Q(t) os B

The total rent earned at time t by equipment of vintage v is
(4.14) n(t) = Q(t) - w(t)L (t)

where w(t) is the wage rate,in terms of product,prevailing at t.And, (t-6)
is the vintage of that equipment which at time t can just "pay its way".It is

(1)

clear,therefore,that 6 must satisfy the equation
(4.15) Ht_e(t) = Qt_e(t) - w(t)Lt_e(t) = 0

Now Qt_e(t) may be found by substituting in (4.2),first for Lv(v) and Kv(v)
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(from (4.6 and (4.7), then for a(t) (from (4.9") )
~0(g*8) Y (s . o/ ot
(4.16) Qtwe(t)=(n+6)Lo f.fi~——~——ﬁl {-——-— [:l-e 8(g+6) ] ¥ e :
1

e '-B(n+db[ L 9+§ p

Futher,under our present assumption of zero foresirht,

6Q _(t) ) /8
(4.17) 'gq(t).s,_.‘.:..__._ =g _§_ [1~e 6(Q+6)§! e(A/B)t-
GLt(t) 9+6

Also, -

(4.18) Lt_e(t)=ew59Lt_e(tme) = fftfzzg__“ et from (4.6).
e6(n+6)_”1

Hence, substituting in (4.15) from (4.16) ~ (4.18) and simplifying.

(4.19)  p=e®™9)

since
9=n+% ’
(4.20)  6=- ? 1n8.

Thus the economic life of equipment depends only on the rate at which technical
improvements accrue and on the labour index. It does not depend on the rate of
depreciationy por does it depend on the saving ratio.. If A=0,. 8=m and steady:

growth is impossible. An increase in the rate of technical progress result in a
skortering of the economic life:
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(4.21) 20
9A

Put the effect of an increase in the labour index is ambiguous, depending on the

= (B/Az)logB < 0

itafial value or the imex:

4,22 90 -

( ) i -;\'-(l-i-logﬁ)
2
376 -1, 1
20 = = = < 0
382 A B

Viewed as a function of B, 6 reaches a maximum at e-lz 0.37 (Figure (4.1).
Thus for realistic values of 8,8 and 6 are inversely related.

 As an illustration, consider an economy with A = 0.0l and B = 0.75. The
economic life of equipment is then between twenty-one and twenty-two years. If
the rate of progress were to double, the economic life of equipment on the new
steady growth path would be halwved.

We can now write down an expression for the distribution of income.

Labour's share is, of course, L(t) w(t). Taking account of (4.4), (4.9'),
and (4.17), this reduces to

- 6(n+6)}

A

(4.23) L(tw(t) _ B + 8){1l - ¢

— B~ as A
Q(t) (m + 8){1 - e 89+8)y

N o

Thus, on a steady growth path labour's share is constant. It is independent
of the saving ratio, varies imversely with the rate of technical progress, and
varies directly both with the rate of depreciation and with the rate of popul-
ation growth., Not surprisingly, it also varies directly with the labour ex~-
onent 8. Note, however, that, except in the special unprogressive case in
which A = 0, the share is not equal to, but greater than, 8. The explanation
lies in the assumed lack of entrepreneurial foresight. On the assumption

that the current wage rate will continue to prevail throughout the life of
equipment, that is, for ever, the hiring of labour is pushed to the point.
vhere the marginal product of labour working with new equipment is equal to the
wage rate. Labour's share of the output of the most recently installed equip-
mentvis, therefore, 8. But the wage rate is steadily rising (equation(4.17)),
and hence lebour's ghare in the output of all older equipment exceeds B

Along the path of exponential growth the average rate of return on invest—
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eyt g
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ment is constant, the steady increase in the capital to labour ratioc being
exactly offset by technical improvements,

e "~ 0.37 1

To see this we first calculate the
rental at time t of a unit of equipment of vintage v:

7

Q, () al o +8 )

(4.24) () = = - — ~ forvs=t
v K, (t) s{1-e~ 9%8)} ;

{

Q,(t) = w(t)L (£)
K (t)

forv <t
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The rate of return on investment in equipment of vintage v, say
r(v), is then given implicitly by the "present value" relation
v+6
(4.25) I e tx(M+8} (t"")nv(t)dt = 1
v '

Since Qv(t),lg,(t), and w(t)Lv(t) all grow at the same exponential rate ¢
Hv(t) is function of (t-v) only. It follows that r(v) is stationary;
and, since Hv(t) is a non-negative function of t,r(v) is unique. Going

a step further, by applying earlier results we can reduce (4,25) to a
form which allows us to study the response of r to changes in ecach of the

. parameters S,A,n,a, and §:

1_Be{n+(§/e)+c}/x] ) l:l_BB(rﬂS)/?] ] [1_Be{r+e-<x/sm]

n+ A+ S - T+s n+ 6= A

(4.26) s[

The response of the rate of return to an increase in the saving ratio,
for example, is unambiguously negative: 9r/ds < 0.

As a final exercise we note that the now familiar rule for
maximum consumption on the steady growth path, viz.,that s=a, carries
over to the present model. This may be confirmed by differentiating
(1-8)Q(t) with respect to s and equating to zero. It must be remembered,
however, that in the present model o is not equal to the return to capital;
as we have already noted (equation (4.23)), capital's share of total
product is less than «

The case of perfectly durable equipment may be studied by

equating § to zero in the preceding derivations.
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3. ZERO FORESIGHT : '"'SUDDEN DEATH" DEPRECIATION

We turn briefly to the case in which equipment has a fixed

lifetime. each piece of equipment retains its efficiency during its
lifetime,shen disintegrates.

If 8 > ~(8/A\)1nB ,the limited physical lifetime of the
equipment is of no consequence . All the results of Secticn .2
carry over wlth the sxmpllflcatlon that 8 may be equated to zero.
In partlcular there exists a path of steady growth along wh1ch
the rate of growth is independent of the saving ratio . This is in
contrast to Johansen's conclusion,based on the assumption of a
linear production function .

1f,however, 0 <-(B/A)1nB , steady,full-employment growth
is impossible . For then the wage rate can be read from (4.15) as

o+

W - {:35_ [1-e'§(°+6)]}a/8e(°‘/3)("'é)

and from (4.17) as

- ) a/B
W(t) = B{p+5 l'l—e"e(p*‘s)]s le/B)t

The two wage rates coincide if and only if © ==—(E/%)1n8
vhich is contrary to assumption. It is worth noting perhaps'that
the barrier to steady growth in this case is not technological but
derives from the competitive character of the labour market. If the
wage rate were set administratively at a level consistent with (4.17),
(4:15) could be dropped and there would remain no obstacles to

steady growth .
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3. PERFECT FORESIGHT: EXPONETIAL DEPRECIATION

In deriving the fundamental growth equation (4.9') we did not find it
necessary to make any specific assumptions about the formation of expectationms.
That equation therefore carries over to the present section. It should not be
inferred from this, however, that the level of steady growth output is inde-
pendent of expectations. For, as (4.9) makes clear, the level of output de-
pends on 6, the economic lifetime of equipment. And, as we shall shortly demon-
strate, © does depend on expectations. Specifically, if A>0 the economic life
of cquipment is longer and the level of output higher when the foresight:of
businessmen is perfect than when the future is expected to be a repetition of the
present., (It follows immediately that with zero foresight, steady-growth pro-
duction is inefficient. But more of that later).

We begin by recalling to service equation (4.15), which requires that
equipment be scrapped when it ceases to cover wage costs. Substituting for
Qt—e(t) ard Lt— e(t:) (from (4.16) and (4.18), respectively) we obtain

(4.27)  w(t) = E,“f?‘:s' (1-0 %9+ 5)}]a/8 /B (-9

We note next that if businessmen expect wages to change they will take that
into account in arriving at their investing and hiring decisions. In particular,
if they expect the wage to rise they will not push the hiring of labour
to the point where the marginal product of labour is equal to the wage rate
(Cf. (4.17)). Rather they will stop at the point at which an extra worker °
makes no contribution to the present value of current investment. The latter

may be expresscd as ,
t+0

(4.28) v(t) = J[Qt(v) - W(V)Lt(vj]e-r(t)(v—t)dv
t

where the expression in square brackets is the rental earned at time v by equip-
ment of v1ntage t and where r (t) is to be 1nterpreted as the market rate of
interest at time t. (Under condltlons of perfect fore81ght it is also equal
to the internal rate of return. We note that this discounting formulation is
valid only in the Goldern Age where r(t) is in fact a constant).

Recalling that both Qt (v) ard Lt(v) viewed as functiong
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of v, decay exponentially at the rate 6, and noting from (4,27) that the wage
rate grows exponentially at the rate,A/B,we may rewrite (4.28) as
t+0

(4.29)  V(t)= {Qt(t)-w(t)Lt(c)e"(""‘)/B} o (e)] [v-t] o
t

and express the above mentioned condition of equilibrium as

t+0 (t+0
e-[§+r(tf][y-t]dv_w(t) o~ [B*r(e)-(a/8)] [v-t] ;-

t t

SV (t) GQt(t)
(4.30) O= =

ﬁLt(t) GLt(t)

Interpreting this, the current marginal product is equated not to the wage rate
but to the "effective" wage rate, defined as that annuity with the same present °
value as the wage payments expected during the economic life of the equipment.
Calculating the partial derivative with the aid of (4.6), (4.7), and (4.9'),and

evaluating the integrals, (4.30) reduces to

i -6(r+6)
a/B l-e .
(4.31) Be(A/B)tJ 8 [1-e—6(9+6)] x J’__________. if r+6#0-]

1 o+ r+é
l\e if r+6=0‘f

-~ N
__=8[r+6=(1/8)
l~e ] if r+6-(7/8) # 0.

() hs-(a/B) > =0,

] if r+6=-(A/B) = 0O

" S/

Thus, as in the case of zero foresight, the wage rate grows exponentially at the

rate A/B.
We note finally that in a competitive equilibrium the wage and interest

rates settle at whatever level will ensure that net profits are zero:
(4.32) Kt(t) = V(t).

Differentiating partially with respect to Kt(t)’ we obtain
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GQt(t) t+0

GKt(t)

(4.33) 1= o8] [v-t] 4

t

which,after evaluation of the integral and rearrangement, reduces to

(4.36) = = H[r(r);6]

where

ey 1]
Ht?(t)‘615?9+6) [}—e-e(r+6) ‘

It is evident from (4.34) that the rdte of interest is in fact a ﬁonstaﬁcg in
what follows, therefore, the functional notation t(t) will be dropped. It is éiso
clear that if s>, that is, if the saving ratio exceeds the capitdl coefficient,
the rate of growth will exceed the rate of interest, Similarly, if the éaving
‘ratio falls short of the capital coefficient the rate of interest will exceed the
rate d®f growth, Finally, if the saving ratio equals the capital exponent the rate
of growth and the rate of interest will both equal n+(A/B).

If solutions exist for 6,r, and w(t), they may be found by solving (4.27),
(4.31), and (4.34). Thus, eliminating w(t) from (4.1) and (4.5) we obtain

s (M/8)8

(4.35) = J(r,90)

where

_ (x+6) 1_e-6(r+6-1/8)
S T=A/g | ~0(r+d)

J(x,0)

The two equations (4.34) and (4.35) contain r and 6 cnly. It is irmediately

obvious that in the present case 8, the economic life of equipment depends on all

of the parémetéré,‘ndt'mérely on A and B. | S | -
Explicit solutions are out of reach, except in limiting cases; but simple

graphical analysis suffices to indicate the general nature of the solutions

(if any), as well as their responses to changes in parameters, The graphs of

(4.34) and (4.35) are sketched in Figure 4.2. Thus the graph of (4.35) is
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downward sloping with vertical asymptote p=={B/A) log B (whence the economic
life of equipment is greater under conditions of perfect foresight than under
conditions of zero foresight) and horizontal asymptote r=§-A/(1-8).
The graph of (4.34) on the other hand depends for its general shape on
the relative values of o, and s (and, therefore, of r and ¢9). Thus consider

a savings ratio s, smaller than o, so that r>9. For a specific rate of int-

1
erest r', the graph of Hl(r',® leaves the vertical axis at unity (de 1'Hosp-

ital's theorem), increases with 6, and approaches (r'+§)/(9+8) asymptotically.

It intersects a/s,, which lies betwwen unity and (r'+8)/(¢+8) and which is

1’
greater than unity, at 0'. If a higher rate of interest is considered, the

graph of H. swings in a clockwise direction, pivoting on the vertical inter-

1
1= 1y it therefore intersects oc/s1 at a lower value of 6. As the

assumed rate of interest falls and approaches (a/sl)(9+6)-6,6 approaches

cept H

infinity. As the rate of interest approaches infinity, 6 approaches sero.
The graph of (4.34) therefore has negative slope and asymptotes 6=0 and r=
(a/sl)(9+6)--69 In Figure 4.2 it is labelled H1 = a/sl.

Consider now a savings ratio 8ys larger than a, so that r<g. For a
specific rate of interest r", the graph of Hz(r",e) leaves the vertical axis
at unity but, unlike Hl, decreases with increasing 6 and approaches (r'+68)/
(¢+8), which is of course less than one; asymptotically. T« intersects
a/sz, which lies between unity and (r"+6)/(o+68), and is less than one. If a
higher rate of interest is substituted, the graph swings clockwise and inters
sects a/s2 at a higher value of 6., As r approaches (a/sz)(9+6)—6 s 0
approaches infinity ; as r approaches minus infinity , 9 approaches zero.
Thus the graph of (4.34) has positive slope and asymptotes 6= 0 and
r = (u/sz)(q +8) = 6.

Finally , if s = o then r = ¢ for all values of 6. The 6-solution is

found by solving J(9,0) = Be()‘/B)e .

Leaving aside the limiting ,unprogressive case in which A = n = O,

30+ 8) -8 > -5 -A/(-B),
and,as Figﬁre 4.2‘mékés‘c1ear;theie‘ié é ﬁniqﬁe.finité éolﬁtioﬁ fof f
and 6, A little tinkering with Figure 4.2 reveals the possibility,however,
that the equilibrium rate of interest may be negative. This possibility
emerges naturally when s > o,for in that case ¢ > r aﬁd a negative rate

of interest is consistent with a positive rate of growth.
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As an illustration consider the case where A = 0.02, B = 0.9, § = 0,05
s = 0.4, n= 0.04 so that ¢ = 0.06 . Calculation of the values of r and 6
on an IBM 1620 gives the following results :

Along Eq. (4.34) Along Eq. (4.35)
r 6 6
-0.06 9.84 30.04
-0.07 10.04 26.14
-0.08  10.2 23.26
-0.0¢ 10.44 - 20;94 |
-0.10 10.64 19.14
-0.11 10.94 17.64
-0.12 11.14 16.34
-0.13 11.44 15.24
-0.14 11.84 14,24
-0.15 12.34 13.44
-0.16 12.54 12.64
-0.17 13.04 11.94
-0.18 ’ 13.64 11.44
-0.19 14,24 10.84
-0.20 15.04 10.34
~0.21 16.04 9.94
-0.22 17.44 9.54
-0.23 19.34 9.14

Clearly the equilibrium for r and 6 are approximately =167
and 12} years.

That completes our graphical discussion of the sqlqti_on to ‘(4.34)_
and (4.35).
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It was noted at the beginning of the present section that lack of
foresigﬁt would give rise to an inefficient allocation of resources; in
particular,the number of men working with any piece of newly installed
equipment wouléd be excessive ,witﬁ the result that the equipment would be
scrapped too socn.An appropriate measure of inefficiency is provided by

the expression

436) 1, = 1-¥2 ;.2
Q*(t) Q*

VSinée‘a* is.of the éaﬁe.forﬁ aé a (see (4.12) end (4.9')) ,differe-
ring only in the value of 6 inserted,we are now in a position to evaluate
I1 for any particular set of paramete? values. The following values were
chosen with one eye to ralism ,the other to manageability : n =0, § = 0,20
s =A= 0,20, = 0.60. Witﬁ zero foresight 6 = 1,53,with perfect fore- -

sight 6= 2,30, Hence I, = 4.6 per cent so that the effect of imperfect

foresight is to depress ;teady growth output to 95.4 per cent of its
potential, At Higher rates of saving the inefficiency would have been
greater ( for s = O.Q,Otﬁer parameter values unchanged, I1 = 6.3 per
cent ); if inductry had been more capital intensive,inefficiency would
have been less,

It may be inferred from Figure 4.2 ,or proved by straightforward
calculation ,that an increase in the savings ratio will result in a lower
rate of interest and a longer economic life of equipment. From this it is
possible to infer the effect of an increase in thrift on the distribution

of income. For,from (4.1),making use of (2.4) and (2.9'),we have

@1y wouw | e+ fef™ 43
Q) I I CE
g

B ifx=0
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(4.38) w(BL(t) _ g |8 +r-2/8| |9+ 5][1 - o~ 8ntd) ] . Lo~ 8(8+1)

Q(t) §+r n+ 8| |1 -e S+ 1-o O(8+T=2/8)

It follow that if s = 0,s0 that =7 labour's share is equal to B ,the

labour exponent; tne young machines that yield a share to labour less
than B are balanced by the "o0ld" machines from which labour derives a share
in excess of B. If ,however,s > a ,s0 that ¢ > r,labour's share is less than B ;
and if s < o,50 that r > ¢ ,labour’s share 1s greater than B.

‘ Th relatlon between thrift and steady growth output may be 1nferred |
from (4.97).In the case of zero foresight,as we have seen,the only effect of
a change in s is the direct one measured by the partial elasticity of Q(t)

with respect to s :

3logQ(t) - o
dlogs B

When foresight is perfect 9however,allowance must be made also for the
indirect effect of thrift,working through € . We know already that increased
thriftiness gives rise to a longer economic life of equipment.It remains
to determine the effect of longer equipment life on output.This is measured by

the partial elasticity of Q(t) with respect to 0 :

(4.39) 2rog Q) _ ole*s o 0(e+8) _ 1371 | sy (o8O | 371

dlog © B
which is positive or negative as N
8(nt+d8) _
(4.40) o+d ee( 5 L > or < B
n+s e 197 g

that is ( from (4.37)),as the share of wages is greater or less than 8.
But we have just disccvered that the share of wages is greater or less than 8

as s is less than or greater than o( that is, as r is greater or less than ¢).
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It follows that the indirect effect of greater thrift on productivity
reinforces the direct effect if s < a ; if s > o the two pull against
each other.

Finally,we note that the condition for maximum steady growth con-
sumption under zero foresight , s = d ,carries over to the present model.

For it is a necessary condition of maximum consumption that

(a1 2 ((1-9)QD)) + == {(1=)Q) Y = 0O
9s 20 ds

and it can be shown that ,when s = o ,both terms vanish.Thus,in view of

(4.9"),the first term can be written

(4.42)  2.0(1-8)Q(t)} = -(t) +X8 .23 Q(t) = O wheno=s
9s 8 B

On the other hand,

(4.43)  olog Q)  _ , le#s o™ -3 é
26 n+s 89 _y

vhere Z = {(n+6)/8}{ee(n+6) -1} -1

the braces,however,is simply labour's share (4.37) which,when s = o, is

. The first expression inside

equal to 8.
The case of perfectly durable equipment may be studied by equating

8§ to zero in the above derivations.
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4 PERFECT FORESIGHET : " SUDDEN DEATH "' DEPRECIATION

Little need be said about tﬁis case. If the economic life of equip-
ment does not exceed its pﬁysical life, ¢ ,the analysis of section #3(with
§ = 0) carries over in its entirety. Otﬁerwise ,witﬁ ] E'E,we are left
with two mutually inconsistent equations in r, (4.34) and (4.35), and

conclude that steady full employment growth is impossible.
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@ 5 THE ROLE OF EXPECTATIONS

We are now able to see in what respects “expectations matter" in the analysis
of steady growth. First,it is clear from Figure 4.2 that the econcmic life of equip-
ment is longer when foresight is perfect then when it is absent. Firm blessed
with perfect foresight stop hiring labour short of the point where the rate is
equal to the marginal product of labour. It therefore takes longer for technical
improvements to eat into the quasi-rents earned by equipment.. Second, the longer
life of equipment gives rise to a higher level of cutput (but not to a higher rate
of growth of output). The difference between the two steady-growth outputs, ex-
pressed as a proportion of output under conditions of perfect foresight, is a
measure of the inefficiency with which resources are allocated under conditions
of zero foresight. Third, the rate of wages is higher under conditions of perfect
foresight (compare (4.17) and (4.31) but the share of wages is smaller. The reason,
roughly stated, is as follows. With zero foresight, the share of labour working
on the latest equipment is B; the share of all other labour is greater than B.

Under conditions of perfect foresight, on the other hand, the share of labour working
with recently installed equipment is less than Bjonly on equipment of at least a
certain minimal age is labour's share greater than 8.

An increase in thrift will push up the level of steadygrowth income, without
:affecting the rate of its growth. Its implications for other variables, however,
depend crucially on the nature of expectations. If foresight is perfect, increased
}thrift will reduce the rate of return, increase the economic life of equipment,
fand reduce the income share of labour; with zero foresight, increased thrift affects

none of these variables.
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Footnotes to chapter 4.

Johansen's equation (4.17), with his ¢ = ¢ and his a + b = 1, emerges from

(4.9') as 6 is made to approach infinity.
It is assumed that discarded equipment has no scrap value.

Not to be indentified with the market rate of interest. To establish a
relationship between the rate of interest and the rate of return on in-
vestment one would need much more detailed assumptions about expectations
and saving behaviour than those implicit in a constant ratio of saving to

output.
Cf. T.W. Swan: '"of golden Ages and Production Functions'. in K. Berrill,
ed, Economic Development with Special Preference to East Asia, London:

McMillan & Co. Ltd, 1964.

These results are valid also in the more general "mixed" case in which

equipment decays exponentially until age 6, when it falls apart.
Leif Johansen, op. cit., p.173.

Cf. Massell: "Investment Inovation and Growth", Eeonometrica, XXX, no.2,
April 1962, 239-52,
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Chapter 5.

ASYMPTOTIC BEHAVIOUR OF ONE SECTOR MODEL:
I. OFF THE GOLDEN AGE PATH.

In the previous chapter we explored some of the properties of the steady
growth solution generally known in the literature as the Golden Age. In this
 path output grows at exponential rate )\/B+4n and the recal wage grows at rate
A/8. A proper golden age path is a steady growth path consistent with full
employment of labour. A bastard golden age path is a steady growth path where
there is persistent unemployment,

In order to study the asymptotic behaviour of the system and/or the stability
propertiesof the golden  age sclution it is necessary to assume a certain
mechanism which sets the system in motion from any particular arbitrary initial
point. In this chapter we study some dynamical aspects of the one sector model
when it is off the golden age path. Ve shall explicitly assume that the dynmamic
mechanism is generated from the instantanecous relations of supply and demand in the
labour market. Tt will be assumed that there is a minimum (or subsistence) level
below which the real wage cannot fall. Maximal dgmand for labour may thus be

defined as the total demand for labour when all machines which are capable
; of earning non-negative quasi-rent at subsistence wage rate are operated. Labour
supply is assumed to be perfectly inelastic so that this rate will prevail when-
ever the maximal demand for lebour is smaller than the total supply of labour.
When the moximal demand for labour is equal to the supply of latour the real
- wage may settle at the subsistence level or above it, depending on whether the

- set of machines which can be operated profitably at the subsistence



wage level ﬁ; such that all theageast profitable machines -earn zero quasi-
rent. If this is not the case, then of course there exists a range where

the real wage may rise above the subsistence level without affecting the total
demand for labour. Such indeterminacy may exist also when the maximal demand
for labour is greater than the total supply of labour: there may exist more
than one (non subsistence) wage level which can generate the employment of
this volume of total labour supply. The existence of this indeterminacy in
vintage models is well known. To get rid of it we shall follow Inada(l) in
assuming that in such situation the real wage will settle at the greatest

level consistent with the full employment of labour, i.e. at the level which
‘makesy the least profitable machines earn zero quasi-rent.(See Fig;5{1‘5ﬂd 5.2)

We shall consider two cases: the case where the subsistence wage is a
constant and the case where it rises as fast as the rate of labour-saving
technical progress. In this chapter we shall confime ourselves to the case
of static expectation and inveamtigate only the asymptotic behaviour of the
system when it is off the steady growth path. Until section 4 labour is not
assumed to be a non-redundant factor. The task of section 4 is to show that
if the usual neo-classical assumption of full employment is adopted-then the
system will approach the Golden Age equilibrium asymptotically.

The case of constant subsistence wage level may be divided into two sub-
cases: (1) it may be so low that all machines in existence can be operated
profitably and (2 ) it may be so high that only a proportion of machines in
existence can be operated profitably. In both cases it will be shown that
unless labour is a non-redundant factor,the system will switch from a period of
full employment to a period of uncmployment or vice versa.

When the subsistence wage is assumed to rise as fast as the rate of labour
saving technical progress, there are also possibilities of a perpetual Bastard
Golden Age amnd of ayelie fluctuations in income. Laboux'non-redundancy is
again sufficient to ensure steady growth. However, simce subsistence real
wage is not incompatible with full employment, there are in fact two kinds of
Gélden Ageﬁ ‘one.where.the real wage is consistently at the subsistence level
and the other where it always lies above the subsistence level, Conditions for
for stability of the former may be derived without begging the question of
full employment. To specify these conditions is a very complex task and we

shall leave it for the next chapter.
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1.10W COMNSTANT SUBSISTENCE WAGE

If the constant subsistence wage level is so low that all machines
in existence can be operated profitably then the maximal demand for
labour, Max L’ , is the total demand for labour when every machine in

existence is operated, viz.,

t
(5.1) Max LD(t) = [.Lv(t)év
¥

wvhere T is the age of the oldest machine.
We denote the labour:capital ratio. (labour measured in efficiency

units) at time t by b(t);i.e.,

(A/B) t
(5.2) b(t) = © L (6

Z (1)

and define

(A/8) B
5.3 gb(n] = bnl]® = {e t]"t(t)] = %4®

k(1)

t Kt(t)

Let W(t) be the real wage rate which nrevails at t,then the static
expectation assumption implies that the following marginal condition

rust be satisfied :

o we = %O . O] - MO 5
’ 3L, (£) b(t)

and (5.1) may be re~written as

t an
(5.5)  Max L(t) = e"StJ L0/ B)va(v){{\"(v)dv’
T
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Let Ls(t) be the total supply of labour at t, then

5.6) 15(t) = 1"

where Lo is the labour force at t = O and n is the natural growth rate

of labour.
Dividing (5.5) by (5.6) and denoting the ratio Kv(v)/Ls(v) by k(v)

we obtain

Allv

(5.7) e‘(n+a)t[teI}ua-(x/B)va(v)k(v)dv Cm®®

yr L5 (t)

If at t,v is a profitable vintage,then we must have

v

W(t)LV(t)

Q, ()
or

Qv(t) = 4 w(t)
L () L, (v

and if v is the vintage of marginal machines, (i.e.,machines which earn

zero quasi-rent) then

QLM oy
LV(V)
= ng‘(V)]e(A/B)V
bh(v)

Thus the description of wage determination may be expressed as

r\
SOt (rSAB)V o (o > 1}]

J

e

r-
(5.8) W(t) = Max Lw, sup{W : e

where W is the subsistence wage and V(t,¥) is the set of profitable
vintages :
(A/B)v
V(W) = { v| gbt]e - W(t) = 0}
b(v)
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(i) cCase 1 : Max L2(t) > 1L5¢p)

If at ty the maximal demand for labour is smaller than the total

supply of labour,i.e., if

t
(5.9) e~(n+6)t°f 0 (m8-A/BIVY vrevyav < 1
T

then there will be unemployment and the real wage ,as described by (5.8),
will settle at the subsistence level :
(5.10) W(tg) = ﬁ, a constant.

We shall show presently that (5.9) and (5.10) cannot hold for
all t Z tg . If (5.9) and (5.10) can hold for all t 2 t;, then from (5.4)
it follows that

(5.11) bty = (pfinyl/eMaBt for all t 2 t,

Since gross investment is a fixed proportion of gross output

we write

(5.12) Kt(t) = sQ(t)

t
se th e(6+k)v\ (v)aL (v)de
v v
T
where s is the marginal propensity to save.

(5.12) may be re—written as

t
se—atf e(’Sv [e(A/B)VLV(v)/KV(v)]BKv(v)dv
T

(5.13) Kt(t)

t
se—ﬁtf esv[b(v)]BKV(v)dv
T
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Dividing both sides of (5.13) by LS(t) gives

. .
(5.14) k(t) = se_(6+n)tf e(6+n)vfb(v)]8k(v)dv
T

Differentiating (5.14) with respect to t and then solving for k(t)
for t 2 ty yields

(5.15) k(t) es(elﬁ)B/a(a/X)e(A/a)t-(6+n)t + K

where Ky is an arbitrary constant of integration.
It follows that

(5.16) lim k(t) = o

00

Hence (5.9) and (5.10) cannot hold for all t 2 ty . In other

words,for some t; sufficiently large,we must have

R CTOI f @MV (war 2 1
T

and unemployment will then disappear.

(ii) Case 2 : Max LP(£) = 15(p)

If at t; the maximal demand for labour is equal to the total supply

of labour,i.e.,if

- ty -
(5.17) e (“‘“‘”tlf (A BV iy (vyav = 1
T
thenithe réal ﬁage willvsettle at a level which,as described by (5.8),

makes the least profitable machines earn zero quasi rent.If u is the
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vintage of marginal machines at t; ,then

(5.18)  W(t;) inf glb(n)e?/”

TSvEt 1 b (V)
= Ag{b(u)}e(xle)u
b(u)
= Wﬁ »8aV.

We shall show that (5.17) and (5.18) cannot hold for all t Z t;.
_ - It can be easily seen that if (5.17) holds for all t z t; then .
W(t) will remain at W, for all t 2 t;. In other words,if (5.17) holds,
then

inf aib(v)}e MBIV
T&ySew b(v)

This can be seen in the following way. If (5.17) holds for all t 2 t;,

then ,since

W(e) = g'ib(e))eP/BIt

_ Balb())eA/Bt
b(t)

It follows that

g‘{b(t)}e()‘/‘e)t = 1. g{b(u)}g()‘/m“ N g{b(u)}e(?\/ﬁ)u
b(t) 8 b(u) b(u)
Thus for all t 2 t; ,
L Pl Y S YO} PO M .
b(u) TSvie b(v)

Q.E.D.
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Thus if (5.17) and (5.18) can hold for all t 2 t; then from (5.4)
it follows that

llae(A/aB)t

(5.19)  b(t) = (B/iy) for all t Z t; .

Again we write

t
e(<S+n)
T

(5.20)  k(t) = se‘(‘““)tf Vb (v) Pk (v) av

Differentiating (5.20) with respect to t and then solving for
k(t) for t 2 t; yields :
R A ; e e o
(5.21) k(t) eS(B/hu)B/a(“/l)e( /e _ ()t + Ky

where X; is an arbitrary constant of integration. It follows that

(5.22) lim _ -
fosoo k(t) =

Hence (5.17) and (5.18) cannot hold for all t 2 t; ; in other words,

for some t, sufficiently large we must have

o (ard)t zjt 2e (n+6-)d8)vb Wk > 1
T

(iii) Case 3 : Max L2(t) > L3(t)

If at t, the maximal demand for labour is greater than the total

supply of labour,i.e.,if

(5.23) e_(n+6)t5¥t e(n+6—A/B)vb(v)k(v)dv > 1
T : . o v
" then the reélvwégé Qiil séttlé étva 1évei ﬁhich,és‘déséribed by (5.8),
makes the least profiteble machines earn zero quasi rent .If q is the

vintage of marginal machines gt to then
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. (/B)v
_ inf g{b(v)l}e
(5.24) W(ty) veV (t 5,W) b(v)

= gib(g)eP/P
b(q)

Wq s Say.
We shall show presently that W(t) cannot remain at Wq for all t.
Suppose first that (5.23) and (5.24) can hold simultaneously for

all t > t, ; then ,since (5.23) implies full employment of labour and
(5.24) implies stationary real wage,we have

(5.25) o (ROt J SOV L o f (v L)
q w7 Yy 15w
where ?l'(t z,wq) is the set of unprofitable vintages at t :
(A/B)v
?i(tz,w ) = {vlgsvzty glb(v)le - W(ty < 0}
q b(v)

Differentiating (5.25) with respect to t yields

(5.26) L(t) = (n+ §)Loe"t

Again we write
(5.27) Kt(t) = s5Q(t)

t A
R (mG)Lo}Be—at j e(6+)‘+8n,)v{l<v(v)}adv
q
- s (n+6)L0}Be_5t e(6+)‘+3n)v{Kv(V)}adv
W(t.,wq)

Differentiating (5.27) with respect to t we obtain
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(5.28) Kt = =K () + s{(mo)l’ PR (D)

(5.28) is a Bernouilli-type non-linear differential equation in

Kt(t). It can be reduced to a linear form by the substitution :

(5.20)  x(® = &I = ®@®)F
so that
(5300 x(8) = B{ K (D} K ()

(5.28) may now be re-written as

(5.31)  x() + Bx(r) = sB{(+6)Lg}feMHEME

The general solution of (5.31) may be written as

(5.32) x(t) = 8f5{(n+6)Lo}E.3 LJOBDE x*e-B‘St

B(n+8)+A

where x* is an arbitrary constant of integration. From (5.29) it follows
that

-

11/8
(5.33) Kt(t) = l 38 J (n+6)L0e(n+x/B)t ,for large t.
B(nt8)+A

Since,by assumption, the production functions are Cobb-Douglas,

(5.26) and (5.33) imply that the real wage must rise. The supposition
that (5.23) and (5.24) can hold simultanecously for all t is therefore
false.It follows that (5.23) can only be compatible with a situation
where the real wage varies with t . ;

If W(t) is a function of t with a ( constant ) greatest lower
bound at W , then for any value of t where W(t) = W , eq. (5.23)
will of course breaks down and unemployment will be inevitable. Such

unemployment, as we have seen however, cannot be permanent ,provided
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that the subsistence wage is a constant.The case of non-constant sub-
sistence wage will be dealt with in Section 3 of this chapter and in
Chapter 6 where it will be shown that permanent unemployment is,under
certain circumstances ,unavoidable.

If the greatest lower bound of W(t) is greater than W for all t 2ty
— 8o that labour supply can never be redundant — then W(t) must converge
to an exponential patﬁ and the system approaches its Golden Age equili~-
brium. Since this result applies alsc to the case of non-constant sub-
sistence wage and since the proof of this proposition is rather elaborate,
we shall defer our discussion of this case untill Section 4.

So long as the subsistencc wage is a constant,therefore , the system
will either approach the Golden Age or will sw1tch from one perlod of
unemployment to a perlod of full employment or vzce versa . This vicious
cycle may repeat itself continuously for any length of time,during which
output exhibits no specific behaviour pattern.
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2. HIGH CONSTANT SUBSISTENCE WAGE

If the constant subsistence wage level is so high that only a
proportion of machines in existence can be operated profitably then the
maximal demand for labour ,Max LD, is the total demand for labour which
is needed to operate these machines,i.e.,

(5.36)  Max L(t) = ILV(t')dv

V(t,W)
where V(t,ﬁ) is the set of profitablevintages at time t,the real wage being
at the subsistence level ﬁ, i.e.,

] (/8)v }
(5.35) V(t;ﬁ) - {Vl g{b(v)}le "' . AW.;;O}
b(v)

Again,the wage determination may be expressed as

(5.36)  Wt) = Max’.vg?, sup{ze (PHO)E je(n+6-)‘/8)vb(v)k(v)dv;1}]

| v(t,W
It is easy to see that the assumption of a high constant subsistence

wage level does not in any essential way alter the result of the analysis
presented in the previous section.

Suppose that at tg the maximal demand for labour is smaller than the
total supply of labour ,i.c.,

(5.37) e-(n+6)t°f e(n+6-A/B)Vb(v)k(v)dv <1
V(tsﬁ)

then the real wage will settle at the subsistence level W o

(5.38)  W(ty) = W

vhich implies that
(5.39)  b(t) = (8/l/ec(/oB)t

If (5.37) and (5.38) can hold for all t > ty ,then,it follows that
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t
(5.40)  k(t) = se’(“““tf Ve 0y 1Bk (v)av

%(to oW

where p is the age of the oldest machines employed and %(to,ﬁ3 is the set

P
—se—(n*G)F j e(nfd)v{b(v)}Bka)dv

of unprofitable vintages at tj,

g{b(v)}e()‘/s)v
b(v)

V(to,ﬁ) = {vlpgvty - <o)

Differentiating (5.40) with respect to t then solving for k(t) for
't > tg, yields : o

(/a)t

s &/ @/ne - (n+8)t + Ky

(5.41) k(t)= e sfor t > tg

where Ky is an arbitrary constant of iantegration. Since

(5.42) lim

>

k(t) = = 9

it follows that there exists some t),sufficiently large, such that

(e Je‘“““‘“ Bk (wydv 2.1

v (t, W)
Thus,as in the case of low subsistence wage,unemployment can only exist

temporarily.
For other cases wherc initially the maximal demand for labour is greater
than or equal to the total supply of labour,the results obtained in the

previous section carry over in their entirety .
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3. EXPONENTIAL SUBSISTENCE WAGE

We mow turn to the case where the subsistence wage is assumed to
rise continuously as fast as the labour-saving technical progress.
As it will be evident, this case is more difficult but is also more
interesting. Among other things, there are possibilities of a perpetual
bastard Goldern Age and of cyclic fluctuations in income.

If we denote the subsistence wage by‘ﬁ(t)then the maximal demand

for labour may be written as

(5.43) Max L2(t) = - J'Lv(t)dv
v(t, W)

where V(t,W(t))is the set of profitable vintages, the real wage being

at the subsistence level, i.e.,

}e(A/B}V

V(e (L) = v | %{b(‘”b(v) - Fw®) 2 0}

The process of wage determination may accordingly be expressed as

(5.46)  W(E) = Max|H(0)ePMBVE cupfire” (0O tfe(“”'” BV (v) k() div2 1}:[
’ V(t,T(t))

(1) Case 1: Max LD(t) <Ls(t)

If at ty the maximal demand for labour is smaller than the supply

of labour, i.e., if

(5.45) e;(*‘+5)t0f EFONBI oy < 1

V(t,¥W(t))
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then unemployment ( of both labour and machines ) is inevitable and the
real wage ,as described by (5.44),will settle at the subsistence level:

(5.46)  W(rp) = fi(eg) = W(0)eHB)Fo

It is easy to show that if (5.45) holds for all t 2 tg.then there
exists a tj > ty such that for all t > t;, (5.45) may be written simply as

t
(5.47) e'(“‘”‘”tf (THABIVY v yav < 1
t-6

where ¢ is defined by the equation
Qo8 - AL, (©) = ©

This can be seen in the following way @
a) Since for all t-6 2 tg,

fie-9 = BQl-pt=®
L. e(1:— )
and
iy = B G-
we have

8 = ~-(B/A)logs

In other words,if (5.45) holds for all t » to then the economic life

of all machines installed after ty is a constant 6,

b) For those machines which are installed before tg,the more profitable



-63_

they are at t;, the longer they will last, economically. Let Z be the
age of the most profitable machines at t; and write
(A/B)v _
w, = sup elb)le > W(to)
TSvitg b(v)
= g{b(z)}e()\/B)z
b(z)

If (5.45) holds for all t2tg then these machines will become

marginal machines at t; where

W, = ﬁ(o)e(xle)tl'

and will be scrapped. It follows that after ¢ periods where
¢ = t1 - to
= (B/Mlog{W,/W(0)} - ¢
every machine which was installed before tg will cease to exist
economically. Hence for all txt;, (5.45) reduces to (5.47). Q.E.D.
From (5.4) and (5.46) we have:
= 1/a
(5.48) b(t) = {B/W(0)} ,aconstant.

We now write

t
(5.49) K. (&) = s{B/ﬁ(O)}Blae-atI eGVKV(V)dv
t-0

Dividing both sides of (5.49) by LS(t) yields

- | | c
(5.50) k() = s{e/ﬁ(O)}BI“e‘(n*6)tJ POV (yay
t=~6
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whence by differentiating (5.50) with respect to t we obtain
(5.51) k(t) + bok(t) + byk(t-¢) =0

where : e e

alp/ii(o)}B/ee(e)e

by

n+5-s{8/7(0) 1R/

(]

by

(5.51) is a difference - differential equation whose asymptotic solutions
‘are of a very great variety. Because of the complexity of the problem
we shall defer our discussion of the solution of (5.51) to the next

chapter. It suffices at this stage to point out that
I. The asymptotic solution of (5.51) may take the form
k@) = k(o)e "
where r is real.

1) If r > A/8 then obviously (5.47) cannot hold for all t2t; and

unemployment will disappear.

2) If r= A/8 then

k(o) {8/H(0) H1-e~ 7*6)y

n+d

e-(nﬁa)tjte(n+6~A/B)vb(v)ka)dv =
t-0
= R¥%, say.
In this case there are two possibilities:
(a) 1If R*2 1 then (5.47) cannot hold for all tat, and unemployment
il diséppear; ST TR e e s e
(b) If R* < 1 then (5.47) can hold for all tZe; . With k(t)



- 65 -

grows exponéntially at rate A/B , output will grow steadily at rate
A/B+n and unemployment of both machines and labour will always persist.
This is the case of perpetual bastard Golden Age.

3) If r < A/B then obviously (5.47) will hold for all t z t;

and unemployment will be permanent.
II.The asymptotic solution of (5,51)may also take the form
k(t) = AeZt + BeZt
vhere z is a complex number9.E.its.conjugate,and.A,and.B.are.arbitiary
numbers. Since k(t) takes on real values, A and B must be equal if
they are real. If they are complex numbers, one must be the conjugate
of the other. 1In this case we write.
A = n(ccse + 1isine)

B = n(cose = isine)

X . .
e"(cosx + isinx)

®
1

Accordingly k(t) may be written as
k() = 2ne T cos(xt+e)
clearly if x < A/B or if x = A/8 but

cos (xv+e)dv} <1

-(n+6)tfte(n+6)v

sup {2n[B/W(0)]e
t -6

then unemployment will persist and income willfluctuate pertodzcally.
If, on the other hand, x > A\/B or if x = A/B but
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-(n+6)tre(n+6)v

sup {2n[B/W(0)]e cos(xv+e)dv} > 1
t

t-9

then unemploymént will disappear.
III1 The asymptotic solution of (5.51) may be such that

lim
£t

k(t) = 0
In this case (5.47) will always be satisfied. With k(t} approaching
zZero, ~ output will either reach a stationary value 6 or grow at a rate

less than n or decline toward zero.

Thus-unless the asymptotic solution of (5.51) be such that (5.47) can
hold for all t 2 t) unemployment must disappear. In such case there exist
a ty ,sufficiently large;such that

(6 B
e (m#d)t e(n+6 A/B)Vb(v)k(v)dv = 1
V(t,W(t))

(ii) Case 2: Max LD(t) = LS(t)

If at t, the maximal demand for labour is equal to the total supply
of labour, i.e., if
(5.52) e-(n+6)t2 e(n*d—lls)vb(v)ka)dv = 1
V(t,W(t))



then labour will be fully employed and the real wage will settle at a level
which, as described by (5.54),makes the least prrcofitzble machines earn zero
quasi-rent. If u is the vintage of the marginal machines, then

(A/B)u

(5.53) Wty = w, = &lkle , & cons tant
bu)

> W(ty)) = f»'l(o)eo‘/s)t2

‘Clearly (5.53) cannot hold for all t > t, : if W, = 'ﬁ(tg then W(t)
must change as t increases; 1if W, > W(ty then there exists a ;3
such that

W, = W(ty) = ficoye A8t

and W(t) must change as t(t> t3 ) increases.

In any case, whether (5.52) can hold for all t > t3 depends on the
asymptotic solution of (5.51). Again without going into the discussion of
this problem which is the subject of the next chapter, we may point out that
there are two broad categories of the asymptotic behaviour of k(t)

1) It may be such that (5.52) can hold for all t > t3 ; In such circum-
stance s labour will be fully employed and output will either grow
steadily (the case of was unique real solution) or fluctuate periodically
(the case of conmplex solutions )

2) It may be suck that (5.52) cannot hold for all t > t3 :

a) either because there exists some 't':u, sufficiently large, such that

e (MO (MO yryay < 1

V(t,W(0))
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(In such circumstance the system will switch back to case 1 where

D
Max LD(E) < Lo(e) ) |
b) or because there exists some t,, gufficiently large, such that

o (n+d)ty, e(n+6)vb(v)k(v)dv > 1

V(t,W(t))

(iii) Case 3. Max L2(t) > L3¢t

If at t), the maximal demand for labour is greater than the total supply

of labour, i.e. if

.56 e (@O @IV s ean s g
V(t,W(t))

then labour will be fully employéd and the real wage will settle at a level
which is above the subsistence level and which makes the least profitable
machines earn zero quasi-rent. If q is the vintage of marginal machines,

then we may-write

g{L-b(q)}e(kle)q
b(q)

(5.55)  W(ty) = > W(ty)

= Wq, say, a constant.

Clearly since W(t) grows exponentially, W(t)cannot remain at Wq for all
t 2t 4. W(t) must therefore be regarded as a function of t with greatest
lower bound ﬁ(t); the later is itself an exponential function of t. I1f

the behaviour of W(t) is such that for some ts ,
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W(ts) = W(ts)

then the system will switch back to case 1 or case 2 with all their
subsequent consequences.
If the behaviour of W(t) is such that

wit) » ﬁ(t) for all t

then this would implies that labour is always a non-redundant factor.
In such case W(t) will converge to an exponential path and the system
will asymptotically approach its Golden Age equilibrium. We now turn to

prove this proposition .
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4. THE IMPLICATION OF LABOUR NON-REDUNDANCY

In most of the recent literature of economic growth,
attention was focussed on the asymptotic behaviour of the full
employment paths rather than on the general behaviour of a given
system. Thus it is usually assumed that Iabour is a non

(2)

redundant factor. Intld one sector neo-classical model,the
full employment paths, as shown by Solow and others, are asymptotically
s teady growth paths., Under certain circumstances this is also true
for the multi~sector neo-classical models.(3)
" Does such property hold for a vintage model? If there
is no substitution, ex-ante and ex-post, Solow, Tobin, Weizsidcker
and Yaari(A) have shown that the answer is affirmative. In our
mgdel which is complicated by the assumption of ex-ante substitut-
ability, it can also be shown that this result holds. In fact with
a slight modification the ingeneous method of Solow, Tobin,
Weizsdcker and Yaari can also be employed for the purpose.

In order to use their method we need first define a new

variable k(v) where
w = &KW ey
eik?B)Ls(v)

The full employment equilibrium equation may now be written as
e—(n+6)(t_v)b(v)n(v)dv = 1 , V(t,W) ¢ st
v(t,W)

where V(t,W) is the set of profitablec vintages and St the set of
surviving vintageg’at t. Accordingly, since new investment is a fixed
proportion of total output we can write

k(v) = s e-(6+X/B+n)(t—v){b(v)}BK(v)dv
v(t,W)
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Let £(t) be the real wage at t,measured in terms of labour efficiency
units ,i.e., '

e—(xle)tw(t)

E(t) =
In terms of this new notation, the set of profitable vintage at t
may be defined as
=(A/B) (t=v)

V(t,W) = {t-T <v <t gbm]e - &(t) > 0}
b(v)

The economic life time of machines at t, 6(t),is thus defined by
the equation

glbe(t))ye~ /8 8(E)
b(6(t))

= £(v)

We note that along the Golden Age path, b(t), x(t) and £(t) are
all constants . We shall refer to the Golden Age solution as the triple
(b*,k*,E*) . Along this path ,the eccnomic life of machines is also a

constant 6% ,where 6* is given by

g'(b%) = 8% o~ (A/B) &%
b*

In general k(t),b(t) and £(t) are regarded as bounded continuous
function of t. Using the method of Solow,Tobin,eizsdcker and Yaari ,

we can show that

Theorem : If labour i8 a non-redundant factor for all t ,then
L pet) = b

ifﬁ k(t) = x*

L ogs) = gx
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To establish the above Theorem we shall assume that at the starting
point t = O the economy is endowed with an arbitrary capital profile
but that all the b(v) and k(v) are bounded for all v < 0. .

Let

inf - sup - =
v< P bo » v<o b(v) bo

inf _ sup - =
v <o k(v) = ko v <o k(v) Ko

We shall assume that b < L* < by and = Ko < K% < Kg o
Let 6 and B be defined by

[=>]

o o [ -

boKo [ OV, Ly
(e}

Since the production functions are Cobb-Douglas ,it is readily

verified that

o

lo

ia

fia
ool

Tollowing Solow et als.,we shall develop the theorem in a series

of lemmas.
Lemma 1 : g S k(v) < kg and bo <b(v) <by forall v 20,

Proof : Take any t; 2 O and suppose that Kp<k(t)< Ko and by < b(v) < by
for all t < t;.
The upper bound of k(t) at t; may be found by considering the

following variational problem :

Maximize J(K,b) = s f o (OB vy (1B (v)dv
T

Subject to
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je-(n+6)vB(V)K(v)dv =1

T
bp £b(V) 2bo , xp £ k(v) <Ko

where T is any subset of S : § = (O,«J and b and «k are integrable over S.
The maximizing functions R and b are seen to be R(v) = ;o and B(v) = bo

for T = {v|0 <v < 6} and zero otherwise .

Cince bg < b* and 6 < & |
]

Ko

Max J = EO(‘;O)BS f e"(G"'A/B"‘ﬁ)VdV < -

o -

It follows that
k(t]) < Max J < kg

By using similar arguments we can show that
k(ty) > ko

and
bo < b(t)) < by

Since t; is arbitrary and k(v) and b(v) are continuous, Lemma 1
follows .

Lemma 2 : 222 sup x(t) < k* and ifz inf b(t) 2 b*

Proof : From Lemma 1,the maximum possible value of 8(t) for t > 0 ,

which we shall denote by ®,is given by

8
KoRo je Vg = 3
0
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Thus for all t 2 O, V(t,W)e[t-a,t).It is convenient therefore to
divide (0,¢J into the sucessive intervals of the form [tn’tn+l] s nm=1,25..

and tk = tk-] + 0

1 <
Suppose at tn we can find numbersen,Kn and bn such that «k(t) =:Kn

and b(t) 2b, for all t 2t where «, and b, satisfy the conditions

(4

0
n
Knbn j e_(n+6)vdv = 1
)
-(\/8
g') = 8B OB %
n
b
n
Let K el and bn+1 be the numbers such that k(t) ;:Kn+1 and
b(t) 2 b ., forall t >t . Obviously
el = Spar 304 Bz by

where 2n+1 is the maximum possible value of x(t) for all t 2t ., and
bn+1 is the minimum possible va}ue of b(t) for al t 2t But we
already proved in Lemma 1 that Kpal is given by
(¢)
o _ 8 ["n =(8+A/B+n)v
Kr1 k, (b,) [ e dv
o

Clearly K, > k% and bn < b* ( otherwise Lemma 2 would follow
autogatlcally ) .Consequently Gn £ 6% |, Hence K+l < Ko In other words,
Kyl < Ky It also follows that bn+1 > bn .

Thus {Kn} is a decreasing sequence while {bn} is an increasing

sequence . lemma 2 therefore follows,

Lemma 3 : Lim

Tnoinf k(e 2o and M1 eup b() Sbx

tre
The proof to this lemma is symetrical to that of Lemma 2 and will
not be given here.

On combining the results of Lemmas 1,2 and 3 the Theorem follows.
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Chapter 6.

ASYMTOTIC BEHAVIOUR OF ONE SECTOR MODEL:
'II. CONDITIONS FOR GOLDEN AGE STABILITY.

In chapter 5 it was pointed out that when the subsistence wage is assumed
to grow as fast as the rate of labour-saving technical progress, then the
asymptotic behaviour of k(t), as defined by the difference - differential

equation
(6.1) k(t) + bok(t) + b1k(t-6) = O

where

by = (n+8) - s(B/A(0))P/®

S(S/ﬁ(o))B/ae*(n+6)e

~-(1/B) logB

c-l
D L
[ []

will determine whether or not the system will approach its Golden Age equilib-
: let . S

rium, If the conditions for stability of the Golden Age & not met, then the

behaviour of k(t) will also determine whether unemployment is permanent or

whether income will fluctuate periodically.



- 77 -

It was also pointed out that ,in crder that the system reach its Golden
Age equilibrium from an initial position where the maximal demand for labour
is either smaller than or equal to the total supply of labour,it must be true

(i) that the asymptotic solution of (6.1) be
k(t) = k(oyelMB)E

and (ii) that
k(o) {8/fi(0) H{1-e” ¥@*)y

n+3é

1

We shall assumed tﬁat (ii) is satisfied and proceed to derive the condi-
tions which will ensure (i).This would amount to the determinating of conditions
which will allocate tﬁe characteristic roots of (6.1) so as to ensure tﬁat one
of tﬁese roots be real,unique and equal to A/B and tﬁat all other complex roots
have non-positive real parts.Ve shall refer to these conditions as.tﬁe stabi-
lity conditions.

(1)

To use a classification due to A.D.Myskic' ’,(6.1) is a homogeneous-

first-order linear difference-differential equation cf retarded type with
constant coefficients.

Let ¥{k} be the linear operator :
(6.2)  ¥ix} = k(t) + bok(t) + bik(t-@ = O
and let h(r) be the characteristic function of V¥,i.e.,
- 6r
(6.3) h(r) = r + bo + ble

Then the roots of the transcendental function

3

(6.4) h(r) = r+by+be T = 0

are called the characteristic roots of ¥. It is known that the solution of

(6.1) may be expressed as
k(e) = Zpge’s"

where {rj} is any sequence of characteristic roots of V¥, Ps is a polynomial of

degree less than the multiplicity of rj and the sum is either finite or infinite.
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The term k(t) in equations of type similar to (6.1) are, in the mathematical
literature, often thought of as representing the displacement or derivation of
some quantity from an undisturbed state, usually in mechanical or electrical
context. In our model, however, the equilibrium state is a steady state. There-
fore in order to avoid confusion about the terms we are going to employ we shall
first give some definition of stability. It will be obvious that "stability" is
used here in a sense which differs significantly from that employed by such

writer as L.S. Pontrjagin (2), S. Lefschetz (3 (4), E.M. Wright

(6)

or Ricard Bellman .

» N. Minorsky (3)

Definition 6.1
The solution of Equation (6.1) is eaid to be stable in the weak sense as
t>o tf

a) there is a real solution which can be written in the form

E(t) = koe(xls)c

b) given a positive number ¢, there exists §= §(¢) such that every
continous solution k(t) of (6.1) which satisfies

M (0 /p)t
(6.5) toiFE:O*e I k(t)-k e NP I < 6

will also satisfy
1 Max IR OVIOT

6.6 Ge | ke -k | < e
The solution of equation (6.1) is said to be asymptotically stable in the weak
sence, if for each t > 0, there is a & = §(t ) such that every solution which
satisfies (6.5) will also satisfy the relation

6.7 Pk - koe(*/ﬁ)t‘ -0

tow

Definition 6.2
The solution of equation (6.1) is said to be stable in the strong sense, or

asymptotically stable in the large, or stable for arbitrary perturbations, if
a) it is weak stable |
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b) every solution k(t) either satisfies the relation (6.7) or satisfies

lim k(t) = 0

t->o

In economic terms, a growth path of gross investment per capita k(t) is
weak stable if small initial disturbances from the golden age path remain small
for all t. It is asymptotically weak stable if small initial disturbances die
out and is asymptotically stable in the large if every initial disturbance, no

matter how large, dies out.

Theorem 1.

A necessary and sufficient condition for the solution of equation (6.1) to.
be stable in the weak sense as t + » 18 that

a) there exist a real characteristic root which is equal to A\/B.

b) all the other characteristic roots have non-positive real parts.

c) if s 18 a root with zero real part, the residue of erth—l(r) at r; 18
bounded as t ~ » . In other words, we require that each root with zero real
part be simple. A

Theorem 2.

A necessary and sufficient condition for the solution of equation (6.1) to
be stable in the strong sense is that

a) thereexists a real characteristic root which is equal to MA/B.

b) all the other characteristic roots have negative real parts.

The proves are almost trivial.

We shall now proceed to describe the distribution of the characteristic
roots of (6.4) whereby the stability conditions of the golden age equilibrium
can be established.

We shall first transform (6.4) into a more suitable form (7).

Let

(6.8)  £(r) = ?h(r)

and let

6.9 z = or
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We establish the function H(z) is the fblibﬁiﬁg way:

(6.10)  H(z) = 6f(t) = ze? = aje® - ay =0
where

a1 = -Gbo

a2 = —ebl

Hence if in (6.10) we write

(6.10a) a, = -ce?1
(6.10b) z =a; -2z
then

n

(6.11) zy ce?1

vaiously there is an infinite number of roots of equation (6.11). We shall
"

show presently that all the complex roots are syﬁﬁtrical with respect to the real

axis and that, when C > 0, they lie one in each strip

0, +1, +2, ...

2pl <y < (2p + 1)I {%

z=x + iy

at the only intersection of the appropriate branches of the curves

+ (CZeZX _ x2)£

(6.12) y

(6.13) X

y cot y
except that, when 0 < C j_e_l, the strip corresponding to p = O contains no
intersection and no root.

When C < O the complex roots of (6.11) lie one in each strip

(6.14) (2p+1)N <y < 2(p+1)01, p = 0, + 1, +2, ...
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at the intersection of (6.12) and (6.13).

When C = e“1 there is a double real root x = 1; when 0 < C < e“1 there
are two real roots,one at each intersection of (6.12) with the positive real
axis and when C < O there is one real root at the only intersection of (6 12)
with the negative real ax1s.

If u + iv is a root then so also u - iv. It suffices therefore to
consider roots in the upper half plane only.

By writing zy = pe iy = x + iy , C > 0 and substituting in (5.11) we have

p = Cex
y=y
2
y =+ (02e X _ XZ)i
also
tany = y/x so that x =y cot vy.
In the strip (6.14) y and sin y are of opp031te sign and since

y = psiny »Y # v .Therefore when C > O there are no roots of equation (6.11)
on the branches of (6.13) lying in these strips.Wthen C < O,on the other hand,

we have
p = -Cex
y = y+ I

and tﬁe roots of (6.11) lie at the intersection of (6.12) and (6.13) in the
strip (6.14).
Now from (6.12),

(6.15) QZ - C2e2x - X

dx (CZ 2z _ XZ)Q

which is finite except at the root of x = * Cex.When x =0,y = I ¢c.Thus for

a given value of C,the graph of (6.12) cuts the imaginary axis at two symme-
trical points +C and -C.The graph passes through the same points if C has

the positive sign.When y = O,the graph of (6.12) cuts the real axis at one

or three points,depending on the value of C : these points are the roots of
the equation x = ce®. This can be seen from Fig.(6.1) : when C = e‘-1 tﬁe curve

f(x) = ce® is tangent to the line f(x) = x at x = 1;if C > e-1 there is no



|

' -82-

intersection; if 0 < C < e-1 there are two points of intersection at positive
values of x and when C < 0 there is one point of intersection at negative
values of x. In Fig. (6.2) we draw the graph of (6.12) for four different
values of C.

On the other hand, from (6.13), in the strip 0 <y < + T we have

»
1]

0 if y = + 1I/2

Oifx=1

<«
]

X >—>®ywheny >+

In the strip <y < + 2I we have
x=0 if y = + 31/2

x »-= vwhen y > +2I
X »+o when y > + II

In fig. (6.1) the graph of (6.13) is drawn against the graph of (6.12). The
positions of the complex roots of (6.11) are marked by letter z with subscripts
referring to the sign of C. The real roots of (6.11) are marked by letter x,
also with subscripts referring to the sign of C. It can easily be seen that ®
a) the roots of zy = ce®1 all 11e to the right of a real line R(z ) =K
if and only 7€ K < 1, and Ke X C<e (Y + K )i where Y = Y(K) is the unique
root of Y cot Y = K for 0 <Y < II;
= Cezl lies on R(zi)‘ = K and all the other roots to the

1
right if and only if K< 1, and C = K;

b) one root of 2z

c) two roots of z) = ce®l 1ie on R(z ) = K and 211 the other roots to the
right if and only if K< 1l and C = e (Y2 + K2)i

Since

the preceeding statement may be re-written as

a) the roots of’zez - aze -a, = 0 lie to the left of a real line R(z) =k

if and only tf‘a - k <1 and (a; - k)e <-ay<e [22 + (a, - k) ]% where Y is
the wnique root of.Y cot ¥ = a, = k such that 0 < Y < I
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\ f(x)

Fig. 6.1



-84~

c=

X =y coty
— c=+4
¥4 4+ +rrc=+0.8
+ o1 y =+ (c e2x_x2)i
r

—_———_ - - - = C
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b) one root of ze”® - alez - a, = 0 lies on R(z) = k and all the other roots
to the loft if and only if a; -k < 1 and - a, = (a, = K
e) two roots of ze® - alez - ay = 0 lie on R(z) = k and all the other roots

to the left if and only ifal—kf_ 1 and —a2=ek[Y2=-(a1-k)2] %.

From our definition of stabtility it is (b) that will interest us most. For
weak stability we require that

(i) (6.4) has a real root R(r) = A/B and that (ii) all the other roots lie
on or to the left of the imaginary axis. For strong stability, the second
requirement is replaced by the requirement that (iia) all the other roots lie to
the left of the imaginary axis.

Since

for weak stability we require that one (real) root of ze® - a z

e“ - a, = 0 lies

1 2

on the real line
R(z) =k=-1log g >0

and all the other roots lie sufficiently to the left of this line to ensure that
‘they also lie on or to the left of the imaginary axis. For strong stability we
require that all the other roots lie to the left of the imaginary axis.

The requirement that one real root of ze® - a,e? - a, = 0 lies on the real

1 2
line

R(z) = k = - log 8> 0

is equivalent to the requirement that one (real) root of

z1 = Cezl

lies on the real line Re(zl) =K = a; - k. In other words, in order that r have

a real root Re(r) = A/B we must have

(6.16) a, +log g <1

1
and

(6.17) -a, e 21= (al + log B) e(a1 + log B)
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Since

a, =-6b, <0

from (6.10a):

C= - aze-al >0
it follows that we have to consider only the case when the real roots of z) = ce®l
are positive. In other words, the real line K lies between the origin and x = 1.

We note that in this case, real roots exist if and only if

0 <C < e.1

+ log B <1 it follows that a, > 0

However, if 0 < K< 1 then 0 < a 1

Thus
1) when 0 < C < e-l, there are two real roots X and X,. Let X, be the

1

smaller root, i.e.,

0 < X <1

and let us assume that (6.16) and (6.17) are satisfied so that X, lies on the
real line Re(zl) = K. Corresponding to x, is of course Re(r) = A/B. Since all
the other (complex) roots of z, = ce®l 1lie to the right of x, and since a, > o,
for weak stability we require only that the value of a; be such that the second
real root of (6.10) corresponding to X, be zero or negative, viz.,

(6.18) a, <x

1 2

For a strong stability, the strict inequality is required.
ii) When C = t'—:_1 there is a double real root at x = 1. With C positive the

complex root z with smallest real part lies in the strip 2l <y < 3I and to

1
the right of the point of intersection between the graph of (6.12) and the line

y = 20, In other words,

Re(2®) > x*
1
where x" is the unique solution of the equation

21 = (e2(x—1) _ x2)§
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Hence strong stability is ensured if

(6.18b) 2, < x*

It is a simple matter to extend the above analysis to cover the case

where

1im
> k(t) = 0

Under such circumstance unemployment will become inevitable for some large t.
This can be done by making the real line K pass through the origin,i.e.,
Re(z ) = K = 0.

On the other hand if (6 18) and (6 18b) are not satisfied then the
characteristic function of (6.1) will have complex roots with positive real
parts. This ,as we have pointed out in the previous chapter,will lead to
cyclic fluctuations in income.

Thus we have established the following theorem :

Theorem :

If the maximal demand for labour is smaller than or equal to the total
supply of latour,then the real woge will settle at the subsistence level.If
the subsistence wage rises as fast as the rate of labour—saving technical
progress,output will converge to a Golden Age path if and only if the follo-

wing conditions are satisfied :

(1) a, + logB < 1

1
(2) -a,e’®l = (a + logaye(® * 1088)
(3) a < x, if 0 < -ae 1 < !
a, < % if -azefal = et
vhere a; = (8/Mlogp{(n+s) - s(B/W(o))B/a
a, = (8/\)s(Bfii(0))P/% (@) 80
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%, is the large root if the equation

X = -aze e

H o, . . .
and x 1s the unique solution of the equation

o = (eZ(x-l) _ x2)§
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(3) S. Lefschetz: "Differential Equations: Geometrie Theory', New York,
Interscience, 1957.

(4) N. Minorsky: "Introduction to Nonlinear Mechanics', An Arbor, Mich:
Edward Bros., 1947.

(5) R. Bellman: "Stability Theory of Differential Equations", New York,
McGraw Hill, 1953,

(6) It will be obvious: that the method we are going to employ serves our purposes
very nicely. However we may note that the direet method of Liapunov may
also be used to derive the conditions for k(t) +0. ' To~do -this we define the
functional:

t
vit,v) = vz(t) + by [vz(s)ds s t 2ty ,v = v(t)
t-0
for any continuous real valued function v(s) defined on tg—6 <s .
Clearly if bg > 0 ,
vA(E) £ V(£,v) £ (1 + g8 )[ o v2<s>J

t- Gcst

Moreover if k(t) is a solution of (6.1) then ( k = k(t) )

“bokZ(t) - 2bk(t)k(t-6) - bok>(t-6)

d . .
E-EV(t,k)

~(by b DA + KE(t-0))

fia
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If |by| =bo this is non-positive and V(t,k) is mon increasing.

Therefore for all t > tg ,

sup k?(s) ]

) -
k7(t) < V(t,k) < (L+bg6) Lo_e <5 < tg

and this proves that 1lim k(t) ~ O as t -+ =,

(8)Note that the roots cannot all lie to the right of R(zl) =K for K > 1.

. -1 .
For,when C < O,there is a real root x, < O,when O < C < e ~ there is

3 .
a real root X 50 <% <1 and for other values of C there is a complex

root on the branch of x = y cot y in 0 < y'<AHA and on this Brénéh'x';;l;
We consider first the greatest value C can take such that the complex
roots in -l < v < II lie to the right of R(zl) = K. fuppose these roots lie

on R(zl) = K,let these values be K + iY. Then

YcotY = K

and

v = (CZeZK _ ?:_,‘2)§

so that
¢ = o X 2, k)
and for C less than this value the roots lie to the right of R(zl) =K .

If K < 0 the smallest value of C must be great enough for the negative
real root Xq to fall to the right of R(zl) = K since all other roots lie to
the right of this root. Then z, - ce®1 i=0 according as R(zl) i;x3.

Thus x, > K if K - CeK < 0 so that C > Ke-K .

3
Cn combining these results and including the degenerate case C

it
o

giving a root at the origin,we obtain the desired result .

Y(K) is unique,for

sin(y)cos(y) -y o

d =
3; (y cot y) = —
sin’y
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When 0 <y <1 so that ¢(y) =y cot y decreases steadily as y
increases from O to II and since ¢(I) = =-» and ¢(0) = 1 , there is one

root only of ¢(y) = K in the interval
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Appendix to Chapters 5 and 6 :

AN ILLUSTRATION BY SIMULATION

This appendix provides a mmerical illustration of the mathematical analysis
of chapters 5 and 6. The following charts give the numerical values of output
(denoted by Y), wage rate (denoted by W), and the economic life of machines
(denoted by theta). The system was simulated on IBM digital computers., Cal-~
culations reported here were obtained from a series of FORTRAN IV programmes
designed for the IBM 7040 at the computer Room of the Australian Atomic Energy .
Commigsion's Rescarch Fstablishment in Lucas Heights, M.S.W. and from a series of
FORTRAN II b programmes designed for the IBM 1620 at the DUCHESS laboratory of the
Faculty of Applied Science in the University of N.S.W.

As i8 well known, it in necessary that time be treated as a discrete variable
in the digital simulation process. This does not alter our system in any essen~
tial way. We rote however that, on the Golden Age path, the d;scretefforms for
Q(t), w(t), and L(t) are

/8@ _ 4] [awensme _ 1He ot
Y(t) = Lol Lo o B(n+d) 1 - e(n+a+x/a)
- ~4a/8
. oL . t-e(n:"&.")‘/ﬁ)} ¢ o
{1- (A/B)t
we) = 8 : (n+§+A/B) e
{e(n+6) -1} . nt

L® = ey M0°



The computer is instructed to start the system from a given set of initial
conditions.( Here 6 = 0.,02,n = 0.04,0 = 0.25,A = 0.05,8 = 0.2,7 = 1.,and Ly = 10;
the Golden Age valuec of theta is thus 6= 4.3.). We consider three cases accord-~
ing as the maximal demand for labour is greater than, equal to, or smaller than
the supply of labour. 1Ir cach case a wage rate is established and output is
produced from machines which can be operated profitably. Past output and machirne
stocks are recorded in the computer's memory and then we move to the next period.
In each period, the computer is instructed to print out the values of output,
wage rate, the calendar period, and the cconomic life of machine. It is instruc-
ted to print out also the Golden Age solution and to compare the simulated values
with those of the steady path by printing out the deviation., The time interval
is chosen so that theta has an integral value. In the exponential solution,
this value is equal to 10 periods. Table 1 gives the numerical results of a
trial programme in which output is actually on a Golden Age path., We verify that
theta remains at the value 10 and that the deviation is quite small,allowing for
rounding errors. The machine records data for 1000 periods.

In the following charte we only re-produce the simulated values at
10 period intervals. Thus, for example, when T = 0,86 it would mean that we
are in the second period (since theta = 10 periods = 4.3, a period has a numerical
value of 0.43) and when T = 5.6 (printed as 0.56E+01) it would mean that we are
in the 13th period, etc.....

Table 2 describes the behaviour of the system when it starts from a situation
where the demand for labour is smaller than the supply of labour and the inital
real wage has settled at the subsistence level. We see that this kind of
situation can persist only for 13 periods. After 13 periods have eclapsed,
the demand for labour is greater than the supply of labour and the real wage
starts tc rise above the subsistence level: at the 14th period (i.c., at T =
65.6) W(t) = 1.3> W = 1,The past capital profile in this case is assumed to be on
an exponential path. If we begin at period 14, then, the system may be regarded
as having an opposite kind offinitial condition: it starts from a situation
where the demand fer labour is greater than the supply of labour. No separate

program therefore is needed for this case.
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Table 3 provides a similar set of initial conditions except that the
past capital endowment is assumed to be on a non-exponential path.The sub-
sistence wage level prevails ,in this case only for two pericds and the
system quickly moves to the second 51tuatlon where the demand for labour
is greater than the supply of labour.We note that labour is a non-redun-
dant factor at the starting point ( the max1ma1 demand for labour being
equal to the total supply of labour )and that output does not 11e on an
exponential path Yet,from t = 38.8 on,the real wage starts to converge
to an exponential path wzth the consequence that the economic life of
machines becomes a constant at a value approximately equal to 10 periods,
the Golden Age value { in other words,the real wage is rising exponentially
at rate A/B ).Output,as shown in the simulated colum saccordingly converges
to a steady growth patﬁ svery close indeed to the Golden Age values.Note
that this state of affairs can only prevail up to t = 337. After this
point,the real wage starts to diverge from the exponent1a1 path and the
economic life of mach1nes begins to fluctuate ( it is equal to 3 periods
at t = 428 and at t = 336 it is equal to 146 periods ).It is readily veri-
fied that the set of parameters chosen does not satisfy the stability
conditions. In fact it is chosen so as to ensure that 1lim k(t) = 0 as t =,
( We recall,from footnote 7 of Chapter 6, that if we are to employ the
dzraet mgthod of Liapunov ,the condition for k(t),as given by equation (6.1),
to have an asymptotic zero solution is that |b1| < by « The set of parameters
chosen satisfies this Znstability condition , for here b; = 0.0025 and
bg = 0.056 ).Tﬁis is confirmed by Table 3 where it is shown that after
t = 366,output begins to fall,
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TABLE 1

EXPONENTIAL HISTORY CASE WITH THETA TREATED AS A VARIABLE

0.863E+00
0.560E+01
0.103E+02
0.151E+02
0.198E+02
0.245E+02
0.293E+02
0.340E+02
0.388E+02
0.435E+02
0.483E+02
0.530E+02
'0,578E+02
'0.625E+02
10.673E+02
10.720E+02
10.768E+02
C.815E+02
0.863E+02
0.910E+02
6.957E+02
0.10CE+03
0.105E+03
0.110E+03
30.114E+03
0.119E+03
0.124E+403

ZERO FORESIGHT AND EXPONENTIAL DEPRECIATION

THETA

0.100E+02

© 0.100E+02

0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.1C0E+02
0.100E+02
0.100E+02
0.100E+02
0.1C0E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+02
C.1C0E+02
0.100E+02
0.100E+C2
0.1COE+02

w(T)

0.883E+00

0.121E+02

0.166E+01
0.228E+01
0.313E+01
0.429E+01
0.589E+01
0.809E+01
0.111E+02
0.152E+02
0.209E+02
0.287E+02
0.393E+02
0.540E+C2
0.741E+02
0.101E+03
0.139E+03
0.191E+03
0.262E+03
0.360E+C3
0.495E+03
0.679E+03
0.932E+03
0.127E+04
0.175E+C4
0.24CE+04
0.330E+04

Y(T)

0.103E+02

0.171E+02

0.285E+02
0.475E+02
0.790E+02
0.131E+03
0.218E+03
0.363E+03
0.605E+03
0.100E+04
0.167E+04
0.278E+04
0.462E+04
0.769E+04
C.128E+05
0.212E+05
0.354E+05
0.588E+05
0.979E+05
0.162E+06
0.270E+06

0.450E+06

C.749E+06
0.124E+07
0. 207E+07
0.344E+07
0.573E+07

DEMAND FOR LABOUR IS EQUAL TO SUPPLY OF LABOUR AT T=0
DELTA= 0.2000CE-01 ALPHA= 0.25000E+00

N= 0.40000E-01 LAMDA= 0.50000E-01
S= 0.20000E+00 L(0)= 0.10000E+02 THETA= 0.43152E+01

Y(T)
AS IN EXP
SOLUTION
0.103E+02

0.171E+02
0.284E+02
0.471E+02
0.782E+02
0.129E+03
0.215E+03
0.357E+03
0.593E+03
0.984E+03
0.163E+04
0.270E+04
0.449E+04
0.745E+04
0.123E+05
0.205E+05
0.340CE+05
0.565E+05
0.937E+05
0.155E+06
0.258E+06

- 0.428E+06

0.710E+C6
0.177E+07
0.195E+07
0.324E+07
0.538E+07

DEVIATION

0.113E-01
0.555E-01
0.159E+00
0.378E+00
0.815E+00
0.166E+01
0.328E+01
0.631E+01
0.119E+02
0.221E+02
0.407E+02
C.742E+02
0.134E+03
0.24CE+03
0.430E+03
0.764E+03
0.135E+04
0.238E+04
0.418E+04
0.732E+04
0.127E+05

© 0,222E+05

C.387E+05
0.671E+05
0.116E+06
0 .2C0E+06
0.346E+Q6



0.129E+03
0.133E+03
0.138E+03
0.143E+03
0.148E+C3
0.152E+03
0.157E+03
0.162E+03
0.166E+03
0.171E+03
0.176E+03

0.181E+03

0.185E+03
0.190E+03
0.195E+03
0.2C0E+03
0.204E+03
0.209E+03
0.214E+03
0.219E+03
0.223E+03
0.228E+03
0.233E+03
0.238E+03
0.242E+03
0.247E+03
0.252E+03
0.257E+03
0.261E+03
0.266E+03
0.271E+03
0.276E+03
0.280E+03
0,.285E+0C3
0.290E+03
0.295E+03
0.299E+03

C.100E+02
0.100E+02
0.1CO0E+02
0.1C0E+02
0.1C0E+(C2
C.100E+02
0.10CE+02
C.100E+02
0.100E+02
0.10CE+G2
0.100E+02
0.100E+C2
0.1C0E+02
C.100E+02
0.100E+02
0.1C00E+02
0.100E+02
0.100E+02
C.1C0E+02
0.10CE+G2
C.100E+02
0.100E+02
0.100E+02
0.100E+02
C.100E+02
0.100E+02
0.100E+02
0.100E+02
0.10CE+02
0.100E+02
0.1COE+02

‘0. 10CE+02

0.1CC0E+02
0.1C0E+02
0.1C0E+02
0.100E+02
C.100E+02
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M.453E+04
0.622E+04
0.854E+04
0.1178+05
0.160E+C5
0.220E+C5
0.302E+05
0.415E+05
C.57CE+G5
0.782E+05
0.107E+06

0.147E+06

0.202E+06
0.277E+06
0.38CE+06
0.538E+06
0.717E+C6
0, 984E+06
0.135E+07
0.185E+07
0.254E+07
0.349E+C7
0.479E+07
0.657E+07
0.902E+07
0.127E+08
C.169E+C8
0.226E+08
0.319E+08
0.438E+08
C.602E+08
0.826E+C8
0.113E+09
0.155E+09
0.213E+09
0.391E+09
0.4C2E+C9

G.953E+Q7
0.158E+08
0.263E+08
0.438E+08
0.729E+08
0.121E+09
0.201E+0C9
0.335E+09
C.557E+409
0.927E+09
0.154E+10

0.256E+10

0.426E+10
0.686E+10
0.112E+11
0.183E+11
C.298E+11
0.491E+11
0.813E+11
0.138E+12
0.231E+12
0.386E+12
0.643E+12
0.107E+13
0.178E+13
0.297E+13
0.492E+13
0.820E+13
0.137E+14
0.228E+14
0.380E+14
0.633E+14
0.105E+15
0.173E+15
0.288E+15
0.481E+15
0.791E+15

0.893E+07
C.148E+08
C.245E+08
0.408E+08
0.677E+08
0.112E+09
0.186E+C9
0.309E+09
0.513E+09
0.851E+09
0.141E+10

- 0.234E+10

0.388E+10
0.645E+10
0.107E+11
0.177E+11
0.294E+11
0.488E+11
0.811E+11
0.134E+12
0.223E+12
0.370E+12
0.614E+12
0.102E+13
0.169E+13
0.280E+13
0.465E+13
0.772E+13
0.128E+14
C.212E+14
0.353E+14
0.585E+14
0.971E+14
0.161E+15
0.267E+15
0.443E+15
0.736E+15

0.597E+06
0.102E+07
0.176E+07
0.303E+07
0.520E+C7
0.890E+07
0.152E+08
0.260E+08
0.445E+08
C.759E+08
0.129E+09

- 0.220E+09

0.376E+09
0.415E+09
0.517E+09
0.577E+09
0.361E+09
0.271E+09
0.272E+09
0.350E+10
0.832E+10
0.155E+11
0.282E+11
0.508E+11
0.91CE+11
0.162E+12
0.265E+12
0.471E+12
C.899E+12
C.157E+13

. ©.275E+13
- 0.480E+13

0.836E+13
0.121E+14
0.213E+14
0.373E+14
0.546E+14
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0.536E+09 0.131E+16
0.219E+16
0.365E+16 0.336E+16

0.122E+16 0.904E+14

(.202E+16 0.167E+15
0.290E+15

0.304E+03 0.1COE+02
0.309E+03 0.10CE+92 0.757E+09

0.314E+03 C.100E+02 0.103E+10
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TABLE 2

EXPONENTIAL HISTORY CASE WITH THETA TREATED AS A VARIABLE

ZERO FORESIGHT AND EXPONENTIAL DEPRECIATION

DEMAND FOR LABOUR IS SMALLER THAN SUPPLY OF LABOUR AT T=0

0.863E+00 .

0.560E+01
0.103E+02
0.151E+02
0.198E+02
0.245E+02
0.293E+C2
0.340E+02
0.388E+02
0.435E+02
0.483E+02
C.530E+02
0.578E+02
0.625E+02
0.673E+02
0.720E+02
0.768E+02
' 0.815E+02
0.863E+02
0.910E+02
0.957E+02
' 0.100E+03
0.105E+03
§0.110E+03
0.114E+03

DELTA= 0.20000E-01 ALPHA= 0.25000E+00

N= 0.40000E-01 LAMDA= 0,50000E-01

THETA

0.699E+01 -

0.110E+02
0.100E+02
0.100E+02
0.100E+02
0.100E+(2
0.100E+02
0.100E+02
0.899E+01
0,899E+C1
C.799E+01
0.799E+01
0.100E+02
0.899E+01
0.899E+01
0.100E+02
0.100E+02
0.899E+01
0.799E+01
0.100E+02

0.899E+01

0.100E+02
0.899E+01
0.699E+01
0.899E+01

W(T)

- 0.100B+01

0.133E+02
0.177E+01
0.237E+01
0.316E+01
0.421E+01
0.561E+01
0.742E+01
C¢.133E+02
G.177E+(2
C.236E+C2
0.315E+02
0.420E+02
0.561E+02
0.741E+02
0.988E+02
0.177E+03
0.236E+03
0.315E+03
0.420E+03

'0.555E+03

0.740E+03
0.132E+04
C.177E+04
0.236E+04

Y(T)

AS SIMULATED

0.685E+01
0.175E+02
0.300E+02
0.512E+02
0.853E+02
0.145E+03
0.261E+03
0.473E+03
C.778E+03
0.121E+04
0.199E+04
0.338E+04
0.623E+04
0.107E+05
0.205E+05
0.404E+05
0.540E+05
0.886E+05
0.158E+06
0.291E+0C6
0.558E+06
0.112E+07
0.236E+07
0.306E+07
0.444E+07

S= 0.20000E+00 L(0)= 0.10000E+02 THETA= 0.43152E+01

Y(T)
AS IN EXP
SOLUTION

0.171E+02
0.284E+02
0.471E+(02
0.782E+(2
(.129E+03
0.215E+03
0.357E+03
0.593E+03
0.984E+(03
0.163E+C4
0.27CE+Q4
0.449E+04
0.745E+04

. 0.123E+05

0.205E+05
0.340E+05
0.565E+05
0.937E+05
0.155E+06
0.258E+06
0.428E+06
0.710E+06
0.117E+07
0.195E+07

DEVIATION

- =0.345E+01

0.453E+00
0.165E+01
0.4C9E+01
0.703E+C1
0.160E+02
0.455E+02
0.115E+03
0.185E+03
0,229E+C3
0.365E+03
0.680E+03
0.174E+04
0.330E+04
0.815E+04
0.198E+05
0.200E+05
0.321E+05
0.648E+05
0.135E+06
O.3OOE+06
0.694E+06
0.165E+07
0.188E+07
0.248E+07



0.119E+03
0.124E+03
0.129E+03
0.133E+03
0.138E+03
0.143E+03
0.148E+03
0.152E+03
0.157E+03
0.162E+03
0.166E+03
0.171E+03
0.176E+03
0.181E+03
0.185E+03
0.190E+03
0.195E+C3
0.200E+03
0.204E+03
0.209E+03
0.214E+03
0.219E+03
0.223E+03
0.228E+03
0.233E+03
0.238E+03
0.242E+03
0.247E+03
0.252E+03
0.257E+03
0.261E+03
0.266E+03

0.276E+03
0.280E+C3
0.285E+03

0.271E+03

0.799E+01
0.899E+01
0.799E+01
0.799E+01
0.599E+01
0.699E+01
0.899E+01
0.799E+01
0.110E+402
0.899E+01
0.699E+01
0.799E+01
0.899E+01
C.100E+02
0.899E+01
0.500E+01
0.100E+02
0.699E+01
0.100E+02
C.799E+01
0.799E+01
G.100E+02
0.699E+01
0.100E+02
0.699E+01
C.10CE+02
0.699E+01
0.799E+01
0.110E+02
0.799E+01
0.500E+C1
0.100E+02

0.400E+01

C.140E+02
0.599E+01
0.599E+01
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0.314E+04
0.416E+04
0.555E+C4
0.986E+04
0.131E+05
0.175E+05
0.233E+05
0.311E+05
0.415E+05
0.739E+05
0.985E+03
0.131E+06

“0.175E+06°

0.233E+06
0.415E+06
0.553E+06
0.738E+06
0.984E+06
0.131E+07
0.233E+07
0.311E+07
0.414E+07
0.553E+07
0.737E+07
0.131E+C8
0.174E+08
0.233E+08
0.310E+08
0.414E+08
0.736E+08
0.982E+08
0.130E+09
0.232E+09
0.232E+09
0.413E+09
0.551E+09

0.848E+07
0.167E+08
0.376E+08
0.923E+(8
0.125E+09
0.159E+09
0.283E+09
0.671E+09
0.150E+10
0.219E+1C
0.383E+10
0.592E+10

‘0.114E+11

0.270E+11
0.451E+11
0.142E+12
C.889E+11
0.279E+12
0.536E+12
0.203E+13
0.178E+13
0.228E+13
0.677E+13
0.120E+14
0.499E+14
0.228E+14
0.818E+14
0.124E+15
C.267E+15
0.60CE+15
0.197E+16

~ 0.673E+15

0.789E+16
C.333E+16
0.454E+16
0.717E+17

0.324E+07
C.53%E+07
0.893E+(7
0.148E+08
0.245E+08
0.408E+08
0.677E+08
C.112E+09
0.186E+C9
0.309E+02
0.513E+09
0.851E+09

0.141E+1C

0.234E+10
0.388E+10
0.645E+10
0.1C07E+11
0.177E+11
0.294E+11
0.488E+11
0.811E+11
0.134E+12
0.223E+12
G.370E+12
0.614E+12
0.102E+13
0.169E+13

0.280E+13:

0.465E+13
0.772E+13
0.128E+14

- C.212E+14

0.353E+14
0.585E+14
0.971E+14
0.161E+15

0.524E+07
0.113E+08
0.287E+08
0.775E+08
0.101E+09
0.188E+09
0.261E+09
0.558E+09
0.131E+10
0.188E+10
0.332E+10
0.506E+10
0.100E+11
0.246E+11
0.412E+11
0.136E+12
0.782E+11
0.262E+12
0.507E+12
0.198E+13
0.170E+13
0.214E+13
0.655E+13
0.116E+14
0.492E+14
0.218E+14
C.802E+14
0.121E+15
0.263E+15
0.592E+15
0.196E+16

0.652E+15

0.785E+16
0.328E+16
0.454E+16
0.715E+17



0.290E+03
0.295E+03
0.299E+03
0.304E+03
0.309E+03
0.314E+03
0.318E+03
0.323E+03
0.328E+03
0.333E+03
0.337E+03
0.342E+03
0.347E+03
0.352E+03
0.356E+03
0.361E+03
0.366E+03
0.371E+03
0.375E+03
0.38CE+03
0.385E+03
0.390E+03
0.394E+03
0.399E+03
0.404E+03
0.409E+03
0.413E+03
0.418E+03
0.423E+03
0.428E+03

0.899E+01
0.699E+01
0.100E+02
0.899E+01
0.100E+C2
C.130E+02
0.210E+02
0.280E+02
C.45CE+C2
C.559E+02
0.669E+02
0.460E+02

© 0.909E+02

0.100E+02
0.210E+C2
0.32CE+02
0.430E+02
0.540E+02
0.100E+01
0.12CQE+02

0.230E+02.

0.340E+C2
0.450E+02
0.559E+02
0.669E+Q2
0.779E+02
0.889E+02
0.100E+03
0.111E+03
0.122E+03
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0.735E+09
0.981E+09
0.130E+10
0.232E+10
0.310E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+1C

0.413E+10

0.413E+10
C.413E+10C
0.413E+10
0.413E+10
C.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+10
0.413E+1C
0.413E+10
0.413E+10
0.413E+10

0.142E+17
0.103E+18
0.169E+18
0.344E+18
0.386E+18
C.123E+17
0.142E+17
0.182E+17
0.206E+17
0.252E+17
0.302E+17
0.377E+17

0.443E+17

0.172E+18
0.157E+18
0.142E+18
0.129E+18
0.118E+18
0.257E+24
0.128E+21
0.116E+21
0.106E+21
0.964E+20
0.877E+20
0.797E+20
0.725E+20
0.659E+20
0.6COE+20
0.545E+20

0.496E+20 .

END-OF-DATA ENCOUNTERED ON SYSTEM INPUT FILE.

0.267E+15
0.443E+15
C.736E+15
0.122E+16
0.202E+16
0.336E+16
0.558E+16
C.926E+16
0.153E+17
0.254E+17
0.422E+17

0.701E+17

0.116E+18
0.193E+18
0.320E+18
0.531E+18
0.882E+18
0.146E+19
C.242E+19
0.403E+19
0.668E+19
C.110E+2C
0.184E+20
0.305E+20
0.506E+20
0.840E+20
0.139E+21
0.231E+21
0.384E+21
0.637E+21

0.139E+17
0.103E+18
0.168E+18
0.343E+18
0.384E+18
C.894E+16
0.862E+16
0.895E+16
C.532E+16
-0.254E+15
-0.120E+17

-0.324E+17

-0.721E+17
~0.205E+17
-0.163E+18
-0.389E+18
-0.752E+18
~0.134E+19
0.257E+24
0.124E+21
0.109E+21
0.949E+20
0.780E+20
0.571E+20
0.291E+20
-0.115E+20
-0.735E+20
-0.171E+21
-0.329E+21
-0.587E+21



0.863E+00
0.560E+01
0.103E+02
0.151E+02
0.198E+02
0.245E+02
0.293E+02
0.340E+02
0.388E+02
0.435E+02
0.483E+02
0.530E+02
0.578E+02
0.625E+02
0.673E+02
0.720E+02
0.768E+02
0.815E+02
0.863E+02
0.910E+02
0.957E+02
10.100E+03
| 0.105E+03
| 0.110E+03

|0.114E+03
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TABLE 3

NON-EXPONENTIAL HISTORY CASE WITH THETA TREATED AS A VARIABLE
ZERO FORESIGHT AND EXPONENTIAL DEPRECIATION

DEMAND FOR LABOUR IS EQUAL TO SUPPLY OF LABOUR AT T=0

DELTA= 0.20000E-01 ALPHA= 0,25000E+CC
N= 0.4000CE-01 LAMDA= 0.50000CE-01

S= 0.20000E+0C L(0)= 0.10000E+02 THETA= 0.43152E+Cl

THETA Ww(T) Y(T) Y(T)

DEVIATION
AS SIMULATED . AS IN EXP. .

: : o o o : o . SOLUTION . o
0.110E+02 0.999E-01 0.473E+01 0.103E+02 -0.559E+C1
0.10CE+01 0.236E+01 0.528E+04 0.171E+02 0.526E+04
0.110E+02 0.315E+01 0.974E+02 0.284E+02 0.689E+02
0.220E+02 0.315E+C1 0.124E+03 0.471E+02 0.769E+02
0.260E+02 0.420E+01 0.971E+02 0.782E+02 0.188E+02
0.190E+02 0.420E+01 0.147E+03 0.129E+03 0.176E+02
0.130E+02 0.561E+01 0.228E+03 0.215E+03 0.130E+02
0.110E+02 0.748E+01 0.370E+03 0.357E+03 0.128E+02
C.1C0E+02 0.997E+C1 0.605E+03 0.593E+03 0.125E+02
0.100E+02 0.177E+02 0.102E+04 0.984E+03 C.362E+02
C.10CE+02 0.236E+02 0.168E+04 0.163E+04 0.509E+02
0.11C0E+C2 0.315E+02 0.283E+04 0.27CE+04 0.126E+03
0.110E+02 0.420E+02 C.470E+04 0.449E+04 0.208E+03
0.110E+02 0.560CE+02 0.778E+04 0.745E+04 0.327E+C3
0.110E+02 0.747E+02 C.129E+05 0.123E+C5 0.563E+03
0.110E+02 0.996E+02 0.217E+05 0.205E+05 0.123E+04
0.11CE+02 0.132E+03 0.365E+05 0.340E+C5 0.253E+04
0.1C0E+02 0.177E+03 0.567E+05 0.565E+05 0.226E+03
0.100E+02 0.236E+C3 C.953E+05 6.937E+05 0.153E+04
C.100E+02 - 0.419E+C3 0.163E+06 -0.,155E+06 C.8C2E+04
0.10CE+02 0.559E+C3 0.261E+06 0.258E+C6 C.3C7E+04
0.100E+02 0.746E+03 0.429E+06 0.428E+06 0.163E+04
0.110E+02 0.995E+03 0.741E+06 0.710E+06 0.3C6E+05
C.110E+02 0.132E+04 0.122E+07 0.117E+07 0.494E+05
0.11CE+02 0.176E+C4 0.205E+07 0.195E+07 0.986E+05



0.119E+C3
0.124E+03
0.129E+03
0.133E+03
C.138E+03
0.143E+03
0.148E+03
0.152E+03
0.157E+03
0.162E+03
C.166E+(C3

0.171E+03

0.176E+03
0.181E+03
0.185E+03
0.190E+03
0.195E+0C3
0.200E+03
0.2C4E+03
0.209E+03
0.214E+03
0.219E+03
0.223E+03
0.228E+03
0.233E+03
0.238E+03
0.242E+03
C.247E+03
0.252E+03
0.257E+03
0.261E+03
0.266E+03
C.271E+03
C.276E+03
0.280E+03
0.285E+03
0.290E+03

0.110E+02
0.110E+C2
C.100E+02
0.100E+02
0.1CO0E+02
C.10CE+02
0.10CE+02
0.100E+02
0.110E+02
0.110E+C2
C.110E+02
C.11CE+02
0.1COE+02
C.100E+02
0.10CE+C2
C.10CE+C2
C.10CE+02
0.110E+02
0.11CE+02
C.110E+02
0.110E+02
0.110E+02
0.100E+02
0.10CE+(02
0.10CE+02
0.100E+02
0.100E+02
C.110E+02
0.110E+02
0.110E+02
0.110E+02
0.110E+02
0.100E+02
0.100E+02
0.100E+02
0.10CE+02
0.100E+02
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0.235E+04
0.314E+04
0.419E+04
0.559E+04
C.994E+04
0.132E+C5
0.176E+C5
C.235E+05
C.314E+05
0.419E+05
0.558E+(C5

. C.744E+C5

0.993E+05
0.132E+06
0.235E+06
C.313E+06
0.418E+06
0.558E+06
0.744E+06
0.992E+06
0.132E+07
0.176E+07
0.235E+07
0.313E+07
0.557E+C7
0.743E+07
0.991E+07
0.132E+08
0.176E+08
C.234E+08
0.313E+08

0.417E+08

0.556E+08
0.742E+08
0.131E+09
0.175E+09
0.234E+09

0.343E+07
0.577E+07
0.895E+07
0.152E+08
0.254E+08
0.416E+08
0.677E+08
0.112E+09
0.194E+09
0.325E+09
0. 544E+09

- 0.913E+09

0.141E+10
C.241E+10
0.402E+10
0.66CE+10
0.107E+11
0.185E+11
0.307E+11
0.511E+11
0.859E+11
0.144E+12
0.224E+12
0.381E+12
0.636E+12
0.104E+13
0.17CE+13
(0.293E+13
0.486E+13
0.808E+13
0.135E+14
0.228E+14
0.354E+14
0.595E+14
0.102E+15
0.163E+15
0.268E+15

0.324E+07
0.538E+07
C.893E+07
0.148E+C8
C.245E+08
0.408E+08
0.677E+C8
C.112E+09
C.186E+09
0.309E+09
0.513E+09

.0.851E+09 .

0.141E+10
0.234E+10
C.388E+10
0.645E+1C
0.107E+11
0.177E+11
0.294E+11
C.488E+11
0.811E+11
0.134E+12
C.223E+12
0.370E+12
0.614E+12
0.102E+13
0.169E+13
G.280E+13
0.465E+13
0.772E+13
0.128E+14

0.212E+14

0.353E+14
0.585E+14
0.971E+14
0.161E+15
0.267E+15

0.19CE+06
0.39CE+06
0.174E+05
C.429E+06
0.814E+06
0.798E+06
0.297E+05
0.418E+06
0.815E+07
0.162E+08
0.308E+08

0.625E+08

0.4C1E+07
0.700E+08
0.137E+C9
0.150E+Q9
0.477E+08
C.798E+09
0.129E+10
0.221E+10
0.484R+10
0.993E+10
0.771E+09
C.112E+11
0.220E+11
0.243E+11
0.828E+10
0.127E+12
0.205E+12
0.352E+12
0.769E+12
0.157E+13
0.129E+12
0.933E+12
0.495E+13
0.179E+13
0.781E+12



0.295E+03
0.299E+03

0.304E+03
0.309E+03
0.314E+C3
0.318E+03
0.3238+03
0.328E+03
0.333E+03
0.337E+03
0.342E+03
0.347E+03
0.352E+03
0.356E+03
0.361E+03
0.366E+03
C.371E+03
0.375E+03
0.380E+03
0.385E+03
0.390E+03
0.394E+03
0.399E+03
0.404E+03
0.409E+03
0.413E+03
0.418E+C3
0.423E+03
0.428E+03

0.110E+02
C.100E+02
0.110E+02
O&iiOE¢02
0.1iok+o2
0.100E+02
0.100E+02
0.100E+02
0.110E+02
0.150E+02
0.300E+C2
0.599E+01

0.17CE+C2 -

0.280E+02
0.650E+02
0.300E+01
0.140E+02
0.250E+02
0.360E+02
0.47CE+02
0.580E+02
0.689E+02
0.799E+02
0.909E+02
0.102E+03
0.113E+03
0.124E+03
0.135E+03
0.146E+03
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0.312E409
0.417E+09
0.556E+09
0.741E+09
0.988E+09
0.131E+10
0.175E+10
0.312E+10
0.416E+10
0.416E+1C
0.416E+10
0.416E+10

- C.416E+1C

0.416E+10
C.416E+10
0.416E+10
0.416E+10
0.416E+1C
0.416E+10
0.416E+10
0.416E+10
C.416E+10
0.416E+10
0.416E+10
0.416E+10
0.416E+10
0.416E+10
0.416E+1C
0.416E+10

C.462E+15
0.730E+15
0.128E+16
0.215E+16
0.361E+16
0.560E+16
0.954E+16
0.159E+17
0.251E+17
0.326E+17
0.374E+17
0.879E+17
0.799E+17
0.727E+17
0.799E+17
0.114E+20
0.104E+20
0.946E+19
C.860E+19
0.782E+19
0.711E+19
0.647E+19
0.588E+19
C.535E+19
0.486E+19
0.442E+19
0.402E+19
0.366E+19
0.332E+19

END-OF~DATA ENCOUNTERED ON SYSTEM INPUT FILE:

0.443E+15
0.736E+15
0.122E+16
0.203E+16
0.336E+16
0.558E+16
0.926E+16
C.153E+17
0.254E+17
0.422E+17
0.701E+17
0.116E+18

"0.193E+18"

0.320E+18
0.531E+18
0.882E+18
0.146E+19
0.242E+19
0.403E+19
0.668E+19
C.110E+2C
0.184E+20
C.305E+20
0.5C6E+20C
0.840E+20
0.139E+21
0.231E+21
C.384E+21
0.637E+21

0.186E+14
-0.637E+13
0.594E+14
C.123E+15
0.250E+15
0.193E+14
0.281E+15
0.549E+15
-0.323E+15
-0.962E+16
-0.327E+17
-0.285E+17

-~ =C.113E+18

-0.247E+18
-0.451E+18
Q.,105E+20
C.894E+19
0.703E+19
C.457E+19
0.113E+19
0.397E+19
-0.119E+20
-0.246E+20
-0.453E+20
-0.792E+20
-0.135E+21
-0.227E+21
-0.380E+21
-0.633E+21
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Chapter 7

MULTISECTOR GROWTH MODEL
WITH HETEROGENEOUS CAPITAL

So far we have assumed that there is only one good which can both be consumed
or accumulated. -However in our discussion of economic obsolescence in Chapter 4
there is an implicit distinction between a capital good and a consumption good:
once the gooaviS'dSed as céﬁiial it cannot be consumed. For, if the contrary
wete true all the scrapped capital ﬁiil be consumed and the system may end up
produc1ng only géods for accumulatlon and coﬁsumptlon will be entirely composed
of 6-old goods Being scrapped from 1ndustry. ' '

In this chapter we generalise the system by considering a multisettoral
ecohorly, Out purpose in undertaking this generalisation is to determine which of
our one sector results carry over to more general models and to see if multisectoral

growth has any special features not visible in the one sector model.



1. A Multisectoral Model: Zero foresight.

We consider an economy with k industries. The first industry produces
equipment, the other (k-1) industries produce consumer goods. Technical im-
provements accrue exponentially but at rates which may vary from industry to-
industry. It follows that the economic life of equipment also may vary from
industry to industry. The first commodity serves as numéraire. Quantity units
are chosen so that initially, at t=0, all prices are unity.

In the present section zero foresight is assumed. The case of perfect
foresight is examined in the next section. We begin by assuming that equipment
decays exponentially, but at a rate which may vary from industry to industry.
The possibility of sudden death depreciation is considered towards the end of
the section.

Let K, (t) represent the amount of equipment of vintage v surviving at time
t in the Zth industry (t > v), and Liv(t) the labour required to work that -

equipment. Then for each vintage there is a production relationship of the form

a, .
(7.1) Q;,(t) = e"/"xiv(c) 1Liv(:)81, a;+6,=1; a.,8, > 0.
-5, (t-v)
Since in the 7Zth industry equipment decays exponentially we have Kiv(t)=e
Kiv(v)’ where 8; is the rate of depreciation and Kiv(v) is the rate of gross in-
vestment in the <th industry at time v. Since,ex post, factor proportions are
fixed, we have also

-Gi(t-v)
Liv(t)=e Liv(v)

Hence (7.1) may be rewritten as

-Si(t-v)
(7.2) Q;,(t)=e Q;, (V).

Total output of the %th commodity at time t is, therefore,
(7.3) Qi(t) = » in(t)dv
t-ei(t)
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where ei(t) is the economic life of equipment in the Zth industry at time t; and

aggregate output, in terms of the first commodity, may be expressed as

(7.4) T(t) = Ip,(t)Q;(t)
1

where pi(t) is the price of the Zth commodity at time ¢t in terms of the first

commodity. (pi(O) = pl(t) =1).
As in earlier sections, we seek paths of exponential growth

- Qit
(7.5) Qi(t) = Qe

consistent with constancy of the economic life of equipment.. In what follows, .
therefore, ei is treated as constant.

We complete the display of new notation by writing j

(7.6) pi(t)Qi(t) = ciY(t)

1

where c., is the marginal propensity to save, ci(i7>1) is the marginal propensity
te consure the Zth commodity, and I ¢, = 1. ’ )
It follows immediately from (7.4)-(7.6) that aggregate output must grow at

the same rate as the output of the first industry:

_ 9t A LF
1.7 () = ge b @=0Q/ep.

It also follows, from (7.4)-(7.6), that all prices must grow or decline exponentially:

(9,-9.)t
(7.8) p(t) =e F

Our remaining conclusion fall out rather less easily.

We seek expressions for the rates of growth 9; in terms of the structual para-
meters of the system. We proceed by a slightly roundabout route. Since ei is
constant and sinoce
G g =] e H o, wa

i iv

t-0.
1
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ils assumed to grow exponentially, so must Q (v), and at the same rate 9;° Thus,

;subst1tut1ng in (7.3) from (7.2), and defferent1at1n9 with respect to t, we obtain

-8.06.

. ii
T () = -by0, (04 () - Py g (e-8y)
which, in view of (7.5), reduces to

'Giei ot
(7.12) Q (t)-e * oy e-o, (t-0,) = 9

-(9+6i)Qie

a first order defference equatien in Q1 (t), with steady-growth solutiecn

9;t
(9 +§., )Q e
l-e—ei(9i+6i)
We note next that
6Q,  (t)
(7.14) w(t)=p. (t);;——z;; Bipi(t)Qit(t)/Lit(t)

and that therefore

| B.p, (£)Q; (t)\lL -0, (89 f\ |
(7.15) L, (t) ( 1o (D) = / B;c;(8;%9.) 1 1 @
| ' 1Q1t(t) 31c1(51+91) e -8, (6+9 ) /)

= Nith(t)’ say.

A similar relationship may be obtained for capital. With zero foresight, a

unit of new equipment will earn the same rental in all industries:

(7.16) Hit(t) } Hlt(t)

! - Kit(t) Klﬁ(t)
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(7.V7) Hif(t)=pi(t)Qit(t)"w(t)Lit(t)

is the total trental earned by new équipment in the #th industty. It follows from
(7.14)-(7.17) that

,a (P (90, (©))

Py (t)Q (ti»w(t)L (t)\
/ it \ lt(t) _\

Kp (t) =
te \\ Qy;(8) w(t)th(t) J

(7.18) Klt(t)

=(’151 WKL (E) = MK (t)s say.

But Ql(t)azKit(;) grows at the exponential rate 91. It follows ftom (7.18) that all
Kit(t) grow at the same rate:

- 9t
R N
. X - ,
1t IM.
1
9.t
/o 1)
Ko (O = M, | J.

We have shown that Qit(t) grows exponentially at the rate o and that Kit(t)
grows at the rate 9° It follows, from (7.1), that Lit(t) and therefore Li(t) grow

at the exponential rate
(7.20) n, = (q-xi—aiql)/Bi.

Now L(t) = ELi(t) grows at the exponential rate n; therefore all Li(t) and Lit(t)

grow at the same rate:
(7.21) n., =.n.
i

It follows finally, from (7.20) and (7.21), that the output of the first or capital

goods industry, and therefore aggregate output, prows exponentially as the rate
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(7.22) 9 = n+A1/Bi

and that the rate of growth of the ith consumer goods iﬁdustry is

(7.23) 9; = n+h, jrogh /Bl

(Evidently (7.22) is é spé¢ia1 case of (7.23)). Thus, as in the corresponding
onesector model studied in chapter 4, the rates of growth are independent both
of the saving ratio and of the rates of depreciation.

It is now a simple mattet to obtain the solutions for 0 and the Q., and
therefote tha levels of steady—growth outputs. By reasoning similar to that
employed in der1v1ng (4.6) bearlng in M1nd the constancy of each industry's share
of the labour force (equat1on (7. 21)),

/ n+6. \

/
7260 13 (®) 'f__e(_m's'"))

\l-e /

L.(t) = EiLi(t)’ say.

From (7.15) and (7.24)

N.L(t)

(7.25) L. (t) =
it IN /E
S 8§ S

‘Finally, from (7.1), (7.13), (7.19), and (7.25),

- = 0(. i 7 “\B.
(9.+6.)Q. =(ﬁ c1Q \ ( NiLo }1

-9 (9 +6 ) ‘ '\‘ y 1
l-e ™ / N M

(7.26) (i=1l,......; k)

which,together with (7.7), can be solved for 6 and 51'
We turn now to the calculation of ei, the economic life of equipment in the
ith industry. The defining equation is derived from the requirement that equip-

ment be scrapped when it ceases to earn a positive rent:

(7.27) nit(t+ei) = pi(t+ei)Qit(t+9i) - W(t+ei)Lit(t+ei)

/ 8Q. (t+6.) N
= / - 1,t+6. i \ o
pi(t+ei) (\ Qit(t"’ei) Lit(t+ei) j =
\ 8L i, t+0, (t+6, ) /
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Substituting from (7.1), and (7.14), and (7.23), this reduces to
-ei(xi+ai(A1/61))

Bi = e

whence
1nB.

(7.28) 8, = -
1 Ai+a (A /e )

(For the first 1ndustry this redudes to 61 = “BI/A 1n61, in parity with (4.20).
An interesting llm{ting case is that in which A =2 =0, that is, when neither
the equipment producing industry nor the capital using industries are progressive,
the economic life of equipment is infinite, and steady growth is impossible. - - - - -
As in the corresponding one-sector case, the economic life of equipmement
is independent of the saving ratio and of rates of depreciation. In the first
industry the life of equipment depends only on the rate at which improvements
accrue and on the Cobb-Douglas exponent for that industry. The effect of varia-
tions in Al and 81 on 61 are, with the addition of appropriate subscripts, as set
out in (4.21) and (4.22). 1In each consumer goods industry the econcmic life of
equipment depends on the rate of technical improvement and on the Cobb-Douglas
exponent for that industry, as well as on the corresponding parameters for the first
or equipment-producing industry. An increase in the rate at which improvements
accrue, whether in the first or <th industry, results in a shortening of the

economic life of equipment in the Zth industry:

80, a.lnBi
(7.29) L = L 5 < 0,
8y By (Ay*ash /8))
88. 1nB.
—2 = — <0, i>1.
axi : (Ai+aiA1/sl)

An increase in labour-intensity in the equipment-producing industry results in a = -

lengthening of the economic life of equipment in all other industries:

66, lnB
(7.30) i . i ! L >o; i1,
681 (Bll +a A )
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but the effect of an increase in labour-intensity in a consumer gocds industry
is ambiguous, depending on the initial value of By
. 591 ) 2
(7.31) —_— =-x1(si 1nei+ai+xiellxl)/slsi(ximixllsl)

GBi

(7.32) t <o

The diétribﬁtioﬂal properties of the riodel can be disposed of quickly. The
vage rate is of tourse the same in all industries and, from (7.8), (7.13)-(7.15),
and (7.23), grows expotientially at the rate Allel. It is perhaps paradoxical that
the rate of real wages, as defined, fails to grow when the capital goods sector is
unprogressive, no matter how progressive are the consumer goods sectors. To
resolve the paradox, however, it is necessary to recall only that wages are mea-
sured in term8 of capital goods. In terms of the product of any progressive

sector, say the Zth, real wages grow at the rate Age

The rate of return on capital differs from one industry to another-the joint
result of imperfect foresight and differing lives of equipment. For any particular
industry, however, the rate of return is constant. To see this we first calculate

the rental at time ¢ of a unit of equipment of vintage v employed in the Zth

industry: [ GQit(t)
pi(t) ———  for v=t,
' 8K, (t)
(7.33) e (t) =
[bi(t)in(t)~w(t)Liv(t)]/Kiv(t) for v < t.
N

The rate of return on investment in equipment of vintage v, say ri(v),is then
given implicity by the "present value" relation

40, ~|r.(w)+s,][t-v]: :
(7.34) e Tt 7 Tniv (£)dt = 1.
e)
v

It can be shown that, for given (t-v), Hiv(t) is a constant. It follows that
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ri(v) is stationary; it is also unique.
Turning to distributive shares we note, when making use of (7.13), (7.14),

and (7.24)-(7.26), that labour's share in gross aggregate output is

l_ -ei(n-'.di)
k .B.,c.(8,+9.)[1-e
(7.35) s(p =¥ LI P -
Y(t) =1 1491791
n+6i)[1—e

It is a simple matter to determine the effect on shares of variations in the
parameters of the system: GSL/ dn > 0, etc. Of special interest, perhaps, is the

ambiguous relationship between thrift and the share of labour:

’ N,
as . (t). = &5 (t) = . de, .. ./ de,
L =T L . 1%0;2,...!::0}.
dc1 i 6ci dc1 \\ dc1 /ﬁ

This is in contrast to the conslusion derived from the corresponding one-sector
model: that factor shares are independent of the saving ratio.

It remains to note the alternative possibility, that depreciation is by
'sudden death”. If in no industry does the economic life of equipment exceed its
iphysical life (which may, of course, differ from industry to industry), the above
ianalysis (with 6i=0) carries over. Otherwise, with ei = éi where necessary, (7.14)
and (7.27) are inconsistent, and we conclude that steady, full-employment growth is

| %))

{impossible.



-oiavg =

2. A MULTISECTORAL MODEL: PERFECT FORESIGHT

We proceed to an exploration of some of the implications of perfect foresight.
In particular we derive solutions for each of the main variables on the assumption
that sectoral outputs and the wage rate grow exponentially. We revert, for the
time being, to the assumption of exponential depreciatiomn.

Much of Section 1, including (7.1)-(7.13), is independent of assumption about
expectations and carries over to the present section. Our changed assumptions
about expectations bear mainly on the hiring and investing decisions of firms,
Thus, when the wage rate is expected to rise, entrepreneurs will not push the emp-
loyment of labour to the point where the value of its marginal product is equal
to the wage rate. Hiring will stop when the marginal worker makes no contribution
to the present value of current investment. The latter, for the Zth industry,is

t+0,

7.38) v = | 1 [p.m0, ) - wmL, (v) JTE Oy,

Hence, assuming that the wage rate grows at the rate w, and recalling (7.8),

8V, (t) 80, (t) [t-o, [9,-9.=6.-r(t) |[v-t]
(7.3 0=—t —ap () 2| T . 17 v
GLit(t) GLit(t)\ ¢

t+0, [w-8,-r(t)] [v-t]
e : dv

~w(t) >
t
that is,

£+, [bl-gi-éi-r(ti][yfﬁl S

6Qit(t) t © ) i
(7.38) w(t)=pi(t) .

. oo ‘GL't(t) t+6, - S . .

i L s, -r(t)] [v-€]
e 1 dv

ct
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On the other hand, the present value of the eafnings of a unit of new equipment are,

in equilibrium, equal to the price of equipment:

Vi(t) 1 t+6

7.3 1= b p; 10, DL, ] TO T gy,

Ke(®) K (®) .

It follows that the rate of interest is constant. In what follows, therefore,
the functional notation r(t) will be dropped.

Equations (7.38) and (7.39) plays roles analogous to those of (7.14) and
(7.16) in the preceding section.

From (7.38) and (7.13),
(7.40) L (t) = N7, (£) (N,* a constant).

Similarly,from (7.39), (7.40), and (7.13),

(7.41) Kie(t) = MixKlt(t) (Mix a constant).

and,since ZKit(t) = Ql(t), all Kit(t) grow at the same exponential rate 9,°

- X Q1t
(7.42) Klt(t) = Q1 e /ZMS,

- 91t :
Kie(®) = M;7Q 7e = /oM,
From (7.41) and (7.42) it follows that, as with zero foresight,

(7.43) 9, = n+)\1/B1

and

(7.44) 9; = n+Ai+aiA1/81.
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It follows also, from (7.39), that

4 =
(7.45) w Al/s1 R

that is, the wage rate grows ekpoﬁéntially at the :aée A1/81, as before.

The levels of aggregate and sectoral output, however, are different. While the
Qig have the same form és the Q; (see {7.25j);‘the§ differ in value from the latter
bacause they are evaluated at different 8, The under}yéng reagén for this descre-
pancy is, of course, the allocative inefficiency associated with imperfect fore-
sight. In the one-sector model inefficiency revealed itself in the over-étaffing
of equipment. In a multisectoral werld, with rates of depreciation and technical
improvement which differ from industry to indystry, there is an additional source
of inefficiency:  over—investment in industries with high rates of~improvemeht-

and under—investment in industries with low rates of improvement. In principle,

one could evaluate a measure

Q
(7.46) I - - e _, .1
k T(t) &

of tke over-all inefficiency associated with lack of foresight. As will soon
beccme clear, however, the calculation would be messy. Moreover, the measure is

not independent of the choice of numéraire.
We turn now to the calculation of r and the ei. Substituting for w(t+6i)

(equation (7.38)) into the no-rent condition (equation (7.27)), we obtain

-ei(ai+r+°i-°1ﬁeei[?1—91_(A1/8151

i=1,....,k.

B.[8.+x=(1,/8,)] [1-e
(7.47) 1= AP O UL . -
-0.[8.+r-(1,/8.)

(ai+r+9i—91){1-e o 1 }

And, differentiating (7.39) with respect to Kit(t) and sumning over 7, we obtain

-0.(8.+r+9.-9.)
11 i’

ciai(6+9i)[l e

-6.(6i+gi)

(7.48) =

¢
i
(6i+r+oi-91)[l—e

Equations (7.47) and (7.48) constitute a system of (k+l) equations in the (k+1)



‘ - 107 -
~ unknowns: 61,........6k, r, It is not possible to solve this system explicitly.

If a solution exists, one may calculate the effect on any variable of a change in
any parameter; but such calculations are too complicated to reproduce.

We can confirm without difficulty, however, that perhaps the most interesting
result of Chapter 4 generalizes to the multisectoral case. The income share of

capital is

W (t)L(t)

=1 -
Y*(¢)

%
(7.49) SK
In view of (7.38), (7.40), and (7.44), this expression may be written in the more

explicit form

(7.50) S, =

-ei(6i+r+gi-91) -Gi(n+6i)

L Bici(6i+9i)[§i+r—(A1/81)][l-e ][1-e -
. -0.(8,+9.)  -0.(8.+r-(A,/8,)
(n+61)(61+r+91"91)[}—e 17171 1-e 1 1 1’71

Comparison of (7.48) and (7.50) reveals that

- (7.51) S, =c¢ if and only if 9y =T

i On the other hand, it is no longer possible to say anything about the relation
 between thrift and distributive shares. It will be recalled that in the corre-
sponding one-sector model (Chapter 4), an increase in thrift, operating indirectly
through the economic life of equipment, resulted in a decline in labour's share.

As (7.50) makes clear, however, we must now allow for the additional direct effects

- of an increase in c, and for the effects of the change in the ci(i=1) implicit

in the change in th:ift. The result of the change is extraordinarily complicated
and has defied our attempts to attach a sign to it.

Finally, if depreciation is by "sudden death" there are two familiar possibili-
ties. If in no industry does the eccnomic life of equipment exceed its physical
life, the above analysis (with 6i=0) carries over. Otherwise, with eizéi
wherever necessary, (7.47) and (7.48) are mutually inconsistent and we conclude

that steady, fullemployment growth is impossible.
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Footnotes to chapter 7.

(1) The offendipg‘indusﬁry (in which 63 8) may be quite insignificant - Lerner's
peanut industry or Chipman's hairpin industry. In such cases steady growth,
while strictly impossible, is yet attainable to & sufficiently close approxi-

mation.
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Chapter 8

CONCLUSION

What conclusion can one draw from the above chapters which are too often
clouded with mathematics? ‘

First of all it seems fairly clear that once the neo-classical agaregative
production function is dropped, one must forgo also the simplicity of the reo-
classical scheme. Yet, if attention is to be placed only on the full employ-
ment paths, very little is gained. Because of this , it is natural to be
tempted to infer that one has reached ‘'the point of diminishing returns" and that
it is useless therefore to advance a step further. This opinion is in fact
shared by many economists but with which I cannot find myself in agreement.

In the first place, there secems to be a confusion between the dim light of
the morning with that of the evening - if one may use an analogy. The esoteric
literature of growth economics of the last two decades has by no means brought
growth economics to an end. For despite all the hard works, what has been
achieved is but a reasonable description of reality: it is still a long way to
reach an explanation of its formation. I believe, in other words, that in
growth economics we are only at the beginmning, not at the end. Any reasonable
assessment of the literature will reaffirm us this state of affairs. Neverthe-
less this is not entirely discouraging if onme is to remember only that the
problem in question is of fantastic complexity, it iequirés hence éoﬁeﬁhing ﬁofe

than a high degree of abstraction.
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What I tried to advocate is not a general theory of economic growth. The
whole exercise is to demonstrate what kind of results one would obtain if
emphasis is to be placed more on paths which are off the golden age. For, it is
in the non-golden age that we have the hope of having some contact with reality.

This conclusion is therefore not a true ending: it opens a question rather
than closing one. There is reason to suggest that there will be hard works to be
done before an acceptable theory of growth can be established. Even within the
neo-classical framework, one would expect more illuminating results, for example,
if general micro economic production functions are employed although I believe
that Cobb-Douglas functions can do almost anything that well-behaved functions
can. The next step would naturally be to incorporate the wealth effect with
the saving behaviour to free the analysis from its short-run Keynesian habits.
Then there wiillaisb Bé ﬁuﬁefoﬁé ways to treat technical progress: Arrow's
learning~by~doing or Kennedy-WeiSlzacker's choice between inventions. And finally
there remains the majestic step of treating labour as a heterogeneous factor
before we can hope to deal with the problem of wage differentials, changes in
the distribution of incomes etec. ... Until this is done the legacy we are
going to leave for our progeny will be as much an intriguing myth as the one

we ourself have inherited.
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