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ABSTRACT

This manuscript revisits a study of eddy–mean flow interactions in an idealized model of a western boundary

current extension jet using properties of the horizontal velocity correlation tensor to diagnose characteristics of

average eddy shape, orientation, propagation, andmean flow feedback. These eddy characteristics are thenused

to provide a newdescription of the eddy–mean flow interactions observed in terms of different ingredients of the

eddy motion. The diagnostics show patterns in average eddy shape, orientation, and propagation that are

consistent with the signatures of jet instability in the upstream region and wave radiation in the downstream

region. Together they give a feedback onto the mean flow that gives the downstream character of the jet and

drives the jet’s recirculation gyres. A breakdown of the eddy forcing into contributions from individual terms

confirms the expected role of cross-jet gradients in meridional eddy tilt in stabilizing the jet to its barotropic

instability; however, it also reveals important roles played by the along-jet evolution of eddy zonal–meridional

elongation. It is the mean flow forcing derived from these patterns that acts to strengthen and extend the jet

downstream and forces the time-mean recirculation gyres. This understanding of the dependence of mean flow

forcing on eddy structural properties suggests that failure to adequately resolve eddy elongation could underlie

the weakened jet strength, extent, and changed recirculation structure seen in this idealized model for reduced

spatial resolutions. Further, it may suggest new ideas for the parameterization of this forcing.

1. Introduction

Understanding the role of eddies and their interaction

with the larger-scale flow in western boundary current

extension (WBCE) jet systems such as the Gulf Stream

and Kuroshio Extensions is critically important because

WBCE jets are of fundamental importance to the dy-

namics of basin-scale circulations and the ocean’s global

transport of heat, and eddy variability plays a crucial role

in WBCE jet dynamics. For example, we expect eddies

and their nonlinear interactions to impact mean jet–gyre

strength, structure, and stability (Thompson 1978; Dewar

and Bane 1989; Hogg 1992; Watts et al. 1995), play a role

in driving the jet’s flanking recirculations (Hogg 1983,

1985, 1993), couple strong upper-ocean motions to deep

abyssal motions (Shay et al. 1995; Howden 2000; Watts

et al. 2001), and potentially act as a source of the inter-

annual variability observed in these jet–gyre systems

(Spall 1996; Qiu 2000). These effects have important

implications for global balances between forcing and

dissipation, subtropical–subpolar exchange, the forma-

tion of mode water, the transport and storage of heat and

potential vorticity (PV), and the steering and intensifi-

cation of extratropical storms. As such, understanding

these effects and their implications is fundamental to our

understanding of how ocean basin circulations work and

how the ocean plays its role in the climate system.

The problem of understanding the impact of eddies

on the larger-scale circulation has modern relevance to
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the representation of eddy effects in global ocean

models, which, at present, do not resolve the full extent of

the eddy variability. The literature provides compelling

evidence suggesting that resolving mesoscale (on the or-

der of 10 km) eddy variability in the ocean component

model will significantly impact the simulation of large-

scale climate. In WBCE jet regions in particular, explic-

itly resolving mesoscale eddies results in significantly

stronger currents, extended zonal penetration, and asso-

ciated sharper sea surface temperature fronts and sig-

nificant structural changes in simulated rainfall (Kirtman

et al. 2012). In typical climate models at say 200-km

horizontal resolution, eddy features occur on unresolved

scales, and there is an important need to parameterize

their effects in terms of the resolved variables. Before this

can be done however, we must clarify the roles played by

the eddy field so that parameterization schemes can be

constructed and tested. Understanding the physical

mechanisms underpinning eddy effects is critical in pa-

rameterization design, as confidence in our projections

of future climate for instance relies on correctly rep-

resenting the dependence of eddy processes on forcings

projected to change under future climate changes.

Because of its importance, work on the subject of eddy–

mean flow interactions in WBCE jets has a long history,

see Waterman and Jayne (2011) for a detailed summary.

Much focus (see, for example, Spall 1994; Jayne et al.

1996;Beliakova 1998; Jayne andHogg 1999;Mizuta 2010)

has been on the role of eddies in driving time-mean re-

circulation gyres in these systems, which add significantly

to the WBCE jet transport and play an important role in

modewater formation. The study ofWatermanand Jayne

(2011), on which this present study builds, identified two

distinct roles of eddies in the dynamics of the time-mean

circulation in an idealized WBCE jet system: that of sta-

bilizing the jet to its barotropic and baroclinic instability,

and that of driving the mean recirculations. A key result

was identifying the conceptually useful localization of

each effect to a distinct along-stream region defined by

the stability properties of the time-mean WBCE jet.

This study revisits the examination of eddy–mean flow

interactions in an idealized model of a WBCE jet of

Waterman and Jayne (2011) from a new perspective,

namely through the consideration of average eddy shape,

orientation, and propagation characteristics, and the im-

plications of these properties for the eddy effect on the

meanflow.Byunderstanding these properties, the physical

mechanisms underpinning their distributions, and the roles

that they play in determining the eddy feedback effect, it is

hoped that new insight into the important eddy–mean flow

interactions in WBCE jet systems will be gained.

The outline of this paper is as follows. In section 2, we

give a brief description of the idealizedWBCE jet model

used in the study and provide a summary of our under-

standing of eddy–mean flow interactions in this configu-

ration from previous work. In section 3, we describe the

theoretical background required to define properties of

average eddy shape and orientation from terms in the

horizontal velocity correlation tensor, and to understand

the relationship between these properties and properties

of average wave propagation and mean flow feedback

effects. Results of this study relate to the application

of this framework to the model in a typical WBCE jet–

relevant configuration and parameter regime, and are

described in sections 4 and 5. In section 4, we describe

and interpret properties of the various terms of the

horizontal velocity correlation tensor diagnosed from

themodel and their implications for average eddy shape,

orientation, and propagation characteristics. In section

5, we discuss the implications of these distributions on

eddy–mean flow feedback effects. We summarize and

discuss our results in section 6, considering physical

mechanisms that may underpin the eddy effects that are

suggested by this new perspective on the eddy forcing,

as well as the potential implications of our results. In a

companion paper, this understanding is used as the basis

for analysis of the breakdown of the eddy feedback effect

in this model as spatial resolution is degraded.

2. Model

Our study builds upon a past investigation of eddy–

mean flow interactions in the along-stream evolution of

an idealized WBCE jet using a numerical model of a

zonally evolving, unstable, strongly inertial, boundary-

forced jet in an open domain described in full in

Waterman and Jayne (2011). In brief, the idealized

WBCE jet model we use is quasigeostrophic, on a b

plane, and fully nonlinear, with x (zonal), y (meridional),

and time dependence. Here we consider only the baro-

tropic, one-layer configuration. The extension of this

study to a two- or three-layer system with the addition of

baroclinic instability is a topic of future study. The model

is forced at the western boundary by imposing a jet inflow

directed eastward at x 5 0 that is scaled appropriate to

a WBCE jet. This inflowing jet is potentially barotropi-

cally unstable [i.e., it satisfies the Rayleigh necessary

condition for instability requiring themeridional gradient

of the absolute vorticity (›/›y)za 5b2 (›2/›y2)U to

change sign].1 The instability of the jet provides the only

1Here za is the absolute vorticity, b is the meridional planetary

vorticity gradient, and2(›2/›y2)U is themeridional gradient of the

jet’s relative vorticity 2(›/›y)U, where U is the zonal velocity of

the inflowing jet.
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source of eddy variability in the problem. From x5 0 the

jet evolves freely in the zonal direction, with the inflowing

jetmass removed at the eastern edge of the domain a long

way downstream and in a manner that does not affect the

upstream dynamics we study. Highly dissipative sponge

layers on all the lateral boundaries prevent wave re-

flection back into the interior to simulate open ocean

conditions there. In the interior dissipation is small, such

that it is negligible in the time-mean vorticity balance.

We pose the eddy–mean flow interaction problem in

terms of a time-mean state and the variability about

this mean state. We spin the system up to a statistically

steady state (domain-integrated enstrophy is approxi-

mately constant with time), then accumulate turbulent

statistics for a period long enough so that they are in-

sensitive to the integration time. We consider the

problem in nondimensional form in terms of non-

dimensional variables and dimensional scales L and U,

which represent typical horizontal length and velocity

scales of the jet, respectively. A dimensional scaling of

L 5 40 km and U 5 1m s21 for the typical WBCE jet

model run discussed here (bnondimensional 5 0.05) makes

the inflowing jet profile consistent with the velocity and

length scales of the Kuroshio jet where it separates

from the coast. For further details on the model setup

and its relation to observations of the Kuroshio Exten-

sion jet, see Waterman and Jayne (2011) andWaterman

et al. (2011).

Details on the numerical method can be found in Jayne

andHogg (1999). In brief, integration in time and space is

done using a scheme that is center differenced in the

two spatial dimensions (an Arakawa A grid) and advec-

tive terms are handled using the enstrophy-conserving

scheme of Arakawa (1966). At each time step, the rela-

tive vorticity is inverted to find the streamfunction using

the generalized Buneman algorithm (Adams et al. 1988).

The streamfunction is stepped forward in time using

a third-order Adams–Bashforth scheme (Durran 1991).

The model is damped by bottom friction but results are

qualitatively unchanged if horizontal viscosity is used as

the dissipation form. For the model run discussed here,

we have applied a nondimensional bottom friction co-

efficient of R 5 1 3 1026, which corresponds to a di-

mensional dissipation time scale of O(100 years).

Previous work using the model has resulted in an un-

derstanding of the eddy–mean flow interactions in this

configuration that is usefully considered as a two-regime

system. See Waterman and Jayne (2011) for a full dis-

cussion. In brief, the results reported here are that eddies

in this model setup play two distinct roles in their feed-

back on the time-mean circulation: 1) stabilizing the jet to

its instability and 2) driving the time-mean recirculation

gyres, with each effect localized to a distinct along-stream

region defined by the stability properties of the time-

mean jet (Fig. 1). Just after separation from the western

boundary, eddies act to stabilize the jet through down-

gradient fluxes of vorticity inside the jet and on the jet

flanks. A down-gradient flux on themultiple-signed time-

mean meridional vorticity gradient of the unstable jet

implies a southward eddy vorticity flux in the jet core and

northward fluxes on the jet flanks. This pattern results in

a four-lobed flux convergence and divergence pattern

that drives a circulation that acts to decelerate the jet at its

axis and accelerate it on its flanks, in this way stabilizing

the jet to its large-scale horizontal shear. Downstream of

where the time-mean jet has (through the effect of the

eddies) been stabilized, eddies act to drive the time-mean

recirculations through the mechanism of an up-gradient

vorticity flux. This up-gradient flux is permitted by an

eddy enstrophy convergence downstream of jet stabili-

zation, a convergence that results from the generation

of eddies in the upstream region where the jet is un-

stable, the advection of that eddy activity along stream

by the jet, and the dissipation of the eddies in the region

downstream of jet stabilization. It is in this region of

eddy decay that eddies drive the time-mean recircula-

tions through the mechanism of nonlinear eddy recti-

fication, resulting from the radiation of waves from a

localized region.

3. Theoretical background

New insights into the eddy feedback effect in this

problem come from the application of the ideas pre-

sented in Hoskins et al. (1983) in the context of atmo-

spheric eddies, in particular a consideration of the terms

of the horizontal velocity correlation tensor and their

implications for characteristics of average eddy shape,

orientation, propagation, and mean flow feedback. We

briefly review these diagnostics here.

Our diagnoses of eddy shape, orientation, propaga-

tion, and mean flow feedback all derive from terms of

the horizontal velocity correlation tensor Cij 5 y0iy
0
j,

where the bar signifies an averaging operator, in this

case time averaging, and the prime a deviation from

this average. Here, i and j are indices running from 1 to

2 denoting the two horizontal dimensions (zonal and

meridional), respectively. It is convenient to separate

this symmetric tensor into its isotropic and anisotropic

parts such that

C5

�
u02 u0y 0

u0y 0 y02

�
5

�
K 0

0 K

�
1A . (1)

Here, the kinetic energy of the eddiesK5 1/2(u02 1 y02).
The anisotropic part of the tensor A is given by
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A5

�
M N

N 2M

�
, (2)

with

M5 1/2(u022 y02) and N5 u0y0 . (3)

Familiar from a long history of studies of the effect of

eddies on the zonally averaged flow (e.g., Starr 1968), N

describes the meridional tilt of eddies/waves that can be

interpreted in terms of an elongation either in a ‘‘back-

ward’’ or ‘‘forward’’ direction depending on its sign (see

Figs. 2a,b). Analogously, M describes the second com-

ponent of a two-dimensional eddy elongation that needs

to be considered when onemoves from the consideration

of the zonally averaged flow to flowwith two-dimensional

dependence. It should be noted that in axes tilted by an

angle of p/4 (quantities denoted by *), (M*, N*) 5
(2N,M). In this way, M is the equivalent of N for axes

tilted by p/4, and in the original coordinate frame de-

scribes the eddy zonal–meridional elongation (Figs. 2c,d).

Consideration of the eddy horizontal velocity co-

variances cast in terms ofK,M, andN is useful because

these terms, particularly the latter two, provide infor-

mation about average eddy shape and orientation, and

also about properties of wave propagation and mean

flow feedback. In this way, they provide a link between

mean flow feedback and eddy structural properties, and

as such, may provide physical insight into underpinning

mechanisms of the eddy effects.

a. Relation to eddy shape and orientation

The terms K, M, and N can be considered as describ-

ing an average or characteristic eddy size, shape, and

FIG. 1. A summary of the two-regime description of eddy–mean flow interactions in an

idealizedWBCE jet based on the study ofWaterman and Jayne (2011). Solid black lines show

a schematic of the time-mean streamlines and illustrate a broadening jet flanked by two time-

mean recirculations. Here, and in following figures, various features of the time-mean

circulation are indicated for reference: x denotes the location of the max time-mean re-

circulation transport and corresponds in lon with x*, an along-stream boundary between an

upstream ‘‘unstable jet’’ region and a downstream ‘‘wave maker’’ region defined by the

meridional gradient of the time-mean jet’s absolute vorticity. Solid black arrows and the filled

contours denote the sense of the divergent time-mean eddy vorticity fluxes and the key

patterns of their convergence/divergence, respectively. Here, and in following figures, light

gray shading indicates positive values (here an eddy vorticity flux convergence) and dark gray

shading indicates negative values (here an eddy vorticity flux divergence). Dotted lines de-

note key features of the advection of eddy enstrophy: a large eddy enstrophy convergence in

the downstream region (dotted circle) and the advection of eddy activity from upstream

(dotted arrow).
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orientation at a point.2 To see this explicitly, we con-

sider the terms of A in a coordinate frame aligned with

the principal axes ofA or C at angles of u5 1/2 arctan21

(N/M) and f5 u1p/2 with the x axis. In this frame

(quantities denoted by^), (M̂, N̂)5 [(M2 1N2)1/2, 0].

Noting that M̂5 1/2(û02 2 ŷ02) andK5 1/2(û02 1 ŷ02) and
thus M̂#K, we define the eddy anisotropy number a as

a5 M̂/K, which describes the characteristic local eddy

anisotropy (ellipse eccentricity) as a dimensionless num-

ber that lies between 0 and 1. A value of a close to 1

implies that on average eddies are locally extended along

the major axis and compressed along the minor axis (i.e.,

eddies are locally highly anisotropic), whereas a value of

a5 0 implies û0 5 ŷ0 and average eddymotions are locally

isotropic. The angle u describes the orientation of the

principal axes of C and A with respect to the basic geo-

graphical frame as defined above. It gives information

about the average local orientation of the principal eddy

variability and hence the local direction of eddy elonga-

tion, the degree to which is characterized by a. It also

defines the dominant orientation of the local eddy mo-

mentum flux.

The parameters a and u relate instinctively to the

description of eddy variability via velocity variance el-

lipses, a more familiar way in oceanography to illustrate

the local principal direction and the degree of anisotropy

of the eddy variability as well as the magnitude of the

eddy energy [seeMorrow et al. (1994); after Preisendorfer

(1988) for further details]. In this description, aniso-

tropic eddy variability is represented by an elongated

ellipse with the principal direction of the velocity var-

iance aligned with the direction of the ellipse major

axis, while isotropic flow is represented by a circular

ellipse with zero covariance. The major and minor axes

of the ellipse, a and b, are customarily defined in terms

of the horizontal velocity correlation tensor compo-

nents as a5 [u0u0 cos2u 1 u0y0 sin(2u) 1 y0y0 sin2u]1/2 and
b 5 [u0u0 cos2f 1 u0y0 sin(2f) 1 y0y0 sin2f]1/2, respec-

tively, where u and f are as defined above. The velocity

variance ellipse major and minor axes can be expressed

more simply in terms of the eddy anisotropy and eddy

kinetic energy by considering them in the coordi-

nate frame of the principal axes. Then a2 5cu02 5
K1 M̂5 (11a)K and b2 5cy02 5K2 M̂5 (12a)K.

b. Relation to eddy propagation

As described in Hoskins et al. (1983), in simple situ-

ations, the anisotropic velocity correlation tensor can

also provide information on the relative propagation of

eddy activity. Assuming WKBJ conditions (see, for ex-

ample, Dingle 1973) of slow mean flow variations and

locally sinusoidal waves, in the barotropic case it can be

shown that the propagation of eddies relative to the

mean flow cgR is given by

cgR 5 cg 2u5
2

z02
(2Mzay 1Nzax, 2Mzax 2Nzay) .

(4)

Here cg is the intrinsic group velocity of the eddies, u

is the time-mean velocity, z02 is the time-mean eddy

enstrophy, and za is the time-mean absolute vorticity.

Subscripts denote the spatial derivative in the zonal (in

the case of x) and meridional (in the case of y) directions

respectively. Equation (4) derives from theRossby wave

dispersion relation for waves whose local streamfunc-

tion is c0 5 A cos(kx 1 ly 2 vt) and the relations

M/(1/2)z02 5 (l2 2 k2)/(l2 1 k2)2 and N/(1/2)z02 522kl/

(l2 1k2)2, valid if the averaging operator averages the

phases of the wave sufficiently. The formulation is

useful as it describes how the propagation of eddies/

waves relative to the mean flow can be deduced from

components of the anisotropic velocity correlation

tensor and the spatial gradients of the time-mean vor-

ticity field. In the case where the magnitudes ofM and N

are comparable and zay � zax, a condition often satisfied,

cgR is well approximated by (2/z02)zay(2M, 2N), offer-

ing a simplified description of how the relative propaga-

tion of eddies/waves depends on the two components of

eddy elongation, M and N, and the background meridi-

onal vorticity gradient.

c. Relation to eddy–mean flow feedback

Finally, it is useful to consider the terms of the an-

isotropic part of the horizontal velocity correlation

tensor because the spatial distributions of these terms,

and hence the spatial distributions of properties of

eddy elongation, determine the eddy–mean flow feed-

back effect. Note that the symmetric part of the tensorK

plays no role in this feedback, just as was the case in the

relative propagation. The direct evaluation of the eddy–

mean flow feedback, that is, the eddy contribution to the

time-mean vorticity budget via the eddy vorticity flux

2 It is worthwhile to note here that, although the discussion of

eddy shape and orientation and the drawing of velocity variance

ellipses evoke a mind’s eye image of coherent ‘‘closed loop’’ vortex

motion, these diagnostics can equally be applied to velocity co-

variances from other ‘‘types’’ of eddy motion, for example, jet

meandering. Also, because properties are diagnosed at a point,

they describe local properties which may vary across the scale of

a coherent eddy structure. The eddy feedback on the mean flow as

defined here depends only on correlation terms at a point/local

values of eddy shape and orientation regardless of eddy size or

coherence.
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convergence, can be written in terms of spatial gradients

of M and N as

2$ � u0z05 2Mxy 2Nxx 1Nyy . (5)

The impact of the spatial distributions of eddy elon-

gation on eddy–mean flow feedback can also be con-

sidered more simply under the approximation that Nxx

can be neglected. This is valid if the zonal scale of N

is much larger than its meridional scale, which is often

the case, and will be shown to be valid here. In this case,

the mean flow vorticity forcing is well approximated by

the meridional derivative of the divergence of the so-

called ‘‘E vector’’ E:

2$ � u0z0 ’ 2Mxy 1Nyy 52
›

›y
($ � E) , (6)

where E52(2M,N).

Hoskins et al. (1983) argue that the divergence of the

E vector field gives the sense of the eddy-forced mean

circulation, and it can be helpful in the atmospheric

context to consider the divergence of E as an equiva-

lent eddy forcing of mean zonal momentum, Fx. The

FIG. 2. The interpretation of M and N as describing a generalized two-dimensional eddy elongation in a frame

defined by the zonal–meridional directions and a frame rotated by p/4, respectively. Examples of four characteristic

ellipse shapes for the cases of (a) negative and (b) positive values ofN (withM zero) and (c) negative and (d) positive

values of M (with N zero). In each case, the three ellipses shown correspond to different values of K, with darker

shades indicating larger K values.
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contribution of such a force to the forcing of mean vor-

ticity would be 2(›/›y)Fx, and comparing with Eq. (6)

shows that it is valid to take Fx 5$ � E. We point out

here that this is helpful when the mean flow dynamics

are dominated by zonal advection, such as in an at-

mospheric storm track. However, in large-scale steady

oceanographic situations, in which time-mean absolute

vorticity advection is often dominated by the meridi-

onal advection of planetary vorticity, it is likely to be

preferable to consider the mean vorticity balance in

which 2›/›y($ � E) is balanced by a mean planetary vor-

ticity flux, that is,

by52
›

›y
($ � E) . (7)

We will see that in the present application, this balance

with themeanmeridional motion is important in weaker

mean flow regions.

We note the relation between the direction of E, that

of 2(2M, N), and that of the relative eddy propagation,

in particular for the case when the mean absolute vor-

ticity contours make only small angles with the zonal

direction such that the latter can be approximated as

2(M, N). In this case, the orientation of cgR and E are

closely related. They are identical when M or N is zero,

and quite generally in the same quadrant in (x, y) space

but with E being more zonal. In this way, the eddy cir-

culation forcing is related to the divergence of a vector

field closely related to that of eddy propagation. Con-

sideration of the eddy forcing in the E vector framework

also has the key advantage over consideration of the

eddy vorticity flux convergence of being dependent on

only first, as opposed to second, derivatives ofM and N.

These are inherently less noisy, and make the task of

linking spatial patterns of eddy elongation to the eddy

forcing more straightforward. In both cases, formulat-

ing the eddy forcing in terms of M and N is useful as it

allows an understanding of how the eddy-forcing ef-

fects arise as a consequence of the spatial distributions

of eddy structure, enabling insights into eddy behavior

and feedbacks.

4. K, M, and N and their implications for eddy
shape, orientation, and propagation

We now examine the fields of K, M, and N that com-

pose the horizontal velocity correlation tensor for the

idealized WBCE jet configuration. It is found that they

exhibit systematic patterns in their spatial distributions, in

particular with respect to their evolution along the jet axis

and to regime boundaries defined by the time-mean jet’s

stability boundary x* and the along-stream location of the

maximum in eddykinetic energy (EKE) xEKEmax (Fig. 3).3

As seen in Fig. 3a, K increases along the jet axis

with along-streamdistance to xEKEmax anddecays further

downstream. The broad distribution of elevated EKE

around a downstream maximum value is consistent with

wave radiation from the jet downstreamof x*.As seen in

Fig. 3b, M has a region of positive values (zonal elon-

gation) with local maxima on the jet flanks far upstream

(x , x*) and a region of negative values (meridional

elongation) far downstream (x. xEKE max). In between

these there is a ‘‘bullet’’ of negative M (meridional

elongation) on the jet axis in the vicinity of x*, a region

where instability signatures are maximized, and a region

of large positive values near xEKE max. The latter is con-

sistent with the existence of an effective wave radiator

centered on the jet axis just downstream of xEKE max, with

westward relative propagation to the west of it and

eastward propagation to the east. Figure 3c shows thatN

is characterized by signatures typical of barotropic in-

stability in the upstream unstable jet region (x # x*): N

large and positive on the flanks of the jet to the north of

the jet axis and large and negative on the flanks of the jet

to the south of the jet axis, indicating eddy tilts against the

shear consistent with them extracting energy from the

mean flow. The reverse pattern downstream (x $ x*),

a broad distribution of negative N to the north of the jet

axis and positive N to the south of the jet axis, is consis-

tent with wave radiation from the jet. Inside the jet, M

tends to dominate over N so that eddies tend to be ori-

ented zonally or meridionally, and the sign ofM indicates

eddy orientation and propagation. In the far field, the

magnitudes of M and N tend to be comparable but with

the latter slightly larger.

These distributions of the terms of the horizontal ve-

locity correlation tensor imply systematic patterns in

eddy shape and orientation. As seen in Fig. 4a, the eddy

anisotropy number a implies that inside the jet eddies

are, on average, locally highly anisotropic in the upstream

region, particularly on the flanks of the jet. The pattern is

consistent with the signature of zonal motions domi-

nating near the northern and southern edges of strongly

titled eddies that may extend in a banana shape across

the unstable jet axis. Eddies become more circular with

downstream distance until the vicinity of x* and xEKE max,

where eddy anisotropy is small. Eddies are increasingly

locally anisotropic with further distance downstream

3 Specifically x* is defined by the zonal location ofmaximum time-

mean recirculation transport found to coincide approximately with

the zonal location where the time-mean meridional absolute vor-

ticity gradient first ceases to change sign across the jet, that is, where

the time-mean jet is first necessarily stabilized to its barotropic in-

stability. See Waterman and Jayne (2011) for further details.
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and distance from the jet in the far field. From Fig. 4b

that gives eddy orientation u, it is seen that inside the jet

and on its flanks, eddies are, on average, locally oriented

zonally in the upstream region (x, x*) and meridionally

downstream (x. xEKE max). There is additional structure

in the vicinity of x* and xEKE max where eddies are me-

ridionally and zonally elongated, respectively, consistent

with the values of M and N, but the small anisotropy of

the eddies in these regions should be recalled.Outside the

jet, the eddy orientations mostly reflect the sign of N. In

the upstream region, eddies are tilted ‘‘into the jet,’’

a northeast–southwest orientation to the north of the jet

and a northwest–southeast orientation to the south of the

jet. In the far field, the tilt is the reverse, a northwest–

southeast orientation to the north of the jet and a northeast–

southwest orientation to the south of the jet. As noted in

the description of N, the signatures upstream and at x*

are consistent with barotropic instability, while the

downstream and far-field patterns are consistent with

wave radiation from the jet.

Aspects of the implied wave propagation have already

been introduced but will now be considered in a more

complete manner. Figures 5a,b give the magnitude and

direction, respectively, of the absolute group velocity

implied by these patterns of M and N, the time-mean

absolute vorticity gradients, and the time-mean velocity

obtained using Eq. (4). Figure 5b also includes the di-

rection of the relative group velocity, while Fig. 5c shows

the relative magnitude and direction of the zonal com-

ponent of the relative group velocity, the time-mean

velocity and the absolute group velocity along the jet

axis. The group velocity on the jet axis goes through zero

at the zonal location indicated xcgx50 with absolute

propagation inside the jet being upstream of this loca-

tion and downstream of this point. In the far-upstream

region x, xcgx50, the magnitude of the group velocity is

large, and absolute propagation is upstream on the jet

axis and downstream and away from the jet axis on the

jet flanks. In the region of the instability bullet (x; x*) it

is eastward and toward the jet axis on the jet flanks.

Downstream of this is the radiator region with propa-

gation away from an effective wave radiator located just

downstream of xEKE max in all directions: westward on

the jet axis to the west, eastward to the east, and away

from the axis in all regions to the north and south. Inside

the jet, the relative wave propagation mostly dominates

over the mean flow. In the far field, the mean flow is

more important but the relative propagation is usually of

larger magnitude. One important exception is inside the

recirculations, where the intrinsic wave speed is negli-

gible and the absolute propagation is effectively that of

the mean flow.

It should be recalled that diagnosis of wave propaga-

tion via Eq. (4) is strictly valid for small amplitude, neu-

tral waves on a slowly varying flow. Further, it neglects

the impacts of instability and nonlinearity. It is therefore

worth considering the validity of these results and their

FIG. 3. Visualization of the terms that compose the horizontal

velocity correlation tensor in an idealized WBCE jet model: (a) K,

(b)M, and (c)N. Contours are drawn in intervals of 0.01, 0.002, and

0.0025 nondimensional units, respectively, and are shown only

whereK exceeds the critical value of 0.01 nondimensional units. In

all panels and in following figures xEKE max, the location of the max

EKE, is indicated by the gray boldface x. The vertical dashed gray

line indicates the along-stream location of xEKE max.
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possible implications in the far-upstream jet regionwhere

the instability of the flow and the growth of eddies might

lead to question the validity of the theory. Confidence

in its utility, however, does come from the observation

that waves, for which the relative zonal phase speed

is much greater than the imaginary phase speed, as is

the case here, are often dominated by their neutral

mode behavior in many aspects (see, for example,

Throncroft et al. 1993). Perhaps more serious is the

reality that here the latitudinal scale of the jet with its

reversal in its absolute vorticity gradient is very small,

and the eddy meridional scale is likely to be similar or

even greater. Again, however, other studies have shown

that the theory gives good guidance even when the mean

flow and eddy scales are comparable (see, for example,

Simmons and Hoskins 1979; Throncroft et al. 1993). To

give an indication of the possible importance of this

problem, Fig. 6 shows various estimates of the absolute

FIG. 4. The spatial distributions of (a) average eddy shape visualized via the eddy anisotropy

number a and (b) average eddy orientation u as defined section 3. In panel (b), vectors are of

length M̂5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 1N2

p
and are oriented at an angle u from the geographical zonal axis. As in

Fig. 3, values are shown only where K exceeds the critical value of 0.01 nondimensional units.
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group velocity along the jet axis given by Eq. (4) for

a range of averaging scales in themeridional direction. It

is clear that the eddy shape in this region gives the pos-

sibility of group velocities of meridionally coherent

eddies that are near zero and even negative. This is

consistent with zonally elongated wave activity not

being swept downstream by the strong jet and the

continued presence of zonally elongated eddy activity

in this region.

A summary of the eddy shape and propagation features

discussed in this section is presented in the schematics in

Fig. 7. Figure 7a highlights the strongly against shear–

tilted eddies in the upstream jet and the move toward

isotropy downstreambut with slightmeridional elongation

FIG. 5. A characterization of the propagation of eddy activity cg 5 cgR 1u as defined in

section 3. (a) The magnitude of the absolute eddy speed, abs(cg). Contours are drawn in in-

tervals of 1 nondimensional unit and shown only where K . 0.01. (b) The direction of the

relative eddy propagation (gray) and the absolute eddy propagation (thick black). (c) The zonal

component of the relative eddy propagation cgRx, the time-mean flow u, and the absolute eddy

propagation cgx 5 cgRx 1u along the jet axis (y 5 0) as indicated in the legend.
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in the instability bullet and zonal elongation near the

maximum in K. Downstream of this, the meridional

elongation becomes larger with downstream distance.

Off the axis away from the unstable region, the tilt is

with the ambient shear of the jet. Figure 7b shows the

tendency for upstream propagation on the axis of the

upstream jet, convergence upstream of xEKE max, and

radiation away from the radiator region.

5. Implications for eddy–mean flow feedback
effects

As discussed in section 3, spatial derivatives of the two

components of eddy elongation,M andN, determine the

mechanical feedback of the eddies onto the mean flow.

Here we consider various diagnostics of eddy-forcing

effects, and in each examine the individual contributions

coming from the spatial patterns of M and N to under-

stand their respective influence.

a. The eddy vorticity forcing

Figure 8 gives the total eddy vorticity flux conver-

gence, 2$ � u0z0 5 2Mxy 2Nxx 1Nyy, and the contribu-

tions of the three component terms on the right-hand

side, respectively.

The total vorticity flux convergence (Fig. 8a) shows

the upstream (x # x*) pattern of negative and positive

regions about the axis of the jet, flanked by weaker

features of the opposite sign. These are the expected

signatures of barotropic instability and down-gradient

FIG. 6. Along-jet distributions of key quantities along the jet axis and their sensitivity to the choice of the meridional averaging scale.

The zonal distributions of the time-mean (a) k and (b) l wavenumbers diagnosed from the ratios of time-mean eddy covariances as

k;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y0y0/c0c0

q
and l;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u0u0/c0c0

q
; (c) M and (d) K computed as M5 1/2(l2 2k2) and K5 1/2(l2 1k2), respectively; (e) a time-mean eddy

elongation number aM 5M/K equal in magnitude to the time-mean eddy anisotropy number along the jet axis (where N5 0) and with

a sign reflecting the sign ofM (and whether elongation is in the zonal or meridional direction); (f) the time-mean zonal velocity u; (g) the

time-mean zonal velocity zonal gradient du/dx; (h) the meridional gradient of the time-mean absolute vorticity ›za/›y; and (i) the

absolute zonal eddy group velocity cgx 5 cgRx 1u derived from the above quantities. Different shades of line denote different merid-

ional averaging intervals as indicated in the legend each which can be considered as legitimately defining the ‘‘along jet’’ properties. The

mixed range consists of the use of different latitudinal ranges for the averaging of the wavenumber and mean zonal flow derived

quantities vs. the meridional gradient of absolute vorticity (over22, y, 2 in the case of the former and20.8, y, 0.8 in the case of

the latter) chosen to capture the jet acceleration in the upstream region but not the negative lobes of the ›za/›y profile. The need to use

different meridional averaging ranges to capture both the zonal acceleration of the upstream jet and the upstream region’s upstream

wave propagation, exposes the complication that the jet is not slowly varying in the meridional direction compared to the scale of the

wave in this direction.
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vorticity fluxes on a strong positive meridional vorticity

gradient in the jet and negative meridional vorticity

gradients on the flanks. However, there is additional

zonal structure in this pattern, and the dipole around the

jet continues and broadens downstream of the unstable

region (x*# x# xEKE max). At xEKE max, there is a rapid

transition to a broad-scale reversed pattern with a flux

convergence to the north of the jet axis and a flux di-

vergence to the south.

Now consider the individual contributions of each of

the three component terms that together make up the

full eddy forcing. Figure 8c shows that the contribution

FIG. 7. Schematic summaries of the spatial patterns of (a) eddy shape and orientation and

(b) wave propagation, and their relation to key features of the time-mean circulation and

conceptualizations of the workings of the system.
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FIG. 8. The relative contributions of the patterns of M and N to the

eddy forcing of the mean flow described by (a) the full eddy vorticity

flux convergence, 2$ � u0z0 5 2Mxy 2Nxx 1Nyy, and the relative con-

tributions of the individual terms (b) 2Mxy, (c) Nxx, and (d) Nyy. Con-

tours are drawn in intervals of 0.0025 nondimensional units in all panels.

We disregard the interpretation of forcing patterns upstream of x5 10

because of the strong influence of sponge layer effects.
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of the Nxx term is indeed negligible everywhere as ex-

pected because the zonal length scale ofN is much larger

than its meridional scale. We see that the Nyy term

(Fig. 8d) dominates in the upstream unstable region and

gives the quadrupole pattern centered around the y axis.

However, the contribution from the Mxy term (Fig. 8b)

plays an important role throughout the domain. In the

upstream unstable region, it acts to modulate and gen-

erally slightly reduce the impact ofN. However, it is also

responsible for the zonal extension up to xEKE max of the

signature of down-gradient vorticity flux across the jet.

Thus, it acts to extend the region in which wave activity

grows and the mean jet weakens beyond that in which

a simple barotropic instability criterionwould suggest this

behavior. Beyond xEKE max, the broad cyclonicmean flow

forcing to the north of the jet and anticyclonic forcing to

the south of the jet are due solely to the M contribution.

It is of interest to consider what aspects of the struc-

ture of M and hence the zonal or meridional elongation

characteristics of the eddies lead to the structure of its

contribution to the total vorticity flux convergence. The

far up- and downstream eddy characteristics are strong

zonal elongation on the jet flanks (with localized max-

ima in the vicinity of xcgx50) and meridional elongation

inside the jet, respectively. The former gives rise to a

quadruple vorticity flux convergence pattern upstream

of xcgx50 [the cross-jet gradient of peakMx values off the

jet axis gives rise to a (Mxy . 0)–(Mxy , 0)–(Mxy . 0)–

(Mxy , 0) quadrupole pattern centered on the jet axis]

that acts to weaken the impact of N in the far-upstream

region. The latter gives rise to the broad cyclonic and

anticyclonic forcing in the downstream region [the cross-

jet gradient of a negative Mx value centered on the jet

axis gives rise to the (Mxy, 0)–(Mxy. 0) dipole pattern

that characterizes the downstream region]. The exis-

tence of meridional elongation (M, 0) in the instability

bullet near x* upstream of zonal elongation (M . 0) to

the west of the effective wave maker near xEKE max gives

a positive Mx value in the transition region (x* , x ,
xEKE max), the meridional gradient of which produces

the opposite-signed vorticity flux convergence dipole

pattern to that further downstream that is responsible

for the extension of the down-gradient vorticity flux

signature beyond x*.

b. Mean flow driving by the eddy forcing

Themean circulation–driving effects of this eddy forcing

and the individual contributions from M and N are now

diagnosed through a series of eddy-forcing experiments,

in which the eddy forcing in the form of the eddy vorticity

flux convergence or the individual contributions to this

total convergence from M or N, are prescribed as an ex-

plicit vorticity forcing term on the right-hand side of the

model’s governing equation. At the same time, intrinsic

eddy growth associated with the inflowing jet is damped

in the model so that the eddy forcing is due to the pre-

scribed right-hand side forcing alone. See appendix A

for further details.

A comparison of the time-mean circulation driven

by a prescribed eddy forcing consisting of the individual

contributions from Mxy versus Nyy is shown in Fig. 9.

Consistent with the inferences above, here we see that

the upstream eddy stabilizing effect consisting of the

driving of a pair of narrow cells inside the jet (an anti-

cyclonic cell to the north of the jet axis and a cyclonic cell

to the south) with associated deceleration of the jet at its

axis and acceleration on its flanks arises primarily from

the cross-jet gradients inN (Nyy). Again this is consistent

with our expectation for the role of eddies in stabilizing

the jet to its barotropic instability. The response is

somewhat downstream of the forcing as a result of mean

flow advection.

As seen in Fig. 9a, upstream of xcgx50, gradients in

M (Mxy) have a counter-stabilizing effect, acting to

sharpen the jet by decelerating it on its flanks. Down-

stream of xEKE max, gradients in M are responsible for

driving broad gyres, which also contribute to the accel-

eration on the flanks of the broad jet in the far down-

stream region (x. xEKE max). In both of these ways, eddy

forcing from M acts to extend the strong jet further

downstream. In the vicinity of x*, forcing from M acts to

drive meridional motions, while between x* and xEKE max,

M extends the stabilizing effects ofN further downstream.

Worthy of note is that consistent with the observation

thatM contributions dominate the eddy vorticity forcing

in the downstream wave radiator region, the eddy-driven

mean flow downstream of x* and the time-mean re-

circulations arise in these experiments almost exclu-

sively from the M contribution to the eddy forcing.

c. Eddy forcing from an E vector consideration

Next, we consider the eddy forcing and the relative

roles played by M and N through consideration of the

divergence of the E vectors as described in section 3c.

Figures 10a and 10b present the magnitude and di-

rection of theE vectors in this configuration, respectively.

Themagnitudes are large in the upstream region (x, x*)

on either side of the jet axis, in the instability bullet in

the vicinity of x*, and near xEKE max and far down-

stream. They are significant in the whole wave radiation

region. The E vector is oriented upstream and toward the

jet axis in the upstream region, but elsewhere generally

away from the radiator region. Comparison with Fig. 5b

shows that there is a notable similarity between the E

vector orientation and that of the group velocity, as an-

ticipated from the theoretical discussion in section 3.

AUGUST 2013 WATERMAN AND HOSK IN S 1679



FIG. 9. A visualization of the individualmean flow forcing effects of the contributions fromM

andN to the eddy vorticity flux convergence via visualization of the eddy-driven component of

the time-mean streamfunction (the difference between the forced and unforced time-mean

streamfunctions in dampedmodel runs; filled contours) in two eddy forcing experiments forced

by (a) 2Mxy and (b) Nyy, respectively. Contours are drawn in intervals of 0.1 nondimensional

units in both panels. Properties of the time-mean streamfunction and time-mean EKE distri-

bution overlaid are those from the standard (undamped and unforced) run fromwhich the eddy

forcing is diagnosed.
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Figure 11 gives the E vector divergence and the in-

dividual contributions to that divergence fromM andN.

The total divergence (Fig. 11a) shows in the unstable

region strong convergence on the jet axis and weaker

divergence on either flank, with the convergence ex-

tending to xEKE max and broadening. Downstream of this

is a broad region of divergence. These features can all be

visualized from the magnitude and direction of the E

vectors given in Fig. 10. In the upstream region of large

zonal mean flow advection, the interpretation of this field

in terms of reducing the mean flow on the jet axis and

increasing it on the jet flanks is valid. In the downstream

region ofweakermeanflow, the interpretation in terms of

the eddy–mean flow vorticity generation being balanced

by the by term as described by Eq. (7) is more appro-

priate. As such the E vector divergence weakening with

latitude is here interpreted as forcing the meridional

component of the recirculation flow.

Figures 11b and 11c give theM andN contributions to

the E vector divergence, respectively. Consistent with

the conclusions drawn from eddy-forcing experiment

results shown in Fig. 9, N is seen as providing the sig-

nature consistent with an eddy stabilization effect, which

is modulated and reduced byM. HoweverM extends the

FIG. 10. A characterization of the system’s E vectors as defined in section 3. E vector

(a) magnitude and (b) direction. Contours in (a) are drawn in intervals of 0.005 nondimensional

units.
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weakening of the mean jet to xEKE max, and helps drive

the recirculations in the downstream region.

Advantages of the E vector perspective is its smooth-

ness and simple dependence on M and N, its qualita-

tive information on group velocity, and the direct

visualization (through its divergence) of mean flow forc-

ing in regions of strong zonal advection. In weaker flow

regions, the mean flow forcing requires a vorticity equa-

tion interpretation of this divergence.

d. A mean streamline perspective

Further insight into the role of eddy forcing may be

gained by consideration of the vorticity budget along

mean flow streamlines. This view has the advantage of

eliminating the effect of mean flow advection in the

vorticity balance, which can obscure the role of the net

eddy effect when viewing the eddy vorticity forcing as

a time-mean Eulerian field. A consideration of the role

of eddy forcing and the relative roles of M and N from

this perspective for a streamline that remains inside the

jet and for one inside the time-mean recirculation is

summarized in Fig. 12.

Consider first the evolution of time-mean vorticity

and the role of the eddy vorticity forcing along the jet

(Fig. 12a–c). We note that here that the eddy vorticity

forcing (the full time-mean eddy vorticity flux conver-

gence approximated in Figs. 12c,f as 2Mxy 1 Nyy) is

everywhere negative upstream of xEKE max. Through the

balance Dza 52bDy 1
Ð
(eddy vorticity forcing)u � dl,

where za is the mean absolute vorticity consisting of the

sum of relative and planetary components and the in-

tegral is taken along the path of a time-mean streamline,

this will force a decrease in the absolute vorticity along

the streamline path, consistent with the rapid decrease

of za seen upstream of the EKE maximum (Fig. 12b).

A breakdown of the absolute vorticity into its relative

and planetary components shows that here the eddy

forcing acts primarily to decrease the relative vorticity

with increasing distance downstream, thus removing

much of the large relative vorticity associated with the

jet shear upstream of x*. Downstream of xEKE max, the

eddy forcing is small but positive. Accordingly, the ab-

solute vorticity increases slowly along the streamline.

The relative vorticity continues to decrease but here, in

the neutral wave radiator regime, decreasing relative

vorticity is traded for increasing planetary vorticity and

the jet broadens. A similar role of wave radiation in

broadening the jet is pointed out by Mizuta (2012).

By considering the role of M versus N in the eddy

forcing in this picture (Fig. 12c) we see that, consistent

with previous diagnostics, the upstream effects forcing

a decrease in the jet’s relative vorticity are achieved

largely by Nyy upstream of x*. Again we see, however,

that here Mxy plays a nonnegligible role. In the region

where M is maximized on the jet flanks (12 ( x ( 24),

Mxy acts to partially offset the effects of Nyy in the up-

stream region, and just downstream of x*, forcing from

Mxy replaces that from Nyy in supplying the majority of

FIG. 11. The relative contribution of patterns of M and N

to the full E vector divergence: (a) the total E vector diver-

gence $ � E522Mx 2Ny and the individual contributions of

(b)M (22Mx) and (c) N (2Ny). Contours are drawn in intervals

of 0.005 nondimensional units in all panels. Again note that

upstream of x5 10, the dynamical balance is strongly influenced

by sponge layer effects.
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the negative eddy vorticity forcing that acts to decrease

za along the streamline. In the far downstream region

(x$ xEKE max),Mxy is solely responsible for the positive

eddy vorticity forcing and as such the broadening of the

jet downstream.

The picture along a streamline inside a time-mean

recirculation (Fig. 12d–f) differs in some important ways,

underpinned by important differences in the along-

stream evolution of za. As seen in Fig. 12e, the time-mean

vorticity first increases along the jet to a local stability

boundary as relative vorticity is fluxed from the jet core to

the jet flanks. It then decreases along the jet in a local

‘‘stable’’ regime, and then increases again downstream of

the EKE maximum as a parcel on the mean streamline

moves northward and cyclonically in its ‘‘turning of the

corner’’ on the downstream edge of the gyre (Fig. 12d).

The sign of the eddy vorticity forcing changes in line with

the changing tendency for za. In contrast to inside the

jet, the eddy vorticity forcing is largely positive in the up-

stream region. Also in contrast to inside the jet, here both

FIG. 12. A consideration of the role of eddy forcing and the relative roles ofM and N in that forcing in the evolution of the time-mean

vorticity (a)–(c) along the jet and (d)–(f) inside the recirculations. The along-streamline evolution of the time-mean vorticity (absolute

vorticity and its relative and planetary constituents; middle panels) and the sense and strength of the eddy vorticity forcing (the time-mean

eddy vorticity flux convergence and the relative contributions from gradients inM andN; bottompanels) along the streamlines highlighted

in the top panels. Vertical lines denote important along-jet boundaries as indicated: solid gray denotes a local (along streamline) stability

boundary [where (d/dyÞza becomes positive], dotted gray denotes the boundary between upstream and downstream eddy propagation

inside the jet (where cgx 5 0), dash–dotted black indicates the along-stream location of x*, and dash–dotted gray indicates the along-

stream location of xEKE max.
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Nyy and Mxy provide a positive forcing and play order-

one roles, with Mxy again responsible for pushing the

upstream region’s extent further downstream. This

along-streamline view shows how this upstream eddy

forcing enables the time-mean recirculations to develop

a broad meridional extent: the increase in relative vor-

ticity supplied by M and N upstream of the local sta-

bility boundary is traded back for planetary vorticity

further downstream all the way to the northern extent

of the recirculation. The positive eddy vorticity forcing

downstream of the EKE maximum also enables mean

meridional motions and the development of cyclonic

circulation required to close the recirculations at

their downstream edge. This latter effect arises from

contributions from M alone, which overcomes the

opposite-signed forcing from gradients of N.

In summary (Fig. 13), a consideration of the eddy–

mean flow feedback in terms of the individual contribu-

tions arising from the terms of the anisotropic part of the

horizontal velocity correlation tensor, M and N, links

various eddy effects in the various regimes of the flow

with the spatial patterns of the two components of eddy

elongation, respectively. The consideration of various

diagnostics of the eddy–mean flow feedback described

above give a consistent picture as follows. In the upstream

unstable jet regime, eddy forcing is dominated from ef-

fects arising from the cross-jet patterns of N/meridional

eddy tilts that act to stabilize the jet consistent with the

FIG. 13. A schematic summary of eddy–mean flow feedback effects and their relation to key features of the time-

mean circulation and conceptualizations of the workings of the system. Filled contours are a schematic repre-

sentation of the time-mean eddy vorticity flux convergence. Black arrows are a schematic representation of the

E vectors, and black dashed and dotted contours are key features of the E vector convergence (dashed lines

denote positive values, that is, an E vector convergence while dotted lines denote negative values, an E vector

divergence).
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classical picture of barotropic instability. Contributions

from M/eddy zonal–meridional elongation here, how-

ever, have an order-one modulating effect, reducing the

stabilizing effect ofN in the near field close to the western

boundary and augmenting the stabilizing effect of N in

the vicinity of x*. Downstream eddy forcing arises almost

exclusively from patterns in M/eddy zonal–meridional

elongation, and acts to extend the region in which the

mean jet is weakened and eddy energy is increased fur-

ther downstream, as well as to drive the time-mean re-

circulations. This downstream-forcing pattern can be

conceptualized as resulting from an along-jet evolution

of eddy zonal–meridional elongation consistent with a

localized instability at x* upstream of an effective wave

maker centered on the jet axis in the vicinity of xEKE max.

The pattern of the E vector flux closely mirrors that of

wave propagation, being toward the jet and upstream in

the upstream unstable jet region and away from the ef-

fective wave radiator in the vicinity of xEKE max, and the

interpretation of the divergence of this field as an effec-

tive eddy zonal force gives a consistent picture of the eddy

forcing in the regions of strong zonal flow.Elsewhere, and

in particular at the eastern edges of the time-mean re-

circulations, the E vector divergence is better understood

as leading tomean flow away from the axis, thus acting to

advect planetary vorticity which balances the mean vor-

ticity generation associated with the meridional gradient

of the E vector divergence.

6. Summary and discussion

In summary, we have revisited a study of eddy–mean

flow interactions in an idealizedmodel of aWBCE jet by

considering the spatial patterns of terms of the time-

mean horizontal velocity correlation tensor, K, M, and

N, that together have implications for the spatial patterns

of average eddy shape, orientation, propagation, and

mean flow feedback. The aim has been to link the ob-

served eddy effects in this configuration to eddy proper-

ties, and, through this association, potentially gain new

insights into the physical mechanisms underpinning the

eddy–mean flow interactions observed.

Our study shows that the idealized WBCE jet is char-

acterized by a broad distribution of eddy kinetic energyK

centered around a downstreammaximum consistent with

wave radiation from the jet downstreamof the time-mean

jet’s stability boundary at x*. The components of a two-

dimensional description of eddy elongation,M andN, are

characterized by large and positive M values in the up-

stream region, negative M values in the ‘‘bullet of in-

stability’’ in the vicinity of x*, and both positive and

negativeM values in the downstream region consistent

with the existence of an effectivewavemaker centered on

the jet axis in the vicinity of xEKE max. Here,N values are

consistent with the signatures of barotropic instability in

the upstream ‘‘unstable’’ jet region and wave radiation in

the downstream wave radiator region. These distributions

imply that on average eddies inside the jet are locally

highly anisotropic and oriented zonally in the upstream

region, circular in the vicinity of x* and xEKE max, and

increasingly anisotropic and oriented meridionally fur-

ther downstream.On the flanks of the unstable jet and in

the far field, eddies are anisotropic and tilted into the

shear and with the shear respectively. These distribu-

tions also suggest that on average wave propagation

inside the jet can be near zero or even negative upstream

of xcgx50. This is consistent with zonally elongated eddy

activity continuing to exist in this region rather than

being swept downstream by the jet. In the far field,

wave radiation is away from the effective wave maker

at xEKE max. The existence of the bullet of instability,

the region of anomalous properties in the vicinity of x*,

remains a slight enigma in terms of our interpretations,

which are derived from linear, neutral wave dynamics,

though the eddy feedback arguments below may be

sufficient.

By considering the eddy–mean flow feedback effects

in terms of the anisotropic horizontal velocity corre-

lation tensor terms, M and N, and using a number of

perspectives, we associate various eddy effects with

spatial patterns of eddy elongation characteristics. In the

idealized model considered here, this exercise confirms

our expectation of the stabilizing effects of eddies in the

upstream region, and shows that it arises largely from

cross-jet patterns in N/meridional eddy tilt. It also how-

ever gives new insight into additional eddy forcings that

arise primarily from along-jet patterns in M/eddy zonal–

meridional elongation. Close to the western boundary

(where eddy anisotropy is extreme and wave propagation

is upstream on the flanks of the jet) the eddy forcing

arising from M reduces and modulates the stabilizing

effect of N. However, in the vicinity of x*, it augments

then extends stabilizing effects of N and drives mean

meridional motions. Finally, in the downstream wave

radiator region, it acts to help close the broad recircu-

lation gyres downstream of the EKE maximum. The

existence of the instability bullet is crucial in extending

the region of jet broadening downstream beyond the

zone of classic barotropic instability. It is therefore con-

sistent that there is eddy growth in this region. It is sig-

nificant to note that the eddy-driven mean flow outside

the unstable jet region arises predominantly from the M

contribution to the eddy forcing and thus depends on the

zonal–meridional elongation of eddies.

One way in which the consideration of the eddy

forcing from this perspective based on spatial patterns of
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average eddy shape and orientation characteristics can

be helpful is through its potential to suggest, through the

identification of the physical mechanisms that give rise

to the distributions of eddy shape and orientation char-

acteristics, the physical mechanisms that underpin vari-

ous aspects of the eddy-forcing effect. The resulting

mechanism-based understanding of the eddy forcing

can then be applied to understandingwhere andwhen the

various eddy effects arise, and may suggest the essential

ingredients for parameterization of these impacts. In the

idealized model considered here, the various diagnostics

of the eddy effects discussed in section 5 consistently re-

veal that the pattern of deceleration at the jet axis and

acceleration at the jet flanks in the upstream region arises

primarily from a cross-jet pattern of N in which, consis-

tent with the jet’s instability, eddies lean against the shear

and extract energy from the mean flow. In this way, one

can attribute the stabilizing effect of eddies upstream of

x* to systematic patterns of eddy meridional tilts to the

north and south of the jet arising from the jet’s instability.

The physical mechanisms underpinning the key pat-

terns of M, the consequent impact on the jet and, im-

portantly, the driving of the time-mean recirculations,

are less obvious, and instability modes relevant to the

inflowing jet, their various growth rates relative to an

advection time scale, wave radiation, and mean flow

shear deformation are all likely playing a role in setting

the downstream evolution of eddy zonal–meridional

elongation characteristics. As discussed in section 5a,

the forcing pattern arising from M in the downstream

region can be understood as resulting from an instability

signature of meridional elongation at x* upstream of an

effective wave maker downstream of xEKE max, with

zonally elongated waves found westward and meridi-

onally elongated waves found eastward of the effective

wave maker location. Differences in the eddy-forcing

patterns from a model of an isolated wave maker, how-

ever, suggest that additional physics may be at play, and

the study of an isolated wave radiator model (see

Waterman and Jayne 2012) suggests that eddy–wave in-

teraction with the time-mean jet may be an important

process to consider. Consistently, a consideration of the

effects of the spatially varying mean flow, specifically the

zonal-stretching deformation effects of the zonally evolv-

ing time-mean jet on the eddy shape properties as they

propagate, as outlined below, predicts several trends in the

along-stream evolution of eddy elongation consistent with

that observed. As such, we suggest that the consideration

of this influence may offer useful insight.

To consider the effects of Doppler shifting resulting

from the mean jet structure on the along-stream evolu-

tion of eddy elongation, consider first the kinematic

theory of Rossby wave trains in a spatially varying mean

flow (see Lighthill 1977; Hoskins and Karoly 1981) and

exploit the conservation of a wave’s Doppler-shifted

frequencyvD 5vintrinsic1U � k, following a wave packet.
[Here, U is the mean (background) flow velocity and k

is the eddy wavenumber vector.] The invariance of vD

along a ray path implies that if U changes along a ray,

k must change at a rate of change that depends on the

wavenumber and the rate of change of U in space. In-

tuition can come from considering the simple case of a

wave propagating along the jet axis such that the back-

ground flow can be considered to be purely zonal with

dU/dy5 0. In this case, with the usual assumptions of

separation in the scales of the wave and background

flow, the rate of change of k along a ray is then given

by Dk/Dt52k(dU/dx). Thus in regions of negative-

stretching deformation, dU/dx, 0, the wave will de-

crease its zonal scale (i.e., increase its wavenumber k)

to conserve its Doppler-shifted frequency, while con-

versely in regions of positive-stretching deformation,

dU/dx. 0, it will increase its zonal scale (i.e., decrease

its wavenumber k). The corresponding change in the

meridional scale/l wavenumber may then be determined

by exploiting the conservation of frequency following the

wave packet.

Consider next the evolution of Rossby wavenumbers

for a propagating wave inside the jet because of in-

teraction with the observed zonal flow via a ray-tracing

thought exercise as outlined in appendix B. For waves on

the flanks of the jet in the upstream region (x, xcgx50),

where propagation is upstream and dU/dx. 0, the

influence of positive-stretching deformation of the

downstream-accelerating jet on the upstream-propagating

wave results in a decrease in k as the eddy–wave propa-

gates. Eddy zonal–meridional elongation, M ; l2 2 k2,

increases, and eddies become more and more zonally

elongated as they approach the western boundary. The

zonal distribution of decreasing M with increased dis-

tance from the boundary that results leads to Mx . 0:

eddies decelerate the jet on its flanks thus acting to

sharpen the jet. In contrast, in the downstream region

(x. xdU/dx50) eddies propagate downstream and

dU/dx, 0. The negative-stretching deformation of the

decelerating jet on the downstream-propagating waves

now predicts an increase in k along the ray path with

distance downstream. Here, M decreases in concert re-

sulting in the negative values of Mx that underpin the

downstream eddy jet acceleration.

In short, both the eddy-sharpening effect (underpinned

byMx . 0) in the near-field upstream region (x, xcgx50)

and the eddy acceleration of the jet (underpinned by

Mx , 0) in the downstream region (x . xEKE max) are

consistent with the prediction for the evolution of eddy

zonal–meridional elongation that would arise from the

1686 JOURNAL OF PHYS ICAL OCEANOGRAPHY VOLUME 43



effects of Doppler shifting on the eddy wavenumbers as

they propagate. We further note (see Fig. 6) that the

downstream maxima of EKE aligns with the region of

maximum negative-stretching deformation, dU/dx, 0,

consistent with the accumulation of wave activity that

would occur as a result of gradients in the mean flow

forcing a convergence of the eddy–Rossby wave mode’s

group characteristics, with modes with initially eastward

Doppler-shifted group speeds (i.e., shorter modes) trap-

ped in the negative deformation region (seeWebster and

Chang 1988; Chang and Webster 1990, 1995). In these

ways, the zonal evolution of the mean jet structure,

characterized by acceleration upstream of x* and rapid

deceleration centered at xEKE max, may play an important

role in determining the average along-streamevolution of

eddy elongation from zonal elongation upstream to me-

ridional elongation downstream, as well as in the accu-

mulation of wave energy in the downstream maximum

that also has important influences on the patterns that

determine the eddy effects. It should be noted that the

application of ray-tracing theory here involves several

approximations and caveats, and in some places such as

the upstream region where the jet is unstable, the scale of

the waves is comparable to that of the variations of the

mean flow, and nonlinear interactions are likely impor-

tant, we apply the theory outside its domain of strict ap-

plicability. Further, it is only one of several processes

inside the jet that may be important in setting the along-

stream evolution of eddy shape and orientation proper-

ties. Despite this, however, there are many reasons to

believe that the predictions based on these simple ideas

remain valuable in predicting many aspects of the ob-

served behavior and in offering a physical feel for the

dynamics at play.

In closing, we note that the perspective obtained in

this paper on the eddy forcing can also be useful in

providing an understanding of its dependence on vari-

ous eddy properties, and as such may help to explain

why the mean flow–driving effect of eddies breaks down

as the spatial resolution of the model computation is

degraded. A key result of this study is the new insight

into the important role that the along-jet evolution of

eddy shape, and in particular eddy zonal–meridional

elongation, can play in the eddy forcing in both the up-

and downstream regions. It acts to extend and strengthen

the WBCE, and it determines the nature and strength

of the recirculations. This understanding suggests that

the failure to adequately resolve eddy elongation

properties could underlie the deficiencies seen in these

mean flow properties in this idealized model for re-

duced spatial resolutions. A subsequent paper will ex-

plore this topic. This understanding can further be

applied to the task of suggesting new ideas for the

parameterization of unresolved eddy effects. An ob-

vious one suggested by this work is parameterization in

terms of eddy shape and orientation characteristics, po-

tentially exploiting the strong connection between eddy

orientation and stability theory. For a discussion of

work in this direction, see Marshall et al. (2012). The

potential to exploit the perspective on the eddy forcing

gained here in parameterization design will also be a

topic of future work.
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APPENDIX A

Damped Eddy-Forcing Experiments

The goal of the eddy-forcing experiments is to di-

agnose the mean circulation driven by the eddy forcing

in the form of the time-mean eddy vorticity flux con-

vergence or individual components of that quantity di-

agnosed from a standard model run and applied as a

forcing term on the right-hand side of the time-evolving

quasigeostrophic potential vorticity (QGPV) equation,

which governs the system dynamics. To preserve the

background/time-mean jet effects, namely strong mean

zonal advection and a contribution to the background

time-mean vorticity gradient found to be important in

clarifying the interpretation of eddy-forcing experiment

results, in these experiments the same jet inflow and

outflow as the standard run is maintained. To prevent

a contribution to the net eddy forcing by the eddies as-

sociated with the jet’s instability (and thus restrict the

eddy forcing in the system to only the parameterized

eddy forcing prescribed on the governing equation’s

right-hand side) all eddies in the system are damped by

means of what is in essence a time filter. The filter is

achieved by computing the time evolution of a filtered

PV field qfiltered, which evolves in time in part according

to QGPV dynamics forced by the prescribed static pa-

rameterized eddy forcing and in part according to the

evolution of a slowly evolving PV variable qslow that

damps changes to qfiltered on fast time scales. In this way,

eddy effects associated with short time scales, say those

associated with the inflowing jet’s instability, can be

damped while the influences of the prescribed eddy forc-

ing, which has an infinite time scale, are accumulated and
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incorporated into the evolution of the filtered field over

a long-time integration.

The practical implementation of the filter is as follows.

At each time step t 5 n.

(i) We compute the change in PV predicted by the

QGPV equation forced by the prescribed eddy

forcing on its right-hand side: dq(t 5 n) 5 dtf2J

[c(t 5 n 2 1), z(t 5 n 2 1)] 1 by 1 (the eddy

forcing) 2 Rz(t 5 n 2 1)g.
(ii) Weupdate qfiltered by this change inq: qfiltered(t5 n)5

qfiltered(t 5 n 2 1) 1 dq(t 5 n).

(iii) We next update a second ‘‘slowly evolving’’ q vari-

able qslow computed as the weighted sum of the

newly updated qfiltered at this time step (i.e., evolving

according to the static eddy–forced QGPV dynam-

ics) and the slowly evolving q at the previous time

step: qslow(t 5 n) 5 [1 2 �]qslow(t 5 n 2 1) 1
�qfiltered(t 5 n), where square brackets indicate an

index that is not a time step. In this way, qslow
incorporates eddy effects only on slowly evolving

time scales with the weighting factor � selecting which

time scales are damped. In the limit � 5 0, qslow is

unchanging in time and remains fixed at its initial

value (i.e., all time scales are damped). In the limit �5
1, qslow 5 qfiltered and all time scales are passed. As

� is increased from 0 to 1, more and more higher-

frequencymotions are included in the slowly evolving

q variable. Here, � defines the damping time scale of

qslow, which can be shown to be given by RDt where
R521/ln(12 �) and Dt is the model time step.

(iv) We go back and modify qfiltered at this time step by

replacing it with a weighted sum of qfiltered com-

puted in step (ii) (i.e., evolving according to the

full QGPV equation dynamics forced by the pre-

scribed eddy forcing) and qslow computed in step

(iii): qfiltered(t 5 n) 5 qfiltered(t 5 n)jfrom step (ii) 2
A[qfiltered(t5 n)jfrom step (ii)2 qslow(t5 n)jfrom step (iii)]5
[1 2 A]qfiltered(t 5 n)jfrom step (ii) 1 Aqslow(t 5
n)jfrom step (iii), where square brackets indicate an

index that is not a time step. The damping strength

A controls the relative influence of the forced

QGPV dynamics-evolving q field versus the slowly

evolving q field on the filtered q variable. As such,

for sufficiently large damping strengths, the filtered

q field does not contain significant eddy motion on

time scales less than and equal to the damping time

scale, and it is forced by eddies only on longer time

scales and the static eddy forcing applied to the

governing equation’s right-hand side.

(v) Finally, we invert qfiltered computed above [in step

(iv)] to find the streamfunction at this time step,

c(t5 n). It is the vorticity associatedwithqfiltered(t5 n)

[computed in step (iv)] and c(t 5 n) [computed

here in step (v)] that are used in theQGPVequation

in step (i) for time step t 5 n 1 1.

For our purposes here wewish to select values of � and

A that produce a smooth (eddy free) field with a time-

mean circulation that, in the absence of any right-hand

side forcing, is free of eddy-driven effects such as the

time-mean recirculation gyres and along-stream mod-

ifications to time-mean jet strength. To determine these

values, we performed a series of tests with no eddy

forcing prescribed varying � over four orders of mag-

nitude [corresponding to damping time scales ranging

from O(0.1 days) to O(1000 days)] and varying A be-

tween 0 and 1. Results of these tests determined choice

values of � and A of �5 1/10 000 [corresponding to

a damping time scale of O(300 days)] and A5 9/10, as

these values produced a filtered q field with the signa-

ture of a strong (unstable) jet (in the upstream region)

but no jet meandering or far-field wave radiation. It is

on this background field that the effects of a prescribed

eddy forcing were diagnosed.

We note that a damped forcing experiment applying

the total eddy forcing (not shown) yields a mean cir-

culation similar to that of the sum of those from the

individual components, however, when compared with

the actual mean circulation for the standard (unforced

and undamped) configuration, eddy-driven recirculations

in these experiments do not extend westward of the

downstream location where they are forced (downstream

of xEKE max) in the same way as in the standard configu-

ration. We hypothesize that Rossby wave propagation is

responsible for transmitting the signal westward which is

damped in our forcing experiments, and work toward

understanding the dependence of the eddy effects re-

alized as a function of damping time scale is ongoing.

APPENDIX B

Ray-Tracing Calculations

We consider the evolution of a Rossby wave wave-

number resulting from wave interaction with the time-

mean velocity gradients of the zonally evolving jet via

a ray-tracing calculation for waves originating at a va-

riety of starting points xstart along the jet axis. The

calculation consists of forward stepping the evolution

of the position of the wave packet in time, determined

by mean flow advection and relative Rossby wave group

propagation. The latter is determined by the eddy

wavenumbers (defining the eddy elongation), which

evolve according to the influence of the mean flow U,

its gradients, and the time-mean absolute vorticity
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gradient in such a way as to conserve wave frequency

along the ray path. The calculation consists of the fol-

lowing steps.

(i) We set the initial wavenumber components k and

l at x5 xstart and y; 0 to those diagnosed from the

time-mean c0c0, u0u0, and y0y0 fields via k1 5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y0y0/c0c0

q
and l1 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u0u0/c0c0

q
.4

(ii) We use the initial wavenumber components and

localU and (›/›y)za values to also define the initial

zonal wave group velocity, again assuming that locally

the linear Rossby wave dispersion relation applies:

cgx15U(xstart, 0)1
›

›y
za(xstart, 0)

k212 l21

(k211 l21)
2
. (B1)

Note throughout the calculation we assume strictly

zonal wave propagation.

(iii) We next step forward the wave’s zonal position and

wavenumber. These evolve because of mean flow

advection, intrinsic wave propagation, the influ-

ence of the background flow gradient, dU/dx, and

changing background U and (›/›y)za values. At

each time step we compute:

d the new zonal position for the wave: xn11 5 xn 1
dxn11 where dxn11 5 cgxnDt

d the background flow gradient over the wave’s

displacement: dU/dx5 [U(xn11, 0)2U(xn, 0)]/

(xn11 2 xn)
d the new zonal wavenumber that deforms in

response to the background flow’s zonal gra-

dient: kn11 5 kn 1 (Dk/Dt)Dt where Dk/Dt5
2kn(dU/dx)

d the new meridional wavenumber that changes in

concert to conserve the wave’s total frequency

along the ray path (from a rearrangement of the

Rossby wave dispersion relation):

ln115ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U(xn11, 0)k

3
n112vk2n112

›

›y
za(xn11, 0)kn11

v2 kn11U(xn11, 0)

vuuut
(B2)

d the new zonal group velocity that changes in

response to changes in k, l, U, and (›/›y)za:

cgxn115U(xn11, 0)1
›

›y
za(xn11,0)

k2n112 l2n11

(k2n111 l2n11)
2
.

(B3)

The calculation results in a time series of wave packet

position and its zonal–meridional elongation (diagnosed

from the relative sizes of the wavenumber components k

and l) along the ray path. The calculation is terminated

when the wave packet moves out of the domain of in-

terest or the wavenumber l becomes imaginary.
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