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Abstract

This dissertation presents solutions to two open problems in estimation theory.
The first is a tractable analytical solution for problems in multi-target filtering which are
too complex to solve using traditional techniques. The second explores a new approach
to the nonlinear filtering problem for a general class of models.

The approach to the multi-target filtering problem which involves jointly estimat-
ing a random process of the number of targets and their state, developed using the prob-
ability hypothesis density (PHD) filter alleviates the intractability of the problem by
avoiding explicit data association. Moreover, the notion of linear jump Markov systems
is generalized to the multiple target case to accommodate births, deaths and switching
dynamics to derive a closed form solution to the PHD recursion for this so-called linear
Gaussian jump Markov multi-target model. The proposed solution is general enough to
accommodate a broad class of practical problems which are deemed intractable using tra-
ditional techniques. Based on this closed form solution, an efficient method is developed
for tracking multiple maneuvering targets that switch between multiple models without
the need for gating, track initiation and termination, or clustering for extracting state
estimates.

The approach to the nonlinear filtering problem ezplores the framework of the vir-
tual linear fractional transformation (LFT) model which localizes the nonlinearity to the
feedback with a simple and sparse structure. The LF'T is an ezact representation for any
differentiable nonlinear mapping and therefore amenable to a general class of problems.

An alternative analytical approrimation method is presented which avoids linearization



of the state space model. The uncorrelated structure of the feedback connection gives
better second-order moment approzimation of the nonlinearly mapped variables. By ar-
ranging the unscented transform in the feedback, the prediction and estimation steps are
derived in closed form. The proposed filters for the discrete-time model and continuous-
time dynamics with sampled-data measurements respectively are shown to be robust un-
der highly nonlinear and uncertain conditions where standard analytical approrimation
based filters diverge. Moreover, the LFT based filters are efficient for online implemen-
tation. In addition, the LFT framework is applied to extend the closed form solution of

the PHD recursion to the nonlinear jump Markov multi-target model.
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Chapter 1

Introduction

The objective of this thesis can be summarized into two main goals. The first
is the development of a tractable solution for problems in multi-target filtering where
traditional techniques are deemed intractable. The second is the development of a new
approach for solution to the nonlinear filtering problem for a general class of nonlin-
ear models. The viability of the results is particularly confirmed by comparison with
recognized benchmark techniques.

Multi-target filtering is one of the most critical functions in many civilian and
military applications. Some of these applications include air traffic control, financial
econometrics, global positioning systems, air defense systems, ocean surveillance sys-
tems and ballistic missile defense. A typical scenario of a surveillance system includes
time-varying number of targets as new targets appear in the surveillance region while
existing targets disappear in the presence of false alarms, noise and uncertainties in the
target dynamics, data association and detection. In order to provide accurate and reli-
able estimates of the state of the objects in the surveillance space, a reliable modeling
of interconnected components such as target births, deaths, switching target dynamics,
detection uncertainty and clutter is required. In addition, the model must be computa-
tionally efficient for real-time implementation. As such, the problem is extremely chal-
lenging in both theory and implementation and involves jointly estimating the number

of targets and their state at each time step. Traditional multi-target filtering techniques



are computationally intractable under such a general setting.

A target may not follow a predefined trajectory and the uncertainty in the dy-
namics is modeled by additive noise to compensate for the modeling inaccuracy. If the
variance of the noise is small and the target maneuvers sharp turns, the model suffers
the loss of track of the target. On the other hand, if the variance of the noise is large,
the model is able to track the target but the accuracy of the estimate is degraded. A
target that can maneuver exhibits different kinematic behavior from time to time. In
such a case, a single model is insufficient to describe completely the behavior of the
target at all times. The estimates based on the single model often lead to either poor
accuracy of the state estimate or loss of track. The jump Markov system (JMS) or
multiple models approach has proven to be an effective tool for single maneuvering tar-
get tracking [9, 7, 80, 18, 81]. In this approach, the target can switch between a set of
models in a Markovian fashion.

False alarms produced by clutter due to interference between signals and mul-
tiple path returns detected by the sensor introduce uncertainty in the origin of the
measurement. It is not known whether a measurement is produced by a target or spu-
rious detection. Moreover, noise, occlusion and sensor resolution in case of targets in
close proximity may cause the sensor to miss a target. Since the standard filtering
theory assumes that the origin of the measurement is known in order to update the
target state, traditional tracking approaches solve the data association problem in order
to apply standard Bayesian filtering techniques. An error can be made in associating
spurious observations to a target. Therefore, the performance and reliability of the tra-
ditional methods are highly dependent on the data association. A Bayesian procedure
in the tracking problem was introduced in [121] to solve the data association problem
which combined with the work [118] led to the development of the nearest neighbor
(NN) method [120], applicable in low cluttered environments. The probabilistic data

association (PDA) method [8, 11] by weighted averaging the observations gives better



performance than the NN method in environments where clutter rate is high [43].

The multi-target filtering problem is further compounded by the additional un-
certainty in data association introduced due to the presence of multiple targets. It is not
known which target in the state space produced which measurement in the observation
space. The extended probabilistic data association algorithm [5] and its revised version
which performs better under track crossing known as the joint probabilistic data asso-
ciation (JPDA) filter [41, 42] were developed to solve the data association problem in
the multi-target setting. However, these methods require that the number of targets be
known and fixed. A more generalized algorithm known as the multiple hypotheses track-
ing (MHT) [113, 114] filter forms a hypothesis about the origin of the measurements
and retains likely hypotheses based on a pruning criterion for tracking an unknown and
time-varying number of targets. JPDA and MHT do not handle maneuvering targets.
The JMS approach can be combined with these traditional data association algorithms
to track multiple maneuvering targets [6, 19, 130, 29, 60, 38, 73, 111]. However, these
data association-based approaches are computationally intensive in general and heuristic
techniques are used to reduce the computational load.

Early attempts at tracking an unknown fixed number of targets using point pro-
cess formulation were made in [140, 99]. Although various approaches have been pro-
posed for simultaneous estimation of the time-varying number of targets and their state
in (95, 94, 123, 15, 100], the first systematic treatment of Bayesian multi-target filtering
based on random finite sets (RFS) [93] is given in [92, 45, 91, 88]. The RFS approach
treats the finite sets of targets and observations at each time step as the multi-target
state and multi-target observation respectively and is an elegant generalization of the
single target Bayes filter. The works cited above formulate the multi-target filtering
problem using finite set statistics (FISST) [88] and fall short of providing a rigorous
treatment of the FISST Bayes recursion which involves set derivatives of belief mass

functions instead of probability densities. A measure-theoretic formalism of the problem



was provided in [138, 137] which also established the validity of the FISST Bayes recur-
sion by showing the relationship between FISST and conventional probability theory.
For a comparison of the RFS approach and traditional multi-target tracking methods
see [45].

The Probability Hypothesis Density (PHD) filter [92, 90, 89, 124] which propa-
gates the first moment of the multi-target posterior only called the intensity function cir-
cumvents the combinatorial computations that arise from data association while accom-
modating detection uncertainty, Poisson false alarms, target motion and time-varying
number of targets. In [132], the PHD filter was applied to track multiple maneuvering
targets using sequential Monte Carlo (SMC) implementations {138, 137]. However, the
main drawbacks of the SMC approach are the large number of particles and the unrelia-
bility of clustering for extracting multi-target state estimates [138, 131, 133]. Recently,
a closed form solution to the PHD recursion has been found for linear Gaussian models
that led to the development of the Gaussian mixture PHD filter [133, 131]. Although
this approach is efficient and capable of handling nonlinear models, it is not general
enough for addressing targets with JMS dynamics. At present there is no tractable
analytical technique for tracking multiple targets with JMS dynamics.

Many real world problems do not follow linear models. A JMS comprising of non-
linear models accommodates an even wider range of applications by providing a greater
generality for modeling systems that switch between various models. However, for the
nonlinear filtering problem there exists no analytical expression for the optimal Bayes
solution and in the single target environment a significant challenge is to find an efficient
method for on-line, real-time estimation of the state given a nonlinear mapping of the
state. Consequently, approximate nonlinear filters have been proposed. These methods
are based on either analytical approximations [59, 44, 62, 63, 116, 57, 101], numeri-
cal approximations [14, 85, 21, 37, 117, 12, 27, 69, 68] or simulation based approaches

[47, 46, 30, 40, 39, 87, 26]. The most widely used analytical approximation method is



the extended Kalman filter (EKF) [59, 44]. The EKF applies a local linearization to the
nonlinear mapping around the state estimate. This suggests that the region of stability
may be small, significant bias and convergence problems are commonly encountered due
to the crude approximation. The unscented Kalman filter (UKF) [62, 63] applies the
unscented transform [62] which uses the statistical linear regression technique [77, 78]
to approximate the moments of random variables. Similar to the UKF, the divided dif-
ference filter [116, 57, 101] also adopts a derivative-free linearization method called the
central difference approximation for functional evaluation. The conditional expectation
evaluated using the UKF has a higher order accuracy than the estimate given by the
EKF. This has been substantiated by empirical studies on the EKF and the UKF show-
ing that in most applications the UKF gives better approximation [62, 63, 77, 33, 115].
Despite the advantage of the UKF over the EKF, the two approaches work reasonably
well under mildly nonlinear conditions only.

Over the past few years SMC methods have attracted attention for nonlinear
Bayesian filtering applications [40, 39]. These methods approximate the filtering distri-
bution by a set of samples drawn from a proposal distribution. Under the assumption
that the proposal distribution includes the region of support of the filtering distribution,
SMC methods give more accurate estimates than the analytical approximation based
methods. In practice, a sufficiently large number of samples is needed. It is only in the
limit that the number of samples approaches infinity that the simulation-based methods
guarantee convergence of the estimate to the optimal Bayes solution. There have been
many recent modifications and improvements on the SMC methods [39]. However, some
of the problems related to the choice of proposal density, optimal sampling from the
distribution and computational complexity still persist.

In nonlinear control, two transformation methods are well-known. The exact
feedback linearization transforms a nonlinear control system into an equivalent linear

one through a variable change [55, 56, 70]. However, it is applicable to a limited class



of nonlinear systems. On the other hand, the linear fractional transformation (LFT)
method (see e.g., [143, 4, 3] and the references therein) exists for a broad class of
nonlinear systems and is extensively employed in Hy and Hy gain-scheduling based
control and filtering to represent nonlinear plants, where the uncertainty appears as a
LET (see e.g., [129, 128, 127, 25] and the references therein). The LFT is attractive in
that it localizes the nonlinearity to the feedback with a structure that is both simple and
sparse. The approximation in the LFT is therefore sufficiently localized to the feedback

to linearize a simple nonlinear structure.

This dissertation presents a generalization of the Bayesian multi-target filtering
framework using the RFS approach to facilitate tracking of multiple maneuvering tar-
gets in the presence of noise, clutter and uncertainties in target dynamics, detection and
data association. The proposed multi-target model accommodates target spawning, of
interest in military applications to detect missiles spawned from a target for early detec-
tion and interception. The nonlinearity of the radar measurement model is addressed by
the second main theme of this thesis in developing a nonlinear filtering technique that
can accommodate a general class of nonlinear models to provide a perspective that has
no been investigated previously in the literature. This research impacts both military
and civilian applications. Specifically, the original contributions of the thesis are the

following.

e The notion of linear jump Markov systems is generalized to the multiple target
case to accommodate births, deaths and switching dynamics. A closed form
solution to the PHD recursion is derived for this so-called linear Gaussian jump
Markov multi-target model. Based on this closed form solution, an efficient
method is developed for tracking multiple maneuvering targets that switch be-
tween multiple models. In addition, the proposed approach is extended to non-
linear jump Markov multi-target models by combining the closed form solution

and the unscented transform. Further details can be found in Chapter 3.



¢ A nonlinear Bayesian filtering technique is developed for the discrete-time model
based on LFT modeling. A closed form solution to Bayes recursion is derived by
arranging the unscented transform in the feedback. In addition, the proposed
filtering approach is generalized to handle any smooth nonlinear mapping using
the nonlinear fractional transformation (NFT) model. Further details can be

found in Chapter 4.

e A nonlinear Bayesian filtering technique is developed for the continuous-time
dynamical model based on the efficient LF'T modeling approach for simple ap-
proximation of the stochastic differential equation of the state prediction and
accurate estimation of the state conditional on observations. Further details

can be found in Chapter 5.

This thesis is divided into six chapters. The first chapter gives an introduction. The
second chapter is devoted to the mathematical foundations. The third presents the
linear Gaussian jump Markov multi-target model which is more general than those
in standard multi-target tracking algorithms. While traditional multi-target filtering
techniques are computationally intractable for a model of such generality it is shown
that using the RFS approach, this model is amenable to computationally efficient multi-
target filtering techniques. The fourth chapter contains a discussion on the solution of
the nonlinear filtering problem using LFT modeling for the discrete-time system. This
discussion is continued in the fifth chapter for the continuous-time dynamical model
with sampled-data measurements. The conclusion of this thesis in the sixth chapter
highlights the importance of developing effective multi-target filtering and nonlinear
filtering techniques and shows that the proposed methods provide sound developments

in estimation theory.



Chapter 2

Mathematical foundations

Bayesian estimation of the state at time k& of a given dynamical stochastic process
based on the available information up to time k is known as filtering. The objective is to
find an estimate that is optimal for a given criterion. Such problems have been dealt with
in great detail in the Kalman filter [65] framework for second-order stationary processes
and the minimum mean square error (MMSE) criterion [59, 44, 1]. The advantage of
the approach can be found in the recursive form of the solution with favorable practical
implication in terms of real-time implementation. The estimation problem for random
sets is also of theoretical and practical importance. An application that has attracted
considerable attention is the target tracking problem for multiple targets where the state
and observation are finite sets.

This chapter briefly covers mathematical concepts that will facilitate discussions
presented in this thesis. Section 2.1 reviews optimal estimation of a function of a random
variable for the MMSE criterion. Section 2.2 presents the Kalman filter as the optimal
Bayes filter for the linear state space model. Background on random finite sets (RFS)
is presented in Section 2.3. Using the point process interpretation of RFS, a discussion
on RFS filtering is given in Section 2.4. Analytical approximation methods in nonlinear
filtering are discussed in Section 2.5.

The notation adopted is as follows: X|Y denotes a random variable X restricted by

a realization of the conditioning random variable Y, Ex(-) denotes the expectation
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with respect to random variable X, (-,-) is the dot product and tr(-) denotes the trace
operator. X ~ N(X;Z, Rx) denotes a normally distributed random variable with mean
Z and covariance Ry, while N(-;Z, Rx) is its probability density function. RE( denotes

the pseudo-inverse of Rx.

2.1 MMSE estimation

Consider the state space model given by

Trr1 = f(zk) + Brwg, (2.1)

2zt = g(zk) + Dyug, (2.2)

where f and g denote arbitrary nonlinear mappings. Here, 5 € R" and zx € R™
are the system state and measurement, wr ~ N(wk; 0, Qk) and vg ~ N (vg; 0, Ry) are
mutually uncorrelated process noise and measurement noise which are also statistically
independent of zx. By € R™*P and Dy € R™*? denote noise gain matrices.

The filtering problem involves estimating the state z at time k which evolves
in a Markovian fashion in the presence of uncertainty wj conditional on the history of
observations Zy = (z1,...,2k) corrupted by noise process {v1,...,vk}. As the present
state zx also plays an intermediate role as the information carrier for all the past ob-
servations (z1,...,2k—1), filtering is two step process: using observation equation (2.2)
to estimate the current state x; from the current observation 2z and then using state
equation (2.1) to predict the future state 1. These steps in essence are particular
cases of the following estimation problem.

Let X and Y be two random variables with expected values Ex(X) = Z and
Ey(Y) = § respectively and with covariance cov(Y, X) = Ryx and Eyx({Y,X)) =
tr(cov(Y,X) + Ey(Y)Ex(X)T). The central problem of linear estimation is how to

estimate X by an affine function AY + b with deterministic matrix A and vector b?
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Using the minimum mean square error (MMSE) criterion, A and b are found from
min Exy (X — (AY +8)[?) (2.3)

If X and Y are zero mean i.e., Z = 0 and § = 0, it follows that b = 0. Moreover, if X
and Y are also uncorrelated, then Exy (|| X — AY[|2) = tr(cov(X, X) + Acov(Y,Y)AT)
1s attained minimum at A = 0, i.e, 0 = 0-Y is the optimal linear estimator of X
conditional on Y. An important result pertinent to estimation and filtering is stated as

a theorem below.

Theorem 2.1. Let X and Y be two random variables with expected values T and g,

auto-covariances Ry and Ry respectively and cross-covariance Ry x. Then
(RY xR}, & — Ryx R}g) = argmin Bxy (| X — (AY +0)[*).

Consequently, the linear estimator of X based on the observation Y =y for any random
variables X and Y is

T+ R{,XR;&(y - 7).

Moreover, the exact linear statistical relation of X and Y 1is

X =RLyRL(Y —9) + T +e, (2.4)
where the random error
e=X—-RExRL(Y —9)— % (2.5)
s uncorrelated to Y,
Exy (X - RExRBL(Y —9) - 8)Y") =0, (2.6)

and

Exy(|X — RExRL(Y — ) — 2||%) = tr(Rx — REx R} Ry x).

Proof. The proof is based on well known results [112, 1].

Let [XT,YT]T be the augmented vector formed by concatenating X and Y and Rxy
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be the covariance matrix of the augmented vector, then for

Rx Rxy
Rxy = > 0,
any vector orthogonal to columns of Ry (Rx) must also be orthogonal to the columns
of Ryx(RL). Let M(X) denote the linear space spanned by columns of X, then
M(Ryx) € M(Ry), M(RY,) c M(Rx) and there is a matrix B such that RL, =

BRy. Using the property RyRI/Ry = Ry,
RT xRl Ry = BRy = RLy,

and hence
E'((X -z - RL RL(Y —9))YT) = E((X -2)YT) - RL RIE (¥ -9)Y7)
= RsT/X - R1T/XRI/RY =0,
ie, X — T — R;XRL(Y — g) and Y are uncorrelated which implies that 0 is the
optimal linear estimator of X —z — RY XR{,(Y —7) conditional on Y or equivalently z +

Rg X RI, (y — ) is the optimal linear estimator of X conditional on Y = y. Furthermore,

E(|X -z - RExRL(Y = 9)IIP) = tr(B((X —z - RExRL(Y -9)XT)) (2.7)

= tr(R, — RF xRl Ryx).

Alternatively, like [1] using Schur’s complement

T
I RIL Rl | | Rx —RLyRLRyx 0 I RT. Rl
Rxy =
0 I 0 Ry | |0 I

The covariance of
-1 - -
1
I RT.Rl X - I —RT R, || X -
Y

81

z
.y 0 I Y -3

0 1

X -3~ RExRL(Y - 7)

Y -9

! The expectation is taken for all X and Y. In the following, the subscript of the expectation
operator indicating the variables with respect to which expectation is taken is dropped. There should
be no confusion.
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is given as
Rx —RL RLRyx 0
0 Ry
which implies that X — z — R XR;‘,(Y —¢) and Y — § are uncorrelated. O

Theorem 2.1 makes no assumption on the distribution of the random variables
and holds true for any X and Y. If X and Y are Gaussian random variables then
the random error e defined by (2.5) is Gaussian too, so (2.6) means that e and Y are
independent. The linear estimator of X conditional on Y thus coincides with the general

minimum mean square error (MMSE) estimator
argmin E(||X - z|[*|Y =),
T

i.e. it is sufficient to consider linear estimators for Gaussian random variables as non-
linear estimators cannot perform better in term of variance of the error. The Kalman
filter fully explores this fact as it is concerned with the linear mappings f and g in (2.1)-
(2.2). When either X or Y is non-Gaussian, Theorem 2.1 still provides the optimal linear

estimator for X conditional on Y.

2.2 Kalman filter

Consider the following linear state space model

Tky1 = ApT + Brw, (2.8)

2k, = Crx + Dyug, (2.9)

where A € R™*" and C;, € R™*™. When zx, wx and v are Gaussian, zx and zx4; must
also be Gaussian and thus only Gaussian random variables are concerned in (2.8)-(2.9).
Suppose at the initial time & = 0, the estimate of the random variable zg is

Ty = mg—1 and the covariance is R;o = Fy-;. By (2.9) the random variable 2g
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has mean 79 = Comg|—, and covariance R, = C0P0|_1C’g + DgRng with the cross-
covariance of zg and zo given by R,z o = CoFpj-1- On arrival of data zg, by Theorem

2.1 the conditional mean E(zy|Zy) of the state zg given Zy = 2 is
mo = mg-1 + Ko(z0 — m0),

and the covariance of the conditional random variable g = zg|Zg is Py = Foj-1 —
KoCoPy—y, where Ko = RT (R = Py-1C{ (CoPy-1CE + DoRo DY) ™"

By (2.8), the predicted state #; = x1|Zy at the next time step conditional on data
zo has expectation myp = E(z1|Z0) = AoE(z0|Zy) = Aomo and covariance Pyjg =
Ap POAOT +BoQoBg . These results are stated more formally as prediction and estimation

theorems.

Theorem 2.2. Suppose the estimate of the state zx_1 at time k — 1 given the history
of observations Zip_1 is mk_1 and the covariance is Px_1. Then, the predicted state
Tk = x| Zk—1 at time k conditional on the history of observations up to time k — 1 has

the conditional expectation my_1 and the covariance of the prediction is Py, where

Mgik—1 = Ak-1mk-1, (2.10)

Pypor = AxorPecr Al + Be1 Qe By (2.11)

Proof. Given the estimate of Zx_; as mg_; and covariance P;_1, applying the expecta-
tion operator in (2.8) and using E(wg_1) = 0 gives the expression for the conditional
mean in (2.10). The variance of the error in prediction in (2.11) is determined by ob-
taining the expression for the covariance of zx_; in (2.8) and using uncorrelation of zj_

and wg_1. O

Theorem 2.3. Suppose the predicted state & = Tk|Zk_1 has mean my_; and is dis-
tributed with covariance Pyy_1. Then, the conditional expectation of Ty also conditional

on the data 2z at time k is

my = Myk—1 + Ke(zk — M), (2.12)
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and the covariance of Ty = xk|Zy is

Py = Pyp—1 — KxCrPyj_1, (2.13)

with
me = Crmgg-1, (2.14)
K, = Pk]k—lcfk(ckpmk—lcg + DkRkDg)—l. (2.15)

Proof. Given the prediction my;_; of Zx and the covariance of the prediction Pyx_1, the
conditional mean of the state Zx follows from Theorem 2.1 after substituting expressions
for the expectation and covariance of 2z given by 7, in (2.14) and the expression within
the parenthesis in (2.15) respectively and the cross-covariance of zx and zy;_; given by

E(zkx{lk_l) - nkm:krlk_l using the uncorrelation of zyx_; and vg. O

2.3 Random sets and counting measures

Random sets can be defined as set-valued random elements in a certain topological
space E. It is assumed that E is a locally compact Hausdorff second countable (LCHS)
space (Euclidean space R? is an example of space E) [97, 67]. Random sets that belong
to the collection of closed subsets of IE are called random closed sets. If these sets contain
only a finite number of elements then they are known as random finite sets (RFS). The
notation Fg = F(E) is adopted to denote the space of RIS in E.

Let the probability space be defined by the triple (2, .4, P), then the distribution
of a RFS X € A is determined by Px(X) = P(X € X) for all X € B(A) where
B(y = B(-) is the Borel o-algebra. While conditional distributions of RFS can also be
determined analogously to random elements in a measurable space, this is not true for
expectation which alludes to a linear structure on the space of RFS which is nonlinear.
The conventional concepts of expectations in linear spaces can however be applied if the

RFS is represented by an equivalent random counting measure [93, 34, 67, 125].
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Definition 2.4. A measure y on Bg in E is called counting if it takes only non-negative

integer values. p is locally finite if it is finite on bounded subsets of E.

Let N be the family of all locally finite measures p endowed with a o-algebra
generated by {u € N : u(B) = n} for n = 0,1,..., and B € By, then a random
counting measure can be defined as a random element N in . For RFS X € Fg, u(X)
is a random variable representing the number of points in X and if X is the union of
disjoint sets X1, Xo,..., then u(X) = >, u(X;). A random counting measure is also
called a point process [93, 34, 20, 67, 125]. A counting measure (or corresponding point
process) is called simple if N({z}) =0 or 1 for all z € X. The distribution of a simple

point process N is uniquely determined by

Py(X)=P(N € X)

=P{weQ:Nw)ex}) for X e By. (2.16)

The notation N = N,(E) is adopted to denote the family of all simple counting mea-
sures N € N and B}, = B(N?) the o-field of its Borel sets.

In the univariate and finite multivariate cases the moments (particularly mean and
covariance) provide means to describe various distributions. In the point process context
it is the moment measures that describe the distributions. While random variables have
moments that are real numbers, the moments of point processes are measures. The
expectation measure or intensity measure A of N is a characteristic analogous to the

mean of a real-valued random variable defined by
A(B) = E[N(B)]
:/wwmmm,
for Borel set B. It is clear from Fubini’s theorem that A(-) inherits countable additivity
from N(-) so it defines a measure on By [34]. A(B) determines the mean number of

points in B. The expectation measure is identical to the first factorial moment measure

of N. An important example of a point process is the Poisson point process which is
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completely characterized by the intensity measure A [71. 34. 125. 67. 32. 122, The

Poisson point process is defined as follows.

Definition 2.5. Let A be a diffuse Radon measure on R9. The Poisson point process
X with intensity measure .\ is a random subset of R such that the following properties

are satisfied.

1. For each bounded Borel set B. the cardinality :.X' 7~ B has a Poisson distribution

with mean A(B)

/ . A(BW" »
P(‘Y(B) = n) = ﬂ 6_'\‘3'

n.

forn=0.1..... 217

2. The number of points of X in each of disjoint sets B;..... B., are independent

for everv n > 2 and any collection of disjoint Borel sets.

If A is absolutely continuous with respect to the Lebesgue measure. then the
corresponding Ravdon-Nikodvm derivative (or density) A is called the intensity function

(34. 125. 67] given by.

[N)
—
(7 ¢]

.

.\(B)z/ A(r)dr.
B

for Borel sets B.

Let .M be a measurable space. A point process in the product space £ x M is
called a marked point process. The second component being the mark and the first
component called the location. Let .M be the space of the marks and B.; the o-fied
of its Borel sets. then for Borel set B and M in B4 the number of points of X in B
with marks in M is denoted by X (B x M. Let .\, denote the intensity measure oI the
ground point process (i.e.. X stripped of the marks) the measure (- x M for fixed M

in By is absolutely continuous with respect to .\, and it can be shown that 125,

1o
[—
[{e)

A(d(z.m)) = P{dm}\y{dr). 2.

P

where P is a probability measure on By or the distribution of mark m at a point r

for [r:m] € X.
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Just as factorial moments in the univariate and finite multivariate cases are related
to the Taylor series expansion of the probability generating function about unity, the
factorial moment measures are related to the expansion of the probability generating
functionals (p.g.fl.) about unity [34, 125, 32]. For a point process X € N§ the p.g.fl. is

defined as

Gx[(|=E

N
Hcm)] : (2:20)

i=1
for any Borel measurable function ¢ satisfying the condition |¢(z)| < 1. The product is

zero if N > 0 and &(z;) = O for any ¢ and is unity if N = 0. Let

((z) = Zm&(x), (2.21)

where |z;| < 1 and 1p,(z) is the indicator function of set B; for measurable partition

(Bi,...,Bn) of a LCHS space X, then

Gx[(]=E

Hz{"(Bf)] , (2.22)

i=1
is the multivariate probability generating function of the number of points in the sets

of the partition and the intensity measure of X is given by

[ e@nstan) = (56xt1) Lzl &l (2.23)

The p.g.fl. of a Poisson point process X with intensity measure Ax is

Gx[¢] = exp ( / (¢ (z) — 1)Ax(d:c)> . (2.24)

Proof. The proof is trivial and follows in a straightforward manner (see (32, pp. 39,

(125, pp. 116]). O

A useful property of the p.g.fl. is that the p.g.fl. of the union of two independent
finite point processes X; and Xy is the product of those corresponding to the individual

processes. For point process X = X; U X»

Gx = Gx,Gx,- (2.25)
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Let Ix[g] = [[,ex 9(x). Given x and y as the realizations of two point processes X € N3
and Y € Nf, on LCHS spaces X and ) respectively, the joint p.g.fl. of X and Y can be

defined by [34, 136)
Gxylg, h] = E [Tk [g]IIy[R]]
_ / L [g)T1, (AP x v (dx, dy)

- / / T [g]TIy [h]P x (dx) Py x (dy x) (2.26)

for any g and h satisfying the condition for (2.20). The conditional p.g.fl. of Y|X is

defined by
Gy x[h] = E Iy [A]]

= /ny [h]Py | x (dy|x). (2.27)

Then the marginal (unconditional) p.g.fl. of Y follows from averaging over all realiza-

tions x,

Gy[h] = Ex [Gy x|[h]]

- / Gy x [P x (dx), (2.28)

and given a conditional p.g.fl., the joint p.g.fl. of X and Y follows the property of

conditional expectation,

Gxvlg, h] = Ex [lx[g]Gyx[h]] = Ey [y [h]Gxy[g]]

= [MlglGyxHPx(x) = [ GxybIPy(dy).  (229)
In particular, the following results are useful. Using IIx[1] = 1, we obtain
Gxy(l,h] = Ex [lIx[1]Gy x[h]] = Gy[h]. (2.30)

Lemma 2.6. Lety = {y1,.-.,Ym} be a realization of a point process Y € Nf, and

(d™Gxy|g ) e 6y1» - - ,6ym]2 be the m-th derivative w.r.t. h of the joint p.g.fl. eval-

2 For a definition of the functional derivative see Appendix (A.2)
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uated at the origin where 6y, is the Dirac delta function at point y;, then

(d™Gxv(9,])r=0[0y1, - - - ; y]
(d™Gxy (1, Dha=0l0yss - - - Oym]

Gxylgly] = (2.31)

Proof. Deferred to the appendix (A.1). a

Proposition 2.7. Let X and Y be two LCHS spaces and Y € Nf, be a point process

related to a realization x of the Poisson point process X € N3 with intensity measure

Ax by

= s@)

TEX

where S(z) is either singleton or empty with distribution

Pg1)(S) =P(S(z) € S)

= 1@(8 N @)(1 - pS(x)) +ps(123)F(S ﬂy,x),

for any S in the family of all simple counting measures on By, F: By x X » Rt is a
kernel function (see [34, pp. 641], [136]); for fized x, F(-,x) is a probability measure
on By with density f(-,-) w.r.t. a reference Lebesgue measure Ay and ps is a Bx-
measurable function with 0 < ps(z) < 1 for all x € x. Then, the conditional intensity

measure Ax|y 1s given by

Colhxy = ( Ps+zp ]Izsyf y,o Ax) (oAx, (2.32)

where £ o U = [ £(x)¥(dz).

Proof. The p.g.fl. of Y conditional on X is

Gyx[h] = [] Gs(h]

TEX
= IIx(1 — ps(z) + ps(z)h o F)

= I A[R], (2.33)
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where A[h] =1 — ps(z) + ps(z)h o F. From (2.29) the joint p.g.fl. of X and Y is
Gxylg, h] = Ex [Ik[g]Gy x[h]]
= Ex [IIk[g]A[A]]

= Gx|gA[h]] (2.34)
From (2.24) the p.g.fl. of a Poisson point process X takes the form

Gxvylg, h] = exp ((gA[h] — 1) o Ax) (2.35)

The m-th derivative w.r.t. h of the joint p.g.fl. above evaluated at the origin gives

(d™Gxvylg, Na=olér, - - &m] = P [ gpsFei o Ax, (2.36)

i=1
where Bg] = (9(1 —ps) —1)oAx. Let y = {y1,...,ym} be the realization of Y. Since

density f(-,-) exists w.r.t. Ay for the regular kernel F(:,-),

Hlg]l = (d"Gxvy(9,"])r=0[0yy> - - -, Oy,0]

= Bl gps f(y,) o Ax. (2.37)

Differentiating w.r.t. g,

(@H)gl¢) = (de™) [CMlygpsf(y, ) o Ax +eP¥l(dTly (gps (v, ) o Ax)gld]  (2:38)

where
(2eP1) [¢] = ePel(1 = ps)C o Ax (2.:39)
g
and
(dlly (9psf(y,)) o Ax)gl¢l =Y psf(y, )C(w) oAx [] gpsf(y,-)oAx  (2.40)
yey y\{y}
Substituting in (2.38)
psf(y,-)
- oA 2.41
(dH)g[¢] = H[1] (1 ps +y€ZngSf .- )OAX>C X (2.41)

Applying Lemma 2.6 gives the required result. O
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2.4 Random set filtering

In this section the filtering problem is stated in the random set formalism by
treating the state and observation at each time step k by finite sets. The RFS approach
provides a natural representation of a random number of points in the state space X and
the observation space Z. The meta-state Xy = {zx1,...,Zkm} € Fx is the RFS of the
states at time k. Note that the sequence in which points are arranged is arbitrary with
all permutations equally likely, so x4 1 does not allude to a point closest to a reference.
Similarly, the observation Zx = {2k 1,...,2kn} € Fz is the RFS of measurements at
time k£ where the points are arranged in an unordered configuration.

Let x;_1 be a realization of the corresponding point process Xy_; at time k£ — 1.
Consider the point process X constructed as the disjoint union

Xe=| U Swm-1(e)| UTs, (2.42)
TEXk—1
where 't is a Poisson point process with intensity measure Ar x independent of Syx_1(z)

which is either singleton or empty with distribution

Ps,i1@)(S) = P(Skp-1(z) € S)

= 1p(S N 0)(1 — pskk—1(x)) + Pskjk—1(T) Fe(S N X, ),

for any S in the space of all simple counting measures on By, Fy : By x X —» R* is a
transition probability and pg xx—1 is @ Bx-measurable function with 0 < Pskk-1(z) <1
for all z € xk_1.

Let z; be a realization of the point process Zj which defines the observation

model of RFS X

Zi = U Dk(x)] U Kk, (2.43)

TEX)

where K, is a Poisson point process with intensity measure Ar; and admits a density
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Ak independent of Dg(z) which is either singleton or empty with distribution

Pp,()(D) = P(Di(z) € D)

= 1y(DN0)(1 ~ ppi(2)) + (@) Le(D N 2, 2),

for any D in the family of all simple counting measures on Bz, Ly : Bz x X — R™ is
a transition probability with density lx(-, ) and pp k is a Bz-measurable function with

0 <ppk(z) <1 forall z € x.

Theorem 2.8. Given the intensity measure of the RFS Xy_1 at time k — 1 as Ax, |

and a Markov process (2.42), the intensity measure of RFS X}, at time k is given by

(oAx, = psp-1Fr¢ o Ax,_, +{oArk. (2.44)

Proof. Using the property of the p.g.fl. for independent point processes in (2.25) and

the result in (2.33), the conditional p.g.fl. of X\ given Xj_1 is

GXk|Xk—1[h] = [ka—lAk[h]] 'GF,k[h], (2'45)

where Ag[h] =1~ pgkjk—1(T) +Pskk—1(x)h o Fy. From (2.28), the unconditional p.gfl.

of X} factors into the p.g.fl. of two independent point processes
Gx,[h] = Gx,_,[Ak[R]]Gr k[h]. (2.46)
The required intensity measure follows from (2.23) by differentiating w.r.t. h at unity,

CoAx, = d(Gx,[]r=1[¢]

= (dA[Dr=1[¢] 0 Ax,_, + (o Ar, (2.47)
where
(dA[D)r=1[¢] = Pskjk—1FkC- (2.48)

This completes the proof. O
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Theorem 2.9. Given the unconditional intensity measure of the Poisson RFS X as
Ax, and a realization zy of the point process Zy at time k, the conditional intensity

measure of RFS Xy given zy, is

D klk(2,-
CoAXf = <1‘PD,k+ > P Dklk(2,) Y >C0Axk. (2.49)
¥ ) Ak

Proof. The proof is similar to that of Proposition 2.7 with ps = pp x and f(-,-) = lk(-, ).
Using independence of X} and Ky, the p.g.fl. of Zx conditional on a realization xj of

RFS X} is given as the product of two p.g.fls.,
Gzix, (M) = [, Ak[h]] - Gk, (2.50)

where Aglh] =1 — ppr(x) + ppi(x)h o Lg. The joint p.g.fl. of Xy and Zj is then the

product of the p.g.fls. of two independent Poisson point processes Xy and K.
Gx.z.[9,h] = exp (gAk[h] o Ax, + ho Ak, — 10 (Ax, + Ak,)). (2.51)
The n-th derivative w.r.t. h of the joint p.g.fl. at h = 0 gives

(d"Gx, 219, Dh=olén,- -, &m] = P [ gpppLiéio Ax, + &0 Ak, (2:52)

i=1
where Bylg] = g(1—ppk)oAx, —1lo(Ax, +Ak,). Let zp = {z1,..., 2,}. Since density

l(-,-) exists for the regular kernel L(, "),

Hk[g] = (dnGXka [g’ '])h=0[621> vy 62m]

= eBk[g]szng,kl(z7 ) © AXk + AI{,k' (253)
Differentiating w.r.t. g,

(dH)g[¢] = (deBkH)g (12, 99D klk(2, ) © Ax, + eBHI(dIL,, (gppklk(2, ) 0 Ax)qlC]

(2.54)

where

(deBk[']) (€] = eB*9)(1 = pp)C o Ax, (2.55)
g
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and

(dllg, (9PDklk(2,7)) 0 Ax)glC] = D poklk(z, ) 0 Ax, [ gppwli(z.-) o Ax,
2€7; 2:\{z}

(2.56)

Substituting in (2.54)

lk(Z,')
(dHi)gl¢) = Hil1] [ 1 - ppi + PDjk o Ax 2.57
olc] = Hill] Dk &2 Ak + 9ppkli(z, ) 0 Ax, ¢ohx, (257

The required expression of the conditional intensity measure of Xi|zx is given by the

result (2.23) after applying Lemma 2.6. O

Theorems 2.8 and 2.9 give the recursion of the probability hypothesis density
(PHD) filter [92, 45] for propagating the intensity measure in time and provide the
basis of the closed form solution to the PHD filter for the so-called linear Gaussian

jump Markov system multi-target model discussed in Section 3.3.

2.5 Nonlinear filtering

The class of state space models for which Kalman filter gives the optimal estimate
encompasses only a small subset of real systems. For the general class of problems Bayes
filter concedes an approximation in order to estimate the state. For the nonlinear state
space model (2.1)-(2.2) both state and observation variables z; and z; respectively
are not necessarily Gaussian. Thus, the central issue with using linear estimation for
filtering nonlinear models is the approximation of second-order moments of all concerned
state and observation random variables.

In the literature there are two standard approaches to approximate the condi-
tional expectation of the state. Both the extended Kalman filter (EKF) [59, 44] and
the unscented Kalman filter (UKF) [62, 63] actually involve only linear estimators (by
using Theorem 2.1) and are different only in the way the second-order moments are ap-

proximated. The EKF uses the first-order Taylor series approximation of the mappings
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f and g around some estimate. The approximation assumes that the estimate lies in
the proximity of the global trajectory. With increasing nonlinearity trend of the map-
pings, the validity of the assumption weakens, causing the estimate to become biased
and inconsistent. Furthermore, the convergence of the estimate is not guaranteed. This
is demonstrated by a simple example in [75] where the EKF fails to converge. The EKF
is better suited for the class of mildly nonlinear problems. On the other hand, the UKF
applies the unscented transform [62, 63] based on the statistical linear regression tech-
nique to directly compute the first and second-order moments. The expected value of a
random variable given by the UKF is correct up to the second-order if the second-order
moments can be computed exactly, which is a higher order accuracy compared to the
estimate given by the EKF'. This is reflected in the empirical studies which demonstrate
that the UKF gives better estimates than the EKF [62, 63, 77, 33, 115].

The EKF and the UKF approximations can be derived exactly using the linear
regression Kalman filter (LRKF) (77, 78] which approximates the nonlinear mapping
using statistical linear regression technique through some regression points. The EKF
is derived using a single regression point only while the UKF is derived using p = 2n
regression points for an n-dimensional kinematic state.

Suppose X := (X(1),...,X(n))T € R" is a random variable with = (z(1),...,%(n))T
and Rx as the first two moments of its distribution px(x). A second random variable Y
depends on X through the differentiable nonlinear mapping Y = f(X), where f(X) =
(f1(X),..., fm(X))T. As mentioned above, the central issue for linear estimation of X

conditional on Y = y is the approximation of computationally intractable integrals
y=B) = [f@px(ds
Ry = [(@ - 9@ -9 px()dz, (2.58)
Rey = [@-a)(@) -9 px(@d

The EKF employs the simplest approximation, which is to linearize the nonlinear map-
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ping f around Z by

X AKX -+ @), A=ED) 259

This works well under the assumption that the expected value Z lies in the proximity of
distributed values of X justifying the truncation of higher order terms of Taylor series.

Substituting the approximation of f(X) from (2.59) in the integrals in (2.58) results in
gy~ Az + f(z), Ry ~ ARxAT, Rxy ~ RxAT. (2.60)

Since the expected value is correct up to the first order only, as the mapping departs
from linear behavior the validity of this assumption weakens. A bias is introduced in
the estimate causing the estimates to become inconsistent. According to Theorem 2.1,

the exact statistical form of f(X) is actually
f(X)=RyxRY'(X —2) + f(2) + e, (2.61)

The error e = Y — Ry xRy' (X — Z) — f(Z) is a random quantity and is uncorrelated to
X. In other words, the random variable Y can be expressed exactly by the statistical

linear regression of f(X) around z. The quality of the linear approximation

f(X)=(AX +b) +e, (2.62)

depends on how it matches (2.61), i.e. how A and b approximate Ry,\rRl'\,1 and f(z)-Az,
respectively. It is not clear how far away the local approximation (2.59) distances from
(2.61).

The UKF aims at the direct approximation of Ry x, Rx and f(Z) so its linearized
model is more accurate than that of the EKF, as demonstrated in 62, 63]. Regression
points z;, 2« = 0,...,p where p = 2n are selected around Z in a manner such that the

sample mean and covariance of the points are identical to the mean and covariance of

X,

1 & 1 _ 7
x=—————Zm¢, Rx-——————Z(xi—:z:)(xi—m) : (2.63)
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As Rx > 0 and thus admits Cholesky decomposition Rx = Y i, qiqiT , a choice of these

regression points is

o = I, =T+ (p+1)/2q, Tnpi =T —/(p+1)/2 ¢

Let y; = f(x;),i=0,...,p, then the mean and covariance of the random variable Y and
the cross-covariance of Y and X are approximated by the distribution of the regression

points z; and y;, ¢ =0,...,p as,

p

p+ — Zyz, Ry = p—}: ;(w -9y — )7, (2.64)
P

Ryx = Zﬁ Z(yi — (i — ). (2.65)

One can see that (2.64)-(2.65) are indeed approximations for the integrals (2.58) with

the continuous distribution px(x) approximated by the discrete uniform distribution
P(X=uz;)=1/(p+1), ¢=0,...,p, (2.66)

i.e, the distribution px(z) is statistically linearized around the regression points z;, i =
0,...,p in the UKF. In summary, for approximation of integrals (2.58), the EKF lin-
earizes the nonlinear deterministic mapping f while the UKF linearizes the random
distribution px ().

Based on the above exposition on linear approximation, an intermediary lineariza-
tion technique can be derived. Note that any differentiable nonlinear mapping f can be

represented by

f(X):Al(X)(X_xl)+f(mz)a i=0,...,p,

with
1o
AX)=| —=f(tX+(1-t)z;)dt, ¢=0,...,p. (2.67)
o 0X

The approximation (2.59) can be considered as a special case,

F(X) = Ao(z0)(X — o) + f(Zo), (2.68)
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with zg = Z. Let y; = Ai(X)(X — ;) + f(z;), ¢ = 0,...,p, then the moments of Y
can be computed from (2.64) and the joint moment of ¥ and X from (2.65). It can be

shown that in general this technique works better than the approximation in (2.59).



Chapter 3

Gaussian mixture PHD filter for jump Markov

system models

The probability hypothesis density (PHD) filter [92, 45] is an attractive approach
to tracking an unknown and time-varying number of targets in the presence of data
association uncertainty, clutter, noise, and detection uncertainty. The PHD filter admits
a closed form solution for a linear Gaussian multi-target model [131, 133]. However, this
model is not general enough to accommodate maneuvering targets that switch between
several models. In this chapter, the notion of linear jump Markov systems is generalized
to the multiple target case to accommodate births, deaths and switching dynamics. A
closed form solution to the PHD recursion (Theorems 2.8 and 2.9) is then derived for the
proposed linear Gaussian jump Markov multi-target model. Based on this an efficient
method for tracking multiple maneuvering targets that switch between a set of linear
Gaussian models is developed. An analytic implementation of the PHD filter using
statistical linear regression technique is also proposed for targets that switch between
a set of nonlinear models. It is demonstrated through simulations that the proposed
PHD filters are effective in tracking multiple maneuvering targets.

The chapter is structured as follows: The problem of tracking multiple maneu-
vering targets in the presence of uncertainty is discussed in Section 3.1. Section 3.2

presents some background on JMS for modeling a maneuvering target and the PHD
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filter. In Section 3.3 the JMS multi-target model for the PHD filter is described, the
main result of this chapter, a closed-form solution to the PHD recursion for linear JMS
is given and the capability of the proposed algorithm is demonstrated through simula-
tions. In Section 3.4 the approximate solution to the PHD recursion for nonlinear JMS

is discussed.

3.1 Introduction

While a non-maneuvering target motion can be described by a fixed model, a
combination of motion models that characterize different maneuvers may be needed to
describe the motion of a maneuvering target. Tracking a maneuvering target in clutter is
a challenging problem and is the subject of numerous works [7, 10, 82, 83|. In the multi-
target setting, the number of targets changes due to targets appearing, disappearing,
and it is not known which target generated which measurement. Tracking multiple
maneuvering targets involves jointly estimating the number of targets and their states
at each time step in the presence of noise, clutter, uncertainties in target maneuvers,
data association and detection. As such, this problem is extremely challenging in both
theory and implementation.

The jump Markov system (JMS) or multiple models approach has proven to be an
effective tool for single maneuvering target tracking [18, 10]. In this approach, the target
can switch between a set of models in a Markovian fashion. The JMS approach can also
be combined with traditional data association techniques such as joint probabilistic data
association (JPDA) [6, 19, 130, 60] or multiple hypothesis tracking (MHT) (38, 73] to
track multiple maneuvering targets. However, these data association-based approaches
are computationally intensive in general and heuristic techniques are used to reduce the
computational load.

Mahler’s Probability Hypothesis Density (PHD) filter [92, 45] is a multi-target

filter that circumvents the combinatorial computations due to data association while
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accommodating detection uncertainty, Poisson false alarms, target motion and time-
varying number of targets. The generic sequential Monte Carlo implementation of the
PHD filter [137, 138] can, in principle, accommodate any Markovian target dynamics
including jump Markov systems. However, the drawbacks of the particle approach
are the large number of particles, and the unreliability of clustering techniques for
extracting state estimates [138, 133]. These problems are alleviated in the Gaussian
mizture PHD filter implementation, which is developed from a closed form solution to
the PHD recursion for linear Gaussian multi-target models [131, 133]. This approach
is efficient and is capable of handling certain types non-linear models [133] but is not
general enough to accommodate JMS models. At present there is no tractable analytical
techniques for tracking multiple targets with JMS dynamics.

In this chapter, the notion of linear jump Markov systems is generalized to the
multiple target case to accommodate births, deaths and switching dynamics. A closed
form solution to the PHD recursion is then derived for this so-called linear Gaussian
jump Markov multi-target model. This solution generalizes the result in (131, 133]
to a broader class of practical models. Based on this closed form solution, an efficient
method is developed for tracking multiple maneuvering targets that switch between mul-
tiple models. The proposed approach can handle problems that are deemed intractable
using traditional tracking techniques. Comparison with the classical IMMJPDA filter
showed that the proposed approach is computationally much more efficient while ex-
hibiting similar tracking performance, despite the fact that the IMMJPDA filter uses
exact knowledge of the fixed number of targets. In addition, the proposed approach is
extended to nonlinear jump Markov multi-target models by combining the closed form
solution and the unscented transform (see Section 2.5). The proposed multi-target fil-
ters sidestep the data association problem and do not require clustering for extracting

state estimates. Simulation results are presented to demonstrate the capability of the

proposed method.
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3.2 Problem formulation

In Section 3.2.1 the JMS is reviewed and in particular the class of linear JMS
for modeling maneuvering targets. Using the random finite set (RFS) representations
for multi-target states and sensor measurements, the problem is posed as a Bayesian

filtering problem in Section 3.2.2. Section 3.2.3 describes the PHD filter.

3.2.1 Jump Markov system (JMS)

A jump Markov system (JMS) can be described by a set of parameterized state
space models whose underlying parameters evolve with time according to a finite state
Markov chain. Such a system finds a range of applications in signal processing and
provides a natural means to model a maneuvering target whose behavior cannot be
characterized at all times by a single model [18, 82, 83].

Let & € R™ and z; € R™ denote the kinematic state (e.g. target coordinates and
velocity) and observation, respectively, at time k. Suppose that rx € M is the label of
the model in effect at time k, where M denotes the (discrete) set of all model labels
(also called modes). Then, the state evolution and measurement are described by the

transition density and measurement likelihood:

Fetp—1(Eklér=1,7x), (3.1)

Ik (2k|&k, T)- (3.2)

In addition, the modes follow a discrete Markov chain with transition probability
s _ [T T —
tkk—1(Tk|Tk—1) and the transition of the augmented state vector zx = [§; k]’ € X =

R™ x M is governed by
Fepkor (@elzr—1) = Feje—1(Exl€—1, i) tiie—1 (TlTi—1). (3:3)

A linear Gaussian JMS (LGJMS) is a JMS with linear Gaussian models, i.e.

conditioned on mode 7, the state transition density and observation likelihood are given
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by

Frik—1(Exl€r—1, k) = N (€k; Frm1(ri) k-1, Qi (k) (3.4)

9k (2k|€k, T) = N (2; Hie(Tk) €k, Ri (7)), (3.5)

where N (-;m, Q) denotes a Gaussian density with mean m and covariance @, Fi_1(r%)
and Hy(rx) denote the transition and observation matrices of model ri. Qg(rx) and
Ry (rk) denote covariance matrices of the process noise and measurement noise.
Tracking a maneuvering target amounts to estimating the kinematic state § or
augmented state z, at time k, from the sequence of observations z1.x = (z1, ey Zk)-
The JMS (or multiple models) approach has been shown to be highly effective for

maneuvering target tracking [18, 10].

3.2.2 Random finite sets in multi-target tracking

In a multi-target scenario, suppose that zx1,...,Tx nk) € X are the augmented
states at time k, where N (k) denotes the number of targets. At the next time step, some
of these targets may die, new targets may appear and the surviving targets evolve to
their new states. At the sensor, M (k) measurements zx 1, - . . , 2k, pm(k) € R™ are received
at time k, some of which are due to targets while the rest are clutter. Note that only
some of the existing targets are detected by the sensor, and that the corresponding
measurements are indistinguishable from clutter. Hence, the orders in which the states,
and the measurements are listed bear no significance. Jointly estimating the time-
varying number of states and the values of the states is a fundamentally difficult problem
because in addition to the target maneuvers, the number of targets and the number of
measurements both vary randomly in time and it is not known which target generated
which measurement.

Mahler’s finite set statistics (FISST) [92, 45, 88] approach provides an elegant
Bayesian formulation of the multi-target filtering problem by treating the finite sets of

targets and observations, at time k, as the multi-target state and multi-target observa-
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tion, respectively

X, = {xk,l,-uazk,N(k)}CX» (3.6)

Z}c = {Zk,h . azk,M(k)} C Rm (37)

To model uncertainty in multi-target states and observations, we appeal to the notion
of a random finite set (RFS) (see Section 2.3). A RFS on a state space X is simply a
random variable taking values in the finite subsets of X' [97, 34]. The intensity of an RFS
on X is a non-negative function v on X such that v(z) is the instantaneous expected
number of targets per unit volume at z (2.18). A RFS is Poisson if its cardinality
distribution is Poisson with mean N = [ v(z)dz and given a cardinality the elements of
X are i.i.d. according to v/N (see Definition 2.5). The reader is referred to [138, 133]
for overviews on FISST and [45, 92, 88] for comprehensive treatments.

Along the same vein as the single-target filtering problem, a multi-target tran-
sition density can be constructed from the RFS model for the time evolution of the
multi-target state, which incorporates target motion, spontaneous births, spawnings
(off existing targets) and deaths (2.42). Similarly, a multi-target likelihood can be con-
structed from the RFS measurement model, which accounts for detection uncertainty
and clutter (2.43). The posterior distribution of the RFS of targets can be propagated in
time by the multi-target Bayes recursion [45, 92, 138]. However, this recursion involves
multiple integrals on the space of finite subsets of X'. In addition, the multi-target
densities are combinatorial in nature. Hence, the multi-target Bayes filter is computa-
tionally intractable in general. Sequential Monte Carlo implementations can be found
in [137, 138, 119, 134, 86], although these methods are still computationally intensive,

especially when the number of targets is large.

3.2.3 The probability hypothesis density filter

An intelligent approximation to the multi-target Bayes filter, known as the Prob-

ability Hypothesis Density (PHD) filter, and which avoids any data association compu-
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tations, has been proposed in [92]. The PHD filter propagates the posterior intensity of

the RF'S of targets in time, based on the following assumptions:

Assumption 3.1. Targets evolve in time and generate measurements independently of

one another.
Assumption 3.2. The clutter RF'S is Poisson and is independent of the measurements.
Assumption 3.3. The predicted multi-target RFS is Poisson.

Assumptions 3.1 and 3.2 are quite common in many multi-target tracking algo-
rithms (7, 17]. The additional Assumption 3.3 is a reasonable approximation in appli-
cations where interactions between targets are negligible [92].

The PHD propagation is a recursion consisting of a prediction step and a data
update step. Let vg,_; and vx denote the predicted intensity and posterior intensity at

time k, respectively. Then the PHD prediction is given by

Uk|k—1($)=/[Ps,k|k-1(m')fk|k—1($|$')+I3k|k—1(-’£|$’)] ve—1(z')dz’ + v (x),  (3.8)

where it is understood that an integral with respect to a discrete variable means a sum,

and

fklk_l(-|:r’ ) = probability density of a target at time k, given that its previous state

is z/,

Psklk-1(z') = probability that a target still exists at time k given that its previous

state is z’,

ﬁk|k_1(-|:r’ ) = intensity of the RFS of targets spawned at time k by a target with

previous state z’,

Y (*) = intensity of the birth RFS at time k.
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On arrival of a new multi-target measurement, the posterior intensity vy is com-

puted from the predicted intensity vy,_; via the PHD update:

k()= |1=pp k() + Pp k() 9x(2l7)

27.7%(2)+] D k(@) gk (2|7 ) V-1 (@) dx Vklk—1(2), (3.9)

where

Zy = multi-target measurement at time k,

gx(-|z) = single-target measurement likelihood at time k,
D k(T) = probability of detection given a state = at time k,
ki () = intensity of clutter RFS at time k.

The PHD recursion is generally intractable due to the ‘curse of dimensionality’
in numerical integration. A generic sequential Monte Carlo (SMC) implementation
was proposed in [137, 138] with relevant convergence results (see also [61, 31] for more
detailed asymptotic studies). This so-called particle-PHD filter can accommodate tar-
gets with JMS dynamics, and has been used to track multiple maneuvering targets in
(132, 110]. However, the drawbacks of the particle approach are the large number of
particles, and the unreliability of clustering techniques for extracting state estimates
[138, 133]. The recently proposed Gaussian mixture PHD filter [131, 133] does not suf-
fer from these drawbacks but is not general enough to handle JMS dynamics. In the
following sections, a closed form solution to the PHD recursion is derived for LGJMS
dynamics and an efficient and reliable multi-target filter is developed for tracking ma-

neuvering targets.
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3.3 Closed form solution to the PHD recursion for

LGJMS multi-target model

This section presents a closed-form PHD solution that can accommodate targets
that switch between linear Gaussian models. The LGJMS multi-target model is de-
scribed in Section 3.3.1 and the corresponding closed form PHD recursion is derived
in Section 3.3.2. In Section 3.3.3, a general closed form solution to the PHD recur-
sion is derived in the hybrid state space X = R™ x M. Illustrations of the proposed
multi-target tracking algorithm on simulated data are given in Section 3.3.4.

For notational convenience, the symbol © is used to denote the ordered pair of

mean and covariance (m, P) of a Gaussian distribution, i.e
N(z;0) = N(z;m, P). (3.10)

Given a linear Gaussian model z = Hz + v, where v is Gaussian noise with mean d
and covariance matrix R, the notation 2 is used to denote the ordered triplet of model

parameters (H, R, d), and
L(z,2;Q) =N(z; Hz +d, R) (3.11)

to denote the probability density at z. This notation is suggestive of the mapping of x
to z via the linear model with parameter 2. Note that N (z;m, P) = L(m,z; (I, P,0)) =

L(z,m; (I, P,0)).

3.3.1 Linear Gaussian jump Markov system multi-target models

This subsection presents the linear Gaussian JMS (LGJMS) multi-target model,
which accommodates targets with switching linear dynamics. Campbell’s theorem (see
(2.19),[125]) is used in the modeling of target births and spawning.

In addition to Assumptions 3.1 - 3.3, the LGJMS multi-target model comprises

a LGJMS model for individual targets, kinematic-independent survival and detection
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probabilities, and models for target births and spawnings. Like the motion model,
birth and spawning models are naturally described in terms of the kinematic state.
However, while the distribution of the augmented state can be taken as the product
of the mode distribution and the kinematic state distribution conditional on the mode,
i.e. p(&¢,r) = p(r)p(€|r), this line of reasoning does not extend to birth and spawning
intensities. The intensity of the augmented state is not necessarily the product of the
intensity of the mode and the intensity of the kinematic state conditioned on the mode.

To specify birth and spawning models for the kinematic state and mode that yield
valid birth and spawning intensities in the augmented state, we appeal to a well-known
result in point process theory, namely Campbell’s theorem (for marked point processes)
[125, pp. 106-108]. In particular, Campbell’s theorem implies that the intensity of the
point process on R™ x M formed by the Cartesian product of a point process on the
kinematic state space R™ with intensity ¢, and a point process on the mode space M,
is given by

v(&,7) = p(rl)v(¢), (3.12)

where p(-|€) is the mode distribution given that a point of the product point process has
kinematic state £&. Moreover, if the point process on R"™ is Poisson, then the product

point process on R"™ x M is also Poisson [71].

3.3.1.1 Birth model 1

In the context of the proposed multi-target birth model, the intensity of aug-

mented state births at time k is given by

(&, 7) = me(r|€) 7k (E),

where Fy, is the intensity of kinematic state births at time k, and m(+[) is the probability
distribution of the modes for a given birth with kinematic state £ at time k. In line
with the standard LGJMS assumption that the mode transition probability tx_1 is not

a function of the kinematic states, the LGJMS multi-target model also assumes that



3.3. CLOSED FORM SOLUTION TO THE PHD RECURSION FOR LGJMS
MULTI-TARGET MODEL 41

the mode distribution does not depend on the kinematic state, i.e. mi(r|€) = mp(r).

Moreover, it is also assumed that the intensity 4 of kinematic state births is a Gaussian

mixture
Ik
S0 Ae 0
=> wIN (&0}, (3.13)
i=1
where J, k, w 'r)k’ @E:)k = (mgi,)k,Qf:,)k), i =1,2,...,Jy) are given model parameters.

(4)
The mean m vk

is a peak of the intensity 4; and has the highest local concentrations
of expected number of births, and represents, for example, airbases or airports where
targets are most likely to appear. The covariance matrix P( ") determines the spread of

Yk in the vicinity of the peak ms)k The weight w,(:L gives the expected number target

(4)

births originating from m, ..

Similarly, the intensity of augmented states spawned, at time k, from a target
[élT T"]T

with augmented state , at time k — 1, is given by

Brpe—1(&,71€,7") = 1 (r1€, €', 7") Bryre—1 (€1E", ),

where Bk|k—1 (-|€',7") is the intensity of kinematic states spawned at time k from [¢'7, /T,

and mgk_1(-|€, &', 7’) is the probability distribution of the mode for a given kinematic
state &, spawned at time k from [¢7,7/]7. Consistent with standard LGJMS assump-
tion, the LGJMS multi-target model assumes that the mode distribution of a spawned
target does not depend on its kinematic state nor its parent’s kinematic state, i.e.
Tk—1(rl€, €', 7") = Trk—1(r|r’), and that the intensity Bk,k_l(-|§’,r’) of spawned kine-

matic states is a Gaussian mixture

Ja,klk—1(T")

Bu-1(€1E', ) = Z w1 (M) LE & O ks (), (3.19)

where Jg gi_1 ('), Wk (), @k 1 () = (FEL_1 (), Q%1 (M), (), 5 = 1,

, Jgk—1(r") are given model parameters. A similar interpretation to 7, applies

to the intensity ,Bk]k 1, except that the jth peak, F[SJ,C (e + d(ﬁJL 1(r), is an affine

function of ¢’. Usually, a spawned target is modeled to be in the proximity of its parent.
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3.3.1.2 Birth model 2

Alternatively, by interchanging the roles of the kinematic state space and mode
space in (3.8), consistent models for births and spawnings can also be derived! . In this

case, the intensity of augmented state births at time k is given by

(&5 7) = F(Elr)me(r),

where 7 is now the intensity of mode births and 4, (:|r) is now the distribution of the
birth kinematic state given mode r. Note that the intensity of mode births is not a
function of kinematic state. It is assumed, in the LGJMS multi-target model, that the

distribution 4% (+|r) of kinematic state births is a Gaussian mixture

J‘y,k(r) . .
(Elr)= D wik (N (& 05 (r), (3.15)
i=1

where J,, k(r), w,(yi)k(r), @Ef’)k(r) = (m,(;)k (r), QE:,)k(T))» i=1,2,...,J,,(r) are given model

parameters that depend on the mode r. Similarly, the intensity of augmented states

spawned, at time k, spawned from [¢'7,7'|T is

Brik-1&, 7€, 7") = Brpe—1(€lr, &, 7" )1 (1€, ),

where 7y x_1(-|¢',7’) is now the intensity of mode spawnings and 5k|k_1(-|r, &,r') is
now the distribution of spawned kinematic state given mode r. The LGJMS multi-
target model assumes that the intensity of spawned modes does not depend on the
kinematic state of its parent, i.e. mgy_1(r|€',7") = M e—1(r|r’), and that the distribution

5k|k*1(~|r, &', r') of the spawned kinematic state is a Gaussian mixture

I8 klk—1(r,7")

Brje—r (€lr, € 7) = Wiy (1) L(E & ke (7)), (3.16)

! One technicality is that we need to restrict the kinematic state space to a compact subset of R".
This technicality does not pose any problem in practice since the targets occupy a bounded region of

space.
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where Jg g—1(r, '), wg}clk_l(r, ), Q(ﬁ{L|k—l(r’ ) = (Fgg_l(r, ), Q(ﬁa_l(r, ),

d(ﬁj}c_l(r, ™), 3 =1,2, ..., Jggk-1(r,r’) are given model parameters that depend on
the current mode 7 and the parent’s previous mode 7’.

From a modeling and application point of view, models 1 and 2 are different.
However, from an algorithmic or computational viewpoint, the first model can be treated
as a special case of the second model with the distribution of the birth kinematic state
being independent of mode 7, i.e., Jx(&|r) = & (£).

Summarizing, in addition to Assumptions 3.1 - 3.3, the linear Gaussian JMS

(LGJIMS) multi-target model, assumes:

Assumption 3.4. Each target follows a LGJMS model, i.e. the dynamic and measure-

ment models for the augmented state have the form:

Supe—1(6,71€,7") = L€, Qp kik—1(T) i1 (r|7"), (3.17)

gk(zl€,m) = L(&, 2 Qg k(r)), (3.18)

where Q¢ p_1(r) =(Ffr-1(r), Qfk(r),0) is the parameter of the linear target dynamics
model conditioned on mode r, Qg x(r) = (H(r), Rk(r),0) is the parameters of the
linear observation model conditioned on mode r, and tj;_1(r|r’) is the mode transition
probability. In particular, conditional on mode r, F x_1(r) is the state transition matrix,
Qfk(r) is the process noise covariance matrix, Hy(r) is the measurement matrix and

Ri(r) is the measurement noise covariance matrix.

Assumption 3.5. The probabilities of target survival and target detection are indepen-

dent of the kinematic state:

Pskk-1(6,7) = pPskk—1(r") (3.19)

pok(§,m) = pPpk(T). (3.20)

Assumptions 3.4 and 3.5 follow from those commonly used in maneuvering target

tracking algorithms (see for example (7, 16, 113]),
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Assumption 3.6. The intensities of the birth and spawn RFSs can be expressed as

Gaussian mixtures of the form:

J’y,k("') ' )
W(Er) = m(r)Y wh(rN(E O (), (3.21)
i=1
I kjk—1(rr") _
Bipe—1(&:71E, 1) = Mgy (rlr) Wiy ()L, 69, (1)), (3.22)
j=1

where Jy x(r), w,(y)k( ), @(z) L (1) = (m(i) (r),Q(i) (r),i=1,2,...,J,x(r) are given pa-
rameters of the (Gaussian mixture) density of the kinematic state of a new born target
with mode r at time k, and m(-) is the intensity of mode births at time k. Similarly,
o ko1 (ry ), Wiy (1), Q941 (') = (FEL_y (r, 1), Q94 (r, 1), d5)_ (),
J=1,2,...,Jgk-1(r,r") are given parameters of the (Gaussian mixture) density of the
kinematic state of a target with mode r, spawned at time k from a target with aug-

mented state [¢'7, 7|7 at time k — 1, and Teik—1(-|7) is the intensity of modes spawned

at time k from a target with mode r’ at time k — 1.

The LGJMS multi-target model is more general than those in standard multi-
target tracking algorithms. While most existing algorithms do not account for births
or spawnings, the proposed multi-target model incorporates both. Models for births
and spawnings for a given mode r accommodate different intensities of mode births
and modes spawned respectively when births and spawnings are likely to vary between
different modes. Similarly, the proposed model incorporates models for target death
(survival) and target detection for a given mode r. Moreover, traditional multi-target
filtering techniques are computationally intractable for a model of such generality. As
shown later, using a random finite set approach [92], this model is amenable to compu-

tationally efficient multi-target filtering techniques.

3.3.2 Closed form PHD recursion for LGJMS multi-target model

To derive the closed form PHD recursion for the LGJMS multi-target model,

Lemmas 1 and 2 in {131, 133} are required, which are stated using the new notation as
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follows:
Lemma 3.7. If Q = (H,R,d) and © = (m, P), then
/ L(z, 2 QN (23 0)dz = N (% TI(Q, ©)) (3.23)

where

1(2,0) = (Hm+d,R+ HPHT)

Lemma 3.8. If Q = (H,R,d) and © = (m, P), then

L(z,z; QN (z;0) = N(z;II(Q, 0))N(z; ¥(z,Q,0)) (3.24)
where
¥(z,Q,0) = (m(z—d),P) (3.25)
m(z—d)=m+ K(z—d— Hm) (3.26)
P=(I-KH)P (3.27)
K =PHY(HPHT + R)™! (3.28)

Proposition 3.9. For a LGJMS multi-target model, if the posterior intensity vi_1 at

time k — 1 has the form

Je-1(r') .
v (€)= S wd (IN(E;0 (). (3.29)

i=1

Then the predicted intensity vgx—1 is gen by

Uk[k—l(€7r) = 7k(§7r) + vf,k|k—1(§’r) + vﬁ,klk-l(é.»T)’ (330)
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where

Ji—1(r") g ke—1(r7")

gk (E7) = D Z Z wyd (T IN (5D (), (3.31)

Witk (r ') = w1 E;L,k (), (3.3
@Ei’l:?k 1(7'7‘) = H(Q(gjjqk_l(r,rl),65‘21(7‘/)); (3.33)
Je—1(r") )
Uf,lc]k—l(f,r) = Z Z w(fl,k“cl W(£ @fk|k 1(7'a7')), (3-34)
r! i=1
w?,);qk_l(f‘, ) = peppeot (i1 (rlr ) wl (), (3.35)
O k() = T(Qpuea(r), 002,()). (3.36)

Proof. From (3.8), the predicted intensity consists of three terms v (already given in
the multi-target model), vg gjx—1 and vy gk_1, due to births, spawnings and motion,
respectively. For vg xx_1, substituting (3.22), (3.29) into [ Byjx—1(z|z")ve—1(z")dz’, ex-
changing the order of sums and integral, and applying Lemma 3.7 to individual terms
yields (3.31). For vy gk—1 substitute (3.17) and (3.29) into [ fyjk—1(z|z’)vg—1(2’)dz’,
exchange the order of sums and integral, and apply Lemma 3.7 to individual terms to

obtain (3.34). O

Corollary 3.10. Under the premises of Proposition 3.9, the expected number of pre-

dicted targets is

Nigk-1 = Nyg + Ny k-1 + N k-1, (3.37)
where
J'y,k(r) '
Ny = }: Z i (r)wly(r), (3.38)

Ji—1(") Ja k-1 (")

Np o1 = ZZ Z Z T (rlr YWl (r " )wi (7). (3.39)

Jr—1(r

Nigk-1 = ZZ Z P k-1 (") tejk— 1(7"|7‘)w,c (), (3.40)
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Proposition 3.11. For a LGJMS multi-target model, if the predicted intensity vgx_1

has the form
Jklk 1(r)

Vg1 (€,7) }_j wi_1 (NN (& Ofh_1 (1): (3.41)

Then the posterior intensity vy is given by

ve(€,) = (1 = ppk(r))vkpe—1(€,m) + D vg k(€73 2), (3.42)
2€2Z;
where
quk 1(r)
vg. &, 75 2) Z w ;C N(&; @gl(r z)), (3.43)
i=1
(i) pD,k(r)wfcﬁc 1(T)qg)k(r§z)
W) (r;2)= o , (3.44)

D+ rpalr) L w&duﬁwz>

¢4 (r2) = N(2: L Qg (r), O, (1)), (3.45)
01 (r;2) = (2, Qgu(r), @,(C?k_l(r)). (3.46)

Proof. From (3.9), the updated intensity consists of three components. The first is the
predicted intensity vyk_1 (given), the second is the product pp kv k-1 denoted as vp,

and the third is the sum 3 vg k(Z; 2), where

gk(ZICU)UD’k (x)
2) + [ gr(2lz)vp k(z)de’ (3.47)

Vg.k(T; z) =

For vy , first substitute (3.18), (3.41) into the numerator of (3.47) and apply Lemma 3.8
to yield a sum of weighted Gaussians. Second, applying Lemma 3.7 to the integral in the
denominator of (3.47) gives the (double) sum in the denominator of (3.44). Combining

the results for the numerator and denominator of (3.47) gives (3.43). O

Corollary 3.12. Under the premises of Proposition 3.11, the ezpected number of target

18
Jepk—1( Jrjk—1(7)

Ni = Z[l — pp k()] Z wklk () + Z Z Z wé’}c (r; 2) (3.48)

2€EZ, T =1
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Propositions 3.9 and 3.11 show how the intensities vy;_; and vg are analytically
propagated in time under linear Gaussian assumption on the JMS multi-target model.
The recursions for the means and covariances of v k-1 and vggx—1 are the Kalman
prediction and the recursive computations of the means and covariances of vp x are the
Kalman update. The PHD filter has a complexity of O(Jx—1|Zk|) where Jx_1 is the
number of Gaussian components representing vi_; for a fixed model 7’ at time k — 1
and |Zx| denotes the number of measurements at time k.

These propositions also indicate that the number of components of the predicted
and posterior intensity increases with time, which can be a problem in implementation.
However, this problem can be effectively handled by applying some simple pruning
procedures [131, 133].

Given the posterior intensity vi at time k
Ji(7)
we(§r) = D wl (NN 6 (r), (3.49)
i=1
the peaks of the intensity are points of highest local concentration of the expected
number of targets. In order to extract the state of the targets from the posterior
intensity at time k, an estimate of the number of targets Ny is needed. This number is

simply Zﬁ({) w,(:)(r) rounded to the nearest integer. The estimate of the multi-target

state is the set of Nj ordered pairs of means and modes (mg)(r),r) with the largest

weights w,(ci)(r), reM,i=1,...,Jk(r).

3.3.3 General solution to the PHD recursion

Apart from the LG and LGJMS multi-target models, the PHD recursion also
admits closed form solutions under more general settings. In this section a general
analytic solution to the PHD recursion is derived in the hybrid state space X = R" x M.
Readers who are interested in the simulation results of the above developed PHD filter

may proceed directly to Section 3.3.4.
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Proposition 3.13. Given a multi-target transition model with

JSk|k (') [
!
Pskje-1(€r') = W§°:3|k n\r ZwSklk 1 méqu 1(r’)'9§,3c|k-1(7'/))’ (3.50)
Jgkjk—1(r,r") ' '
fpmr €l )= ST Wl )L, &)y (), (3.51)

i=1
Ja k-1 (")

Buk-1(&: 7 )= Y

j=1

D eoa (L€ 6 QD) (1), (3.52)

S

If the posterior intensity vg—1 at time k — 1 has the form

Je—1(r")
ve1(€,7) w? (N (€500 (). (3.53)

=1

Then the predicted intensily vigk_1 is given by

Vik=1(6,7) = (&) + v kp-1(6,7) + v pp-1(£,7), (3.54)

where

Je—1(r") Jg,kk—1(r,7")

Y plk—(€,7) = Z Z Z Wil (N (&GO T (1)), (3.55)

=1
Wik _y(r ') = wgluc (e )w;(c)l( ), (3.56)

Q5 _i(r. 1) = IOy, (r,7), 012, (), (3.57)

Je—1(r") Is,kje—1(") I k| —2(TsT")

'L,l “
&) =3 X Z Wi |(r, T IN (& OF ) ((r,r"),  (3.58)
r! =1

iJ, l (3,0) )
wit) (rr') = w&’zlk (7 >wé>k.k 1<r >w£’1< )05 o1 (), (3.59)

¢ ! i (0) o _
(") = Ny ) QD1 (), O, (), a5 () =1, (3:60)
7 ,0
6; l‘cjlli 1(T T) H(Qf k|k— 1( T/) @fg,k)lk_l(rl))a (3.61)
‘ ! i i,0 _ ol
@ékll)k (') = \I'(mg;qk (), Qﬁ("gclk ('), O, @é’k&c (') = 6;24(r'). (3.62)

Proof. vgkjk—1 is obtained as before. For vy -1 first substitute (3.50), (3.53) into
pS,k|k_1(:E')vk_1(x’) and applying Lemma 3.8 to yield a (double) sum of weighted Gaus-
sians. Then substitute the resulting Gaussian mixture and (3.51) into [ pgk—-1(z') -

fk|k_1(a;|x’)vk_1(:v’)d:r’, exchange the order of sums and integral, and apply Lemma 3.7

to individual terms to obtain (3.58). 0
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Proposition 3.14. Given a multi-target measurement model with

Jp,k(r)
0
poi(6r) = wih()+ S Wl )LEmY, 1), Q8 ("),  (3.63)
=1
gk(T)
gk(zle,r) = Lw“) M(&2,90)(r)). (3.64)
If the predicted intensity vgk—_1 has the form
Jk|k 1(r)
Vg1 (6,7) Z wi_1 (NN (& O, (1), (3.65)

Then the posterior intensity vk is given by

’Uk(f,T‘) = Uk|k—1(§v7') - 'UD,k(é»r) + Z vg,k(ﬁ,r;z), (3'66)
2€EZy
where
Jk|k 1(r) Jp k()
(3, (2,0
k(&)= ) Z wh ot (NN (& OG0, (1), (3.67)
i=1
(3,0) i il
Wp klk— 14 )*ng)k( )wl(q)k 1 (r) l(g[k) (), (3.68)
il l l i 1,
80 (1) = N, @D, ),00_, ), ¢iQ =1, (360)
il l l () 1, 7
O k() = V(mG (), 00, (1),00,(r), O (r) =6 _,(r),  (3.70)
Jk]k 1(7) Jp i (r) Jg,k(7)
Vg €,75 2) S w2 N (087 (r; 2)), (3.71)
=1 =0 1=1

wiy (r)w;j,ur)q“,z”(r 2)

(&30 ¢, .. Wp klk—1
w, i (r;2)= It 0 I Jog ) e » (3.72)
Ke(2)+ Z IZ Z Wp k|k- ](T)wj (r )qg)ij r2)
IR j 1,0
g0 (r2) = N (5 THQIL(r), OF 1 (1)), (3.73)
7,7,0 j i,
04D (r; 2) = W(z, QUL (1), Oy (7). (3.74)

Proof. For vp k, substituting (3.63), (3.65) into pp x()vkgk—1(z), and applying Lemma
3.8 to individual terms yields (3.67). For vy, first substitute (3.67), (3.64) into the
numerator of (3.47) and apply Lemma 3.8 to yield a (triple) sum of weighted Gaussians.
Second, applying Lemma 3.7 to the integral in the denominator of (3.47) gives the

(triple) sum in the denominator of (3.72). Combining the results for the numerator and

denominator of (3.47) gives (3.71). O
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3.3.4 Simulation results

In this subsection simulation results for two examples are presented to demon-
strate the performance of the proposed PHD filter for LGJM models. For illustration
purposes a two-dimensional scenario is considered where aircraft appear in the surveil-
lance region [—60,60] x [—60,60] km?. A single sensor located at (0,0) km provides
position-only measurements to a controller. The interval between the samplesis 7' =5 s
and the true number of aircraft at each sampling instant is not known.

During a level flight the aircraft dynamics can be modeled by a non-maneuver
model and a maneuver model. Motion along a fixed heading at constant speed can be
described by a non-maneuver model, for example, a constant velocity model. A level
turn can be described by a maneuver model, for example, a coordinated turn model
[10, 9]. The kinematic state of an aircraft is defined as £ = (pg, Pz, Py, Py )T, where
(pz,py) denotes its Cartesian co-ordinates in the horizontal plane and (p.,py) denotes
its velocities. The speed of the aircraft is in the range Mach [0.9,1.1].

At a turn rate of 0°s~! the coordinated turn model reduces to the constant ve-
locity model and the uniform motion of the aircraft can be modeled by the maneuver
model. The aircraft motion models are described as follows. Model r = 1 is a coordi-

nated turn model with a turn rate of 0°s~! with linear Gaussian dynamics (3.17) given

by Qf kg—1(r = 1) = (Fk—1(r = 1), Qx(r = 1),0), with

i 1-coswT T! T3
1 smwa 0 — CS)SW T 7 0 0
0 coswT 0 —sinwT 0 TTS T? 0 0
Fl'c_l(r_—_]_): i . R Qk(’f‘:l): GUI S P
0 l—ccu))s W 1 smww 0 0 T 5
0 sinwT 0 coswT i 0 0 T73 T* i

where w denotes turn rate. Perturbations in the lift and drag characteristics due to

changes in the properties of the atmosphere are modeled as zero-mean Gaussian white

. . . . _2
noise with a standard deviation, oy, =5ms™*.

Model r = 2 is a coordinated turn model with a counterclockwise turn rate of
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3°s~! with standard deviation of noise, o, = 20ms™2 to reflect the different noise
characteristics during a level turn. Model » = 3 is also a coordinated turn model but
with a clockwise turn rate of 3°s~!. The switching between the motion models is given

by Markovian transition probability matrix as

08 0.1 0.1
[tre-1(rl7)] =1 0.1 0.8 0.1
01 01 0.8

The probability of target survival may change from one application to another and
between different scenarios of an application. The reason is that in addition to some
factors internal to the target, for example, aircraft altitude, fault-tolerance of instru-
mentation, fuel consumption and length of flight, target survival depends on certain
external factors, for example, weather conditions. In general, the probability of target
survival in military applications is lower than that in civilian applications where it may
additionally depend on the maneuver an aircraft executes and the position of the aircraft
relative to the location and type of threat (e.g. radar, anti-aircraft artillery, etc.) in the
enemy surveillance region. A realistic model of the probability accounts for all of the
above factors. In this chapter, modeling issues are not covered and it is assumed that a
model of the probability is given. Furthermore, the probability of target survival may
be treated as a random variable and incorporated in the state vector to be estimated.
However, for simplicity it is assumed that the probability is known. pg k-1 = 0.99
is assumed for modes = 1,2,3. Similarly, the probability of target detection may
also vary depending on, for example, sensor characteristics, signal interference, weather
conditions in civilian applications and in addition, countermeasures in military applica-
tions. A realistic model of the probability should consider these issues. Modeling issues
are beyond the scope of this chapter. It is assumed that such a model is given. In the
examples that follow pp , = 0.98 is assumed for modes 7 = 1,2, 3.

Measurements follow the observation model (3.18) given by Qg = (Hy, R, 0),
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with

1 000 9
Hk: ) Rk:UeIQ7

0 010

where [, denotes a n X n identity matrix. The error in the sensor measurements is
modeled as zero-mean Gaussian white noise with a standard deviation, o = 40m.
Clutter is modeled as a Poisson RFS with intensity ki (2) = A.VU(z), where U(-) denotes
a uniform density over the surveillance region, V' = 1.44 x 10* km? is the volume of the
surveillance region and A\. = 3.47 x 1073 km ™2 denotes the average number of clutter
returns per unit volume.

The models for target births and spawnings are described next. Consider a sce-
nario where the surveillance region includes three airport locations at (40, —50) km,
(—50,40) km and (—10,0) km. The intensity of the Poisson RFS of spontaneous births

is given by
Ye(&,7) = 0.1mk(7) (N(E;mgl),P.,) +N(£;m'(72)»P'y) +N(§;m(73), P,,)) :
with
m® = (4x10% 0, —=5x10% 0)T,
m® = (-5x10% 0, 4x10% 0)7,
m{® = (-1x10% 0, 0, 0 )7,
P, = diag(( 10% 10% 10° 10*)),
and the distribution of the models at birth is taken as [mx(r)] = (0.8, 0.1, 0.1).

Also consider the case where payloads originating from an aircraft contribute to

sensor measurements, the intensity of the Poisson RFS of spawn births is given by

Brk—1(&, 7€) = 0.05mpe_1 (Tl )N (€, @),

Qs = diag(( 10%, 4x10% 10% 4x10%)),
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and the distribution of the models for a given aircraft state is taken as

08 0.1 0.1

[Wk|k—1(7'|7°l)]= 0.8 0.1 0.1

08 0.1 0.1

For simplicity it is assumed that the payload dynamics follow models » = 1,2, 3.

3.3.4.1 Example 1

At time k = 1 an aircraft takes-off from (—41,—51) km and accelerates north-
wards. At time K = 3 a second aircraft takes-off from (—51,39) km and accelerates
towards IV80°E. A third aircraft takes-off from (—9,1)km at time k = 11 and ac-
celerates westwards. As the first aircraft initiates a counterclockwise turn at k = 31 a
payload separates from the aircraft and continues northwards. At time & = 44 a payload
separates from the second aircraft as it initiates a clockwise turn and continues along
ST0°FE.

Fig. 3.1 shows the true aircraft and payload trajectories in the horizontal plane. A
1-D view of these trajectories along with the sensor measurements is shown in Fig. 3.2.
Simulations show that the PHD filter works well even when the simulated data is not
generated from the same models used by the filter. The position estimates of the PHD
filter in Fig. 3.3 demonstrate that the filter provides accurate tracking performance
in clutter. Since at each sampling instant the number of targets is not known the
filter occasionally exhibits false estimates. However, as shown these estimates do not
propagate with time.

The mean absolute error in the number of targets and the probability of track
loss (see [133] for a definition of these measures), estimated from 103 Monte Carlo runs,

are shown in Fig. 3.4 for a position error radius of 50 m.



3.3. CLOSED FORM SOLUTION TO THE PHD RECURSION FOR LGJMS
MULTI-TARGET MODEL

Peyioad 2

svpgratas from Aircraft 2
atks 44

end of flight at k> 88
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start pf night at k* 3;
and of flight at k* 95

Payload 1 k% ]
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atk-31:

end gof flight at k' 100

Aircraft 1
AlrsraflS Stan of flight at k> 1.
«tart of flight at k« 12 and of flight at k- 80
and of flight at k> 100

-2 2

0
X coordinate (in m)

Figure 3.1: Aircraft and payload trajectories, 'o'- locations of start of flight;
locations of end of flight ('x'- location of sensor).

3.3.4.2 Example 2

At time k& = | three aircraft take-off simultaneously from the three airport lo-
cations. Aircraft 1 flies at a bearing of N4:5°W from (—41,—51)/cm, aircraft 2 flies
eastwards from (—51, 39) km and aircraft 3 flies at a bearing of E from (—9,1) km.
Assuming all three aircraft exist at each sampling instant and no other targets appear
in the surveillance region, the performance of the proposed PHD fllter can be compared
with that of the well-known IMMJPDA fllter which tracks a flxed and known number
of targets.

As indicated previously the PHD fllter has a complexity of 0{Jk-i\Zk\) where
Jk-i is the number of Gaussian components representing Vk-i for a flxed model r’ at
time £ — I and \Zk\| denotes the number of measurements at time k. Computationally
efficient implementation of data association in JPDA has been the subject of much
research. Exploiting parallel implementation, the column-recursive algorithm CR-JPDA

102] has a complexity of 0{N\Zk\~2%) for N targets.

Fig. 3.5 shows the trajectories of the three aircraft. Fig. 3.6 (a) shows the mean

absolute error in the estimate of the number of aircraft by the PHD fliter. Fig. 3.6 (b)

shows the probability of track loss at various clutter rates while a comparison of the
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x10

(b)

Figure 3.2: Measurement data and true target positions.

Figure 3.3: Position estimates of the Gaussian mixture PHD filter.

averaged CPU time involved at each step for the two filters is shown in Fig. 3.6 (c).
Simulation results obtained from 10* Monte Carlo runs indicate that at any given clutter
rate the tracking performance of the PHD filter is similar to that of the IMMJPDA filter
at lower computational complexity.

Fig. 3.7 shows the tracking performance of the Gaussian mixture PHD filter
versus the probability of target detection pD,k in the range [0.7,1.0] with a fixed clutter
rate Ac = 3.47x Fig. 3.7 (a) shows the mean absolute error in the estimate of

the number of aircraft by the PHD filter. However, a comparison with the performance
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Figure 3.4: Mean absolute error of estimated number of targets and probability of track
loss.

of the IMMJPDA filter is more intuitive. This result is remarkable because the PHD
filter must resolve detection uncertainty in addition to the uncertainty in the number of
targets and therefore is expected to perform poorly with increasing uncertainty in the
number of targets due to increasing detection uncertainty. However, as shown in Figs.
3.7 (b) and (c) the tracking performance of the Gaussian mixture PHD filter is very

similar to that of the IMMJPDA filter at a much lower computational cost.

"

XI10

4- o-
Aircraft 2

start of flight at k= 1;
end of flight at k= 100

Aircraft 3
start of flight atk= 1;

g G end of flight at k= 100 :

6 -2 0 2
X coordinate (in m) x10

Figure 3.5: Aircraft and payload trajectories, 'o'- locations of start of flight;
locations of end of flight ('x'- location of sensor).
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Figure 3.6: Tracking performance and computational complexity versus clutter rate for
PDk = 0.98 and CPEP radius = 50 m.

3.4 The PHD filter for nonlinear GJM multi-target

models

A JMS comprising of nonlinear models accommodates an even wider range of
applications by providing a greater generality for modeling systems that switch between
various models. Extension of the PHD filter for nonhnear models relaxes Assumption

3.4 and the state transition density and the observation likelihood take the form

r\i\r) =X (i, (i', 1), @{r)) (3.75)
(3.76)
where r) and HE{-, r) denote nonlinear mappings parameterized by model r. The

contribution of the intensity term due to the motion of the targets u/.jti/c-iii.r) to the

predicted intensity at time k in (3.30) for a given prior intensity Vk-i is given by

= Fk-ifi",T),Q,{r) rdi'.  (3.77)
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os 0.85 o.e 0.05
probability of detection (a)
(b)
0.8 0.85 0.9
probability of detection (C)
Figure 3.7: Tracking performance versus probability of detection for A( = 3.47 x
10"* /em-2 and CPEP radius = 50 m.
Since Fk-i{-jr) is a nonlinear mapping, r) does not admit a closed form. The
predicted intensity AN time /c is a weighted sum of various functions of

many of which are non-Gaussian due to v/ ciit-iCA?
Similarly, the contribution of the intensity term due to the detected targets
to the posterior intensity at time k in (3.42) for a given predicted intensity of

Gaussian mixture form is given by

LA PdM"W r
r
Since Hk{-,r) is nonlinear, does not admit a closed form and the posterior
intensity at time k comprises of non-Gaussian components due to Vg"kit,'")-

At present there exists no tractable analytic method for tracking multiple targets with
nonhnear jump Markov dynamics. In this section an analytic approximation of the
PHD recursion is presented.

In single target filtering, analytic approximations of the nonlinear Bayes filter in-
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clude the extended Kalman filter (EKF) [59, 44] and the unscented Kalman filter (UKF)
[62, 63]. The EKF approximates the posterior density by a Gaussian, which is propa-
gated in time by applying Kalman recursions to local linearizations of the (nonlinear)
mappings Fi_1(-,7) and Hg(-,7). The UKF also approximates the posterior density by
a Gaussian, but instead of using the linearized model, it computes the Gaussian approx-
imation of the posterior density at the next time step using the unscented transform (see
the discussion on nonlinear filtering in Section 2.5). In the sequel linear approximations
of Fx_1(-,7) and Hy(-,r) using the UKF are discussed and the performance of the PHD
filter is demonstrated for nonlinear models through a simulation example.
Consider the nonlinear mapping Fj,_; (-, ) evaluated in p points (Cx—14(r), yx—1.:(7)),

i =0,...,paround mg_i(r) with covariance Py_;(r) where yx_1 ;(r) = Fx—1(Ck—1,4(7),7),

1 =20,...,p such that

mg—1(r) = Zﬁ > Crerlr),
i=0
14
Py1(r) = ;:IL—I (Ce—1,6(r) — M—1(r)) (Geor,a(r) — Mra ()T (3.79)
i=0

From (2.62) the statistical linear regression of Fi_;(-,) around mmg_1(r) is the linear

approximation Ag_1(r)m + bg_1(r) with

Ap_1(r) = PE o1 (r) P (7), (3.80)

bi-1(r) = Gr-1(r) — Ag—1(r)me_1(r), (3.81)

where §x_1(r) can be computed like (2.64) along with the covariance P, x_1(r) as

; 1 ¥
Jr-1(r) = P ; Yk-1,(T),
p
Pute-1(r) = =27 D0 he1alr) = Bema 1) (on ) = 3@, (38)

Il
o

K3

and the cross-covariance term Py x—1(7) in (3.80) as (2.65)

1

P
Py k-1(r) = T D (Gher,i(r) = M1 (r)) (Yr—14(r) — Te-1(r))" . (3.83)
=0



3.4. THE PHD FILTER FOR NONLINEAR GJM MULTI-TARGET MODELS 61

Let exk—1,i(r) = yr-1,i(r) = (Ak-1(r)Ck—1, + bk—1(r)) and egc_1(r) be the error in the

approximation, then the covariance of the error is

Pe -1 le exik-14(")|* = Pyk-1(r) = Ag—1(r) Peor (r) ALy (r). (3.84)

Admitting the following approximation in (3.75)

N (& Fe1(€',7), Qr(r)) = N (€, Ak—1(r)€ + be—1(r), Peg—1(r) + Qi(r)),  (3.85)

Lemma 3.7 can be applied in (3.77) to obtain vy yx—, expressed in Gaussian mixture
form.

Similarly, Hi(-,7) can be evaluated in p points ((gk—1,(7), ¥k,;(r)), 5 =0,...,p
around 7y ,_1(r) with covariance Py_1(r) where o ;(r) = Hi(Cer—1,4(r),7), J =

0,...,p such that

mklk 1( ZCkUc lj(r

1 p

7 2 (G () = s (1) (G ) = agea (1)1 (386)

Pyj—1(r) =
7=0

and the statistical linear regression of H(:,r) around my_;(r) is the approximation

Cr(r)m + di(r). Using (2.62),
Ci(r) = Ploi(r) P (1), (3.87)
di(r) = @r(r) — Cr(r)mppe—1(r), (3.88)

where the first and second-order moment terms can be computed like (2.64)-(2.65),

p-l-l Zwk”

1 o _
Pok(r) = Y 2 (i (r) — Bi(r)) (0 (r) — B ()",
P
Peoi(r (Chik—1,5() = Mage—1(r)) (pr,5(r) = Gr(r)" . (3.89)
T p+1 0
Let ek j(r) = ¢k,j(1) = (Ck(r)Ckjk—1,:+dk(r)) and ex(r) be the error in the approximation,

then the covariance of the error is

)= Dk = o) = I PeaICE @) (30
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Admitting the following approximation in (3.76)
N(Z; -[‘Ik(gv ‘I"), .Hk('f')) = N (Zv Ok('f')f + dk('f'), I)C,k' (7’) + ng(’l")) ) (391)

Lemmas 3.7 and 3.8 can be applied in (3.78) to obtain v, in Gaussian mixture form.

Note that for nonlinear jump Markov spontaneous birth and spawn models each
non-Gaussian constituent function of the mixture models can be approximated by a
Gaussian using the linear approximation method described above. The expressions for

the PHD recursion are notationally cumbersome and therefore omitted.

3.4.1 Simulation results

In this subsection the performance of the proposed PHD filter is demonstrated
for nonlinear Gaussian jump Markov models. Assuming the turn rate is not a known
constant the maneuver model becomes a nonlinear one. Augmenting the state vec-

tor to estimate the turn rate, the kinematic state of the aircraft is defined as £ =
(pz:a p:m Dy, I.)yv w)T

The motion models are as follows. Model » = 1 is a co-ordinated turn model

with a known turn rate of 0°s~! and standard deviation of process noise, a,, = 5m 572,

Model r = 2 is a co-ordinated turn model with an unknown turn rate given by

- - - -

i - T T4 13
1 smwa 0 — 1 CS,S wT L = 0 0 0
0 coswT 0 —sinwT O TZ,—S T2 0 0 O

Foy(w,r=2)= |0 lzmeoseT | sinwT o, Qx(r=2)=02|0 0 L2 Z ¢/,

w w 4 2
0 sinwT 0 coswl 0 o 0o T 1o0
0 0 0 0 1 0 0 0 0 T2

and a process noise standard deviation of 10m s~2 and 0.5°s~2 for the linear and turn

portions respectively. The Markovian transition probability matrix is taken as

, 0.8 0.2
[trje—1(r|r")] =
0.2 0.8
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Aircraft are observed by a sensor providing bearing and range measurements in

the region [—7, 7] rad x [0, 60] km. The measurements are given by

arctan(p, /pz)
A + €k (392)

\/ P2+ 3
where ex ~ N (;0, Rx) with Ry = diag([02,02]), 0p = (7/180)rad s™! and o, = 10m.
The average number of clutter returns per unit volume is A\, = 1.326 x 107! (rad km) 1.
The models for the births and spawnings are described as follows. The surveillance

region includes three airport locations at (40, —50) km, (—50,40) km and (—10, —10) km.

The intensity of the Poisson RFS of spontaneous births is given by
V(€ ) = 0.1mx(r) (N(E; m{M, P)) + N(&mP, Py) + N(&mP, Pw)) ,
with

m’(yl) = ( 4 x 104, 0, -5 X 104, 0’ 0 )T7
m® = (~1x10% 0, —1x10% 0, 0)7,

P, = diag(( 10%, 10% 10°% 10% 107%)),

and the distribution of the models at birth is taken as [mx(r)] = (0.8, 0.2). The intensity

of the Poisson RFS of spawn births is given by

Brk—1(&, 7€', 7)Y = 0.05mgp_1 (r7)N(€: €, Qp),

Qs = diag(( 10%, 4x10% 10% 4x10% 107%)),

and the distribution of the models for a given aircraft state is taken as

. 0.8 0.2
[mkk—1(r|r")] =
0.8 0.2
The settings for all other parameters are identical to those in Section 3.3.4.

At time k = 1 an aircraft takes-off from (—41,—51) km and accelerates north-

wards. At time k = 31 the aircraft executes a clockwise turn through 45° at 1°s71. 30s
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later the aircraft executes a counterclockwise turn. The aircraft then executes a

clockwise turn at time k2 = 70. At time k = 3 a, second aircraft takes-off from
(-51,39) km and accelerates at a bearing of N80°E. The aircraft executes two clock-
wise turns at and and flies at a heading of 560°VK for 55 s before executing
a 90° counterclockwise turn at A third aircraft takes-off from {-9,-11) km at

time k& = 12 and accelerates along the initial heading of 580° VK. At time /c = 35 the

aircraft performs a 180° counterclockwise maneuver at followed by a sequence
of clockwise and counterclockwise maneuvers at Two payloads separate from
Aircraft 1 and Aircraft 2 at time 2 = 31 and &k = respectively and continue until
k = 100.

Fig. 3.8 shows the true trajectories in the horizontal plane. As shown in Fig. 3.9
the proposed PHD filter provides reasonably accurate position estimates at most times.
Fig. 3.10 shows the mean absolute error in the number of targets and the probability

of track loss for a position error radius of 50 m estimated from 10" Monte Carlo runs.

Payioad 1
sapirala« from Aireme lit k- 31:
“nd of flight at k> 100

-2 2

0
X coordinate (in m)

Figure 3.8: Aircraft and payload trajectories, 'o'- locations of start of flight;
locations of end of flight ('x'- location of sensor).
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Figure 3.9:

. x IO

40 50 60
time step (a)

XD

Position estimates of the Gaussian mixture PHD filter.

40 50 60
time step (a)

time step (b)

65

Figure 3.10: Mean absolute error of estimated number of targets and probability of

track loss.



Chapter 4

Nonlinear filtering based on LFT modeling

For nonlinear state space model involving random variables with arbitrary prob-
ability distributions, the state estimation given a sequence of observations is based on
an appropriate criterion such as the minimum mean square error (MMSE) (see Section
2.1). This leads to linear approximation in the state space of the extended Kalman filter
(EKF) [59, 44] and the unscented Kalman filter (UKF) [62, 63], which work reasonably
well only for mildly nonlinear systems. A Bayesian filtering technique is proposed based
on the MMSE criterion in the framework of the virtual linear fractional transforma-
tion (LFT) model [143], which is characterized by a linear part and a simple nonlinear
structure in the feedback loop. The LFT is an equivalent representation for smooth
mappings (differentiable in any order), so the virtual LFT model is amenable to a wide
range of nonlinear systems. Simulation results demonstrate that the proposed filtering
technique gives better approximation and tracking performance than standard methods
like the UKF. Furthermore, for highly nonlinear systems where UKF diverges, the LFT
model estimates the conditional mean with reasonable accuracy.

This chapter is organized as follows: Section 4.1 gives some background on analyt-
ical approximation techniques for nonlinear filtering and transformation models applied
in nonlinear control. In Section 4.2 the LFT model is discussed. An analytical solution
to the Bayes recursion is then derived based on this model. Simulation results are given

in Section 4.3 to analyze the performance of the proposed approach with the UKF. The
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general solution to the Bayes recursion is then given in Section 4.4 using the nonlinear
fractional transformation (NFT) model which accommodates the most general class of

nonlinear mapping. This is demonstrated through a simulation example.

4.1 Introduetion

The linear minimum mean square error (LMMSE) estimate of a randomn variable
conditional on an event can be determined if the unconditional means of the random
variable and the conditioning random variable, the covariance of the conditioning ran-
dom variable and the joint second-order moment or cross-covariance of the two random
variables are computable. Based on this, the Bayes filter can be applied in a recursive
fashion to estimate the state of a system conditional on a sequence of observations as
it evolves with time. Under linearity assumption on the state space model, the esti-
mate is unbiased and admits a closed form solution. However, the class of linear state
space models encompasses only a small subset of real systems. For the general class of
real systems modeled by nonlinear space representation, the Bayes filter concedes an
approximation in order to estimate the state.

In the literature there are two standard approaches to approximate the conditional
expectation of the state. The extended Kalman filter (EKF) applies a local linearization
to the nonlinear mapping around the state estimate. This method is predicated on the
weak premise that the estimate lies in the neighborhood of the global trajectory. As
a result, stability of the filter and convergence of the estimate are not guaranteed.
This is demonstrated by a simple example in [75] where the EKF fails to converge.
The unscented Kalman filter (UKF) [62, 63] on the other hand, applies the unscented
transformation [62] which uses the statistical linear regression technique (77, 78] to
approximate the moments of random variables. The conditional mean obtained using
the UKF has a higher order accuracy than the estimate given by the EKF. This has

been substantiated by empirical studies on the EKF and UKF showing that in most
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applications the UKF gives better approximation (62, 63, 77, 33, 115]. Despite the
advantage of UKF over EKF, the two approaches work reasonably well under mildly
nonlinear conditions only.

Over the past few years sequential Monte Carlo (SMC) methods have attracted
attention for nonlinear Bayesian filtering applications {40, 39]. These methods approx-
imate the filtering distribution by a set of samples drawn from a proposal distribution.
Under the assumption that the proposal distribution includes the region of support of
the filtering distribution, SMC methods give better approximation than the linear ap-
proximation techniques mentioned above. In practice, a sufficiently large number of
samples is needed. It is only in the limit that the number of samples approaches infinity
that the simulation-based methods guarantee convergence of the estimate to the optimal
Bayes solution.

In nonlinear control, exact feedback linearization is to transform a nonlinear con-
trol system into an equivalent linear one through a variable change[55, 56, 70]. Its
validity is highly restrictive of local nature and its applicability is for a limited class
of nonlinear systems. On the other hand, the lnear fractional transformation (LFT)
method (see e.g., [143, 4, 3] and the references therein) is extensively employed in H3 and
Hoo gain-scheduling based control and filtering to represent nonlinear plants, whereas
the uncertainty appears as a LFT (see e.g., [129, 128, 127, 25] and the references therein).
Unlike feedback linearization, the LFT approach gives an equivalent representation for
a very wide class of nonlinear systems including smooth mappings (differentiable in any
order) and those involving complex fractional terms [143, 129, 128]. The LFT repre-
sentation comprises of a linear model and a simple nonlinear structure in the feedback
loop with sparse representation. This structure offers two advantages: firstly, any ap-
proximation involved is localized to the feedback loop only. In [141] static nonlinearities
appearing in the feedback loop are approximated using a local linearization about the

input trajectory yielding a linear-time varying system. Secondly, the highly uncorre-
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lated nature of the nonlinear structure gives better approximation of the second-order
moments. Moreover, the flexible representation of the LF'T system is amenable to differ-
ent approximation strategies using the linear regression technique which is not obvious
using the state space model representation. Based on this, a Bayesian filtering tech-
nique is presented for the most general class of nonlinear systems by transforming the
state space model into an exact equivalent LFT model. By applying the unscented
transformation in the feedback loop only a closed form solution is derived to estimate
the conditional mean of the state. The simulation results show that the proposed fil-
tering approach gives a better tracking performance than the UKF in terms of tracking
error. There is a case when the proposed approach can track an object which cannot be
tracked using the UKF. For the class of nonlinear mappings that cannot be expressed
in the fractional form, the nonlinear fractional transformation (NFT) model has been
proposed [129, 52, 51, 53]. The proposed filtering technique generalizes naturally to
the NFT case. Since the LFT model is widely accepted as a tool to express nonlinear
systems, the discussion in this chapter in the context of the LFT model and then the

results are presented under more general settings for the NFT system.

4.2 LFT for linear filtering of nonlinear models

This section presents a solution to the nonlinear filtering problem which averts
the linearization of the state space model by using the LFT model. The LFT model is
discussed in Section 4.2.1. The estimation and prediction steps of the recursive Bayes

filter are then derived in Section 4.2.2.

4.2.1 The linear fractional transformation (LFT) model

From robust control theory it is known that any nonlinear mapping f iny = f(x),

differentiable at any order admits an equivalent representation known as the LF'T model
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(143, 120, 128],
Y A B Z }
= ’ (~11)
ya ¢ D wa J
wa = A(z)ya, (4.2)

where 4 € R"*", B e R"™*"a C € R"2*" and D € R"2*"a, The auxiliary variables
wa € R™ and ya € R™ introduced are related via the feedback connection A(z)
which takes the form A(z) = Y i~ ; Ajz(i) with z(4) as the i-th element of vector z.

The LFT system of (4.1)-(4.2) can be easily seen by its compact expression
-1 .
y= (A+ BA(z)(I - DA(z))” CO)z, (4.3)

where A(z) enters the relation in a highly nonlinear fashion. Using either the local
linearization technique (2.59) or the statistical linear regression method (2.62) to ap-
proximate y in this manner gives an approximation that is equivalent to linearizing the
nonlinear mapping f. On the other hand, the representation (4.1)-(4.2) is nonlinear in
the feedback path only. Under this representation, an approximation is localized to the
feedback path for estimation of the auxiliary random variable wa in (4.2). Given the
first two moments of z as T and Ry, the regression points z;,t =0, ..., p are chosen by

(2.63). Define the regression points wa; = A(z:)yai, where

yai = Czi + D, (4.4)

and wa ~ E(wa) is

with
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Accordingly, the covariance of wa and the cross-covariance with = are computed like

(2.64)-(2.65):

1 ¢ e
Bp = 1_>—+—1— Z‘:O(wz.\z wA)(wAi —wa)*, (4.7)
1 P
[ _— AT, g — T
Rag p+1 ;(wAz wA)(J't 3‘) . (4‘8)

One can see that the approximation of the first and second-order moments of
wa in (4.5)-(4.8) averts the linearization of (4.3) which gives poor approximation for
highly nonlinear models. The proposed approximation is expected to work well even in
the case of highly nonlinear systems due to the simpler nonlinear structure in the LF'T

model.

Now, for a random variable y = f(x) + Bw which depends on z with mean Z and
covariance R; and w ~ N(+; 0, Ry), independent of z, the equivalent LFT representation

takes the form
y = Ax + Bw + Bwa, ya = Cz + Dwa, wa = A(z)ya, (4.9)
where B € R™*™ . The expectation of y is still
gy = AZ + Bwa,

where W, is defined from (4.5). The covariance of y and its the cross-covariance with z

are
R, = AR AT +BR,BT + BRABT +
ARX_BT + BRa AT, (4.10)
Ry = AR+ BRag, (4.11)

respectively, with Ra and Ra. defined from (4.7)-(4.8).

Based on the LFT representation of the state space model (2.1)-(2.2) and the pro-
cedure outlined for the approximation of the statistical moments of wa, the estimation

and prediction steps of the recursive Bayes filter are derived in the following subsection.
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4.2.2 Recursive Bayes estimation

The nonlinear state space model (2.1)-(2.2) can alternatively be expressed in the

LFT format
Tk+1 = Agzi + B gwi + By gwag, (4.12)
2z = Cr Tk + D11xvk + D12k Wak, (4.13)
zak = Co i + Dag gwak, (4.14)
wak = A(Tk)2ak- (4.15)

Here Ay € R™*"™, By € R™*™, By € R™*"a C1 € R™*™, Dy € R™*™, Digy €
R™>"a, Cop € R™*™, and Dop i € R™ ™ war € R™ and zar € R™ denote
auxiliary variables introduced to model the feedback connection which takes the form
indicated above. The noise sequences {wg} and {vx} are assumed mutually uncorrelated
and uncorrelated to the state zx (and thus uncorrelated to the auxiliary variable wak
t00).

Denote by zk i, =0,...,p the i—th regression point of z. Suppose the estimate
of the state xx_; at time k£ — 1 conditional on the history of observations Zx_; is mg—;
with covariance Py_;. Then, by applying the technical results of the previous subsection,
the prediction and estimation steps of the Bayes recursion in the proposed approach are

given by the following.

Proposition 4.1. The expectation of the predicted state at time k conditional on the

data up to time k — 1 is accepted as my)x_1 with covariance Py where

Mpjk—1 = Ak—1Mk-1 + Bok-1WAk-1, (4.16)
Pyjk—1 = Ak—1Pe1Af_1 + B j-1Qk-1BT_1 + Bay—1Rak-1B3 41+

Ak-1RR; j—1B3 k-1 + Baj—1Rack-145-1, (4.17)
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with
_ 1
Ay = b1 ?:a Azg-14), (4.18)
_ A af 1 & .
Wak-1 = (I —Bp-1Dagp-1) P A(Zk-1,i)Cork—12k-15 | (4.19)
1=0
wak-1,i = A@r-13)(Cok-12k-1 + Dagg—1Wak-1), ©=0,...,p, (4.20)
1 & _ . |
Rak-1 = ——= Y (Wak-1i — Wak-1) (Wak—1, — Bak-1)” (4.21)
p+1
1 & T
Ragk-1 = — Z (Wak-1,i — WAk—1) (Th—1, — Mk-1)" . (4.22)

Proposition 4.2. Given the conditional mean and covariance of the predicted state as

above, the required estimate of the state xy conditional on Zy is my with covariance Py

given by
Mk = Mje—1 + K2k — nk), (4.23)
Py = Pyi—1 — Ki(C1kPyjk-1 + Diak Rag kjk—1), (4.24)
where
Mk = Cremik—1 + D12 kWakjk-1, (4.25)

Ki = (Pujk-1CTk + Rag k-1 Diok) (CriPryk-1C1k + D11k Re DYy i+

T \—1
Dok Rakik-1DTz 5 + CreRAg kig—1 Do + DrzkRackk—1Clx) ", (4.26)

with

_ 1 <&
Aglk—1 = mZA(fEuk—l,i), (4.27)

i=

_ _ 1 &
Oakp—1 = (I — Dge-1Dozk) 1(mZA(mklk—l,i)Ckak]k—l,i) (4.28)

i=0
wake-1i = A@kp-1,)(CokTrk-14 + Doz gWark-1), i=0,...,p, (4:29)
1 P _ _ T
Rakjk-1 = — > (wakk-1, — Dakk-1) (Wakjk-1,: — Dak-1) , (4.30)
i=0
1 L _ T 1
Rpgklk—1 = mz (Wakjk—1, — Daklk-1) (Trje—1, — Mkk—1)" - (4.31)

i
o

)
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One can see that Proposition 4.1 is similar to the Kalman prediction step with
the addition of the terms involving moments of wag—;. Similarly, Proposition 4.2 is the

Kalman data update step with the addition of terms involving moments of wak—1-

4.3 Simulation results

In this section simulation results are presented to demonstrate the performance
of the proposed filtering technique using the LFT model. Example I considers a non-
linear state transition model of the third order and gives a comparison of the tracking
performance with the UKF. The effectiveness of the proposed filtering method becomes
evident in Example II which considers a highly nonlinear problem for which standard
filtering approaches for nonlinear systems such as the EKF and the UKF fail to con-
verge. In Example III a scenario from a multi-target tracking application is considered
to estimate the unknown number of targets in the surveillance space and their state

based on bearings and range information.

4.3.1 Example I

Consider a typical nonlinear autoregressive (AR) equation gg42 = —0.1gk41— g5+
wy with the noisy measurement zx = g + vg, which admits the following state-space
equation formulation with the state zx = (zx(1), e (2)T = (qk, qr+1)T € R?

The1 = Tk + Wy (4.32)

% = xp(l)+ v, (4.33)
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where Wk ~ Aif-; 0, Q) with Q = 0.04 and Vk ~ 0, R) with R = 0.5. The nonlinear

state space model (4.32)-(4.33) can be represented in the LFT form (4.12)-(4.15) with

0 1 0 0 0
, Bik = 5 A=

0 -0.1 1 0 -1

Ci"k 1 0
1 0 0 0

C2k = , D22k = (4.34)
0 0 1 0

where 1s the a x b zero matrix. The feedback connection has the simple structure

AMrk) = XkWh with la as the identity matrix of dimension ax a. The true trajectory
of the state Xk for 50 time steps is shown in Fig. 4.1. Using xq = (0, 0)” as the initial
estimate of the state with covariance Rx"o = h, the estimates given by the proposed
filter at each time step are shown in Fig. 4.2 along with the true states. In Fig. 4.3 the
mean square error (MSE) in the estimates obtained from 10 Monte Carlo runs using
the proposed filter and the UKF is shown. Fig. 4.3 (a) depicts that the error using
the proposed method drops to 0.1 at /c = 5 and remains below that obtained using the
UKF. A similar trend observed in Fig. 4.3 (b) suggests that the proposed filter gives

better tracking performance than the UKF.

Figure 4.1: Trajectory of the state Xk = (a;fc(l), Xfc(2))
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Figure 4.2:
filter.

. 0 20) -

0 A °pLfolL\

-0.5

True trajectory and the estimate of the state E{xk\Zk) given by the proposed

Figure 4.3: Mean square error (MSB) in the estimates using the proposed filter and the

UKF.

4.3.2

Example 11

Consider the highly nonhnear system [129

Xfc+ {Qo + Qixl{l) + Q2xU2) + QsXk{hx{2) +
QXKW  + Q5xk{2))xk + BKWK, (4.39)

ZK = 100 .1 1 Xk +Vk, (4.36)
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whare
-0.7 -1.0 0.3 0.2 0.2 01
QO = y Ql = y QQ = y
0.1 -05 0.1 0.2 0.2 0.3
04 0.1 0.25 0.25 025 0 ,
Qs = , Qe = , Qs = , (4.37)
0.15 0.1 0.1 0.25 0.1 0.25

Bi=[-2 1]T, we ~ N(0,Q) with Q = 0.01 and vx ~ N(-;0, R) with R = 100. The

exact LFT representation can be constructed with

-0.7 -1.0
Ag = , Bix = Bk,
0.1 -0.5

025 0 03 0 O 0.1 02 03 0 04 0.5
BQ,kz )

01 0 01 025 0 03 02 03 0 0.15 0.35

Cix = 100 [ -1 1 } , Dug=1 Dok =0111,

015 015 O
. 1 01z 0 Oy 1
Cok = yDok=| L 05 051> (4.38)

0 012 1 016 O

M N 05,
where
_ - 0 1 0 0 02 02 02
I 021 02 021
0 0 |01 012 O 02,1
L=10y0 0 01|\ M=]|7 : - T pN= :
1 0f 0O (oo 10
02 02 IzJ - - . . 02 O2:1
) 02 02,1 02 i 0 0]]

and 0, is the zero matrix of dimension a x a. Using 1, to denote the a x b matrix with

entries one, the feedback connection is given by
A(xk) = diag([mk(l)ll,g :L‘k(2)11,4 .’L‘k(l) .’Ek(2)11y3]) . (4.39)

The trajectory of the state xj as it evolves with time for 50 time steps is shown in

Fig. 4.4. Using Zo = (0, 0)T as the estimate of zg at time k = 0 with covariance
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Rx,0 = 0.25/2, Fig. 4.5 shows the estimate of Xk given by the proposed filter at each
time step along with the true trajectory. In this example the EKF and the UKF break
down so a comparison of the results with the standard approximation methods is not
possible. The MSE obtained from 10* Monte Carlo runs using the proposed filter shown

in Fig. 4.6 indicates that the proposed filter works reasonably well.

Figure 4.4. Trajectory of the state Xk = Xk{2))

051 1 r

-0.4

Figure 4.5: True trajectory and the estimate of the state E{xk\Zk) given by the proposed
filter.
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Figure 4.6: MSE in the estimates using the proposed filter

4.3.3 Example 111

In this example the problem of multi-target filtering of random number of maneu-
vering targets in clutter presented in Section 3.4 using the proposed nonlinear JMS-PHD
filter is revisited.

The aircraft are observed by a sensor located at (—120, —40) kmwhich provides
bearing and range information in the region [ -7r/4,7r/4] rao? x [0, 200] Km. The mea-

surements are given by

arctan {{py’k - Ps,y)/(Px,k - Ps, x))

Zk = + efc (4.40)
yi{Px, k - + (W, k — Ps.yY
where {ps,xiPs,y) denotes the sensor coordinates, ¢ = ~ J\i{-Jo,Rk)  with
Rk = diag([£7, cr)), ae = (n/180) radand a*= 20m. Let Zk= {zi~, then
= = + (4.41)
Px, k Ps, x
Using the approximation Vk ~ can alternatively be expressed in the
LFT format

JLfc = ¢ikik + Diikdk + (4.42)
z/"k = C2°k"k + D2\"kdk + D22, kWAk, (4.43)

WAk = " {Xk) ZAk, (4'44)
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where dj, = (€14, 1)7,

1
Crie = 014, Duk= [ 1 ps,u/ps,a: ] » Dk = ;2_— [Y)s,y ~Ps,x J J
8,x
Cok = 014, Dorg= [ 01 ] v Do = [ 1/pyz O ] , (4.45)

and the foedbuck connection A(zy) is the vector of vehicle coordinates (per, pyk )T,
For a given mode r, the single target dynamical and range measurement models are

approximated by the linear Gaussian models (3.91) and (3.85) respectively as before.

The average number of clutter returns per unit volume is taken as A = 7! (rad km)~!.
For simplicity target spawning is not considered. Consider a scenario where the surveil-
lance region includes the five airport locations at (—20, —20) km, (10, 20) km, (30, —10) km
(—30,20) km and (—20,40) km. The spontaneous birth random finite set (RFS) is Pois-

son with intensity

Ve (Ex i) = 0.1k (1) (N (€ MY, Py) + N (& miP), Py)+
N({k;mﬂf), Py) + N (& m’(74)’ Py) + j\/(gk;m(f’), Py)),

with
m) = (-2x10% 0, —2x10% 0, 0)"
m® = (1x10% 0, 2x10% 0, 0)"
m® = (3x10% 0, -1x10% 0, 0)",
m® = (=3x10% 0, 2x 104, o)T
m® = (-2x10% 0, 4x10% 0, 0)",
P, = diag([ 10%, 200, 10% 200, 0 ]).

The settings for all other parameters are identical to those in Section 3.4.1.
Fig. 4.7 shows the true trajectories of five aircraft in the horizontal plane that
appear in the surveillance region and disappear at different times and locations. The

aircraft perform a sequence of maneuvers at a turn rate in the interval [-2,2]° s
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Aircriifl 5
»tart of flight at li= 20;
endoffliflht alk™ 100,

) £
Aircraft 1
- start of flight at k» 1;.
en” of flight «1k= 90
® i ° N
Aircraft 3
start of flight at k= 11;
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Aircraft 4 Aircrafl 2
4 start of flight at k= 17; start of flight at k- 3;
end of flight at k» 100 and of flight at k» 98
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Figure 4.7: Trajectory of the vehicle, 'o'- location of vehicle at A= 1;'+"'- location of

vehicle at /c — 100 ('x'- location of sensor).

A 1-D view of these trajectories along each axis with cluttered measurements plotted
against time is shown in Fig. 4.8. The position estimates of the PHD filter in Fig.
4.9 show that the filter successfully tracks the targets in clutter. Occasionally, the
filter underestimates the number of aircraft in the surveillance region and momentarily
loses track. Similarly, an overestimate of the number of aircraft produces false estimates
which as shown do not propagate with time. There are two causes of this mis-estimation
of the number of targets. The predicted multi-target RFS is assumed to be Poisson (see
Section 3.2.3), and so the number of targets is Poisson distributed. The mean of a
Poisson distribution is the same as its variance so the variance of the estimated number
of targets i1s high. This is compounded by errors in the prediction and update steps
which cannot be computed exactly for nonlinear models. However, the mean absolute
error in the estimated number of targets averaged over 10" Monte Carlo runs shown in
Fig. 4.10 suggests that the LFT based JMS-PHD filter gives more reliable estimates
than the unscented JMS-PHD filter presented in Section 3.4. The reason for this is that
the estimates of the state of the targets distance closer to the true states using the LFT
model. The existence of the targets is discriminated from noise and is accounted for in

computing the effective number of targets for extracting the state of the targets.
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Figure 4.8: Measurement data (projected on the x and y axis) and true target positions.

50 100 150 200 , 250 350 400 450 500

e @ (a)

50 100 150 200 250 350 400 450 500

fire @ 1D

Figure 4.9: Position estimates of the Gaussian mixture PHD filter using the LFT model.

4.4 General solution to Bayes recursion

Nonlinear systems that do not admit an exact equivalent LFT representation can
be expressed as a nonlinear fractional transformation (NFT) system [129, 52, 51] which

is exact. In this section the solution to the Bayes recursion in Section 4.2.2 is generahzed
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Figure 4.10: Mean absolute error of estimated number of targets using the LFT based
JMS-PHD filter and the unscented JMS-PHD filter.

to accommodate any nonlinear structure using the NET model given below

x/cti = AkXk + Bi*kWk + (4.46)

Z%& = Ci*k"k-*-Dii*kVk-* (4.47)

"k = C2,kXkD21,kUk + (4.48)

wrk = (4.49)

where = 1is a fixed input, D21k and the feedback connection matrix is given
by A{xk) = Xk(1)- For rational nonlinearities, the NFT model can be

transformed into the LFT representation (4.1)-(4.2) by introducing additional auxiliary
variables.

Under the standard assumption on the noise processes in Section 4.2.2, suppose
the conditional expectation of Xk-1 given Zk-i is ruk-i with covariance Pk-i- Then,

Propositions 4.1 and 4.2 generahze to the following results.

Proposition 4.3. The expectation of the predicted state at time k conditional on the
data up to time k— 1 is accepted as mk\k-i with covariance Pk\k-i 'where mk\k-i is taken
as given in (4.16) and Pk\k-i is taken as (4.17) with w/\k-i and vu/\k-i,i " (4.19) and

(4.20) respectively given by
/1 \
Y Ak-i = {1 - Ak-ID22x-iy" {C2 k-xx,1-~ D2ikuk)  (4.50)
WAL = AXKLIC2 k-AXK-Li+  ~21kUk + D22,k10)AK-): i =0,...p.  (451)

Proposition 4.4. Given the conditional mean and covariance of the predicted state as

above, the required estimate of the state conditional on Zk is ruk with covariance Pk
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given by (4.23) and (4.24) respectively with Wagk—1 and wagk—1,; 1 (4.28) and (4.29)
respectively as

z = (I = AgpiDany) [ = A

Waklk—1 = 4 = Bklk-1 22,k) p—;‘l'z_, ($k|k—1,i) (02,kwk|k—1,i+ D21,kuk) (4.52)

i=0
WAklk-1,i = O (Tpik-1,)(CokThpp—1,i+ Darkuk + Doz kWakk—1), 1=0,...,p. (4.53)

4.4.1 Example IV

The inverted pendulum on a cart problem, a well-known unstable nonlinear sys-
tem [50] is considered. The aim is to accurately track the motion parameters of the cart
based on its position measurements. Using Euler’s method the system can be discretized

into a discrete-time nonlinear system [139),

T1k + Took
n T(mla:?‘,k sin(a:a‘k)—bxz,k—mgcos(:rgyk)sin(x;;,k))
_ T2,k M+msin®(z3 )
Tj+1 = ‘ + Brwg, (4.54)
T3k + TCE4’/€
—_— T((M+m)g sin(xg i )+bxo & cos(xg,k)—ml:rﬁyk sin(z3 k) cos(x3'k))
4k I(M+msin(z3 x)) i
2z = Crag + Divg, (4.55)

where wy ~ N(+;0,Q) with Q = diag([0.04, 107%]) and vx ~ N(-;0,R) with R =
107%. The constant M = 1378g is the mass of the cart and m = 51 ¢ the mass of
the block on the pendulum of length | = 0.325m. The acceleration due to gravity
is taken as ¢ = 9.81ms~2 and the coefficient of friction due to motion of the cart
b =12980g s~ !. The sampling period T = 0.1 s is taken. Let (pg, vx) be the translational
motion parameters (position and velocity respectively) of the cart and (fk,wx) be the
angular motion parameters (position and velocity respectively) of the pendulum at time
k, the state variables are taken as x; x = pk, T2k = Vk, T3k = Ok and T4 = wi.

The nonlinear system (4.54)-(4.55) can alternatively be expressed in the NFT
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forin with

1 T 0 0 0.006 0 01,17
0 1-Tb/M 0 0 0.1 0 J 0
Ak‘ = )Bl,k = Bk = vB’Z,k = [ 1’9‘] ’
0 0 1 T 0 0.015 0117
0 0 0 1] | 0 0.3 ] '[01,9 L]J

Cip=C, = [ 1 000 } v Dik=Dr=1, Digi = 01,7,

01,4

0oo]

08,4 ]
Cok = ) D'fl,k:[l 02 1 O14 l12 0y7 |-

0100
0 0 01

05,4

F [——m/M OI,IGJ -
01,17
[0 1 01,15J
O1,17 -01,11 1 01,5-
[01,3 1 01,13] 0112 1 014
Dy = [01,2 1 0144] , N=1] 019 1 017 |- (4.56)
[1 01,16] 01,0 1 01
014 1 01,12} | 0113 1 O |
[01,8 -m/M 01,8}
03,17
i i |
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with

£

1
J = Mm[ol,z 1 0 —g -m/M[l ~b/m —-g} J

T
L = W[(M+m)g b 012 —ml —7n/M[(M+m)g b —mlH'

The feedback connection matrix is

A(a) = dlag([ 81,4, 2k O, Sin(zsk), 62 kr 224 Ok, 81k Ok Taks Ok, O14kh13)), (4.57)

where

S = sinz(zg,k)),

m

Sk = (1460u0e) g,

o,
==
I

[ sin(z3k)) cos(zsk)) |-

Fig. 4.11 shows the simulated translational and angular motion parameters of the
cart and the pendulum respectively before the mass m strikes the cart. With the initial
estimate of the state taken as Zo = (0.5, 0.01, 0.01, 0 )T and covariance R; o = 0.5]4,
Fig. 4.12 shows the true position and velocity of the cart and the estimates given by the
proposed filter. The MSE in the estimates is shown in Fig. 4.13. The results shown in
Fig. 4.13 are averaged over 103 Monte Carlo runs and indicate that the proposed filter
works better than the UKF for most of the time. This example demonstrates that the
NFT for filtering of discrete-time models can be applied to a general class of nonlinear

problems.
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Figure 4.11: Trajectories of the cart and the pendulum.

Figure 4.12: True motion parameters of the cart and estimates using the proposed filter.

Figure 4.13: MSE in the estimates of motion parameters of the cart using the proposed

filter.



Chapter 5

LFT based filtering of the continuous-time model

The linear fractional transformation (LFT) based filter for the discrete-time model
presented in Chapter 4 is an attractive approach to filtering for a broad class of non-
linear problems. A closed form solution to Bayes recursion was derived based on the
unscented transform localized to a simple nonlinear structure in the feedback. How-
ever, the discrete-time state equation is unnatural for many real processes evolving in
continuous-time where the stochastic dynamical differential equation gives a realistic
model. In this chapter, an analytic solution to the LFT based filter is presented for the
continuous-time dynamical model with sampled-data measurements. Simulation results
demonstrate that the proposed filtering approach is efficient for online implementation
and is applicable to problems where standard analytical approximation based meth-
ods fail. Moreover, a comparison with the unscented Kalman filter (UKF) shows that
the proposed filter outperforms the UKF in terms of accuracy of estimation as well
computational efficiency.

The chapter is structured as follows: Section 5.1 gives the motivation for LFT-
based filtering. Section 5.2 states the continuous-discrete filtering problem and the
challenge of nonlinear filtering. In Section 5.2 the procedure for the calculation of the
moments using the standard analytical approximation methods is examined in some
detail before presenting the procedure for the proposed approach. An analytical solution

to Bayes recursion using the LFT model for the continuous-discrete problem is then
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presented. Simulation results are given in Section 5.4 to demonstrate the performance

of the proposed filter and the UKF.

5.1 Introduction

The estimation theory gives elegant solution to noulinear Bayesian filtering prob-
lems in continuous-time dynamics in terms of Kushner-Stratonovich (76, 126, 22] and
Zakai [142, 64] partial differential equation for the conditional density. Apart from the
linear Gaussian case [66] however, a tractably realizable solution is available only under
certain conditions [13] (see also [35, 79] and the references therein).

The stochastic dynamic differential equation is a realistic model of most natural
continuous-time processes. For instance, the kinematic state comprising of position and
velocity of a moving vehicle. However, observations are often available and processed at
discrete time base by digital hardware. For instance, the periodic reports from a radar
when an aircraft is illuminated by the rotating radar antenna. From Shannon-Nyquist
theory, a sampled signal with high enough sampling rate gives complete information of
the band-limited signal, i.e. an analog signal can be exactly recovered from its sampled
data. Thus the continuous-time measurement does not necessarily give more informa-
tion while it may cause additional complications. The estimation problem when the
dynamical state model is continuous-time but observations are sampled-data measure-
ments is referred to as continuous-discrete filtering (58, 59].

Numerical and grid based methods for the Fokker-Planck equation in continuous-
time filtering can still be applied to the continuous-discrete filtering problem for prop-
agating the distribution of the state at the next sampling instant [24, 96]. However,
these methods involve quite computationally intensive algorithms. The introduction of
heuristics for computational efficiency tailor the algorithms to only a particular prob-
lem. The measure transformation based approaches using particle filters [39, 40] can be

found in [72, 54, 98]. The particle filter based techniques in practice require a sufficiently
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large number of samples and guarantee convergence of the estimate to the optimal Bayes
solution only in the limit that the number of samples approaches infinity. The nonlinear
projection filter [49] uses the Galerkin method (see e.g., [48]) to solve the Fokker-Planck
equation. In [28] the solution is approximated using generalized Edgeworth series and
Gauss-Hermite quadrature. Again, the computational load and then the practicability
for real time application remain the greatest challenge and unsolved issues within these
later methods.

Under certain constraints it is possible to obtain exact filters which can be imple-
mented in real-time by a finite number of ordinary differential equations [36, 74]. For
general nonlinear problems, the extended Kalman filter (EKF) [59, 44] is a tractably re-
alizable approximation using the local linearization technique. The resulting linearized
dynamical equation can be transferred to the discrete-time equivalent whereby the prob-
lem becomes that of discrete-time filtering. Although the solution is obtained in analyt-
ical fashion, the accuracy of the discrete-time model is contingent on the quality of the
local linearization technique employed by the EKF. For discrete-time systems, the un-
scented Kalman filter (UKF) [62, 63] has been shown to be computationally efficient and
to give estimates with a higher order accuracy than the EKF (see Section 2.5 for further
explanation). The UKF directly computes and propagates the first and second-order
moments of the state. However, for continuous-discrete filtering this entails solving the
differential equations of the first and second-order moments of the predicted state which
requires iterative methods to approximate the equivalent discrete-time filter which are
often prohibitive for real-time implementation.

The linear fractional transformation (LFT) method [143, 4, 3] gives an exact
model for a broad class of nonlinear systems characterized by a linear part and a non-
linear structure in the feedback with sparse representation. By arranging the unscented
transformation [62, 63] in the feedback loop the approximation in the LFT model is suf-

ficiently localized to the feedback to linearize a simple nonlinear structure (see Section
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4.2). In this chapter the LFT framework is explored for problems in nonlinear filtering

of the continuous-discrete system. The objective of this chapter is essentially four fold:

e To present the LFT framework as an efficient approach for simple approximation

of the stochastic differential equation of the state prediction.

e To propose the LFT model for accurate estimation of the state conditional on

observations.

e To show that the LFT is a powerful tool for online nonlinear filtering which
avoids recalculation of system matrices at each sampling instant for processing

of the observations.

e To show that the proposed filtering approach economizes on signal processing
operations. This is demonstrated through a simulation example where even at
a higher sampling rate the UKF does not perform better than the proposed

method.

In summary, the aim is to show that the LFT is a new powerful framework for

online nonlinear tracking.

5.2 Background: Moment propgation

Consider the dynamical equation in the It6 differential equation form
dz(t) = f(z(t))dt + dB(1), (5.1)

where f denotes an arbitrary nonlinear drift, z(t) € R™ is the state of the system at time
¢, () is the Brownian process with diffusion Q(-) assumed independent of the state
z(-) which is a reasonable simplification for modeling in applications of target tracking,

control and communications! .

! Under such an assumption the Ité and Stratonovich interpretations of the stochastic differential

equations are equivalent.
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Although in principle the observation flow is continuous time
z(t)dt = g(x(t))dt + do(t), (5.2)

it is important to realize by the foundation of digital signal processing that only sampled-

data measurements given by

2(tk) = g(@(te)) + v(tw), (5.3)

are processed in real-time by digital hardware in most cases for estimation and interpo-
lation purposes. As mentioned above, by Shannon-Nyquist theory, in most cases there
is no loss of information by frequently sampling (5.2) to get (5.3). Here g is an arbi-
trary nonlinear mapping, z(tx) € R™ is the observation at time ¢y = kT with T as the
sampling period, v(tx) is the measurement noise with zero mean and covariance R(t),
statistically independent of the state z(tx).

Suppose Z(tx) = (z(t1),...,2(tk)) is the sequence of observations up to time
tx. The continuous-discrete filtering problem is to estimate z(tx)|Z(tx), the state z(tx)
at time ty conditional on Z(tx). As the state itself already carries all information
of the past observations, the filtering recursion constitutes the two steps: (i) based
on z(te—1)|Z(tk—1) and state equation (5.1) on [ty_1,tx] to predict (or interpolate)
z(tk)|Z (tk—1); (43) Using z(tk)|Z(txk-1) and observation (5.3) at time t; to estimate
z(te)| Z (tx). We will see that both steps are based on the estimation problem of Theo-

rem 2.1.

With linear mappings f and g in (5.1), (5.3), the continuous-discrete linear state

space model is
de(t) = A@t)z(t)dt+dp(t), (5.4)
z(ty) = C(tr)x(te) + v(tk), (5.5)

where A(-) € R"*™ and C(-) € R™*". Suppose at time tg, the estimate of the ran-

dom variable z(to) is Z(to) = m(tg—1) and the covariance is Rz(to) = P(tg|-1)- The
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expectation of z(tp) in (5.5) is thus n(to) = C(to)m(tg—1) with covariance R.(ty) =
C(to)P(tg-1)CT (to) + R(to) and the cross-covariance of z(tg) and xz(tp) is given by
Ryz(to) = C(to)P(tg—1)- On arrival of data z(tg), by Theorem 2.1 z(to)|Z(ty) =

z(to)|z(tg) has expectation

m(to) = m(to|-1) + K (Lo)(2(to) — n(to)),

and covariance P(to) = P(to|—1)— K (to)C(to) P(toj-1), where K (to) = R (to)R;  (to) =
P(to-1)CT (o) (C(to) P(to-1)CT (to) + R(to)) .
The estimate m(t1|tg) of the predicted state for z(t) at time ¢ = ¢; based on z(tg) is the

solution at t = t; of the differential equation

d .
Em(t) = A(t)m(t), (5.6)
on [to, t1], or the corresponding integral equation
1
m(tllto) — m(to) = A(t)m(t)dt (5.7)

to

Similarly, the covariance P(t1|to) is the solution at t = ¢t; of the differential equation

%P(t) = A@)P(@t) + P)AT(t) + Q(1), (5.8)

on [tg,t1]. A similar realization for k > 1 is the following version of the Kalman filter.

Theorem 5.1. Suppose the estimate of Z(tk—1) = x(tk-1)|Z(tk-1), the state x(tx_1)
based on the history of observations Z(tx—1) at time tyx_1 is m(tx—1) and the covariance
is P(tg_1). Then, the conditional ezpectation m(tk|tk—1) and covariance P(tg|tx—1) of
the predicted state &(tx) = z(tr)|Z (tk—1) at time tx are defined by the solutions at t = tj
of the following differential equations

d ~

Zm(t) = A@m(), (5.9)
SPO) = AWPE)+POATE +QW) (5.10)

on [tk—1, tkl-
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Theorem 5.2. The conditional expectation m(tx) and covariance P(ty) of state esti-

mate T(tx) = x(tx)|Z (tk) are defined by

m(te) = m(teltk-1) + K (te) (2(tx) — n(ts)), (5.11)
P(tk) = P(tkltr-1) — K(te)C(tr) P(teltr—1), (5.12)

with
n(te) = Clte)m(teltr-1), (5.13)

K(ty) = P(tk|tk_1)CT(tk) (C(tk)P(tkltk_l)CT(tk) + R(tk))—l . (5.14)

Note that in case of continuous-time measurements
z(t)dt = C(t)z(t)dt + dv(t), (5.15)

with E(di(t)ddT (t)) = R(t)dt. By setting t = t, = tx_1, P(t) = P(tg|ts_1),m(t) =

m(tk|tk—1) and P(t) = P(t),m(t) = m(tg) in (5.11)-(5.12) with (5.14) replaced by
K(t) = P(t)CT ()R (t)C(t)P(¢)) (5.16)

and then replacing m(t) and P(t) by (t) and P(t) on the right hand sides of (5.9)-(5.10)

leads to the well known Kalman-Bucy filter

%m@) = A@®m(t) + K@®)(=(t) - C(t)m()), (5.17)
%Pu) = A{t)P(t)+ P(t)AT(t) + Q(t) - POCT )R (})C()P(t). (5.18)

Like [84, Theorem 1], Gaussian a priors distribution is not required. Comparing the two
sets of equations (5.9)-(5.12) and (5.17)-(5.18), one can see that the computational load
for the latter is much heavier due to the differential Riccati equation (5.18). For moder-
ately large dimension, the real-time solution for (5.17)-(5.18) is still a challenging task.
On the other hand, intuitively the equations (5.9)-(5.12) are preferable for estimation
and filtering purpose. To see further motivation of the later development, consider the

nonlinear versions of (5.9)-(5.12) and (5.17)-(5.18). The continuous-discrete equations
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(5.1),(5.3) are considered first, where the state dynamics (5.1) is crudely approximated

by the interpolation equation of Euler (rectangular) approximation
w(te) = (tk-1) + Tf(@(ti-1)) + dB(tr-1) (5.19)

e Suppose the estimate Z(tx—1) := (bk—1)|Z(tk—1) of the state z({x—1) based on
the history of observations Z(tx—1) at time tx—; has mean m(tx_1) and covari-
ance P(tx—1). Then, by Theorem 2.1 the conditional expectation m(tg|tx—1)
and covariance P(tg|tx—1) of the predicted state &(tx) := x(tx)|Z(tx—1) at time

tr are defined by

m(telte—1) = m(te-1) + Tf (#(te-1)), (5.20)

P(tglte—1) = P(t—1) + T(Rpa(k) + R (k) + T>Ry(k) + TQ(t-1), (5.21)
where

Ryz(k) = Ryt )ater)> BF(E) = R vy FE(te-1)) = E(f(&(tx-1)).
(5.22)

e Again, by Theorem 2.1, the conditional expectation m(tx) and covariance P(tx)

of the state estimate Z(tx) := z(tx)|Z(tx) are defined by

m(tk) = m(tk|tk—l) + K(tk)(z(tk) — T](tk)), (5.23)
P(tk) = P(tk|tk_1) — K(tk)Rgm(k), (5.24)

with
n(te) = E(g(2(tx))), (5.25)

,
K(tx) = REssen (Ro@)) + R(E)/T)', Roo(k)=Ry(a(e)e)- (5-26)

Combining the pair (5.20) and (5.23) and the pair (5.21) and (5.24) to form two equa-
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tions leads to

mity) — m(tr—1)
T

= f@t-1)) + R anae) T R + 2()T

(2(t) — E(2(t))), (5.27)

P(ty) — Ptr-1)
T

= Rya(k) + RE, (k) + Qti-1) -

T
Rya ) T Ryen)) + Rtk) Ryannace)  (5:28)

Now, letting T — 0, then t; = tx—; =t and Z(tx) = &(tx) = £(t), and (5.27)-(5.28)

become the following equations

Lont) = F@) + R g0 R 0)((0) — E(g(a(0)))), (5.29)

d ~

_ T = .
ZP®) = Rramao + Riguan® + Q) — Byewem B ()R, (5:30)

for propagation of the mean m(t) and covariance P(t) of the state estimate £(t) :=
z(t)|Z(t) in the case of using continuous observation (5.2). Of course, the above equa-
tions (5.29)-(5.30) are infinite-dimensional in general, which are reduced to the finite
dimensional equations (5.17)-(5.18) when both mappings f and g are linear. By exam-
ining equations (5.20)-(5.26) and (5.29)-(5.30), one can see the central issue with using
linear estimation for filtering nonlinear models is the approximation of the second-order
moments of all concerned state and observation random variables. Analytical approxi-
mation methods such as the EKF and the UKF actually involve only linear estimators
(by using Theorem 2.1) and are different only in the way the second-order moments are

approximated (see Section 2.5).

5.3 LFT in filtering nonlinear continuous-time stochas-
tic processes

As can be seen from the analysis in the previous section, the main issues of
online filtering nonlinear continuous-time processes are connected with the efficiency

of moment prediction of the state process z(t) with distribution p.(-) satisfying the
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stochastic differential equation
dz(t) = f(z(t))dt, E(z(te-1)) = m(tk-1), Re(s,,_,) = P(tk-1), (5.31)

and the conditional moment of
z(te)|g(x(te)) (5.32)

This section presents such a calculation. The calculations by the EKF and UKF are
analyzed in Section 5.3.1. Then the proposed calculation development which is based

on the LFT modeling is presented in Section 5.3.2.

5.3.1 Moment calculations by the EKF and UKF

The challenge in the prediction of z(t) satisfying equation (5.31) is the computa-

tion of the intractable integral equations
da(t) = Blde(t) = [ (7(/()et) pole/)d
dR(t) = / ((F((t)dt) — dz(0)) ('(t) — 2(8)) T +
(/(t) — 2(t) (F('(t)dt) — dz(t))T )pa(a’)da’. (5.33)
which are avoidable in the linear mapping case.

Proposition 5.3. Regarding the linear stochastic differential equation (SDE) (5.4) on
[tk—1,tk], suppose that ¥y = W(ty) and YTk = Y(tk) are the solution at t = ty of the

following time-varying differential equations

Cue) = A, W)=l (5.34)
C10) = AOTE+YOATO+QW, T(tes) =0n (5.35)

Suppose that mg_1 and Py_1 are the mean and auto-covariance of x(tk—1). Then, the

estimate of the mean and auto-covariance of z(tx) is

Mik—1 = PEMk-1, (5.36)

Pig-1 = U Peo1 Vi + T (5.37)
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One can see that (5.36)-(5.37) is the prediction step of the discrete-time Kalman
filter. It should be noted that for moderately large dimension the real-time update for
¥, and Y, at sampling instants is still prohibitive. However, for the particular case
of the linear time invariant SDE, i.e. A(t) = A and B(t) = B, ¥y and T admit the
explicit expressions

U = A (5.38)

T
T, = / eAT Qe T dr, (5.39)
0

which can be computed off-line and do not require refreshment during the online process.
Returning to (5.31), the EKF linearizes the nonlinear mapping f around the expectation

z(t) of x(t) by

Fe(t) ~ A (e(t) - 2(t)) + (), A<t>=%§§%ﬁ L (540)

z(t)=2(¢t)
which works well in the case that the expected value Z(t) lies in the proximity of dis-
tributed values of z(t). Substituting the approximation of f(z(t)) from (5.40) in the

integral equations (2.58) results in

%:ﬁ(t) = A(t)z(t), (5.41)
%Rz(t) = A(t)Ra(t) + Ro(t)AT(2). (5.42)

By Proposition 5.3, (5.41) can be transferred to an equivalent discrete-time model
z(tkq1) = U(tp)z(ty) where ¥ (t) satisfies the differential equation (5.34). The expec-
tation my,—; and the covariance Pk, of the predicted state x(tx)|Z(tx—1) are then
given by

Mylk—1 = Vimk-1, (5'43)

Pyp—1 = YrPe vy, (5.44)

where Uy = V(tx) and mg_; and Py_; are the first two moments of z(tx—;). Besides

unpredictable validity of the approximation, as mentioned earlier, the online implemen-
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tation of the EKF in moderately large dimensional cases is indeed a challenging task
due to the time-varying characteristic of the equations (5.41)-(5.42).
On the other hand, using Euler (rectangular) approximation for the differential

equation dz = f(xz(t))dt,
2(t) — (tk—1) = fl(tp-1))vr-1, (5.45)

where vi_; is the length of the interval [t;_1,t], the UKF aims at the direct approxima-
tion of the moments of z(t) using the statistical linear regression of f(z(t)) around Z(¢).
Regression points z(*) (tk—1), i = 0,...,p where p = 2n are selected for n-dimensional
z(-) around Z(tx—1) in a manner such that the sample mean and covariance of the points

are identical to the mean and covariance of z(tx—1) (see Section 2.5),

_ 1 &G
T(tk-1) = mgir (tk-1),
p
Re(tk-1) = EIL—IZ(a:(i)(tk_l)—f(tk_l))(:r“)(tk_l)—:f(tk_l))T. (5.46)

1

-
i

As R.(tg_1) > 0 and thus admits Cholesky decomposition Ry (tx_1) = S qdl, a
choice of these regression points is

) = +1 n+1 = p 1
cO(t_1) = &(tk—1), 2(th1) = T(te_1) + \/ p—2— @i, 2" (b_1) = T(te_1) — @

Let o = 2@ (t,_1) + f(@® (tg—1))Vk-1, i1 = 0,...,p, then the mean and covariance of

z(t) can be computed as follows,

P 1 &

im0 Relt) = 551 g(“o(i) —2(0))(pW —z(1)T,  (5.47)

,Eﬂ
N
I
I -
g
-6’;‘
t

Note that unlike the EKF which approximates the integral equations (5.33), the UKF
approximates the solution of (5.33) by utilizing iterative methods which burden the
computations for real-time implementation. This is the overhead of using the UKF for

the continuous-time dynamical model where accuracy is traded-off for computational

efficiency.
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In summary, for the approximation of integral equations (5.33), the EKF linearizes
the nonlinear deterministic mapping f while the UKF linearizes the distribution p,(-).

For the computation of the conditional moments of (5.32) see Section 2.5.

5.3.2 Moment calculation by LFT modeling

It is known that a broad class of nonlinear mappings including fractional map-
pings, differentiable at any order, admit an equivalent LFT model [143, 129, 128], i.e.

(5.31) can be exactly represented by

dz(t)/dt A B (t)
= |7 , (5.48)

ya(t) C D wa (1)
wa(t) = Az(t))yal?), (5.49)

where A € R™*" B € R™*"a, C € R™*" and D € R™2*"s are deterministic fixed
matrices. The introduced auxiliary variables wa (t) € R™ and ya(t) € R™ are related
via the feedback channel A(z(t)), which admits the structure A(z(t)) = 321, Aiwi(t)
where z;(-) is the i-th element of the vector z(:). In many cases, the LFT representation
is straightforward as shown in Section 5.4.

The LFT system of (5.48)-(5.49) is the compact expression
de(t)/dt = (A + BA(2() (I — DA(z(1) ™ €)= (), (5.50)

where A(z(t)) appears in a highly nonlinear fashion. Using either (5.40) to approxi-
mate the mapping or (5.45) to directly approximate the moments of z(¢) in (5.50) is

tantamount to the affine approximations discussed in the previous subsection. On the

other hand, a simple nonlinearity appears in the model (5.48)-(5.49) in the feedback

only. Under this representation, an alternatively approximated discrete-time solution is

the following result.

Proposition 5.4. The discrete-time approzimated solution of the LFT model (5.48)-
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(5.49) given by Proposition 5.3 is

Lht1 A B Lk
= ) (5.51)

Yak C D WAL
wak = Azu)yar, (6.52)

where A = e [ = (fOT e“i"dr) f}, C=C,D=2D and the feedback connection

Alzk) = YiL) ik
Proof. Consider the differential equation

d

Zo(t) = Az(t) + Bwa(t). (5.53)

By integration

¢ rt ~
z(t) = eAt:c(O) +/ eA(t_T)BwA(T)dT.
0

At time t, = kT

. KT )
z(tg) = eAsz(O) +/ eA(kT"T)BwA(T)d'r
0
and
- (k+1)T . e
T(tk1) = eA(k“)T:c(O)—}-/ eAlk+DT=7) By A (1) dr,
0

. T . -
~ eAT:v(tk) + (/ e"”d*y) Bwa(t), (5.54)
0

where the last step follows from the effective zero-order hold based approximation for

wa(-) and introducing v = (k + 1)T — 7. a

From the numerical computation perspective, B = A? (A—I)E’, if A is invertible.
Moreover, for small T, A = I + AT and B = (IT + %ATz)B hold. Note that from the
information theory viewpoint, Proposition 5.4 is rather exact discretized solution with

moderate sampling rate 1/7', whereas the UKF approximates numerically this solution

at much higher sampling rate (see e.g. [2, Table 1] where Euler and second-order

Runge-Kutta discretization require rates higher than 2000 H z and 1000 H z respectively

for reasonable accuracy and thus are not suitable for real-time update whereas the
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approximation like the above Proposition 5.4 works extremely well at 45 i z and thus is
online practicable). For the discrete-time LFT model (5.51)-(5.52), the approximation
is localized to the feedback path for estimation of the auxiliary random variable wak in
(5.52). The efficiency of the unscented transformation in the discrete-time case is now
exploited. Given Zx_1 and P, as the first two central moments of z;_1, the regression
points 3:5:21, it = 0,...,p are chosen by around zx_; as shown in (2.63). Define the

regression points wg)k_l = A(x,(:ll)ygl_l, where

yO  =Cz¥ 4 Dipg, (5.55)
and wak-1 ~ E(wag-1) is
; L Ay
’U_)Ak_l = (I — Ak_lD)_l (m ZA(xkl_l)CII?k_l) , (556)
1=0
with
Ap g = —— - A ). (5.57)

Accordingly, the second-order central moment of wak—1 and the joint second-order

moment with z5_; are computed like (2.64)-(2.65):

1 . ~ , B
Rak-1 = o1 (wf@c_l - wAk_l)(wXL_l — Wak-1)7, (5.58)
p 1=0
RAx,k—l = p—ﬁz(“’Ak—l _wAk—l)(xk._l xk—l) . .
1=0

As discusses in Chapter 4, the approximation of the moments of wa—1 in (5.56),
(5.58)-(5.59) averts the linearization of (5.50) which gives poor approximation for highly

nonlinear models. Next, the nonlinear mapping g in (5.32) can be analogously expressed

in the LFT format is

vk = Azy + Bwak, yak = Czx + Dwak,  wak = A(zk)yak, (5.60)

where yx = g(zk) € R™ is expressed as a linear mapping of xy and way and the

nonlinearity appears in the form of the feedback connection A(zg) which takes the form
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as above. The fixed and known system matrices are of appropriate dimensions. The

expectation of yg is

Uk = ATy + Baag,

where way is defined in a similar manner to (5.56)

_ - _ 1 < i i
WAk = (I - AkD) 1 (m E A(xl(g))cxl(c)> , (561)
i=0
with
A 1 ¢ (4)
AL = —— E Y. )
T ar: A(zy”) (5.62)

The second-order central moments of way are likewise computed as (5.58)-(5.59)

1 X, 6 y
Rak = mZ(wX)k—wAk)(wX)k—wM)T, (5.63)
i=0
1 &) '
Rpace = | (w;k—%k)(x,(f)—ik)T- (5.64)
i=0

The calculation of the moments in such fashion alleviates the computational intractabil-
ity of (5.33) for the computation of the first and second-order moments of g(zx). In the

sequel, we explore the LFT framework for the continuous-discrete state space model.

5.3.3 Recursive Bayes filter by LFT

Consider the state space model (5.1), (5.3). For the differentiable nonlinear map-

ping f, (5.1) can be expressed in the LFT format

dz(t) = (Az(t) + Bwa(t))dt + dB(t), (5.65)
2a(t) = Coz(t) + Dapwal(t), (5.66)
wa(t) = Az(t)zald), (5.67)

where wa (t), za (t) denote auxiliary variables and the system matrices are of appropriate

dimensions. By Proposition 5.4 the discrete-time equivalent of (5.65)-(5.67) is

Tre1 = Azg + Wk + Bwak,  zak = Cozk + Dowak,  wak = A(zk)zak,  (5.68)
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where 4 = eAT, B = ( ;)T e‘i"dr) B, Cy = Cyund Dy = Dy {we} is o random
process with E(wg) = 0 and E(wkwg‘) = @Q where Q = jol e"”(}em’dr. Similarly, for

the differentiable nonlinear mapping g in (5.3) there exists the LFT system
2k = Ciak + vk + Digwak, 2ak = Coxk + Doqwak, wakr = A(zk)zak,  (5.69)

In the sequel no distinction is made between the LFT model and the nonlinear fractional
transformation (NFT) model as was done in Chapter 4, by adopting a general structure
of the feedback connection A(zy) = Y i Ai(zk,i)zk,:- The LFT now exists for any

smooth nonlinear mappings f, g and (5.68)-(5.69) generalize to the following.

Tp+1 = Az + Biwg + Bawag, (5.70)
2 = Crag + v + Dipwar, (6.71)
2ak = Cozi + Doruk + Daswag, (5.72)
wak = A(Tk)zak, (5.73)

where u; € R is a fixed input, By, Bz and D9, are of appropriate dimensions.

This transfers the filtering problem to that of discrete-time filtering where the
prediction and estimation steps of the Bayes recursion for the LFT model (5.70)-(5.73)
are given by Propositions 4.3 and 4.4 respectively. The advantage of the LFT model
(5.70)-(5.73) lies in the efficiency of its linear structure. The deterministic system matri-
ces admit explicit matrix exponential representation and are not required to be refreshed
in real-time so it potentially works even for large dimensional problems. Although the
EKF may be computationally more efficient than the UKEF for low dimensional problems
in the continuous-time case, it still requires the matrices to be refreshed in the lineariza-

tion step as apparent from (5.40). Moreover, as mentioned above, the quality of the

approximation involved in the linearization is poor in general which gives unreliable es-

timates. For better approximation it may require unrealistic observation sampling rate.

A serious drawback of the UKF for continuous-discrete filtering is the manner in which

it applies the approximation. While the UKF has been shown to be efficient for the
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discrete-time model, it employs iterative methods in the continuous-tiine case which are
time consuming. All these drawbacks are absent in the proposed approach. In Chapter
4, the LFT for filtering of discrete-time nonlinear models was shown to perform better
than the UKF at similar complexity. Since the proposed approach still applies the un-
scented transform in discrete-time, the gain in performance is achieved at considerably

lower computational complexity.

5.4 Simulation results

In this section simulation results are given to demonstrate the performance of the
proposed nonlinear filtering approach. The potential of the proposed filtering method
for the continuous-discrete system is realized immediately in Examples I and II which
consider the continuous-discrete versions of the models from Sections (4.3.1) and (4.3.2).
While it was possible to consider the UKF for filtering in (4.3.1), it fails to converge for
the continuous-discrete model. In Example I1I the problem of multi-target filtering from
the previous chapter is considered. Example IV is based on the nonlinear benchmark
model [23] of rotational-translational actuator (RTAC).

The simulated data were generated using 100 steps of Euler-Maruyama method [72]
between successive measurements while the UKF was implemented in Examples III and

IV for a comparison of the performance using 10 steps of the fourth-order Runge-Kutta

integration between successive measurements.

5.4.1 Example 1
The continuous-time version of the nonlinear autoregressive (AR) equation con-
sidered in 4.3.1 is G(t) = —0.14(t) — ¢*(t) + w(t) with the noisy measurement z(ty) =

q(tx) +v(tk), which admits the following state-space equation formulation with the state
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z(t) = (z1(t), z2(t)T

0 1 0

z(t) = x(t) + w(t), (5.74)
—z3(t) -0.1 1

z(ty) = x(te) + v(te), (5.75)

where w(t) is a stochastic process with E(w(t)) = 0 and E(w(t)wT (1)) = Qé(t—7) with

Q = 0.04. v(tx) ~ N(-;0,R) with R = 0.5.

The continuous-discrete model (5.74)-(5.75) can be represented in the LFT form (4.12)-

(4.15) with
1 0.0995 0 0 —0.005
A= ’ Bl = ’ B2 = ’
0 0.99 1 0 —0.0995
i 1 0 0 0
Ci=1|1 01|,Di2=012 Co= , Do1 =021, Dog = , (5.76)
- 0 0 1 0

where 0, is the a X b zero matrix. The feedback connection has the simple structure
A(z(tx)) = z1(tg)I2 with I, as the identity matrix of dimension a x a. The true
trajectory of the state z(t) for 20 s is shown in Fig. 5.1. Using Z(to) = (0, 0)7 as
the initial estimate of the state with covariance R;(to) = I, the estimates given by
the proposed filter at each sampling instant are shown in Fig. 5.2 along with the true
states. In Fig. 5.3 the mean square error (MSE) in the estimates obtained from 102

Monte Carlo runs is shown indicating that the proposed filter successfully tracks the

true trajectory.

5.4.2 Example 11

Consider the continuous-discrete version of the problem from Section (4.3.2)

2(t) = (Qo+@izi(t) + Qazd(t) + Qa1 (t)z3(t) +
Qaz1(t) + Qsz2(t))z(t) + Buw(t), (5.77)

2(ty) = Cz(te) +v(te), (5.78)
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Figure 5.1: Tr-ajectory of the state x{t) = {xi{t), X2{t)

15

10 12 14 16 18 20
time (s) (b)

Figure 5.2: True trajectory and the estimate of the state "{x{tk)\Z{tk)) given by the
proposed filter.

where z=10,...,5 ™ and C are defined in Section (4.3.2), w{t) is zero mean with
covariance {r)) = 5/t-T) where Q=001 v { t k) R ) with R = 100.

The equivalent discrete-time LFT representation can be constructed with

0.9319 -0.0942

0.0094 0.9508

0.0237 0 0.0285 -0.0012 0 0.0082 0.0184 0.0275 0 0.0379 0.0466
B2 = . (5.79)

0.0099 0 0.0099 0.0244 0 0.0293 0.0196 0.0294 0 0.0148 0.0344



5.4. SIMULATION PiESULTS 108
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Figure 5.3: Mean square error (MSB) in the estimates using the proposed filter.

and Ci, C2, Du, Cj, "21? D22 defined in (4.38). Using la”b to denote the a x b matrix

with entries one, the feedback connection is given by

A(xfc) = diag([a:i,fcli,3 X2khA xi*k ) - (5.80)

The trajectory of the state x(#) as it evolves with time for 10 s is shown in Fig. 5.4. Using
x(10) = (0, 0)”~ as the estimate of x{to) at time ¢ = 0 with covariance Rx{to) = 0.25/2,
Fig. 5.5 shows the estimate of x{t) given by the proposed filter at each sampling time
along with the true trajectory. The MSB obtained from 10" Monte Carlo runs using the
proposed filter shown in Fig. 5.6 indicates that the proposed filter successfully tracks

the true trajectory.

5.4.3 Example III

Returning to the problem of multi-target filtering presented in Section 4.3.3, the
aircraft dynamics are modeled by the continuous-time coordinated turn model [10, 9, 33
at different turn rates to describe the maneuver as well as the non-maneuver motion.
The motion models are as follows. Model r{t) = 1 has a known turn rate of The

standard deviation of the process noise for model rff) = 1is 10ms-~. Model r) = 2
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Figure 5.4: Trajectory of the state x(t) = {xi(t), X2{t))'

— x®

o} 1 2 3 4 tim# (s) 7 8 9 10 (@)
0:]
0 1 2 3 4 5 6 7
time (s) (b)

Figure 5.5: True trajectory and the estimate of the state 'EM{x{tk)\Z{tk)) given by the
proposed filter.

is the nonhnear model with an unknown turn rate ~(i) given by

0O O 1 0 0 0O 0O
0 O 0 1 0 0 0 0
i(r(0)= 00 O 0 , B[f)= i q o0
0 0 0 0 0O 1 0
0 O 0 0 0 0 0 1

The standard deviation of the process noise is 10rns"”~ and 0.5° for the the linear
and turn portions respectively of the kinematic state during the level turn in r(t) = 2.

The sensor model is given in Section 4.3.3. For a given mode r, the single target
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Figure 5.6: MSE in the estimates using the proposed filter

dynamical model is approximated by the linear Gaussian model using the UKF, imple-
mented with 10 steps of the fourth-order Runge-Kutta integration during each sampling
period.

Fig. 5.7 shows the true aircraft trajectories. A 1-D view of these trajectories along

Alrcrafl 5 -
start o flight alt« 100s;
end of flight at 1= 5003,\

4 pircraft 1 :
start of flight at t= 5s;
g,?d of flight at t= 450&

Aircraft 3 1 w - M
start of flight at t« 55s;
end of flight at t= 500s

e -
Aircraft 4 Aircraft 2

start of flight at 1= 85s; start of flight at t= 15s;
end of flight at t= 500a end of flight at t= 475s

-14 212 -10 -6 -4 -2 0 2 4 6
X coordinate (in m) *jo'

Figure 5.7: Trajectory of the vehicle, 'o'- location of vehicle at &c = 1; location of
vehicle at A= 100 ('x'- location of sensor).

each axis with cluttered measurements plotted against time is shown in Fig. 5.8. The
position estimates of the PHD filter in Fig. 5.9 show that the filter successfully tracks
the targets in clutter. The results for the mean absolute error in the estimated num-

ber of targets averaged over 10" Monte Carlo runs shown in Fig. 5.10 concur with the
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X 10

50 100 150 200 250 300 350 400 450 500
lime (s) (a)

50 100 150 200 250 300 350 400 450 500

time (s) (b)

Figure 5.8: Measurement data (projected on the x and y axis) and true target positions.

. xI0

50 100 150 200 250 300 350 400 450 500
time (s) (a)

.x10

50 100 150 200 250 300 350 400 450 500
time (s)

Figure 5.9: Position estimates of the Gaussian mixture PHD filter using the LFT model.

finding in 4.3.3 suggesting that the LFT based JMS-PHD filter is more robust than the

unscented JMS-PHD filter.

5.4.4 Example 1V
In this example the unstable nonlinear system of the RTAC model [128] is consid-
ered. The kinematic state x{t) = {xi{t), X2{t), xM)f = W, 0ft), eft)f

where denotes the parameters of the oscillator and {6{t),9(t)) denotes the
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21

*LFT based JMS-PHD filter
< unscQntod JMS-PHD filler

a‘ 0.8

0.6
0.4
0.2

0 50 100 1S0 200 250 300 360 400 450 500
time (s)

Figure 5.10: Mean absolute error of estimated number of targets using the LFT model
and the UKF.

parameters of the actuator. The nonlinear state-space model is given by

X2{t) 1 0
o - ey, 01 o o -
X4(1t) 0 3
ecos x3(t (xi(t&gx}’%% sinx3(t)) 0 1
where w(t) is the random process with E(w (t)) = 0 and = QS(t—r) with
Q = diag([0.04, 0.001]). (»(t), o(t)) are available for measurement at sampling interval
T = 10ms and v(tk) ~ with R = diag(][0.1, tt/ISO]). The LFT model for
(5.81) is
0.9948 0.0998 0 O 1 0
-0.1035 09948 0 O 07 0
A = 9B =
0.0010 0 1 01 0 3
0.0194 0.0010 0 1 0o -1

-0.0002 0.0002 0.0005

-0.0525 0.0525 0.1088 10 0 0
B2 = , M2 =023,
0.0002  0.0003 -0.0001 00 10
0.0525 0.0525 -0.0204
1
L oo o a
_ 1 = = J L 5.82
c2 = 00 , 031, &2 A o (582)
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(5.83)

with the same defiintioii of the constants ai, 03 and GA4 as in [128] and = diag([ 1, 1, 0])
and A2 = diag([0, 0, 1]). Under the conditions € = 0.2, xfto) = (0.5, 0, 0, 0)'"* and
~Mxito) = diag([3, 0.3, 7r/60, 7r/60]) the true trajectories of the oscillator and actuator
for 20 s are shown in Fig. 5.11. Fig. 5.12 shows the true position and velocity of the
oscillator and the filter estimates while Fig. 5.13 shows the true motion parameters of
the actuator and the estimated parameters. In Fig. 5.14 the MSE in estimates of the os-
cillator parameters is shown obtained using the proposed filter and the UKF. Similarly,
the MSE in the estimated parameters of the actuator obtained using both methods is
shown in 5.15. The simulation results indicate that the proposed approach gives better
performance than the UKF. Also shown is the performance of the UKF processing twice
the information available by sampling at intervals of 5ms. It can be inferred from the
results that processing more information does not guarantee an improvement in the

estimation.

.0.6 — Translational position
— Translational velocity
— <+ Angular position
- Angular velocity
-0.8 10 12 14 16 18 20
time (s)

Figure 5.11: Trajectories of the oscillator and actuator.
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Figure 5.12: True oscillator motion parameters and estimates using the proposed filter.

10 12 14 16 18 20
time (8) (a)
10 12 14 16 18 20
time (s) (b)

Figure 5.13: True actuator motion parameters and estimates using the proposed filter.

0 2 2 6 10 12 14 16 18 20
time (s) (a)
1
1 A
11
1
J \
Liad  17-r- 1
o 4 6 8 0 12 14 16 18 20
time (s) (b)

Figure 5.14: MSE in the estimates of oscillator motion parameters using the proposed
filter and the UKF.
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10 12
time (s)

Figure 5.15: MSE in the estimates of actuator motion parameters using the proposed
filter and the UKF.



Chapter 6

Conclusions

This dissertation addresses two open problems in estimation theory. First, the
problem of multi-target filtering which involves jointly estimating the random number
of targets and their state in the presence of noise, clutter, uncertainties in target ma-
neuvers, data association and detection. At present there is no tractable analytical
technique for tracking multiple targets under such general settings. Second, the prob-
lem of nonlinear filtering for a general class of systems motivated by the inadequacies
of the existing analytic approximation based methods.

In Chapter 3, a multi-target model that accommodates births, deaths and switch-
ing linear Gaussian dynamics has been proposed based on random finite sets (RFS).
For this so-called linear Gaussian jump Markov system (LGJMS) multi-target model,
a closed form solution to the probability hypothesis density (PHD) recursion has been
derived. The proposed algorithm eliminates the need to perform data association gat-
ing, track initiation and termination. Based on this solution, an efficient algorithm that
can track an unknown, time-varying number of maneuvering targets in clutter has been
developed. Extension of this algorithm to track maneuvering targets with non-linear
jump Markov dynamics has also been proposed. In particular, approximate recursions
for the weights, means and covariances of the Gaussian components that approximate
the multi-target posterior intensity are given. The proposed approach is applicable

to a general class of models expedient for a range of practical applications in multi-
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target tracking that are deemed intractable using conventional techniques. Simulations
have demonstrated the effectiveness of the proposed multi-target filters for tracking
an unknown and time-varying number of maneuvering targets in clutter and detection
uncertainty. In comparison with the well-known IMMJPDA filter, the proposed ap-
proach exhibits an unprecedented combination of good tracking performance and high
computational efficiency.

The nonlinear JMS-PHD filter based on the unscented transform proposed in
Chapter 3 gives estimates with reasonable accuracy at most times and occasionally mis-
estimates the number of targets partially due to errors in the prediction and update
steps which cannot be computed exactly for nonlinear models. In Chapter 4, an al-
ternative analytic approximation of the nonlinear Bayes filter has been proposed based
on the linear fractional transformation (LFT) model. The LFT system comprises of
a linear part and a simple nonlinear structure in the feedback path. By applying the
unscented transformation in the feedback loop a closed form solution to Bayes recursion
has been derived. Simulation results have demonstrated that the proposed approach
works better than standard filtering techniques such as the unscented Kalman filter
(UKF) which linearizes the state space model. For highly nonlinear problems where
the UKF breaks down, the proposed filtering technique performs reasonably well. The
performance of the JMS-PHD filter for the nonlinear sensor model expressed in the
LFT format is shown to be more robust than that using the UKF. The LFT system
gives an equivalent representation for nonlinear state space models which is exact for
a wide range of nonlinear systems. Extension of the proposed filtering approach for a
general class of nonlinear problems has also been proposed using the nonlinear fractional
transformation (NFT) model.

The potential of the LFT framework for nonlinear Bayesian filtering is fully recog-
nized when the discussion is continued in Chapter 5 for the continuous-time stochastic

process with sampled-data observations. The filtering problem is transferred to that of
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discrete-time filtering and the moment propagation is based on the closed form solution
to Bayes recursion presented in Chapter 4. Simulation results show a marked difference
in the performance of the proposed method and the UKF in the continuous-discrete

setting in terms of tracking error and computational complexity.

Following the discussion in this dissertation two interesting problems for further

research are proposed. The motivations concerning for which are then presented.

In a multi-sensor scenario, suppose that si1, ..., Sk,L(k) € S are the active sensors at
time k, where L denotes a random process of the number of active sensors. At the sensor
Sk.i, Mi(k) measurements Zy ; = z,(ci)l, . ,z,(:)M(k) € R™ are received at time k. Find the

estimate of the multi-target state Xy, based on the measurements Zy = {Zy1,..., Zx L }-

Suppose the LFT model (5.70)-(5.73) exists, find a scaling Py in the feedback (5.73),
wakr = A(zk)Pezak such that E(wakw!) = 0 and E(wakvf) = 0, where {wi} and {vi}

denote the noise processes of the plant and observation respectively.

The existence of the conditional intensity in Propositions 3.11 and 3.14 is based on the
simplicity of the multi-target observation random finite set (RF'S), that with probability
1 there are no coincidences among the observations. In the multi-sensor environment,
single targets generate multiple observations. Propositions 3.11 and 3.14 do not gener-
alize to such problems. Even in the particular case that at any time for a given target,
only one sensor is active, under Poisson assumption on the predicted multi-target RFS,
the joint probability generating functional of X, and Zj involves product of s function-

als in the exponent and is computationally complex in general.

Linear estimation for filtering nonlinear models involves approximation of auto-covariance
and cross-covariance of all concerned state and observation random variables. The ex-

istence of a scaling P satisfying the conditions above implies that the expressions for

the covariance (4.17) and (4.24) are exact.



Appendix A

Proofs and Definitions

A.l Proof of Lemma 2.6

Proof. Let G'x be the probability generating functional (p.g.fl.) of a point process
X € N3 for any Borel measurable function g satisfying the condition in (2.20). Then
the m-th functional derivative of Gx w.r.t. g, evaluated about the origin gives the

distribution Px(x) of x = {z1,...,zn},
Px(x) = (d™Gx)olC1, - - - s {m)-
If Px(-) admits a density w.r.t. Lebesgue measure y, then
Px(dx) = (d"Gx)ol0zy,- - 0z, (A.1)

where &, is the Dirac delta function at point z;. Let y = {y1,...,y»} be a realization
of a point process Y € Nj,. Using Gxy(g,h] = Ex(Gy x[h|x|IIx[g]) from (2.27) and

differentiating
(d"GXy[g, '])0[5y1> s ,5yn] = EX((dnGYl)()O[‘Syl’ cre ’5yn]H$[9])- (A'Q)

Applying the definition of expectation and the conditional density for the differentiation

as in (A.1),

(@ Cxylg, Dol -+ 6] = / [ Prixtaylx)Px(ax)Ticlgl (A.3)
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From (3.40),

(d“G,\'y{l, '])0[51/1 Yoo véyn] = ((l“G)-’)O[Jw, cee .éy,.]

= B (dy) (A4)

Substituting (A.3) and (A.4) on the right hand side of (2.31) and applying Bayes rule.

Pxy (dx|y) = P’ﬂ"‘(f,il(’;)y[;’w(dx), yields [ Pyy (dx|y)Ilk[g] which is the definition of the
conditional p.g.fl. of X|Y. This completes the proof. O
A.2 Functional derivative

Given a test function ¢ and a functional F' : ¢ — F[¢], the functional derivative

of F, denoted (dF), is a distribution dF[¢],

Flp+e f]-Flo]]

(dF)g[f] = lim
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