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Abstract 

Extraordinary mechanical properties of single-walled carbon nanotubes (SWCNTs) have 

attracted great attention and produced a new generation of advanced polymer matrix 

composites (PMC). Nevertheless, diverse experimental reports on the elastic properties of 

SWCNT-PMC, have also initiated extensive theoretical investigations aimed at revealing 

their reinforcement mechanisms and optimizing their mechanical properties. 

Due to nano-scale dimension of SWCNTs and interphase in a nano-composite, revealing 

their geometry and mechanical properties have attracted many research efforts. Atomistic 

simulation methods have been the most promising tools to expose mechanics of nano-

materials. However, many criteria should be satisfied to obtain reliable results. At the 

beginning of this thesis, the stiffnesses of isolated SWCNTs and polymer matrices are 

investigated through atomistic simulations. Molecular dynamics (MD) is used for 

equilibration process and molecular mechanics (MM) is used to extract the stiffnesses of 

atomistic models. This leads to the conclusion that all elastic quantities of SWCNTs under 

the van der Waals (vdW) forces increase with the hydrostatic pressure rise, except the 

transverse Young‟s modulus which is not monotonic and remains almost constant for a 

critical SWCNT diameter. The study also confirms that MM can provide acceptable results 

for polymers only under specific conditions and right modelling. 

It has been reported that the overall stiffness of SWCNT-PMC is significantly affected by 

the interphase and waviness of SWCNTs. Although the impact of a predetermined 
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interphase on the stiffness of SWCNT-PMC has been studied thoroughly, little is known 

about the elastic properties of the interphase layer. Moreover, the waviness of SWCNTs has 

been unrealistically assumed to be regular wave-shaped fibres. To accurately predict the 

elastic properties of non-bonded SWCNT-PMC, this thesis has developed a comprehensive 

multiscale numerical strategy to address both interphase and waviness with minimal 

simplifications. In Stage 1 of multiscale strategy, a cubic nanoscale representative volume 

element (NRVE) of a polymer matrix with SWCNT is characterized through atomistic 

simulations. This NRVE model consists of the bulk matrix, the dense interphase matrix and 

SWCNT under vdW force, represented as equivalent solid fibre (ESF). Individual 

constituents are characterized with the aid of atomistic simulation, and a three-phase 

continuum-based finite element (FE) model is developed successfully which, compare to 

the atomistic NRVE, give rise to a more flexibility in dimension and needs much less 

computational cost. Two methods are established to extract the elastic properties of ESF 

from atomistic NRVE and a simple model composed of SWCNT-clusters under hydrostatic 

pressure with much less computational cost. The study shows that the average density of 

the dense interphase matrix can be used as a parameter to determine its mechanical 

properties, and that CNT diameter and internal walls have a negligible effect on the 

geometry of interphase and equilibrium thickness of the vdW gap. The three-phase model 

predictions show a good agreement with the atomistic results.  

In Stage 2, a new indicator for the waviness is defined and quantified from micrograph 

images. An efficient algorithm has been established to construct wavy CNTs. Using the 

results of three-phase model, the NRVE is used as a basic solid element for the wavy fibres 
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in a cubic micro-scale representative volume element (MRVE) composite. The MRVE is 

characterized with the aid of a finite element code. The study confirms that the models 

established produce results consistent with experiments, that CNT‟s waviness affecting the 

elastic properties of SWCNT-PMCs significantly but compared to the waviness, alignment 

of CNTs is a more influential parameter. The study concludes that ignoring the role of 

dense interphase or vdW gap interphase lead to unrealistic elastic properties. However, due 

to their opposite effect, ignoring both interphases can reduce the discrepancy, that ignoring 

the interphase of non-bonded SWCNT-PMC does not alter the longitudinal Young‟s 

modulus of aligned SWCNT-PMCs, and that their interphase region of 3D SWCNT-PMC 

can be ignored if the CNT diameter is (10, 10) or smaller. 
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Chapter 1  

Introduction 

1.1 Overview 

During recent decades, an extensive research effort has been made to develop high 

performance lightweight polymers for a wide range of applications such as spaceships, 

vehicles and buildings. However, compared to metal alloys, polymers have modest 

mechanical properties [1] which confine them to low risk applications.  

For many years polymers have been composed of high performance microfibres, such as 

glass and carbon fibres, to improve their mechanical properties [2]. Alternatively, due to 

their superior mechanical properties, many novel nano-materials such as nano-fibres, CNT 

and graphene have been used as the reinforcement in a wide range of nano-composites. 

Among nano-materials, CNTs [3] are well known due to their high strength (greater than 

steel), great stiffness (double that of tungsten), small density (lighter than aluminium), and 

high conductivity (greater than copper) [4].  

Due to the great intrinsic properties of CNTs, their high specific surface area [5] and high 

aspect ratio of length to diameter, theoretically, a few percentages of CNT additives are 

expected to enhance elastic properties of materials significantly. However, the experimental 

conclusions in the published literature are diverse [5, 6]. Some investigations confirm a 

great improvement (e.g., [6-11]), but some others reported that CNT additives could even 

downgrade the mechanical properties of the matrix (e.g., [11, 12]), which in turn have 
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attracted more extensive research efforts to understand the interaction mechanisms between 

CNTs and the matrix and to improve the CNT-PMCs properties. 

The elastic properties of CNT-PMCs have been the subject of many experimental [7, 13-

16] and theoretical [17-19] studies over the past two decades. It has been found that the 

overall elastic moduli of CNT-PMCs are affected by many factors such as CNT waviness 

[20, 21], dispersion [22, 23], functionalization [24-26], vdW interaction [27] and CNT-

matrix interphase [28, 29]. To clarify these issues, experimental means, such as the 

examination and analysis by transmission electron microscopy [16] and macroscopic 

mechanical testing [15] have frequently been used. However, the experimental methods can 

only evaluate the performance of a CNT-PMC [7, 13, 15] after its fabrication, rather than 

reveal the mechanisms of reinforcement or provide a way to optimize the mechanical 

properties. Therefore, theoretical means are necessary to shed light on the unknown 

parameters.  

The prominent classic continuum approaches of micromechanics [30] have been used 

extensively to predict elastic properties of CNT-PMCs. However, these approaches are still 

based on the continuum assumption, which cannot vividly capture the interactions between 

the CNTs and the matrix. The most controversial issues associated with the continuum 

methods are the properties and geometry of the nano-inclusions and the interphase regions, 

which cannot be properly accommodated or approximated by the micromechanics or the FE 

treatments directly.  
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Atomistic simulation methods have been used most frequently to explore the detailed 

reinforcing mechanisms of CNT-PMCs, such as the effects of CNT-matrix interphase [31], 

the bonding and functionalization [19, 24, 32-34], and the stress-strain properties of 

nanoscale molecular mechanisms [19, 35-39]. However, due to the high computational 

cost, the atomistic methods are confined to small models of only a few nanometers. The 

time scale is also limited to some nano-seconds. As a result, such modelling is incapable of 

predicting the macroscopic properties of a CNT-PMC. The most appropriate solution is to 

define a small NRVE containing the matrix and the reinforcement. The NRVE concept 

takes into account all the controversial issues associated with CNT-matrix interactions. 

Meanwhile it is small enough to be analyzed by atomistic simulations. In a multiscale 

strategy, the NRVE can be implemented in a continuum-based MRVE which due to the 

tiny scale of SWCNTs is sufficient to obtain the macroscopic properties of their 

composites. The most important concerns with the micro-scale analysis are waviness and 

agglomeration of CNTs [40]. Although, extensive multiscale models for CNT-PMCs have 

been developed (e.g. Ref. [41-43]), there still remains an uncertainty at both nano- and 

micro-scale. 

This dissertation addresses the significant question of how to predict the elastic properties 

of non-bonded SWCNT composites accurately with minimum simplifications. To this end, 

the constituents and the interphase of the composite are characterized individually by the 

aid of atomistic simulation and are integrated in a continuum NRVE. Furthermore, a novel 

algorithm and technique are proposed for characterizing and modelling of the waviness of 

CNTs at micro-scale. The nano- and micro-scale models are then integrated as a 
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comprehensive numerical multiscale method. The effect of interphase, waviness and 

alignment of SWCNTs on the overall elastic properties of their composites are then studied. 

1.2 Research objectives 

The main objective of this thesis is to develop a numerical multiscale method to predict 

elastic properties of non-bonded SWCNT-PMCs with an affordable computational strategy 

and a satisfactory accuracy. The detailed aims of this thesis are: 

 Understanding the criteria for an atomistic simulation to give acceptable results for 

pure polymers 

 Characterizing the elastic properties of pure polymer, free-standing SWCNTs and 

SWCNT-clusters under a variety of conditions 

 Characterizing the elastic properties of NRVEs at nanoscale and obtaining the 

geometry and properties of their interphase 

 Developing a method for characterizing the macroscopic properties of SWCNT-

PMCs in a multiscale process and studying the impact of the interphase on their 

overall elastic properties 

1.3 Dissertation outlines 

The structure of this thesis is outlined in eight chapters include the current introduction 

Chapter 1.  
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Chapter 2, consisting of seven major sections, provides a sufficient background and review 

on the most important subjects related to this thesis. Appropriated nano-mechanics tools to 

predict the elastic properties of CNT-PMCs are discussed. The numerical studies are 

considered more specifically and their challenges are addressed. The studies on the 

constituents of CNT-PMCs and two important factors of interphase and waviness are 

reviewed and the gaps are highlighted. Eventually, the necessity and the challenges of 

multi-scale modelling of CNT-PMCs are explained.  

Chapter 3 includes the basics of atomistic simulations. Although the atomistic simulation is 

relatively new for engineering applications, sufficient background on molecular dynamic 

(MD) and molecular mechanic (MM) techniques is provided and the associated energy 

terms relating to the potential Condensed-phase Optimized Molecular Potentials for 

Atomistic Simulation Studies (COMPASS) force field are explained for the subsequent 

discussion. methods by which the Materials Studio software can evaluate and control the 

temperature and the stress of atomistic models will be explained. At the end, the parameters 

of Materials Studio are properly justified and the methods to minimize the run time with 

adequate accuracy are considered.  

In Chapter 4 the challenges associated with modelling, equilibration and stress-strain 

analysis of polymers with the aid of atomistic simulations are studied. Important physical 

parameters such as density, glass transition and elastic properties of a few commercial 

thermoplastic polymers are studied to examine the proposed procedure and to discuss the 

conditions under which atomistic simulations bring about acceptable results. Furthermore, 

by the aid of MD, the effect of structural morphology of polymer and the influence of 
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SWCNT additives on the thermal behaviour of polyethylene (PE) are studied through 

dilatometric graphs. 

Chapter 5 is focused on the elastic properties of free-standing SWCNTs and their clusters. 

The effect of hydrostatic pressure on the elastic properties of SWCNT-clusters is studied 

with MM simulations.  

Chapter 6 characterizes the fundamental element for the multiscale strategy. Molecular 

structure of a cubic NRVE, including SWCNT and the surrounding matrix, is constructed 

and equilibrated by the aid of MD, then characterized with the aid of MM simulation. The 

interphase is characterized and an equivalent-continuum-based three-phase FE scheme is 

developed and examined.  

Chapter 7 is focused on the waviness of CNTs. A method is proposed for characterizing 

and modelling wavy CNTs. The method is validated with experimental results. 

In Chapter 8 the methods that were developed in Chapter 6 and Chapter 7 are integrated in 

a multiscale modelling to study the effect of interphase, waviness and alignment of 

SWCNT on the macroscopic elastic properties of non-bonded SWCNT-PMCs. 

Chapter 9 summarizes main conclusions and provides the future directions for this 

research. 
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Chapter 2  

Background and state of the art 

2.1 Introduction 

This research aims to develop a computational method to predict elastic properties of 

polymer non-bonded SWCNT-PMCs. Due to the nano-scale diameter of SWCNTs, special 

tools and methods are necessary to analyze their composites. In this chapter, a sufficient 

background on the available methods and tools relevant to this study is provided. A 

literature review on the characterization of CNT-PMCs and their constituents is also 

provided to highlight the research gaps to be filled in this thesis. However, it is obvious that 

a comprehensive review is beyond the capacity of this thesis and only the most important 

areas relative to this study have been reflected. 

2.2 Nano-mechanics of nano-composites 

During the last two centuries, extensive continuum-based models have been developed for 

analyzing the mechanical behaviour of materials assuming a continuous mass instead of 

discrete atoms. This assumption provided a great opportunity for mathematicians and 

engineers to develop highly accurate models for macro-scale materials. However, recent 

development of nanoscale materials which deal with atomic-scale nano-structures such as 

nano-particles, nano-rods and CNTs, give rise to new problems beyond the capacity of 

classic continuum mechanics. Therefore, during last two decades much research has been 

done to extend the classic continuum mechanics for nano-materials. To this end, statistical 
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mechanics, material science, solid-state physics and quantum chemistry have been 

employed to establish a new branch of science, called nano-mechanics [44, 45].  

2.2.1 Computational chemistry methods 

A variety of computational chemistry methods such as ab initio quantum mechanics (QM), 

MD, MM and coarse-grained (CG) methods have been developed to predict mechanical 

properties of nano-materials. Among them, QM is the most accurate method which is based 

on the solving the quantum-mechanical equations of Schrodinger for motion of individual 

atoms [46]. As a rule of thumb, method that is more accurate computationally is more 

expensive. Furthermore, the accuracy of QM is not necessary to extract the bulk properties 

of materials. In fact the bulk properties of materials are affected by the statistical location of 

atomic nuclei and the details of electronic motion are vanished in the averaging the 

statistical results [47]. QM is the most appropriate method to discuss problems such as 

developing new atomic force fields [48] and bond formation [49] for a small number of 

atoms. More appropriate approaches for characterizing mechanical properties of materials 

are MD, MM and CG methods. Although the CG method is much less time consuming than 

the MD method [50], due to low accuracy, is not able to provide detailed interaction of 

molecules and atoms, and is not suitable for atomistic stress-strain analysis. A sufficient 

background about computational chemistry methods will be provided in the next chapter. 
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2.2.2 Continuum-based atomistic methods 

It is beyond the scope of continuum mechanics to deal with nanoscale materials that are 

made of a finite number of discrete particles. To gain remarkable features of continuum 

mechanics, atomistic continuum methods have been developed by substituting atomic 

interactions with equivalent-continuum elements such as rods, beams, trusses, shell and 

plates. The properties of each continuum element could be extracted from MM relations. 

The elements are then integrated and characterized analytically (e.g. Ref. [51]) or 

numerically with FE software (e.g. Ref. [52, 53]). For example, Shokrieh and Rafiee [52] 

developed an FE model of CNT-PMC with the carbon-carbon bonds represented by beam 

elements, and the vdW interactions between the CNT atoms and adjacent matrix by 

nonlinear springs. Tadmor et al.[54] introduced a quasi-continuum method using the 

classical Cauchy–Born rule for crystal lattice of materials. Odegard et al. [55] developed an 

equivalent continuum method to link the solid mechanics and the computational chemistry 

by replacing discrete molecular structures with equivalent-continuum models. To this end 

the potential energy of a molecular system equating with the strain energy of an equivalent 

solid continuum system the elastic properties of the system. However, some key parameters 

and the way to demarcate different regions cannot be properly accounted for by the 

micromechanics or the FE treatments directly. 

2.2.3 Micromechanics for nano-composites 

The continuum micromechanics are the most famous bridge method from micro to macro-

scale. Micromechanics models have been developed for micro-scale inclusion-composites 
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which have been explained thoroughly by Nemat Nasser and Hori [30]. Micromechanics 

has been used extensively for CNT-PMCs [30]. However, these approaches are still based 

on the continuum assumption, which cannot vividly capture the interactions between the 

CNTs and the matrix. Moreover, it is also beyond the capacity of the classic 

micromechanics to grasp certain important behaviours of nano-inclusions such as vdW 

bonding and interphase region between the CNTs and the matrix. However, to improve the 

applicability of micromechanics, significant efforts have been made to develop the 

interphase modelling techniques, such as the thin shell interphase treatment [29, 56, 57]. 

Although, the properties of the transient regions in the treatment still need the application 

of other methods such as MD and MM analyses [58]. At the same time, some strong 

assumptions and simplifications must be used to make the micromechanics applicable.  

2.2.4 Multiscale modelling 

An objective of computational material science is to predict mechanical properties of 

materials on a wide range of length scales from atomic to macroscopic. Selecting the proper 

tool for modelling a material depends on the scale of the material and the physical 

parameter under study. QM is more accurate than MD and also MD is more accurate than 

CG. However, a more accurate method needs longer calculation time. For example, QM 

has been used to predict the formation of likely chemical bonding between a few atoms 

[26] with many details that are not feasible in MD simulations. In the case of atomistic 

stress-strain analysis, such details of QM vanished, meanwhile, MD can give sufficient 

accuracy with much less computational cost.  
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As a practical solution for the problem above, multiscale modelling methods have been 

introduced and extensively developed [59] in which an accurate technique for nano-scale is 

integrated with a quick response method for macroscopic scale [60, 61]. For example, 

Odegard et al. [58] proposed an equivalent-continuum approach in which MD was used to 

obtain equilibrium structure of atomistic model of a CNT-PMC fibre. They used MM 

relations to calculate the properties of an equivalent continuum fibre applicable for 

macroscopic analysis with the aid of micromechanics. More reviews on the multiscale 

analysis of CNT-PMCs are discussed in Section  2.7. 

2.3 Elastic moduli of CNTs 

After the discovery of CNTs by Iijima [3], an extensive research effort has been made to 

characterize their mechanical properties. In this section, different types of CNTs are 

introduced and the studies on their characterization are reviewed.  

2.3.1 Types and geometry of CNTs 

Carbon nanotubes are nanoscale structures with hollow cylindrical shape. Their shell is 

constructed of a single-atom thin wall which theoretically rolled up from graphene sheet 

[62]. The simplest structure of CNTs, called SWCNT, includes one single shell with and 

without hemispherical capes at the ends as shown in Fig.  2.1. 

Carbon nanotubes might be synthesized as multi concentric tubes separated with non-

bonded vdW interactions (Fig.  2.1c), called multi-walled CNT (MWCNT). Due to vdW 
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interaction, CNTs lean to hold together and align as clusters within vdW equilibrium 

distance (Fig.  2.1d), called CNT-cluster hereafter. 

  

(a) 

 

(b) 

 

  

(c) (d) 

Fig. ‎2.1 Different types of CNTs: (a) SWCNT with open ends, (b) SWCNT with spherical capes, (c) 

MWCNTs, and (c) CNT clusters. 

Since CNTs are theoretically rolled up from graphene sheet [62], their structure depends on 

the rolling direction of graphene sheets. If the graphene sheet in Fig.  2.2 is cut through two 

arbitrary dashed lines and rolled up around tube axis line such that the points A and B are 

connected, then a CNT (n, m) is formed. The chiral vector is represented by Ch= n a1+m a2 

in which a1 and a2 are unit vectors of graphene as shown in Fig.  2.2. The angle of rolling 

called chiral angle (θch) which is an effective parameter on the physical properties of CNTs 
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[63-69]. If m=0 (i.e. θch=0) then the constructed CNT is a zigzag type with the green line 

chiral vector in Fig.  2.2. If m=n (i.e. θch=30º) then an armchair type CNT with the red line 

chiral vector is formed.  

 

Fig. ‎2.2 A sample graphene sheet and associated parameters with the chirality of CNTs. 

Theoretically, infinite types of CNTs can be constructed. For example, a sample chiral 

vector for CNT (6, 4) is shown in Fig.  2.2 which is an addition of two vector components of 

n=6 in a1 direction and m=4 in a2 direction. Three sample CNTs with different chirality and 

approximately the same diameter are shown in Fig.  2.3. 

Due to the tiny size of CNTs, their geometric parameters such as diameter and thickness 

have been controversial issues that are still open matters for research [70, 71]. There are 

diverse reports about the wall thickness of CNTs (e.g., Ref. [70-72]) which are mainly due 

to their thin single-atom wall. In fact, each atom is surrounded with a cloud of electrons 

which bring about uncertainties [73]. Extensive studies assumed a wall thickness of 3.4 Å 

for CNTs which is equivalent to the distance between graphite sheets [74-77]. However, 
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other studies reported much smaller thickness [70, 78-83]. For example, Wang and Zhang 

[72] studied the different choices of the CNT thickness in literature and concluded that the 

most appropriate one is 0.617 Å [70]. Nevertheless, for the composite applications, CNTs 

can be treated as a solid cylinder with anisotropic properties [31] without concern about 

their wall thickness.  

 
 

(a) 

 

 
 

(b) 

 

 
 

(c) 

Fig. ‎2.3 Sample CNTs with different chirality and close diameters: (a) armchair SWCNT (10, 10), (b) 

zigzag SWCNT (17, 0), and (c) chiral SWCNT (15, 5). 

2.3.2 Elastic moduli of free-standing CNTs 

Carbon nanotubes have been treated as isotropic fibres in a composite (e.g. [84, 85]). 

However, it has been shown that CNTs are transversely isotropic materials with five 
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independent elastic parameters [86-88]. The longitudinal Young‟s modulus of CNTs has 

been measured experimentally through studying the amplitude of thermal vibration of 

CNTs by the aid of transmission electron microscope (TEM) [89, 90]. Furthermore, simple 

tensile tests [91-93] and bending tests [94-96] manipulated using the tip of an atomic-force 

microscope bring about extremely diverse results between 0.4 to 4.15 TPa [97]. 

Experimental methods have their limitations and yet, are not able to characterize all elastic 

parameters of CNTs such as transverse Young‟s modulus, Poisson‟s ratio and shear moduli 

which in turn has encouraged researchers to expand many theoretical models [97]. There 

are extensive theoretical works in literature exploring the longitudinal Young‟s modulus 

and Poisson‟s ratio of CNTs, however little exists on all five elastic parameters (e.g. [31, 

87]) and further studies need to be provided. 

The longitudinal Young‟s modulus of CNTs from different studies have been collected by 

Huang et al. [71], showing a vast range of E=0.97~5.5 TPa with a variety of CNT wall 

thickness as listed in Table  2.1. The Young‟s modulus can be normalized to a unique 

thickness of 3.4 Å, 

4.3

t
EE

norm
 , Eq.  2.1 

where E is the Young‟s modulus and t is the CNT wall thickness, assumed in each study. 

Normalizing the Young‟s modulus gives rise to a narrow range of Enorm=0.88-1.24 TPa as 

listed in Table  2.1. 
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Table ‎2.1 The initial and normalized longitudinal Young’s‎modulus‎and wall thickness of CNTs. 

Authors Method 

Wall 

thickness 

(Å) 

E 

(TPa) 

Enorm 

(TPa) 

Lu [74] MD simulation 3.4 0.97 0.97 

Hernández et al. [75] Tight binding MD simulation 3.4 1.24 1.24 

Li and Chou [76] Structural mechanics 3.4 1.01 1.01 

Jin and Yuan [77] MD simulation 3.4 1.24 1.24 

Yakobson et al. [78] MD simulation 0.66 5.50 1.07 

Zhou et al. [79] Tight-binding model 0.74 5.10 1.11 

Kudin et al. [80] Ab inito computations 0.89 3.86 1.01 

Tu and Ou-yang [81] Local density approximation  0.75 4.70 1.04 

Panatano et al. [82] Continuum shell modelling 0.75 4.84 1.06 

Wang et al. [83] Ab initio calculation 0.665 5.07 0.99 

Vodenitcharova and 

Zhang [70] 

Ring theory continuum 

mechanics 

0.617 4.88 0.88 

Due to the atomic scale of CNTs, numerical tools used extensively to obtain elastic moduli 

of CNTs involve MD (e.g. [77, 98-103]), MM (e.g. [51, 65, 104]) and ab initio calculations 

(e.g. [80, 105-108]). More studies have been reviewed by Shokrieh and Rafiee [97].  

2.3.3 Elastic moduli of CNT-clusters 

Isolated CNTs could be used directly in some applications such as AFM tips [109]. 

However, to obtain a balanced combination of mechanical and electrical properties of 

CNTs for some specific applications, it is often desirable to synthesize CNT arrays with a 

parallel axis to form a cluster with a honeycomb-like structure [110]. These include their 

applications as springs [111], field emission displays [112], energy storage [113] and 
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electrical interconnection [114]. A CNT-cluster has a two-dimensional triangular lattice 

constant, and has a plane of symmetry. Thus, in a sense, it is similar to a crystalline 

material, and may be approximated to be transversely isotropic [115, 116].  

With regard to their applications, CNT-clusters might be used under hydrostatic pressure. 

Even in CNT-PMCs local hydrostatic pressure can be increased. Extensive investigations 

on the mechanical properties of such CNT-clusters have been associated with the 

atmospheric pressure [74, 117-121]. For example, using an empirical force-constant model, 

Lu [74] extracted bulk and Young‟s modules of CNT-clusters. They concluded that CNT-

clusters show a soft behaviour in the basal plan. Popov et al. [118] used an analytical 

method based on lattice dynamical model [122] to calculate four elastic parameters C11, 

C12, C13 and C33 in the atmospheric pressure. Saether et al.[116] discussed all five elastic 

parameters for CNT (12, 0) clusters. Due to the small diameter of CNT (12, 0), the CNT 

was assumed to be rigid and the vdW interaction was considered to be the only dominant 

parameter. Liu et al. [119] presented a hybrid atomistic/continuum model to study the bulk 

elastic properties of CNT-clusters in atmospheric pressure, and calculated five independent 

elastic parameters. In obtaining the out-of-plane shear modulus, however, they assumed 

that the CNTs were rigid. Nevertheless, there are only a few experimental works to 

characterize the elastic properties of CNT-clusters. For example, Salvetat et al. [94] 

characterized the elastic and shear moduli of CNT ropes composed with SWCNTs with a 

diameter of 1.4 nm. Their rope diameter ranged between 3 and 20 nm. They concluded that 

CNT ropes had a low shear modulus of G ≈ 1 GPa. Most experimental studies under a high 

pressure have been conducted with the aid of the Raman spectroscopy [123]. Some specific 

quantities, such as collapse pressure [124] and phase transformation leading to the shape 



Chapter 2 Background and state of the art 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 19 - 

deformation of polygonization, ovalization or racetrack [115, 125] have been investigated. 

Some theoretical studies based on atomistic simulations have also been performed to 

examine the pressure effect on the phase transformation [125-127] or bulk modulus [128] 

of a CNT-cluster. Nevertheless, the understanding of five elastic properties of CNT-clusters 

under a high pressure has been shallow and needs more study. 

2.4 Physical properties of polymers 

Long molecules of polymers are composed of repeated sub-unites called monomers. 

Compare to metals, polymers are extremely light and, depending on their molecular 

structure, can provide a wide range of mechanical properties. Polymers are categorized in 

different ways. There are two types of thermoplastics and thermosetting polymers. 

Thermoplastics can be melted and reshaped without chemical decomposition; however, 

thermosetting polymers cannot be melted even at high temperature. Instead their chemical 

structure decomposes beyond a certain temperature. Furthermore, polymers might have a 

fully amorphous structure (e.g., polystyrene [PS] and all thermoset polymers) or semi-

crystalline structure (e.g., PE and polyvinyl chloride [PVC]) which are partially crystalline 

[1, 129]. 

Physical properties of bulk polymers such as elastic moduli, transition temperatures, 

density, viscosity and melting point of polymers are dependent on a variety of parameters 

such as molecular weight, the length of backbone chain and the architecture of their 

molecular structure. For example, a PE crystal is friable while a fully amorphous PE is a 

viscous fluid at room temperature. A combination of both morphologies renders a tough 
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and resilient material as it is [129]. Although, interatomic chemical bonds in one single 

polymer chain are very strong [130], overall properties of polymers are mainly affected 

with the chain entanglements and weak vdW interactions which keep the polymer chains 

close together. As a result, longer chains have less mobility and can resist changing their 

position under mechanical and thermal loads [131].  

Pure bulk polymers are often isotropic materials which can be characterized experimentally 

similar to any conventional material. However, developing new polymers or improving the 

interaction between polymer and nano-inclusions required understanding of the internal 

interactions and mechanisms. To do so, MD has been frequently used to study the dynamic 

parameters of polymers such as glass transition [132-134] and stress-strain analysis of 

polymers (e.g. Ref. [39]). Furthermore, due to simpler analysis and smooth results, the 

static method based on MM theories has been a popular method to predict stress-strain 

behaviour of polymers. However, this method is valid only for small strain and under 

specific conditions which has been explained in detail by Theodorou and Suter [135]. 

One of the most important parameters for amorphous and semi-crystalline materials is their 

glass transition temperature, Tg, in which the physical behaviour changes from glassy to 

rubbery or liquid-like. Based on the dilatometric methods, any turning point in the slope of 

specific volume-temperature curve is indicated as a transition. Due to the existence of 

crystalline parts in some polymers, they exhibit several turning points which make it hard 

to find their Tg. For example semi-crystalline PE has three turning points corresponding to 

three relaxation processes indexed by so-called ,  and  [136], in which the  process is 

due to the morphology change of the crystalline portion of PE, and the  and  processes 
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are attributed to the amorphous fraction. It was argued that the  process was dominant in a 

branched PE and was insignificant for a linear PE [137-139]. In their MD simulation of an 

amorphous PE, Han et al. [134] showed that the relaxation process for the amorphous PE 

was mainly the  process which resulted in the Tg of 250 K. Some other MD simulations of 

fully amorphous PE reported that Tg is equal to 230 K [134, 140]. Experimental 

characterizations found, however, that the three turning points are diverse: the  transition 

was between 143 K to 173 K; the  transition was in a wider range between 283 K to 343 

K; and the  transition was approximately at 253 K [129].  

2.5 Interphase of CNT-composites  

CNT-matrix interphase is a transient region between the external surfaces of CNTs and the 

bulk matrix of a CNT-PMC. Compared to the small diameter of a CNT, the thickness of the 

interphase is considerable. Reynaud et al. [141] argued that the volume fraction of an 

interphase with 1 nm thickness is approximately 0.3%; however, it can reach to 30% in the 

case of CNT-composites. The interphase region bonds the CNTs to the matrix and plays an 

important role in determining macroscopic properties of the composite [18, 142]. In the 

case of a non-bonded CNT-PMC, there are two distinct interphase regions. One is the vdW 

interphase, which is the gap distance between the CNT atoms and those in the internal 

surface of the matrix surrounding the CNT. The other is the adsorption layer interphase, 

which often has a greater density than the bulk matrix [42, 143], hence is called a dense 

interphase. Some researchers assumed that the vdW gap between the CNT and the matrix 

was the only interphase region [31, 52, 144] with certain thickness and mechanical 

properties. However, considering that the vdW interactions may alter the properties of both 
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CNT and the transition matrix phase, these three-phase models are insufficient to resolve all 

the details. The effect of the vdW interphase on the nano-composite properties have been 

investigated to a certain extent. For example, Tan et al. [27] studied analytically and 

reported that the vdW interphase debonds and weakens the composite when the material is 

subjected to a large strain. Shokrieh and Rafiee [52] used spring elements in a FE analysis 

to treat the vdW interactions between the CNT atoms and the surrounding matrix. They 

claimed that the CNT-PMC would have a nonlinear behaviour under a large strain. Using 

the atomistic simulation, Tsai et al. [31] characterized the vdW interphase considering the 

non-bonded energy between a SWCNT and a matrix. They found that the interphase has a 

major effect on the transverse Young‟s modulus of aligned SWCNT-PMCs. The role of the 

dense interphase has also been studied. Odegard et al. [142] developed a continuum-based 

elastic micro-mechanical model and concluded that the interphase influence would 

diminish if the radius of a nano-filler is greater than 100 nm. Wang et al. [145] developed 

an FE code to include the interphase effect on the overall properties of nano-composites 

with different inclusion shapes. They concluded that the interphase is effective when the 

nano-filler radius is less than 10 nm. In their micro-mechanical model, Yang et al. [42] 

treated the combined vdW gap and SWCNT as an inclusion, but the combined dense 

interphase and matrix as a new matrix. They reported that a weaker interphase would make 

the elastic modulus smaller, except that in the longitudinal direction of the SWCNTs. 

Extensive work has been done on the multi-phase modelling to investigate the impact of a 

predetermined interphase on the overall mechanical properties of nano-composites [146, 

147]. Nevertheless, very little is available on the characterization of the elastic properties of 

the interphase layer. Using a micromechanical approach, some relations have been 
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developed for elastic properties of the interphase (e.g. [57, 148, 149]), which still needs 

atomistic simulations or experimental tests to determine their key parameters. Alternatively, 

combined methods of atomistic/molecular simulation and micromechanics were proposed 

[42, 142, 150] to characterize the “effective interface”. The micromechanics part in this 

way, however, has a limited capacity and accuracy. Because of these, some researchers 

have proposed to characterize the interphase directly from atomistic/molecular simulations. 

For example, Papakonstanopoulos et al. [151] used stress fluctuation in the Monte Carlo 

simulation and Frankland et al. [152] used configuration energy in MD simulation to 

calculate the local elastic properties of the matrix involving the interphase, as a function of 

the radial distance from the CNT external surface. Yet more investigation is needed to 

characterize the properties of dense interphase in a simpler way. 

2.6 Waviness of CNTs 

It has been shown experimentally that most of CNTs are highly wavy in the matrix [8, 9, 

23, 153] which is mainly because of low bending stiffness of CNTs. It has been shown that 

the waviness of CNTs reduces the stiffness of CNT-PMCs [20, 21, 40, 154-160], 

nonetheless, Pantano and Cappello [154] reported that in the case of poor-bonding CNT-

PMCs, waviness can increase the stiffness of CNT-PMCs through the bending energy 

instead of axial stiffness and energy of the CNTs. To characterize the morphology of wavy 

fibres and understand the effect of wavy microfibres or CNTs on the elastic properties of 

composites, extensive experimental [161] and theoretical works based on micromechanics 

theories [20, 40, 156, 158, 159], FE methods [154, 160, 162] and a hybrid of FE-

micromechanical methods [21, 155] have been used.  
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Most of the micromechanical works on the waviness of CNTs are based on the Mori-

Tanaka method [163]. Since the Mori-Tanaka method was developed for straight inclusions 

there have been some attempts to modify the method for wavy CNTs. The most 

controversial subject is to obtain the concentration tensor for the inclusions with different 

geometries. For example, Bradshaw et al. [155] used FE to find dilute stress concentration 

tensor of wavy CNT of a cubic or wavy RVE. The concentration tensor then was used in 

the Mori-Tanaka method for aligned or randomly oriented fibres. Although Mori-Tanaka 

method gives rise to acceptable results for micro scale fibres with simple waviness, still 

finding the right concentration tensor for random geometry fibres is a matter of research. 

Furthermore, there are some simple relations based on the Halpin-Tsai equation [164] to fit 

the experimental data. For example Yeh et al. [165] and Omidi et al. [14] modified the 

Halpin-Tsai equation by adopting some additional factors such as orientation factor, shape 

factor and waviness factor. However, these equations are not able to catch all complicated 

mechanisms of CNT-PMCs.  

In the most of the works explained above the CNTs are treated as uniform wavy fibres with 

a sinusoidal wave shape [21, 84, 154, 166] or simple bow-wave shape [156, 159] that is 

suitable for woven microfibres which have a regular fibre shape. Meanwhile, technically it 

is very hard to produce nano-composites with regular CNT shape. More reliable results for 

such complicated morphology of wavy CNTs need to use some techniques to characterize 

the real CNT morphology in the composites. For example Clark et al. [161], used the two-

dimentional (2D) cross-sectional image of fibres in a composite to figure out the three 

dimensional (3D) structure of fibres. In a recent work, Bhuiyan et al. [167] characterized 

the probability distribution functions of CNT diameter, orientation, dispersion and 
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waviness through image analysis. Also, with the aid of some techniques such as voltage-

contrast SEM, it is feasible to monitor the sub-surface CNT network up to approximately 

250 nm [168]. With those techniques it is feasible to model more real morphology of wavy 

CNTs with more reliability. 

2.7 Multiscale modelling of CNT-PMCs 

To characterize the elastic properties of CNT-PMCs, over the past decades, various 

theoretical methods aiming to understand the dynamic process of CNT-matrix interactions 

and to predict the mechanical properties of CNT-PMCs have been developed [5, 169, 170]. 

Most of them, however, are based on the concept of an RVE containing the matrix and the 

reinforcement to be used in multiscale micromechanics or FE treatments.  

The CNT-PMCs have been analyzed with the atomistic simulations [24, 36, 42, 58], the 

continuum micromechanics [171], the FE method [172] and the semi-continuum FE 

approach [52, 173]. Atomistic methods have been frequently used to explore the detailed 

reinforcing mechanisms of CNT-PMCs, such as the effects of CNT-matrix interphase [58], 

the bonding [19, 174] and the stress-strain properties of nano-scale molecular mechanisms 

[36, 38]. However, due to the high computational cost, an atomistic method is confined to a 

small model size of a few nanometers in dimension and a time scale of a few nano-seconds. 

As a result, such modelling is highly demanding in predicting the macroscopic properties of 

a CNT-PMC. To overcome the barriers in both length scale and time scale, proper ways 

have been explored to extract useful information from a limited number of atomistic 

simulations.  



Chapter 2 Background and state of the art 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 26 - 

With the time and length restrictions of atomistic methods, the continuum approaches of 

micromechanics [30] and FE methods have been used extensively. However, these 

approaches are still based on the continuum assumption, which cannot capture all the 

interactions between the CNTs and the matrix. However, to improve the applicability of 

micromechanics significant efforts have been made to develop the interphase modelling 

techniques, such as the thin shell interphase treatment [29, 56, 57]. Although, the properties 

of the transient regions in the treatment still need the application of other methods such as 

MD and MM analyses [58]. At the same time, some strong assumptions and simplifications 

must be used to make the micromechanics applicable.  

Besides directly using FE method to obtain a more accurate solution of the stress field, 

efforts have also been made to construct complicated FE model of CNT-PMC. Shokrieh 

and Rafiee [52] establish the FE model of CNT-PMC with the carbon-carbon bonds 

represented by beam elements (originally developed by Li and Chou [76]) and the vdW 

interactions between the CNT atoms and the adjacent matrix by nonlinear springs. They 

proposed that the region occupied by CNT and the equilibrium vdW gap may be considered 

as a single solid phase. In their study some important factors, such as the non-local effect of 

the vdW forces and the transition region in the matrix, were ignored.  

The controversial issues associated with the continuum and semi-continuum methods are 

the determination of the properties and the geometries of the nano-inclusions and the 

interphase regions. As a result, these properties and geometries cannot be properly 

accounted by the micromechanics or the FE treatments directly. For example, a semi-

continuum FE approach treats the vdW interaction as spring elements to connect a 
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continuum matrix to the CNT atoms and constructs the CNT interatomic bonds as beam 

elements. This approach is convenient as it can integrate all simulations in a single FE code 

commercially available and is appropriate to study regular structures such as MWCNTs 

[175]. However, the spring element simply connects the internal surface of the matrix, 

without taking into account the fact that the vdW interaction is non-local and that each 

atom of CNT interacts with several atoms of the matrix and the CNT within the cutting 

radius. Moreover, compared to the atomistic methods this kind of treatment is unable to 

predict the equilibrated location of atoms of the amorphous matrix adjacent to the CNT.  

A sensible solution is multiscale modelling of CNT-PMCs including a continuum model of 

composites with essential parameters determined from atomistic simulations. For instance, 

Odegard et al. [58] proposed a semi-continuum approach. They used MD to equilibrate the 

atomistic model and then established an equivalent truss system describing the inter-atomic 

interactions. The equivalent truss model was then applied to calculate the properties of an 

equivalent-continuum fibre applicable in micromechanics. Tsai et al. [31] also developed a 

combined modelling method using atomistic simulation and micromechanics. In their 

analysis, a composition of the CNT (as a solid fibre though), the equilibrium vdW gap, and 

the bulk matrix was established. They treated the vdW gap as a solid phase with the elastic 

properties quantified from MD simulation. The multiscale treatment can integrate the 

accuracy of atomistic simulations with the efficiency of continuum-mechanics methods. 

Many multi-scale models have been developed, yet a reliable method with minimum 

simplification in nano- and micro-scale needs to be developed.  
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2.8 Summary 

In this chapter, the background on the available characterizing methods for CNT-PMCs 

was discussed and a sufficient literature review was provided. It was argued that multiscale 

modelling methods are the most suitable methods for characterizing CNT-PMCs which an 

accurate technique for nano-scale is integrated with a quick response method for 

macroscopic scale. The literature review revealed following gaps in knowledge that need 

further studies.  

i) There exist a little theoretical works on characterizing all five elastic parameters of CNTs 

and CNT-clusters especially under a high pressure. 

ii) Although there exist extensive studies on the impact of a predetermined interphase on 

the overall mechanical properties of nano-composites, yet the studies on the 

characterization of the elastic properties of the interphase layer is shallow. 

iii) Extensive studies on the effect of waviness on the elastic properties of CNT-PMCs have 

been done, nevertheless, in most of them wavy CNT have been treated as sinusoidal wave 

shape or simple bow-wave shape. A technique should be developed to generate more real 

CNT morphology in a composite. 

iv) A multi-scale method with minimum simplification in both nano- and micro-scale needs 

to be developed. 
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Chapter 3  

Basics of atomistic simulation methods and 

Materials Studio settings 

3.1 Introduction 

Computational chemistry methods such as QM, MD, MM and CG provide the theoretical 

platform to study the dynamics of atomistic and molecular structures aimed at improving 

their properties or to design new materials. With improving power of computers during the 

last few decades, an extensive range of software tools have been developed to carry out 

atomistic simulations. Materials Studio [176], developed by the Accelrys company, is one 

of the most powerful software packages for simulating and modelling of materials. 

Materials Studio includes several modules involving a vast range of quantum, atomistic and 

molecular simulation tools. In this thesis, the Forcite module was used for all MD and MM 

simulations. Forcite is an advanced classical mechanics tool, which, in conjunction with the 

modelling and simulation environment of Materials Studio, provides a powerful platform 

for energy calculation, MD simulation and geometry optimization with the aid of MM.  

Compare to the classic continuum mechanics, atomistic simulation methods are almost new 

for engineering applications. This chapter provides a sufficient theoretical background 

regarding this research. Eventually, the Materials Studio settings are adjusted for a higher 

efficiency. The manual of Materials Studio [176] has been used to expand some sections of 

this chapter.  
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3.2 Basic concepts 

3.2.1 ab initio quantum mechanics methods 

Ab initio quantum mechanics is based on the accurate solution of the Schrodinger equation 

[46], 

),(),( rRErRH  , Eq.  3.1 

where H and E are Hamiltonian and energy of the wave function (  ), respectively. In Eq. 

 3.1,  is a function of the coordinates of the nuclei (R) and of the coordinates of the 

electrons (r). The Schrodinger equation is very complex to solve. Since the electrons are 

several thousand times lighter in weight and faster in velocity than nuclei, Born and 

Oppenheimer [177] proposed an approximation that the motion of electrons can be 

decoupled from the motion of nuclei giving rise to two independent equations. The first one 

represents the electronic motion, defined as  

 );();( RrERrH  . Eq.  3.2 

This equation can be solved directly with the ab initio codes giving rise to an energy 

function, called potential energy surface, that is a function of nuclei coordinates (R). The 

second equation describes the nuclear motion on the potential energy surface, defined as  

)()( RERH  . Eq.  3.3 
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This equation is important when the time evolution of atomic model is desired. 

3.2.2 Molecular dynamics and molecular mechanics 

To study the dynamics of an atomistic system, Eq.  3.2 should be solved as a prerequisite for 

Eq.  3.3. However, a massive computational effort is necessary to solve Eq.  3.2. Thus, to 

reduce the calculation cost, a lot of effort has been made to fit a function to the potential 

energy surface called a “force field” (V). To date, there is not a versatile force field 

applicable for all materials. Each force field can be parameterized for a small group of 

elements with a high accuracy or for a vast range of elements by sacrificing the accuracy. A 

powerful force field is able to cover a vast range of elements with a reasonable accuracy. 

Since nuclei are relatively heavy objects for simplicity their quantum mechanical effects are 

ignored and Eq.  3.3 is represented with Newton's equation of motion,  

2

2

dt

Rd
m

dR

dV
F  , Eq.  3.4 

where F and m are interatomic force and atomic mass. Alternatively, Eq.  3.4 can be defined 

for each atom i as,  

2
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dt
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m
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V
f i

i

i

i





 , Eq.  3.5 

To study the dynamics of an atomistic system in an MD simulation, the initial velocities of 

all atoms at 0t  are assigned randomly with a Maxwell-Boltzmann distribution. The same 

as any ordinary differential equation, Eq.  3.5 for all atoms are assembled and solved 

numerically with the finite difference method. The position and velocity of each atom is 
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then evaluated after a time step t  and repeats for the next steps at tt  . Ignoring the time 

evolution part of Eq.  3.5 (right-hand side term), leads to an MM simulation. Usually, 

dynamics concepts such as melting point and glass transition temperature of materials are 

evaluated with MD simulations, whereas the static problems such as relative structural 

energy and equilibrium structures can be treated by MM. Depending on the material 

structure and loading conditions, both MM and MD have been used for stress analysis 

[178-180]. It is noted that theoretically, MM is performed in absolute zero temperature.  

In a regular MD, the equations of motion for all atoms are integrated that give rise to 

detailed information about each atom. However, such details are not necessary to study 

some physical properties such as variation of morphology, and equilibration of large 

molecules of proteins or polymers. In those cases, a group of atoms is replaced with a bead 

to reduce the number of equations, known as coarse-grained molecular dynamics (CG), 

which reduces the computational run time by two to three orders of magnitude compared to 

all atom MD simulations [181]. Nevertheless, some processes such as stress-strain analysis 

need more details through all atoms MD and MM simulations. 

3.3 COMPASS force field 

In atomic force fields, atoms are treated as single balls and their interatomic interactions are 

represented with different single or combined mechanical springs such as torsion, stretch 

and bend. A force field represents an expression of potential energy surface of a particular 

atomistic structure as a function of its atomic coordinates, and load terms such as bond 

angle, bond distance and torsion.  
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In this study, an ab initio second-generation force field, COMPASS (Condensed-phase 

Optimized Molecular Potentials for Atomistic Simulation Studies), is applied to describe 

inter- and intra-atomic interactions. COMPASS belongs to the “consistent force fields” 

family, those with the same functional form but different parameter values. Using ab initio 

simulations and a wide range of experimental observations, COMPASS was originally 

developed and parameterized by Sun [47, 48]. It is one of the most suitable force fields for 

investigating organic molecules, inorganic small molecules, and polymeric composites 

(e.g., [24, 150, 182-186]). The functional form of COMPASS is general and flexible which 

can be parameterized accurately for a wide range of materials. In the consistent force fields, 

the total potential energy of an atomistic system is expressed as a summation of three 

interaction energies: bond or valence (
valence

E ), cross-coupling terms (
termcross

E


), and non-

bonded (
bondnon

E


) energies. 

bondnontermcrossvalencetotal
EEEE


  Eq.  3.6 

A great feature of the second-generation force fields is their higher accuracy due to 

involving the cross-coupling terms [24], which account the bond or angle changes, caused 

by the nearby atoms. Each term of Eq. 3.6 has been expanded in Appendix 2. 

3.4 Progress control  

Newton‟s equations of motion for all atoms can be integrated to predict the dynamics of 

atomistic systems with a conserved level of energy. However, the overall energy of the 

atomistic system is changed with the variation of pressure or temperature. Therefore, some 

progress control algorithms are essential to control the level of statistical conditions of 
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pressure and temperature. Different algorithms have been developed to keep a constant 

state for variables such as temperature (T), pressure (P), Stress ( ), volume (V), enthalpy 

(H=E+PV), and number of atoms (N). Moreover, several thermodynamic ensembles have 

been developed to keep a group of parameters constant. For example, NPT ensemble states 

a constant number of atoms (N), pressure (P), and temperature (T). Four thermodynamic 

ensembles of NPT, NVT, NVE, and NPH are supported by Materials Studio. It is noted 

that, the number of atoms of all ensembles are kept constant.  

In this thesis, only two ensembles of NPT and NVT are used. It depends on the application 

of MD simulation to select one of the ensembles above. For example, volumetric 

coefficient of thermal expansion is obtained experimentally by recording the volume of a 

sample in each temperature state, while pressure is constant. This process numerically is 

equivalent to NPT ensemble. The NVT ensemble called canonical ensemble, can fix the 

cell dimensions during MD simulation and does not care about the pressure fluctuations. In 

this thesis, the NVT ensemble is used for the last stage of equilibration process before the 

stress analysis.  

3.5 Atomistic temperature  

Temperature is a thermodynamic quantity which is a function of average kinetic energy of 

the atomistic system. 

3.5.1 Evaluation of temperature 

The quantity of temperature is calculated through the Equipartition theorem [187] that is   
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 , Eq.  3.7 

where Pi is the momenta of atom i with mass m in an atomistic system involving N atoms. 

Furthermore, K, Nf, T, and kB are kinetic energy, number of degrees of freedom, 

temperature of atomistic system, and Boltzmann constant, respectively. The terms inside 

 are statistically averaged for a while. A more convenient way to define an 

instantaneous kinetic temperature is 

Bf

inst
kN

K
T

2
 . Eq.  3.8 

Thermodynamic temperature is an average of instantaneous temperature of Eq.  3.8 for a 

moment. It is noted that, at a certain temperature the atoms of the system do not follow the 

same velocity pattern. However, X, Y and Z components of velocity for atoms have a 

probability distribution which are represented with Maxwell-Boltzmann equation, i.e., 
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The velocity ( v ) of atoms depends on their mass and the temperature of the system. A 

schematic Maxwell-Boltzmann distribution has been shown in Fig.  3.1. The graph shows 

that for a lower temperature most of the atoms are slow; however, the number of high 

velocity atoms increases with temperature rise.  
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Fig. ‎3.1 Maxwell-Boltzmann distribution of water with temperature variation. 

3.5.2 Controlling temperature 

The initial velocities of atoms in an MD process are set based on the Maxwell-Boltzmann 

distribution function. However, at the beginning, the atomistic structure is not in a global 

minimum energy state. In other words, there are some local high potential energy spots, 

which release their energy at the beginning of MD simulation. As a result, the kinetic 

energy and subsequent temperature of the atomistic system is artificially increased. The 

same disturbance happens right after applying a sudden external load to the atomistic 

system. To remedy this problem, some algorithms have been developed to keep the desired 

temperature constant by tuning the statistical velocity distribution of atoms. In Materials 

Studio there are four methods to control the temperature that include direct velocity scaling, 

Berendsen, Nosé, and Andersen. In the direct velocity scaling method, the velocity of all 

atoms (Vold) are simply scaled to adjust the target temperature (Ttarget). 
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Where TSystem and Vnew are current temperature of atomic system and velocity of atoms. In 

the Berendsen method the simulated system is coupled to an external bath with a constant 

temperature [188]. The velocity of each atom is then scaled by a proportional factor of , 
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where t is the time step size, 
T

 is the temperature coupling time constant, 
0

T is the target 

temperature and T  is the instant temperature. Nosé method also known as Nosé-Hoover 

method, adds an additional degree of freedom to the atomistic system which represents the 

interaction of system with heat bath. More detail is beyond the scope of this thesis and can 

be reviewed in Refs. [189-191]. In the Andersen method, the velocity of all atoms are 

randomized periodically to keep a constant temperature. We examined all four methods 

above with a polymer sample and realized that the Brendsen method is superior one in 

aspects of both convergence and stability. In Brendsen method, the coupling time constant, 

T
 , is an important factor which has been recommended to be between 0.1 to 0.4 ps [188]. 

Our simulations show that reducing 
T

 gives rise to a fast convergence of temperature with 

a noisy kinetic energy. Selecting a very low 
T

 can threaten the stability of MD system and 

stop the progress after a few iterations. In this study, MD is used mainly for equilibration of 

atomistic systems in which the fluctuation of energy is not an important issue. After a few 

numerical tests for polymers and CNT-PMCs, a small 005.0
T

  was selected which 

showed a stable system with a discrepancy of temperature less than 2% in 300K. 
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3.6 Atomistic stress and pressure 

In continuum mechanics, stress is defined as the average interaction force between the 

particles of either sides of an imaginary cutting plane per unit area. Based on the Cauchy 

stress definition, three-dimensional stresses on the surfaces of an infinitesimal cube of a 

body are defined as a symmetric tensor with six independent components [192], 
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where
2112

  , 
3113

  , and 
3223

  . The stress tensor includes both normal stress 

(
zyx

 ,, ) and shear stress (
yzxzxy

 ,, ) components.  

3.6.1 Atomistic stress evaluation 

The same concept of continuum mechanics has been statistically used to calculate stress 

components on a surface at atomistic scale known as Lagrangian atomic stress [180, 193]. 

However, the most popular method has been the virial equation [194]. According to the 

virial equation, the instantaneous stress tensor with the same notation of Berendsen et al. 

[188] is defined as  

 ,
2

1
)(

1

1 11 




































  

 

N

i

N

j

T

ijij

N

i

T

iii
frvvm

V
  Eq.  3.13 

where mi and vi are respectively the mass and velocity vectors of the i
th

 atom, and rij and fij 

are relative position vectors and interatomic force vectors between i
th

 and j
th

 atoms, 
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respectively. Eq.  3.13 indicates the instantaneous average stress of the atomistic system 

involves N atoms with a total volume of V. As an alternative, the components of average 

virial stress can be expressed as [195],  
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  Eq.  3.14 

where l and m take values in x, y and z directions, 


m ,


l
v , and

 


m
v  are the mass, and the 

velocities of atom   in the l and m directions, respectively.


l
f  and



m
r  are the 

interatomic force and the relative position between atom   and atom  , respectively. 

Pressure is another thermodynamics state variable which is a type of stress with hydrostatic 

conditions (i.e., 
zyx

P    and 0
yzxzxy

 ). In the non-hydrostatic conditions, 

a mean instantaneous pressure is calculated as the average trace of the stress tensor 

(i.e., 3/)(
zyx

P   ). In Materials Studio, both stress and pressure are evaluated 

through virial stress equations.  

3.6.2 Pressure/stress control methods 

In Materials Studio, the pressure of an atomistic system under NPT ensemble can be 

controlled with scaling the cell volume. In this study, two methods of Brendsen [188] and 

Parrinello-Rahman [196] are used. The Brendsen method changes the cell dimensions with 

the same ratio giving rise to a non-homogeneous stress for solid materials. However, the 

Parrinello-Rahman method can control both stress and pressure by changing the cell shape 

and dimensions independently. 
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The Brendsen method couples the atomistic system with a pressure bath to adjust the 

pressure by changing the virial of the system through scaling the inter-atomic distances and 

the cell dimensions [188]. The scaling factor is  

 
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 , Eq.  3.15 

where t , P ,
0

P , and
P

  are the time step, the instantaneous pressure, the target pressure, 

and the pressure-time constant respectively. In Materials Studio, the pressure-time constant 

is 0.1 by default. The smaller 
P

  gives rise to a faster convergence with more instability. 

Since the Brendsen method is not able to change the MD cell dimensions independently, it 

is not suitable for studying solid materials especially anisotropic ones. In our simulations, 

P
 was set to 0.05 which showed a stable system with a low fluctuation of pressure.  

The Parrinello-Rahman method was extended based on Andersen‟s method [197] to allow 

both the size and the shape of the MD cell to be changed. In this method an arbitrary shape 

of the MD cell is defined by a set of three vectors a, b, and c that spans the edge. The 

vectors are arranged in a 3×3 matrix of  cbah ,,  which involves nine cell variables. An 

MD system consists of N particles that are defined with a set of 3N variables of 

coordinates. In the Parrinello-Rahman method the time evolution of all 3N+9 variables 

including particles and cell parameters, under hydrostatic pressure, are obtained from the 

Lagrangian equation, 
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where mi is the mass of atom i, si is the fractional coordinate of atom i, tensor G is defined 

as G=h
T 

h,  is the interaction potential, rij is the interatomic distance (i.e., 
ijij

rrr  ), Pext 

is the external pressure on the system, V is the MD cell volume (i.e., V = det h), and W is a 

mass-like user-defined variable to adjust the rate of volume/shape variation. The dots above 

some parameters indicate the time derivative. The first two right-side terms of Eq.  3.16 are 

the kinetic and potential energies respectively which represent the Lagrangian of the 

original system. The third term of Eq.  3.16 is the kinetic energy associated with the 

variation of the cell parameters and the last term represents the elastic energy relating to the 

external target pressure and the cell volume. The equation of motion for atoms and cell 

vectors could be derived from Eq.  3.16 which has been discussed in detail by Parrinello and 

Rahman [196].  

The mass-like user-defined variable, W, is an important variable to adjust the variation rate 

of volume/shape. The proper quantity of W depends on the cell size and material properties. 

A large quantity of W gives rise to a slow variation of the cell vectors which is suitable for 

small-structure and liquid-like materials. In contrast, small W leads to a fast variation of cell 

dimensions that can reach to the desired shape very soon; however, it can threaten the 

stability of systems as well. After several numerical tests for polymers and CNT-PMCs, the 

appropriate W was set to 10 amu, which shows a stable and gentle behaviour. 

3.7 Periodic boundary conditions 

In computer simulation of materials, it is not possible to simulate a large system of 

materials. Therefore it is preferable to select a small unit cell of material far from the edges 
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which theoretically is equivalent to a unit cell surrounded by replicas of itself in a periodic 

boundary condition (PBC) that simulates an element inside bulk material without any 

artificial surface energy. In a PBC, when an atom leaves the cell through one face, it 

substitutes from the opposite faces with the same velocity, keeping a constant number of 

atoms. The size of the unit cell should be small enough to reduce the computational cost, 

yet large enough to avoid artificial effects. For example, Fig.  3.2a shows a CNT-PMC, 

including a SWCNT embedded in a polymeric matrix with a non-periodic boundary. 

However, in a PBC the central CNT is surrounded by polymer chains from other image 

cells as well (see Fig.  3.2b).  

    
 

(a) 

 

(b) 

Fig. ‎3.2 Front view of a SWCNT-PMC: (a) non-periodic boundary, and (b) periodic boundary. 

It is straightforward to construct crystalline or gas materials under PBC; however, it is 

challenging to generate random-walk amorphous polymer chains in a PBC cell. For 

example, a part of a long-chain polymer may lie in the image cells and vice versa, as shown 

in Fig.  3.2b. To avoid coincidence between atoms of the parent molecules with the image 
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ones, in this thesis, the Amorphous cell package of Materials Studio is used to generate 

random-walk chains of polymers based on the work of Theodorou and Suter [198]. 

3.8 Non-bonded summation methods 

The evaluation of the non-bond interactions, including electrostatic and vdW interactions, 

are the most time-consuming part of atomistic simulations. To reduce the calculation load, 

different summation methods have been developed to ignore or approximate non-bonded 

interactions between far distant atoms. With the Forcite modulus of Materials Studio, there 

are three summation methods of atom-based cut-offs, group-based cut-offs and Ewald 

sums.  

In atom-based cut-offs or direct method, the non-bond interactions between one atom and 

surrounding atoms within a spherical region with a certain radius (cut-off radius) are 

calculated. The biggest fault associate with this method is the energy jumping which is 

caused when an atom moves in or out of the spherical boundary. The energy jumping can 

be reduced by increasing the cut-off radius; however, it should be noted that the simulation 

run time increased proportional to the fourth order of the cut-off radius. 

In the group-based cut-offs method, the entire molecule or charge groups with net charge of 

zero are involved in the cut-off region. Using the same cut-off distance, this method is 

faster than atom-based cut-offs method and gives rise to more accurate results for 

electrostatic interactions. 

The Ewald method [199, 200] is favourable for calculating the non-bonded energies of 

crystalline solid structures, however, the method is applied to amorphous solids and 
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solutions. It has been reported that, compared to atom-based cut-offs, the Ewald method has 

a lower computational cost for an equivalent accuracy. The Ewald summation method in 

Materials Studio is based on the work of Karasawa and Goddard [201]. Due to its accuracy, 

in this thesis, the Ewald method has been selected as the summation method. 

3.9 Reducing MD run time in Materials Studio 

The most important drawback of MD simulations is their high computational cost, which 

has restricted both time and length scale of MD simulations. The run time of MD 

simulations are scaled by )(
2

NO , which N is the number of atoms. The run time can be 

reduced in different ways such as by reducing the accuracy of MD simulation, increasing 

time step, reducing the MD cell size or selecting a proper summation method. However, 

minimum requirements should be satisfied to obtain acceptable results. The optimum 

quantity of a parameter can be determined through sensitivity tests in which the parameter 

is adjusted until the results are stabilized.  

3.9.1  Accuracy of MD simulation 

Higher accuracy of MD simulations gives rise to a longer run time. Therefore, it is 

necessary to explore the optimum accuracy for a simulation. In Materials Studio, the 

accuracy of each parameter can be tuned manually; however, there are four predefined 

options to adjust the accuracy of all parameters as shown in Table  3.1. 

Our simulations show that the most time-consuming part of atomistic simulation of 

amorphous polymers is the equilibration process and characterizing the dilatometric graphs 
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of a material. As an example, a single molecule of PE with a polymerization number of 

n=100 in a PBC with Ewald summation method was examined for a period of 1 ns with a 

time step of 1 fs. The total simulating run time hours have been shown in Fig.  3.3. The 

results show that the total run time for ultra-fine quality is 10 times that of coarse quality. 

Table ‎3.1 Accuracy of different parameters under four quality settings 

 Coarse  Medium Fine Ultra-fine 

Electrostatic/vdW cut off distance (Å) 9.5 12.5 15.5 18.5 

Ewald accuracy (kcal/mol) 0.01 0.001 0.0001 0.00001 

Energy (kcal/mol) 0.002 0.001 0.0001 0.00002 

Max. force (kcal/mol/Å) 2.5 0.5 0.005 0.001 

Max. stress (GPa) 2.5 0.5 0.005 0.001 

Max. displacement (Å) 0.05 0.015 0.001 0.00001 

     

However, Fig.  3.4 shows that the average cell volume has not been affected much by the 

quality. Since the dilatometric graphs are a function of the cell volume in different 

temperature states, the results indicate that the coarse quality is enough for equilibration 

process and to determine dilatometric graphs. 
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Fig. ‎3.3 Run time against quality of MD calculation 

 

Fig. ‎3.4 Average cell volume against quality of MD calculation 

One important aim of this thesis is to evaluate the elastic properties through stress-strain 

analysis with MM simulations. To understand the minimum quality requirement, a simple 

tensile test on a sample amorphous polymer was examined with different qualities. Fig.  3.5 

shows that coarse and medium qualities are not able to obtain linear stress-strain graphs and 

that the reliable qualities are fine and ultra-fine. For more trustworthy results, in this study, 
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the quality for stress-strain analysis was set to ultra-fine . More details about stress-strain 

analysis of polymers will be explained in the next chapter. 

 

Fig. ‎3.5 Sample stress-strain graphs of pure PVC for different MM qualities. 

3.9.2 Proper time step  

The MD time step ( t ) should be small enough to avoid discretization error, and large 

enough to reduce the computational cost. Usually, the time step should be a fraction of the 

smallest vibrational period of the system and is in the order of 1 femtosecond (10
-15

 s). In 

the equilibration process of polymers, which is the most time-consuming part of our 

atomistic simulations, increasing the time step can reduce the computational cost. Our 

simulations of polymers at room temperature showed that the time step for polymers can be 

increased up to 2.5 fs. However, with this time step, the atomistic system is not stable at 

high temperature. For more consistency, in this thesis, a time step of 1 fs was set for all MD 

simulations. 



Chapter 3 Basics of atomistic simulation methods and Materials Studio settings 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 49 - 

3.9.3 Cell size  

The run time of an MD simulation of an atomistic system including N atoms is in the order 

of N
2
 (i.e., O (N

2
)). For instance, if cell sizes are doubled, the volume or the number of 

involved atoms increases by eight times, and the run time rises to 64 times that of original 

cell. Therefore, it is desirable to minimize the cell size as much as possible although the cell 

size should be big enough to avoid any artificial effect. For example, bulk amorphous 

polymers are often known as isotropic materials. However, a very small cell involving a 

short chain of polymer (though with random distribution) is highly orthotropic, which 

obviously is not a proper representative volume element of bulk material. In this thesis, a 

few samples of amorphous polymers with different cell sizes were examined which showed 

acceptable isotropic properties for cubic samples of 30 Å in dimensions and beyond that. In 

the case of CNT-PMC samples, the cell dimensions were increased to avoid any close 

contact between CNTs which are discussed in more detail in Chapter 6. 
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Chapter 4  

Atomistic simulation of polymers with different 

morphology and additives  

This chapter is based on: ―Effect of chain morphology and carbon-nanotube additives 

on the glass transition temperature of polyethylene‖ by S. 

Herasati, H.H. Ruan and L.C. Zhang, published in Journal of 

nano research Volume 23, 2013, Pages 16-23. 

 

4.1 Introduction 

Mechanical properties of bulk polymers can be extracted with macroscopic experimental 

methods. Furthermore, some tools such as atomic force microscopes and nano-indenters 

have been developed to characterize nano-scale properties. However, it is still beyond the 

capacity of experimental tools to reveal detailed mechanisms of materials or provide a way 

to optimize their mechanical properties.  

The atomistic simulations methods developed during recent decades are powerful tools for 

characterizing nano-scale materials; however, it is essential to select a proper force field 

and to make an accurate model to obtain reliable results. A variety of parameters such as 

density, glass transition temperature and elastic properties of commercial polymers were 

characterized many years ago [1] and can be used as criteria to examine the atomistic 

models and the pertinent force fields. 

In this chapter, a procedure of atomistic simulation and the COMPASS force field is 

validated for a variety of thermoplastic polymers and as a general case, the effect of chain 
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morphology of PE and CNT additives on the Tg, as a fundamental parameter, is considered. 

Also, the capability of the static method, based on MM simulation, to predict the elastic 

properties of polymers is explored. 

4.2 Modelling 

In this study, only thermoplastic polymers with both amorphous and semi-crystalline 

structures are discussed. To this end, PE is selected as sample semi-crystalline polymers 

and PS and PVC as amorphous polymers. Molecules of polymers are composed of multiple 

repeating monomer units which, in the case of solid polymers, are often in the order of 

several thousand units. However, because of the massive computational cost of MD and 

MM simulations, it is not feasible to simulate polymers in a real size. Thus, it is desirable to 

construct atomistic models as small as possible. However, the mechanical properties of 

polymers such as tensile strength, hardness and stiffness are a function of their molecular 

weight [202], defined as 

w

C
SS 


, Eq.  4.1 

where S and


S are mechanical quantity at a certain molecular weight (w) and for an 

infinitely large molecule, respectively, and C is a constant which depends on the material 

and the physical property under study. The schematic diagram of Fig.  4.1 shows that, 

strength/stiffness of polymers raise sharply with increasing molecular weight and 

approaches their extreme value of 


S . The same behaviour is expected for the other 

mechanical properties.  
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Fig. ‎4.1 A typical graph of polymer strength as a function of molecular weight 

With reference to the argument above, the molecular weight of solid polymers in the 

atomistic models should not be smaller than a certain quantity. For example, a pure PE 

consists of alkanes with the formula C2nH4n+2, where n is the degree of polymerization. 

Some MD simulations have been on the pure amorphous PE chains with n < 50 (viz. 

molecular weight less than 1,400) [203, 204]. However, it is known that in reality PE 

chains are very long with several thousands of atoms, and that PEs with chains of less than 

1,400 molecular weight are waxy solids and cannot carry any load [129]. Therefore a 

representative atomic model of PE should have more than 100 carbon atoms in each chain. 

To clarify different issues relating to polymers overall, three polymers are modelled as 

detailed below. 

4.2.1 Polyethylene 

PE chain could be a simple linear one or include one or more branches and include a 

crystalline part. Although there are many experimental studies on the Tg of PE [136, 138], 

and some atomistic simulation on the fully amorphous PE [140, 204], the atomistic 
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mechanisms of the effect of the polymer chain branches and their crystallinity, and the 

influence of reinforcements are still unclear. In this study, all PE chains have more than 100 

carbon atoms for more reliable results. In addition to pure PE, CNT reinforcements were 

also examined, which have been investigated overwhelmingly recently [25, 38, 39, 205-

207]. To study the effect of crystallinity, polymer branches and CNT additives on the Tg of 

PE, five schemes are considered as below.  

PE scheme 1 is a fully amorphous PE cube with n = 400 (Fig.  4.2a). 

PE scheme 2 is a semi-crystalline linear PE (no branches) (Fig.  4.2b), consisting of an 

orthorhombic crystal of PE of 180 carbon atoms and random-walk PE chains with n = 200 

surrounding the crystal. 

PE scheme 3 has the same crystal structure as PE scheme 2 (Fig.  4.2c) but the surrounding 

PE chain has six branches with n = 8. This scheme represents a realistic PE which contains 

both crystallinity and branched chains. 

PE scheme 4 is a PE composite consisting of a short-capped CNT (10, 10) of 360 carbon 

atoms (Fig.  4.2d). The PE has linear amorphous chains with n = 400. 

PE scheme 5 is also a PE composite reinforced by CNT (10, 10) which in respect to the 

periodic boundary has theoretically an infinite length. There are 485 carbon atoms in the 

simulation cell (Fig.  4.2e).  
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Fig. ‎4.2 Polyethylene and its composite schemes: a) fully amorphous PE, b) semi-crystalline with linear 

amorphous PE chains, c) semi-crystalline with branched amorphous, d) a composite with short-capped 

CNTs and linear PE chains, and e) a composite with infinitely-long CNTs and linear PE chains. 

Hydrogen atoms are shown in green and carbon atoms are dark gray or purple. 

Both CNT-PMC schemes (i.e., PE Schemes 4 and 5) have the same CNT volume fraction 

of 10%. In reality, the crystalline part of PE varies from merely 4% for very low density 
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polyethylene (VLDPE) to 82% for high density PE (HDPE) [129]. In this study, the semi-

crystalline PE schemes initially contain 45% crystallinity and based on the final density, it 

changes to nearly 50% after the equilibration process at room temperature. 

4.2.2 Polyvinyl chloride 

 The PVC scheme (Fig.  4.3a), is a pure and linear chain of commercial head-to-tail PVC 

which is composed of monomer vinyl chloride and has a molecular formula of (C2H3Cl)n 

with n=400.  

4.2.3 Polystyrene 

The PS scheme (Fig.  4.3b), is an atactic pure and linear chain composed of styrene 

monomer with molecular formula of (C8H8)n and head-to-tail direction with n=200. 

  

 

(a) 

 

(b) 

Fig. ‎4.3 Fully amorphous polymers: (a) polyvinyl chloride scheme, and (b) polystyrene scheme. 

The Accelyrs Amorphous Cell module [176] was used to generate random-walk polymer 

chains for amorphous part of each scheme. This package allows to generate random-walk 
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polymer chains based on the implementation of the method proposed by Theodorou-Suter 

[198] and Meirovitch [208]. In order to avoid free surface effect, periodic boundaries were 

applied to all schemes above. 

4.3 Atomistic equilibration 

The atomistic simulation was conducted using Materials Studio, Forcite modules [176]. 

The COMPASS force field [48], was used to model the atomic interactions. Molecular 

dynamics was employed to equilibrate the atomistic systems and to extract dilatometric 

graphs. Different methods were examined to construct initial homogeneous molecular 

structures without any artificial void, leading to the following procedure. 

 Each scheme above was initially generated with a low density of 0.2 g.cm
-3

 and then 

densified and cooled down in a stepwise manner with the aid of MD simulation. The cell 

dimensions were reduced by 2% for every 50 ps relaxation at 650 K, a temperature higher 

than its melting point, until the density reached that of the bulk polymer at room 

temperature. The atomic system was then equilibrated for 1 ns at the temperature of 650 K 

and the pressure of 1 Atm (i.e., under the NPT ensemble). Finally, the atomic system was 

cooled down with a step of 50 K for every 2.5 ns relaxation under the NPT ensemble, 

corresponding to the cooling rate of 20 K/ns, which was found sufficient to approach a 

stable average volume for dilatometric graph. The cell dimensions/volume were averaged 

for the final one nanosecond of each equilibrium process. The averaged cells were 

homogenized by equilibrating one more nanosecond under NVT ensemble, ready for stress 

analysis.  
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The quality of MD simulation was set to Coarse which is suitable for equilibration process 

as discussed in Sec.  3.9.1. The time step was 1 fs and the Brendsen algorithm [188] was 

employed to keep the temperature constant with a decay constant of 0.005 ps. The 

Parrinello and Rahman [196] algorithm was used to control the cell pressure. This method 

is able to change the cell dimensions and angles independently, keeping a homogeneous 

internal stress. The cell time constant was set to 0.5 ps which gives a reasonable fluctuation 

of pressure with dynamic stability. 

Since the high temperature will destroy the crystalline structure of PE scheme 2~3, the 

amorphous PE chain surrounding the crystallinity were generated by the Amorphous Cell 

module of Materials Studio [176] and was equilibrated for 4 ns at room temperature to 

obtain stable volume/density. The equilibrated system was then cooled down stepwise from 

room temperature to 50 K or was heated up from room temperature to 500 K to obtain the 

transition point at the volume-temperature curve.  

Recall that the pressure control method of Parrinello-Rahman is able to change the cell 

dimensions and angles independently to keep a homogeneous internal stress. However, 

especially in higher temperatures in which the polymers exhibit a liquid-like behaviour, the 

cell geometry is not stable and the cell might flatten after a few picoseconds of MD 

simulation. To overcome this problem, a script file was developed to keep the angles of cell 

to 90º constant.  

A sample detailed volumetric relaxation process at different temperatures for the 

amorphous PE is shown in the Fig.  4.4, where the data points represent the averaged 

volumes in every 100 ps. To provide a better comparison with the experimental 
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dilatometric graphs in the following sections, the cell volume was normalized to specific 

volume. It is noted that at higher temperature, the system approaches an equilibrium state 

faster and a smaller equilibration time (e.g. 2 ns) is enough. Our studies on the PVC and PS 

revealed that for those materials, the relaxation time should be increased to 3.5 ns for 

reliable results. 

 

Fig. ‎4.4 Specific volume change of amorphous PE with n=400 against time in the equilibration process. 

4.4 Stress-strain analysis 

The generalized Hook‟s law for the stress-strain relation can be written as 

nklmnklm
C   , Eq.  4.2 

where lmnk
C  is the modulus tensor and nklm

 ,  are the stress and strain tensors, 

respectively. Since both the stress and strain tensors are symmetric, the Voigt notation (i.e., 

1 = xx, 2 = yy, 3 = zz, 4 = xz, 5 = yz, 6 = xy) is convenient, which gives rise to 
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6:1,  jiC
jiji

 , Eq.  4.3 

where ij
C  are the stiffness matrix components. The methods to calculate elastic constants 

from stiffness matrix are explained in some text books [209, 210]; however, the relations 

are shown in Appendix 1 for convenience.  

In this study the static method based on the work of Theodorou and Suter [135] was 

implemented. They proved that, for glassy atactic polypropylene, the contribution of atomic 

configuration changes and the vibrational part of Helmholtz free energy is negligible. With 

these conditions, the changes of the free energy can be replaced by minimum potential 

energy changes in small deformation as  
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 


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


 , Eq.  4.4 

in which A is the free Helmholtz energy and 
pot

U
min

 

is the local minimum point of total 

potential energy. This relation is valid only for very small deformation, otherwise, the 

contribution of system configuration changes cannot not be ignored. To avoid numerical 

errors of the second order derivation of Eq.  4.4, it is preferred to use the first order 

derivative of Eq.  4.3. To evaluate the stiffness matrix by using Eq.  4.3., a prescribed small 

stain is applied to the cell and the total potential energy based on the MM relations was 

minimized. The average lm component of stress for each strain pattern is calculated using 

the static part of the Virial equation ( Eq.  3.14) [211], i.e., 
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Eq.  4.5 
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where 
t

V  is the total volume of the RVE, and 


m
f  and



l
r  are respectively the interatomic 

force and distance between atoms   and  . In the MM analysis, only one component of 

the strains was applied while the others were set to zero. The strain of 0.2% was applied 

stepwise with an increment of 0.02%, during which the potential energy of the system was 

minimized. The stresses were then calculated using Eq.  4.5. 

It is noted that, during MD equilibrium process, the cell dimensions are fluctuating and the 

atomistic structure of a frame of MD simulation may be in tension or compression which, 

statistically, is not a reasonable representative of bulk material for stress-strain analysis. To 

overcome this problem, the cell dimensions were averaged for the final one nanosecond of 

equilibrium process and then equilibrated one more nanosecond under NVT ensemble. The 

next problem arises during the energy minimization process; although the cell dimensions 

are averaged, the atoms are not located in their equilibrium position. For simple structures 

such as crystalline materials, a simple energy minimization through MM equations will 

make the corrections; however, due to the complicated polymer chain entanglement, simple 

energy minimization is only leads to a local minimum energy point. In other words, 

compared with an MD simulation, an energy minimization process with MM gives much 

less mobility to amorphous polymer chains to move towards their equilibrium position of a 

global minimum energy. However, the local residual stresses are relaxed after applying a 

small tensile strain. As a result, the first loading gives a nonlinear stress-strain curve. Thus, 

in this study, multiple loading and unloading cycles were applied to ensure a linear 

relationship between the stress and strain, and the linearity was obtained from the second 

cycle. A sample stress-strain curve for the PVC system is shown in Fig.  4.5, which exhibits 
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a linear elastic behaviour in the second cycle. In this study, the quality of MM simulation 

was set to ultra-fine for an accurate stress-strain analysis.  

 

Fig. ‎4.5 Sample stress-strain relation of pure PVC (Scheme 2) in two cycles. 

4.5 Results and discussion 

In this section the physical properties such as density, glass transition, coefficient of 

thermal expansion and elastic properties of different schemes for PE, PVC and PS are 

discussed and the results are listed and compared with the experimental results i 

Table  4.1. 

4.5.1 Density 

The densities of different schemes after MD equilibrium process are shown in  

Table  4.1. The results show that the calculated density of 0.85 g.cm
-3

 for amorphous PE is 

close to the experimental results [129]; however, the density of semi-crystalline PE (i.e. 
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0.88 g.cm
-3

) is underestimated compared to the experimental results [129]. The discrepancy 

may arise due to the equilibrium process of the semi-crystalline PE performed under room 

temperature and low pressure of 1 atm. This process can preserve the crystalline part; 

however, it is not a seamless method to eliminate all vacancies which bring about a smaller 

density. The calculated density of amorphous PS and PVC are 1.05 and 1.42 g.cm
-3

, 

respectively, which is consistent with the experimental results [1, 212]. The results show 

that the proposed equilibrium method is more appropriate for the amorphous polymers. 

4.5.2 Dilatometric graphs 

In this section, the simulation results of dilatometric curves of different schemes for PE, 

PVC and PS are discussed. The volumetric coefficient of thermal expansions are calculated 

based on Eq.  4.6, 

L

P

V
T

V

V
 3

1













 , Eq.  4.6 

where 
V

  and 
L

 are volumetric and linear coefficients of thermal expansions, 

respectively. 

Polyethylene: Based on the background of section 2.4, semi-crystalline PE has three 

turning points corresponding to three relaxation processes indexed by so-called ,  and  

[136]. Fig.  4.6 shows the dilatometric curve for the fully amorphous PE (PE scheme 1), 

which renders Tg = 250 K, consistent with the experimental result for the β transition [138] 

and the simulation result provided by Han. et al.[134]. For the semi- crystalline linear PE, 
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as shown in Fig.  4.6, the first transition occurs at 350 K corresponding to the  transition 

[138]. The second transition happens at 200 K which is between the experimental β and γ 

transition temperatures. In the case of the semi crystalline branched PE, the result shows 

almost the same behaviour as the semi-crystalline PE with linear chains, except that the γ 

transition is reduced to 150 K which is very close to the experimental γ transition 

temperature. 
V

  of the semi-crystalline scheme at room temperature is 6.11  10
-4

 K
-1

, 

which is also in excellent agreement with the experimental result of 6  10
-4

 K
-1

 for a PE 

with 50% crystallinity [129]. At the temperature of 500K, crystals were melted and the 

specific volumes of all the schemes approached the same value. 

 

Fig. ‎4.6 Specific volume change of amorphous and semi-crystaline PE with temperature. 

Fig.  4.7 shows the specific volume versus temperature of the CNT-PE composites. 

Compared with the fully amorphous PE, the glass transition temperatures of the composites 

are reduced to 220 K and 175 K for the short and infinitely-long CNT-composites, 

respectively. The 
V

  is also reduced in the whole temperature range between 50 K to 600 



Chapter 4 Atomistic simulation of polymers with different morphology and additives 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 65 - 

K as shown in Fig.  4.8. The 
V

 , at room temperature, for the short CNT-PMC and the 

infinitely-long CNT-PMC are 16.6×10
-4 

K
-1

 and 5.03×10
-4 

K
-1

 respectively which shows 

that, with a volume fraction of 10%, the 
V

  decreases by 36% for short CNT-PMC and by 

80% for the infinitely-long CNT-PMC. 

 

    (a) 
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    (b) 

Fig. ‎4.7 Specific volume against temperature change. a) Short-capped  CNT-composite b) Infinite CNT-

composite. 

It should be noted that the actual CNT-reinforced PE composite may not have such a 

significant change of 
V

  since the CNTs would not be as ideally dispersed as in the MD 

models. For the infinitely-long CNT-PMC, it can be seen that some amorphous PE chains 

arranged in the CNT direction during equilibrating process could form quasi-crystals as 

shown in Fig.  4.9. This could be the main reason for the similarity to the semi-crystalline 

PE in the sense that two distinct turning points appeared as shown in Fig.  4.7b. 

 

Fig. ‎4.8 Specific volume changes of different schemes. 
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Fig. ‎4.9 Unidirectional morphology of PE around CNT. 

It should be noted that, in reality, PE with linear chains contains at least a small percentage 

of crystalline PE, therefore no experimental results are available for amorphous PE at room 

temperature. Also, little (either theoretical or experimental) is available in the literature 

about the Tg of CNT-PE composite. To the best of our knowledge the only reference is Wei 

et al. [203], which employed the Brenner potential for intra-nanotube interactions. They 

used the Clarke et al.‟s [213] potential for interactions within a polymer chain, and the vdW 

force field for polymer-nanotube interface. They claimed that both Tg and coefficient of 

thermal expansion are increased with the addition of CNTs, which is contrary to our result. 

In order to clarify this issue, their models and simulation parameters were repeated with the 

COMPASS force field. The Tg of the CNT-PE composition resulting from our simulation is 

still smaller than the pure amorphous PE.  

Polyvinyl chloride: The dilatometric graph of Fig.  4.10 shows 361 K as the only transition 

point for the amorphous PVC, which is consistent with the experimental results of 353-380 

K [1]. The calculated 
V

  in 300 K is 1.57×10
-4 

K
-1

 is consistent with the experimental 

results of 15.0×10
-4 

K
-1

 [212]. 
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Fig. ‎4.10 Specific volume against temperature change of amorphous PVC. 

Polystyrene: Based on the dilatometric graph of Fig.  4.11, Tg= 379 K for the amorphous PS 

scheme and the 
V

  is 2.12 K
-1

 which are quite close to the experimental results of Tg= 373 

K and 
V

 = 1.7- 2.1 K
-1

 [1]. 

 

Fig. ‎4.11 Specific volume against temperature change of amorphous PS. 
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4.5.3 Stress-strain analysis 

For the equilibrated pure PVC, the Young‟s moduli in three principal directions are          

Exx = 3.58 GPa , Eyy = 3.54 GPa and Ezz = 3.62 GPa, which indicates the isotropy owing to 

the randomly distributed polymer chains. The average Young‟s modulus and Poisson‟s 

ratio are therefore 3.55 GPa and 0.34, respectively, agreeing well with the available 

experimental results [214, 215]. The MM results of  

Table  4.1 show that both Young‟s modulus and Poisson‟s ratio of PS are close to the 

experimental results. The results above, indicate that the COMPASS force field and the 

MM simulations with the equilibrated atomic models can render good results for PVC and 

PS. However, the MM results of elastic constants of both the amorphous and the semi-

crystalline PE
 
show a major disagreement with the experimental results. Considering the 

excellent MD results for Tg and 
V

  of both amorphous and the semi-crystalline PE, one 

may conclude that the problem does not arise from the atomistic model and COMPASS 

force field; however, the applied static method based on the work of Theodorou and Suter 

[135] was established on the assumption that the contribution of atomic configuration 

changes and the vibrational part of Helmholtz free energy is negligible. The results show 

that this assumption is valid only for glassy and rigid polymers such as PVC and PS, 

however, experimental results of  

Table  4.1 have been measured at room temperature which is much higher than Tg of PE. In 

this condition PE is not a glassy polymer, therefore static method cannot catch real 

configuration changes of PE chains giving rise to an overestimated stiffness. 
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Table ‎4.1 Physical parameters, obtained from atomistic simulations and compared to experimental results. 

Material 
Density 

ρ (g.cm
-3

) 

Glass transition 

temperature 

Tg (K) 

Volumetric coefficient 

of thermal expansion
a
  

(K
-1

) 10
-4

 

Young‟s modulus 

E (GPa) 

Poisson‟s ratio 

 

 MD Exp. MD Exp. MD Exp. MM Exp. MM Exp. 

PVC 1.42 1.30-1.45 [212] 361 353-380
b
 [1] 1.57 1.5[212] 3.55 3.58 [214] 0.34 0.38 [215] 

PS 1.05 1.04-1.065 [1] 376 373 [1] 2.3 1.7-2.1 [1] 3.42 3.2-3.4 [1] 0.32 0.325-0.33[1] 

Amorphous PE 0.85 0.86 [129] 250 243-258
c
 [1] 7.17 4.5

d
 [129] 1.73 < 0.262 [129] 0.33 0.46 [216] 

Semi-crystalline  PE
e
 0.88 0.93 [129] 150 140-155

f
 [1] 6.11 6.0 [129] 3.93 0.315 [129] 0.323 0.46 [216] 

a T=300 K; b depends on polymerization temperature; b 50% crystallinity; d based on volumetric measurement; e β transition; f α transition;  
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4.6 Conclusion  

This chapter aimed to consider the conditions under which atomistic simulations can 

predict the physical properties of thermoplastic polymers, and to clarify the effect of 

molecular morphology and CNT additives on the glass transition temperature of polymers. 

To this end, three sample thermoplastic polymers of PE, PVC and PS were examined. 

Density, glass transition temperature, volumetric coefficient of thermal expansion and 

elastic properties of different schemes were obtained. This chapter concludes that MD 

simulations using the COMPASS force field predict Tg, V
 and density of polymers in good 

agreement with the corresponding experimental measurements even for a small model a 

few nanometers in dimension; and that the static method using the COMPASS force field, 

well predicts the elastic properties of glassy polymers; however, it fails for soft polymers 

such as PE. The study revealed that the existing models of the fully amorphous PE cannot 

be used to study the actual PE properties since an actual PE is always semi-crystalline 

which should never be ignored in an MD simulation, and that different from an amorphous 

PE, the semi-crystalline PE scheme predicts two transition temperatures, all of which are in 

good agreement with experimental measurements. It was concluded that, although both the 

linear and branched semi-crystalline PE have the same 
V

  at room temperature, branches 

significantly change the Tg and should be taken into account in atomistic simulations, and 

that for the CNT-PMCs, an addition of only 10% of the infinitely-long CNTs can reduce 

the 
V

 by 80%, when it is under the condition that the CNTs are parallel and perfectly 

dispersed. 
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Chapter 5  

Elastic properties of free-standing SWCNTs and 

SWCNT-clusters 

This chapter is based on: ―Elastic properties of single-walled carbon nanotube clusters: 

Dependence on hydrostatic pressure‖ by S. Herasati and 

L.C. Zhang, published in Computational Materials Science 

Volume 86,2014, Pages 93-98. 

 

 

 

5.1 Introduction 

Understanding the elastic properties of CNTs is essential for characterizing their 

composites. Although extensive theoretical work has been done to determine the 

longitudinal Young‟s modulus and Poisson‟s ratio of free-standing CNTs, there is only a 

little on all five elastic parameters (e.g. [31, 87]) and further studies need to be provided. 

Since CNTs have the same role as the reinforcing solid fibres in a composite, they can be 

treated as solid fibres [31] with transversely isotropic properties; with this assumption there 

is no concern regarding to their wall thickness. 

Due to the existence of a vdW gap between CNTs within their clusters, characterizing the 

elastic properties of CNT-clusters is more complicated than free-standing CNTs. In one 

sense the vdW gap between CNTs is similar to a soft material [118] with highly nonlinear 

elastic properties. Therefore, rationally, any external load (e.g. hydrostatic pressure) that 

changes the vdW gap distance can alter the elastic properties of CNT-clusters as well; 

however, this effect has not been studied thoroughly. Furthermore, in the case of non-
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bonded CNT-composites, there is a vdW gap between the CNT wall and internal surface of 

the matrix, in a manner that is similar to the CNT-clusters (further discussion will be 

provided in Chapter 6), emphasizing the importance of characterizing the elastic properties 

of CNT-clusters in a variety of ambient conditions. 

The aim of this chapter is to characterize the free-standing SWCNTs as a solid cylinder and 

to investigate the effect of hydrostatic pressure on the elastic properties of CNT-clusters 

composed of armchair SWCNTs of diameters below 2 nm. The simulations will be done 

using MM simulation. 

5.2 Modelling 

In this study, two schemes of free-standing SWCNT and SWCNT-cluster are studied. 

CNTs were generated using the Materials Studio visualizer [176]. The three generic carbon 

bonds (C3) were assigned to each carbon atom, which is used by the COMPASS force 

field. CNTs are aligned in Z direction and PBC are enforced along all the three directions. 

Therefore, they are a two-dimensional array of SWCNTs of infinite length. 

5.2.1 Free-standing SWCNT 

Free-standing armchair SWCNTs were constructed in a cubic cell including only one 

SWCNT as shown in Fig.  5.1. To avoid side effects from the neighboring SWCNTs, the 

lateral size of the cell was much greater than the vdW cutting radius. The initial dimensions 

of the simulation cell were 100×100×24.6 Å.  
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Fig. ‎5.1 Free-standing SWCNT scheme. 

5.2.2 SWCNT-cluster 

SWCNT-clusters have hexagonal configuration as shown in Fig.  5.2a. Using two-SWCNTs 

in a periodic cell (one SWCNT at the centre of cell and four quarters at the corners), a 

global hexagonal SWCNT-cluster can be generated as shown in Fig.  5.2b. Letting x-y be 

the plane of symmetry, the SWCNT-cluster can be approximated as a transversely isotropic 

material. 

As a numerical forming process, the SWCNT-cluster was initially generated in a periodic 

cell of sufficiently large dimensions. In this case, the SWCNTs were far enough from each 

other such that the vdW attraction would be insufficient to hold them together. There are 

different ways to construct initial SWCNT-clusters for MD analysis. For example, when 

using the Parrinello-Rahman method, the equilibrium cell dimensions could be averaged for 

a few pico-seconds in atmospheric pressure. Alternatively, MM could be used, with which 
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an external pressure is necessary to push the SWCNTs to their globally equilibrium 

positions. This pressure should be big enough as otherwise the SWCNTs might be trapped 

in a position with a local minimum energy. In this study, a hydrostatic pressure of 100 MPa 

was applied to compress the SWCNTs and form the SWCNT-cluster numerically, during 

which the overall energy was minimized to obtain the most compact hexagonal 

configuration (Fig.  5.2b). It should be noted that the hydrostatic pressure of 100 MPa is 

much less than the collapse pressure of SWCNTs, but is enough to obtain a global optimum 

structure of the SWCNT-clusters. The pressure was then reduced to the atmospheric 

pressure stepwise associated with the energy minimization in every step to lead to the final 

equilibrium configuration. 

 

                                        (a)                                                           (b)         

Fig. ‎5.2 The concept of an SWCNT-cluster: (a) the SEM image of some SWCNT-clusters [110], and (b) 

an SWCNT-cluster scheme in a periodic cell, involving image atoms out of cell. 

As a numerical forming process, the SWCNT-cluster was initially generated in a periodic 

cell of sufficiently large dimensions. In this case, the SWCNTs were far enough from each 
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other such that the vdW attraction would be insufficient to hold them together. There are 

different ways to construct initial SWCNT-clusters for MD analysis. For example, when 

using the Parrinello-Rahman method, the equilibrium cell dimensions could be averaged for 

a few pico-seconds in atmospheric pressure. Alternatively, MM could be used, with which 

an external pressure is necessary to push the SWCNTs to their globally equilibrium 

positions. This pressure should be big enough as otherwise the SWCNTs might be trapped 

in a position with a local minimum energy. In this study, a hydrostatic pressure of 100 MPa 

was applied to compress the SWCNTs and form the SWCNT-cluster numerically, during 

which the overall energy was minimized to obtain the most compact hexagonal 

configuration (Fig.  5.2b). It should be noted that the hydrostatic pressure of 100 MPa is 

much less than the collapse pressure of SWCNTs, but is enough to obtain a global optimum 

structure of the SWCNT-clusters. The pressure was then reduced to the atmospheric 

pressure stepwise associated with the energy minimization in every step to lead to the final 

equilibrium configuration. 

5.3 Atomistic simulation 

The atomistic simulation was conducted using Materials Studio, Forcite modules [176]. 

The COMPASS force field [48], was used to model the atomic interactions. Because this 

force field covers both the valance and non-bonding energy terms, it is more reliable for 

investigating the mechanical properties of SWCNT-clusters. The static part of virial 

equation (Eq.  4.5) was used to calculate pressure and stress components in the MM 

simulation. 
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5.3.1 Collapse pressure of SWCNT-cluster 

To obtain the collapse pressure of an SWCNT-cluster, the external pressure was increased 

stepwise with an increment of 100 MPa. The total energy was minimized in each pressure 

state to obtain the new cell dimensions and SWCNT configuration. Any sudden decrease in 

the cell volume indicated a „phase‟ transformation or collapse pressure. In this study, the 

collapse pressure of free-standing SWCNT is not considered. In the case of an SWCNT-

cluster, the external pressure is applied to each SWCNT from its six surrounding SWCNTs 

through vdW interactions. Although the external pressure is not applied uniformly to the 

central SWCNT, it is close to the collapse pressure of free-standing SWCNT pressure. 

5.3.2 Elastic moduli of SWCNT-clusters 

As a transversely isotropic material, the SWCNT-cluster has five elastic constants of 

longitudinal and transverse Young‟s moduli (Ezz, Exx), in-plane and out-off-plane Poisson‟s 

ratio (zx, xy) and out-of-plane shear modulus (Gzx). The SWCNT-clusters can be treated as 

solid bulk material by the same method as explained in section  4.4. However, the Young‟s 

moduli and Poissons‟ ratio are obtained through numerical simple tensile tests. To obtain 

the Young‟s moduli and Poisson‟s ratio in different pressure states, in each pressure state, a 

total strain of 0.2% (either in compression and tension) was applied in one direction 

stepwise with an increment of 0.02%, during which the potential energy of the system was 

minimized. The periodic cell dimensions in two other directions were allowed to change 

during the energy minimization, which helps keep a constant principal stress, quantitatively 

equal to the external pressure in those directions (the same as a simple tensile test in a 
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hydrostatic pressure condition), while enabling the calculation of the transverse strain and 

the Poisson‟s ratio. To obtain Gzx, a total of 1% pure shear strain was applied with potential 

energy minimization. After each strain increment, the stresses were calculated by using Eq. 

 4.5, and the Young‟s moduli and shear modules were calculated from the stress-strain 

relation.  

Multiple loading and unloading cycles were applied to avoid local points of minimum 

potential energy and to ensure the linearity of the stress-strain relationship. It should be 

noted that the vdW interaction is non-linear, which gives rise to the non-linear behaviour of 

the SWCNT-cluster under transversal large strain. It is also worth noting that under a small 

strain of 0.2%, the error of linearity estimated from the vdW interaction of COMPASS 

force field (9-6 Lennard-Jones) was less than 2%.  

5.3.3 Elastic moduli of free-standing SWCNTs 

A free-standing SWCNT has transversely isotropic properties. In this study, only armchair 

SWCNTs (5, 5), (10, 10), (15, 15) and (20, 20) are characterized to be used for the 

composite models in Chapter 7. SWCNTs are assumed as solid cylinders with the average 

radius of RCNT. Three numerical experiments were carried out to extract five elastic 

constants: (i) using the free-standing scheme Fig.  5.1, the longitudinal tensile/compression 

test in the Z direction was performed to extract the longitudinal Young‟s modulus (Ezz) and 

the radial Poisson‟s ratio (νr =νzx =νzy ). A total strain of 0.2% (compression and tension) 

was applied stepwise with an increment of 0.02%. The potential energy of the system was 

minimized in every step. Both the longitudinal Young‟s modulus and the transverse strain 
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of SWCNT are then calculated;(ii) using the free-standing scheme, the torsion test was 

performed to obtain the shear modulus Gyz =Gxz [31]; and (iii) using the CNT-cluster (Fig. 

 5.2b), the uniaxial transversal tension-compression test along either X or Y axis was 

performed to obtain the transverse Young‟s modulus Exx Eyy and the Poisson‟s ratio νxy. In 

this case, a transverse small strain (0.3%) was applied on the periodic cell of the CNT-

cluster and the stress of the central SWCNT was calculated using Eq.  4.5 after energy 

minimization. It is noted that the transverse loads were actually applied by surrounding 

SWCNTs through vdW interactions to the central SWCNT and the true normal strains of 

the SWCNT along the X and Y directions are different from the strain (i.e., 0.3%) applied 

to the cell boundary. Assuming an ellipsoid deformation of the cross-section of the 

SWCNT, the radii of the SWCNT in X and Y directions before and after loading were 

measured to calculate the transverse strains. 

In the torsion test ii, one end of SWCNT is fixed and a rotational shear strain of 0.2% was 

applied to the next end. After an energy minimization, the energy change ( U ) is used to 

calculate the shear modulus through 

02

2
L

J

U
GG

Solid

xzyz



 , Eq.  5.1 

where 
Solid

J  and   are the polar moment of inertia of the equivalent solid cylinder and 

torsional angle respectively and 
0

L  is the effective length of SWCNT.  
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5.4 Results and discussion 

5.4.1 Collapse pressure of SWCNTs 

The pressure-volume behaviour of some SWCNT-clusters is shown in Fig.  5.3a, where the 

volumes were normalized by the volume of the corresponding cluster at zero pressure. The 

result shows that the normalized volume of all the SWCNT-clusters follow the same pattern 

before reaching the collapse pressure, Pc, at which the volume falls suddenly. The values of 

the Pc for SWCNTs of different diameters are shown in Fig.  5.3b, showing an exponential 

relationship of  

)(0.60
)174.0(

GPaeP CNTD

c


 , 

Eq.  5.2 

in which DCNT is the SWCNT diameter. 

  
(a) (b) 

Fig. ‎5.3 Collapse pressure of some SWCNT-clusters: (a) variation of the normalized cell volume with 

pressure, and (b) variation of the collapse pressure with SWCNT diameter. 
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An SWCNT often has a diameter below 20 Å. Based on the results of Fig.  5.3, the collapse 

pressure for DCNT = 20 Å, i.e., SWCNT (15, 15), is Pc = 2 GPa. This is in consistent with the 

reports on the structural distortion/transition of SWCNTs [123]. It should be noted that the 

maximum external pressure of 2 GPa is much smaller than the external pressure needed to 

change the material phase by making new bonds [217]. For example, it has been reported 

that even at a high temperature of 1,800 K, a pressure of 14.5 GPa is required to initialise a 

phase transformation [218]. This study will focus on the effect of pressure less than 2 GPa 

on the elastic properties of SWCNT-clusters, a phase transformation will not take place and 

does not need to be considered.  

5.4.2  Elastic moduli of SWCNT-clusters 

Now consider the variation of the elastic moduli of the SWCNT-clusters of 11 diameters 

from SWCNT (5, 5) to SWCNT (15, 15) in the pressure range from 0 to 2 GPa. For the 

sake of a clear visualization, Fig.  5.4 gives the longitudinal and transverse Young‟s moduli 

of SWCNTs of only six different diameters. 

To explain each elastic property in detail, let us define three distinct regimes: (1) that with 

the absolute value of an elastic property at zero pressure, (2) that with a relative value 

ranging from 0 to 2000 MPa, and (3) that with a relative value at 2000 MPa. For example 

Fig.  5.5a shows the three distinct regimes of the longitudinal Young‟s modulus under the 

absolute zero pressure (Ezz–0). Fig.  5.5b gives the change of the elastic properties of various 

clusters relative to Ezz–0, i.e., Ezz, when pressure varies to 2000 MPa. In Fig.  5.5a, Ezz–2000 



Chapter 5 Elastic properties of freestanding SWCNTs and SWCNT-clusters 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 83 - 

denotes the variation of the elastic properties under the pressure of 2000 MPa relative to 

that at zero pressure, i.e., Ezz–2000 =Ezz–0 +Ezz–2000. 

  
(a) (b) 

Fig. ‎5.4 Variation of elastic properties with the external pressure applied when the SWCNT diameter 

changes: (a)‎longitudinal‎Young’s‎modulus,‎and‎(b)‎transverse‎Young’s‎modulus. 

 

 

 

 
(a) (b) 

Fig. ‎5.5 (a) Longitudinal‎Young’s‎modulus, Ezz, at the absolute zero pressure compared with the results 

of Lu [74], Popov et al. [118] and Liu et al. [119], and Ezz at 2000 MPa when the SWCNT diameter 

varies, and (b) Ezz as a function of pressure. 

Fig.  5.5a shows that Ezz-0 decreases from 870 GPa for SWCNT (5, 5) to approximately half 

of that for SWCNT (15, 15). Its variation is in good agreement with that obtained by Lu et 
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al. [74] which used an empirical force-constant model, and that given by Popov et al. [118] 

based on a lattice dynamics model. However, the results of Liu et al. [119] shows a 

discrepancy especially for smaller diameters. It can be seen that if the wall thickness t of 

the SWCNT is assumed to be a constant, then the longitudinal Young‟s modulus of a free-

standing SWCNT as a thin shell cylinder does not change significantly with its diameter 

[219]. The present results demonstrate, however, that when an SWCNT-cluster is treated as 

a solid material, a larger SWCNT radius leads to a more empty space in the SWCNT-

cluster and hence should have a smaller equivalent modulus. Fig.  5.5b shows that Ezz 

increases almost linearly for all the SWCNTs when pressure rises. Overall, the percentage 

of Ezz variation is less than 5, and thus is probably negligible in engineering applications. 

 
 

(a) (b) 

Fig. ‎5.6 (a) Variation of the transverse‎Young’s‎modulus,‎Exx-0 and Exx-2000, and (b) Exx as a function 

of pressure. 

Fig.  5.6 shows the transverse Young‟s modulus, Exx, in a variety of pressure states and 

SWCNT diameters. Fig.  5.6a shows that the transverse Young‟s modulus at zero pressure, 

Exx-0, decreases from 33 GPa for SWCNT (5, 5) to 4.9 GPa for SWCNT (15, 15). This is 



Chapter 5 Elastic properties of freestanding SWCNTs and SWCNT-clusters 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 85 - 

close to the results reported by Popov et al. [118]. However, Liu et al. [119] shows a big 

discrepancy especially for a diameter of SWCNTs. Because of the weak non-bonded vdW 

interaction and ovalization of the SWCNTs, SWCNT-clusters show much less rigidity in 

the transverse direction compared to Ezz–0. 

Fig.  5.6b shows that when the SWCNT diameter is small, Exx increases with raising 

the hydrostatic pressure. However, the opposite occurs when the SWCNT diameter is large. 

SWCNT (7, 7) seems to be the turning diameter at which Exx remains almost a constant 

when the external pressure varies. This could be understood if we examine the variation of 

the strain energy of SWCNT-clusters. The relation of strain energy and Young‟s modulus 

for an isotropic material under a simple tension is, 

 VEVU
2

1

2

1 2
 , Eq.  5.3 

where U, V, E and 
 are strain energy, volume, Young‟s modulus and strain, respectively. 

The SWCNT-cluster however is not an isotropic material. Therefore, Eq.  5.3 should be 

applied for each pair of atoms separately, which gives rise to the static part of the virial 

equation (Eq.  4.5). To study the strain energy change qualitatively as a function of pressure, 

let us assume a uniform strain on all the bonds between constituent particles. Then 

according to Eq.  5.3, the overall Young‟s modulus is proportional to the strain energy per 

unit cell volume, and could be separated to two bond and non-bond strain energies. As vdW 

is the only non-bonded interaction in this study, the strain energy and Young‟s modulus are 

linked by  
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V
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C
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U
CE vdW

vdW

B

B
  Eq.  5.4 

where UB and UvdW are bond and vdW strain energies, respectively. The two coefficients, 

CB and CvdW, are functions of strain and volume of the corresponding region associated 

with the bond and vdW interaction. They could be obtained using the same method for 

virial stress determination. Fig.  5.7 shows the variation of bond and vdW (non-bond) strain 

energies for SWCNTs (5, 5), (7, 7) and (10, 10) in different pressure states under a constant 

transversal strain of  =0.2%, where the strain energies per unit cell volume have been 

normalized by their energy values at zero pressure. The figure shows that in the case of 

SWCNT (5, 5), the bond energy almost remains constant with the pressure variation; while 

the vdW energy increases significantly, giving rise to a bigger Young‟s modulus at a higher 

pressure. In contrast, the vdW energy of SWCNT (10, 10) increases only at a lower 

pressure and reaches a plateau at a certain higher pressure. The bond energy reduces with 

the pressure rise, causing a reduction of the Young‟s modulus. In the case of SWCNT (7, 

7), the vdW energy increases with the pressure rise; but the bond energy reduces, which 

keeps the total energy almost constant and brings about a constant Young‟s modulus as 

shown in Fig.  5.6b. 

It is a fact that the result of the vdW and the SWCNT structural deformation 

determines the variation of Exx. The above results demonstrate that due to the intrinsic 

rigidity of the SWCNTs of smaller diameters, their SWCNT-clusters have greater 

resistance to ovalisation, leading to a greater rigidity in the transverse direction. Thus in this 

case the dominant parameter is the vdW interaction. When the external pressure reduces the 
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vdW distance, the rigidity of the system is increased. For the SWCNTs of bigger diameters, 

on the other hand, the SWCNTs can be flattened more easily under an external pressure, 

leading to a smaller transversal rigidity. Fig.  5.6b shows that the variation of Exx under the 

pressure of 2000 MPa (Exx–2000) is more sensitive to the SWCNT diameter.  

 

Fig. ‎5.7 Variation of normalized vdW and bond portions of strain energy with pressure. 

Fig.  5.8a shows that the out-of-plane Poisson‟s ratio under zero pressure, xy-0, increases 

from 0.64 for SWCNT (5, 5) to 0.94 for SWCNT (15, 15), which is consistence with the 

findings of Popov et al. [122] (but not those of Liu et al. [119]). The out-of-plane Poisson‟s 

ratio, xy, approaches 1.0 as the diameter approaches 20 Å, indicating that although the 

cross-section of a larger SWCNT flattens, its circumference does not change [122]; 

however, for rigid small SWCNTs, the dominant parameter is vdW gap which is reduced 

without a sensible flatness of SWCNTs. Fig.  5.8b shows that the variation of xy, i.e., xy, 

is almost linear. Fig.  5.8a also shows that xy-2000 for smaller SWCNTs are more sensitive 
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to pressure rise. For bigger SWCNTs, xy at 2000 MPa, i.e., xy-2000, is very close to one. 

This is probably due to the fact that the pressure becomes very close to their collapse 

pressure. In the case of SWCNT (15, 15), for example, xy-2000 = xy-0 + xy-2000 = 0.944 

+0.056=1.000. 

 

 

 
(a) (b) 

Fig. ‎5.8 (a) Out-off-plane‎Poisson’s‎ratio,xy, and (b) xy as a function of pressure. 

Fig.  5.9a shows that the in-plane Poisson‟s ratio zx-0 increases from 0.18 for SWCNT (5, 5) 

to 0.25 for SWCNT (15, 15). However, Popov et al.[122] and Liu et al. [119] reported a 

different trend with a smaller zx-0 for the whole range of SWCNT diameters. The 

discrepancy could be raised by the difference between radial Poisson‟s ratios of free-

standing SWCNT in those methods. For example, Popov et al. [219] reported that the radial 

Poisson‟s ratio approaches 0.21 for relatively large SWCNT radius, while our analysis 

shows a value of 0.28 (in agreement with that of Lu et al. [74]. Fig.  5.9b shows that the 

diameter change of SWCNTs does not alter the variation trend of Poisson‟s ratio. 

Furthermore, zx-2000 (Fig.  5.9a) of a SWCNT of a diameter ranging from 10 to 13 Å 

varies only slightly.  



Chapter 5 Elastic properties of freestanding SWCNTs and SWCNT-clusters 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 89 - 

 
 

(a) (b) 

Fig. ‎5.9 (a) Variation of the in-plane‎Poisson’s‎ratio,zx with SWCNT diameter, and (b) zx as a 

function of pressure. 

Fig.  5.10a shows that the out-of-plane shear modulus at zero pressure, Gzx-0, is 

approximately equal to 0.8 GPa for the discussed range of SWCNTs, which is close to the 

experimental results of 1.1~2.0 GPa reported by Lasjaunias et al. [220] and of 1 GPa 

reported by Salvetat et al. [94]. It seems that Gzx-0 is a very weak function of SWCNT 

diameter. To the best of our knowledge, there are no theoretical results on Gzx in the range 

of CNT diameter for comparison. Liu et al. [119] estimated that the upper and lower bonds 

are 2.2 and 0.25 GPa, respectively, and that they do not vary with CNT diameter which is 

consistent with our findings. Fig.  5.10b shows that Gzx increased linearly with the pressure 

rise. The variation of Gzx-2000 (Fig.  5.10a) shows that Gzx-2000 = Gzx-0 + Gzx-2000 is 

approximately double that of Gzx-0 which is the elastic property most affected by pressure 

change. 
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(a) (b) 

Fig. ‎5.10 (a) Variation of out-of-plane shear modulus, Gzx, and (b) Gzx as a function of pressure. 

5.4.3 Elastic moduli of free-standing SWCT 

Five elastic properties of SWCNTs in a range of SWCNT radius (RCNT) are listed in Table 

 5.1. The results show that the longitudinal Young‟s modulus (Ezz) of equivalent solid 

SWCNT is reduced remarkably with the increase of the SWCNT radius. However, 

longitudinal Young‟s modulus of SWCNTs should be in a narrow range as explained in 

Sec.  2.3.2. The discrepancy arises when an SWCNT is treated as a solid fibre rather than a 

thin-walled shell. Therefore, a larger CNT radius leads to a more empty space and a smaller 

equivalent modulus. If the wall thickness t of the CNT is assumed to be a constant, the 

Young‟s modulus of the thin shell SWCNT reduces proportionally with 
CNT

Rt2 for 

equivalent solid SWCNT and theoretically approaches zero when the CNT radius 

approaches infinity. For example, the longitudinal Young‟s modulus of SWCNT (20, 20) as 

a solid cylinder is 553.12 GPa. Assuming a thickness of 3.4 Å for SWCNT, the equivalent 

Young‟s modulus is 1.064 TPa which is consistent with the experimental [92, 101] and 

theoretical results [74, 76]. Both Exx and Gyz are decreased with increasing the SWCNT 
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radius, which is partly due to the empty volume fraction as explained above. νzy is 0.26 for 

SWCNT (5, 5) and 0.28 for other SWCNTs which is the same as that obtained by Lu [74] 

from empirical potentials and is close to the result from tight-binding (TB) methods [75]. In 

contrast to the SWCNT-crystals, νxy of free-standing SWCNTs are close to one even for 

small diameters showing that, under lateral load, free-standing SWCNTs are flattened and 

their circumferences do not change [122]. Due to exclusion of vdW gap, the results of 

Table  5.1 for free-standing SWCNTs are obviously different from those results of SWCNT-

clusters especially for transverse Young‟s modulus and shear modulus.  

Table ‎5.1 Five elastic properties of free-standing SWCNT as a solid cylinder. 

SWCNT RCNT(Å) 

Elastic modules (GPa) Poisson‟s ratio 

Ezz Exx ,Eyy Gyz ,Gxz νzy ,νzx νxy 

(5,5) 3.38 1968.52 77.68 383.52 0.26 0.95 

(10,10) 6.58 1028.86 32.94 366.67 0.28 0.98 

(15,15) 9.83 688.63 10.41 104.85 0.28 0.99 

(20, 20) 13.09 553.12 2.29 75.36 0.28 0.99 

5.5 Conclusions 

In this chapter, with the aid of MM, all five independent elastic properties of armchair 

SWCNT-clusters at room pressure and under hydrostatic pressure were considered. 

Furthermore, elastic properties of free-standing SWCNTs were characterized. The study 

found that the collapse pressure of SWCNT-clusters varies exponentially with increasing 

the SWCNT diameter, and that the elastic properties of SWCNT-clusters are not only a 



Chapter 5 Elastic properties of freestanding SWCNTs and SWCNT-clusters 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 92 - 

function of the SWCNT diameter, but are also dependent strongly on the hydrostatic 

pressure. Except the transverse Young‟s modulus, all other elastic quantities increase with 

the pressure rise. However, depending on the SWCNT diameter, the variation of the 

transverse Young‟s modulus is not monotonic. There is a critical SWCNT diameter at 

which the transverse Young‟s modulus remains almost constant, within a range of 

hydrostatic pressure. The out-of-plane shear modulus is nearly a constant for different 

SWCNT diameters and is the elastic property most influenced by hydrostatic pressure. The 

study concludes that the out-off-plane Poisson‟s ratio of free-standing SWCNTs for all 

ranges of diameters of SWCNTs is close to one. 
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Chapter 6  

Elastic properties of nano-representative volume 

element: A three-phase model 

This chapter is based on: ―A new method for characterizing the interphase regions of 

carbon nanotube composites‖ by S. Herasati, H.H. Ruan and 

L.C. Zhang, International Journal of Solids and Structures 

Volume 51, 2014, Pages 1781-1791. 

 

 

6.1 Introduction 

A cubic NRVE model of a CNT-PMC is a fundamental element for a multiscale analysis, 

which can be characterized with the aid of atomistic simulation. However, atomistic 

simulation of such NRVE is a time consuming process. A rational solution is to 

characterize all regions of NRVE separately to implement them in a continuum based 

model. Geometrically, a cubic NRVE of a non-bonded CNT-PMC involves four regions, 

the CNT, the vdW gap, the dense matrix interphase and the bulk matrix.  

The purpose of this chapter is to characterize the NRVE with the aid of atomistic 

simulation and developing methods to characterize different regions of the NRVE. Using 

SWCNT-reinforced PVC as an example, this chapter presents a new technique to 

characterize interphase regions. The fundamental issue that will be clarified is the reliable 

characterization of the ESF and the independent determination of the dense interphase 

properties. The method developed will be examined with a three-phase NRVE continuum 

FE model to account the ESF, the interphase and the matrix. 
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6.2 Modelling 

In this study, a composite with the SWCNT surrounded by a PVC chain is established, as 

shown in Fig.  6.1a. The diameter of the SWCNT was changed from 6.76 Å of the SWCNT 

(5, 5) to 26.18 Å of the SWCNT (20, 20), which is a typical range for SWCNTs. Since the 

aspect ratio of a typical SWCNT is usually around 1,000 or more, it is reasonable to assume 

that the SWCNT is infinitely long and can be represented by the PBCs in the Z-direction. It 

is therefore rational to assume that the longitudinal strains in both the SWCNT and the 

PVC are the same. The PVC in the current composite is a random-walk chain with n = 400.  

  

(a) (b) 

Fig. ‎6.1 CNT-PVC composite schemes, (a) the SWCNT-PVC composite, and (b) the MWCNT-PVC 

composite, where the dark gray balls represent carbon atoms, the green ones indicate chlorine atoms, 

and the white ones stand for hydrogen atoms. 
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To study the effect of internal walls of an MWCNT on the interphase, an armchair CNT (5, 

5)-(40, 40) of eight walls was embedded in a PVC matrix of four random-walk chain 

molecules with n = 400, as shown in Fig.  6.1b. 

To generate random-walk polymer chains, the Accelyrs Amorphous Cell module which is 

based on the method proposed by Theodorou and Suter [198] and Meirovitch [208], was 

used. 

6.3 Atomistic simulations 

Both the MD and MM methods were used to extract the mechanical properties of the 

atomic system. MD was used for initial equilibration of the atomistic system. Mechanical 

properties were then extracted with the aid of MM. The results of the last two chapters on 

pure polymer and CNTs indicate that the COMPASS force field and the MM simulations 

with the relaxed atomic models can render good results for isolated polymers and CNTs 

and thus can be used for analyzing the polymer CNT-composite as used before (e.g., [24, 

150, 182, 184]).  

The preparation process for atomistic schemes above is quite similar to the method 

explained in Section  4.3 for pure polymer and the details of stress analysis of NRVE is the 

same as the method explained in Section  4.4. 

6.4 Development of three-phase NRVE model 

The existing theories of CNT-PMC rely increasingly on detailed atomistic simulations, 

owing to the difficulty in characterizing the nanoscale material behaviour through 
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experimentation. For the SWCNT-PVC composite subjected to the present investigation, 

one can immediately identify the four regions, i.e., the SWCNT, the vdW gap interphase, 

the transition PVC phase and the PVC matrix, that play different roles. We consider the 

volume inside the PVC as a single phase, which contains the SWCNT under the vdW 

forces. This volume will be treated as a solid fibre in the continuum model and thus named 

ESF. Adjacent to the ESF, the PVC layer of certain thickness is named the dense 

interphase. The outermost region is the PVC matrix with the identical mechanical 

properties as characterized using the model of pure PVC (Section  4.5.3). With these 

considerations, the three-phase model is summarized in Fig.  6.2. We then seek a way to 

characterize them respectively.  

 

Fig. ‎6.2 The three-phase NRVE model, phase 1- ESF, phase 2- dense interphase, phase 3- bulk matrix. 
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6.4.1 Phase 1-ESF 

An SWCNT surrounded by PVC may be different from the free-standing one owing to the 

interaction between two materials. However, in the existing theories, the mechanical 

properties of the SWCNT in a composite were generally assumed to be identical to the free-

standing one. This conventional treatment induces the difficulty in accounting for the vdW 

interaction between CNT and the matrix. Even though the weak interface can 

approximately be dealt with by a low-stiffness layer [42] or nonlinear springs [52], the non-

local effect of vdW interaction, namely the interaction between CNT atoms and a thin layer 

of the PVC atoms as schematically indicated in Fig.  6.3a, is very difficult to account with a 

continuum model. Both complexities can however be treated if the ESF inside the 

composite is directly characterized. The further gain is that the ESF and the surrounding 

media can be assumed to be perfectly bonded in a continuum model, since the effect of 

weak interface between the SWCNT and the matrix has been involved in the 

characterization of ESF. 

To characterize the ESF, the same procedure as described in Section  4.4 is carried out. 

However, six small strains should now be applied on the boundaries of the ESF. To do so, a 

prescribed strain field is first applied to every atom in the composite, as shown in Fig.  6.3. 

The PVC chain is then kept fixed while the SWCNT atoms are allowed to rearrange 

themselves to minimize the total potential energy. This means that a constant strain is 

applied only on the ESF boundary through the matrix. Otherwise the matrix atoms will 

move during the energy minimization process and the strains on the ESF boundaries will 

become different from the far-field strain. The resultant stress components of the SWCNT 
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are calculated based on Eq.  4.5, in which Vt represents the volume of the ESF not the entire 

NRVE volume and the interatomic forces are confined to the interaction within the 

SWCNT atoms and the vdW forces exerted by the matrix to the SWCNT atoms.    

 

 

(a) (b) 

Fig. ‎6.3 Strain state on the SWCNT-PVC scheme, (a) tensile, and (b) pure shear strain. 

6.4.2 Phase 2 - Dense interphase 

There is not a clear boundary between the dense interphase region and the bulk matrix. 

However, the density change can be used as a reasonable criterion to determine the 

thickness of this region and was used before in some works (e.g., Ref. [142] ). That is, the 

dense interphase region ends when the density of the material in this region reaches that of 

the bulk matrix. The local density at different radius R is determined by dividing the atomic 

mass of a cylindrical shell of thickness tc = 0.3 Å to the corresponding volume. When such 

a density is scanned radially from the centre outwards, the inner boundary of the matrix of 
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radius Ro (the radius of ESF) is determined when the PVC density becomes non-zero, as 

indicated in Fig.  6.4a. The thickness of the vdW gap is then h = R0-RCNT.  

 

(a) 

 

(b) 

Fig. ‎6.4 (a) Concentric cylinders to explore the local density of the matrix, and (b) the variation of the 

local density in the matrix with the radial thickness of the matrix.  
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Fig.  6.4b shows that the density of PVC varies with the radius R from the inner boundary 

R0 to the boundary of the simulation box, where the horizontal axis is Tm = R-R0 for shifting 

the curves resulted from different SWCNTs to the same origin.  

For SWCNTs of different diameters, the variations of the local density are close as shown 

in Fig.  6.4b, The hump of the density variation ends at around Tm = 1.5 Å. The density then 

fluctuates and reduces slowly until about Tm = 3 Å. Beyond this, the average density 

approaches the bulk PVC density of 1.42 g.cm
-3

. It can be seen that for the MWCNT-PMC 

the internal walls of the CNT do not have a noticeable effect on the density variation. This 

result indicates that thickness of the PVC interphase can be treated as a constant for 

different CNTs. The density of the PVC has a profound effect on its mechanical properties. 

We use the density as the only parameter to determine the mechanical properties of this 

dense PVC region. This interphase also renders the lower bound of the dimension of the 

NRVE for simulating a SWCNT-PVC composite. In this study, close contact effect of 

CNTs on the interphase is not considered which means that the transverse dimensions of 

the NRVE should be larger than 2(R0 + 3) Å. 

6.4.3 Phase 3-Bulk matrix 

The bulk matrix region is immediately after the dense interphase (Fig.  6.4a) and has the 

same density and mechanical properties as the pure PVC. The mechanical properties could 

be obtained from references (e.g., [212]) or by atomistic simulations. In this work, the 

atomistic results for pure PVC, as discussed in Section ‎4.5.3, were used. The volume of 
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phase 3 is related to the NRVE dimensions and should be large enough to avoid low 

concentration nano-composites. 

6.5 Results and discussion 

6.5.1 Stress analysis of atomistic NRVE 

The resulteing stiffness matrix of the composite exhibits an anisotropic behaviour, which is 

expected because of the engagement of the SWCNT. The stiffness matrix C, for composite 

with SWCNT(5, 5) is 
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Eq.  6.1 

This result indicates that the stiffness matrix of the composite is approximately orthotropic 

and can be simplified as: 
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Eq.  6.2 

The elastic constants for the above anisotropic and orthotropic stiffness matrices are 

summarized in Table  6.1, which shows that the error induced by the orthotropic assumption 
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is less than 2.5 %. It is also straight from Eq.  6.2 that the atomistic model is transversely 

isotropic since C11  C22 and C66  (C11 – C12)/2. The results from different NRVEs show 

transversely isotropic properties and hence the number of elastic constants can be reduced 

to five.  

Table ‎6.1 Elastic constants of (5, 5) SWCNT-PVC evaluated from Eq. ‎6.1 and Eq. ‎6.2 

Matrix form Young‟s modules (GPa) Shear modules (GPa) Poisson‟s ratio 

 Exx Eyy Ezz Gyz Gzx Gxy νzy νzx νxy 

Anisotropic 4.816 4.648 57.753 1.538 1.553 1.591 0.404 0.337 0.488 

Orthotropic 4.852 4.665 57.836 1.575 1.588 1.605 0.401 0.335 0.487 

% Error 0.77 0.34 0.14 2.41 2.25 0.88 1.06 0.56 0.20 

 Exx =Eyy Ezz Gyz =Gxz  νzy =νzx νxy 

Transversely 

Isotropic 
4.732 57.753 1.545  0.371 0.488 

6.5.2 The properties of ESF and a simplified CNT-cluster approach 

The approach described in Section  6.3 leads to the mechanical properties of ESF shown in 

Table  6.2. It is noted that the longitudinal modulus Ezz is slightly smaller than that directly 

calculated from the isolated SWCNT. For example, the isolated SWCNT (10, 10) of the 

assumed wall thickness 0.34 nm has the longitudinal Young‟s modulus of 0.98 TPa. It leads 

to the equivalent modulus of the ESF of radius 0.93 nm 515.04 GPa, larger than that listed 

in Table  6.2. This discrepancy manifests the effect of the vdW forces on the embedded 

CNT in the matrix. 

The complete stiffness matrix of an ESF can be quantified by the approach described in 

Section  6.3. However, such approach is computationally demanding owing to the large 



Chapter 6  Elastic properties of nano-representative volume element: A three phase model 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 104 - 

number of atoms in the PVC chain. We resort to a simplified model as shown in Fig.  6.5, 

where the surrounding matrix is replaced by six CNT denoted as “CNT-cluster” and the 

number of atoms to be involved in computation can be minimized by using a PBC. Using 

CNT-cluster model the computation time for equilibration and stress analysis can be 

reduced from several days for PVC-SWCNT composite to a few minutes. We then check 

whether such a CNT-cluster model can be used to approximately determine the mechanical 

properties of the ESF.  

 

Fig. ‎6.5 The SWCNT-cluster model in a periodic cell involving some image atoms out of cell.  

The same procedure in Section ‎5.2.2 was taken into account to obtain the most compact 

hexagonal configuration (Fig.  6.5). The elastic constants of the SWCNT-cluster can be 

extracted using the procedure described in Section ‎5.3.2. For stress analysis, Eq.  4.5 was 

used; however, the equivalent volume of an SWCNT in the cluster is assumed to be the 

same as that of an ESF. It is noted that the vdW interaction is nonlinear, giving rise to the 

non-linear behaviour of the ESF under large strain. However, under a small strain of 0.2% 
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of this study, the error of linearity estimated from the 9-6 Lennard-Jones vdW interaction, 

is less than 2%. 

The SWCNT and the vdW gap interphase in the SWCNT-cluster model are akin to the ESF 

in a composite. However, under the pressure of 1 atm, the elastic constants are different 

from those calculated from the composite. This deficiency can be alleviated by tuning the 

applied pressure until equivalence is achieved. Using the (5, 5) SWCNT-cluster as an 

example, the elastic constants under different external pressures (P) are shown in Fig.  6.6, 

which were normalized by the corresponding value of the ESF in the composite. The results 

show that the normalized elastic constants from the SWCNT-cluster approach almost 

simultaneously to 1 when the applied pressure is about -1.5 GPa. We named this pressure 

the equivalent pressure Pe and studied the other cases of different SWCNTs to obtain the 

variation of Pe with the CNT radius. For SWCNT (10, 10) and SWCNT (15, 15) clusters, 

the equivalent pressure is -1,000 and -700 MPa respectively. The results are shown in Fig. 

 6.7 and closely fitted by a polynomial: 

 MPa 9.22482559136.9
2


CNTCNTe

RRP
. Eq.  6.3 

The predictability of Eq.  6.3 is examined in the case of SWCNT (20, 20). All the results are 

listed in Table  6.2. It is noted that the discrepancy for the SWCNT (20, 20) does not 

increase. Therefore, Eq.  6.3 can be used for the typical range of the radius of SWCNT. The 

negative pressure Pe implies the strong bond between CNTs in the cluster, since they were 

deliberately pulled apart to achieve the equivalent elastic modulus for the ESF in the 

composite.  
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Fig. ‎6.6 The elastic constants of (5, 5) SWCNT-cluster normalized by those of ESF from the (5, 5) 

SWCNT-PVC scheme. 

 

Fig. ‎6.7 Variation of the proper external pressures on SWCNT-clusters with SWCNT diameter. 

For the sake of comparison, we also characterized the elastic properties of free-standing 

SWCNTs. The SWCNT is assumed as a solid cylinder with the same volume as the ESF.  
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Three numerical experiments were carried out to extract five elastic constants which are 

similar to the procedure explained in Section  5.3.3. 

The results are listed in row C of Table  6.2. The free-standing SWCNTs (5, 5), (10, 10) and 

(15, 15) have greater transverse Young‟s modulus than the corresponding ESFs. However, 

for SWCNT (20, 20) the transverse Young‟s modulus becomes smaller than that of the 

counterpart ESF. It is noted that the magnitudes of longitudinal Young‟s moduli Ezz from 

the three different calculations are very close to each other and that they all reduce with the 

increase of the CNT radius. This is because the ESF is a solid fibre rather than a thin-walled 

shell. Therefore, a larger CNT radius leads to a more empty space and a smaller equivalent 

modulus. If the wall thickness t of the CNT is assumed to be a constant, the Young‟s 

modulus of the ESF reduces proportionally with 2
)(2 hRtR

CNTCNT
  and approaches zero 

when the CNT radius approaches infinity. Due to the weak vdW interaction, the shear 

modulus Gxz and Gyz of the ESFs are much smaller than those of the free-standing 

SWCNTs. The radial Poisson‟s ratios of the ESF (νr = 0.11~0.22) are smaller than that of 

the free-standing SWCNT (νr = 0.28). It is noted that the out-of-plane Poisson‟s ratio xy of 

ESF is more than 0.5 and can even approach 1.0 for the SWCNT of larger diameter. As 

pointed out by Popov, Van-Doren [118], this is due to the flattening of the circular cross-

section of the CNT [118] while it is stretched along a diameter.  
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Table ‎6.2 Five elastic constants, (A) ESF with PVC-SWCNT composite, (B) ESF with SWCNT-cluster 

scheme, and (C) free-standing SWCNT as a solid cylinder. 

SWCNT Ro (Å) RCNT(Å)  

Elastic modules (GPa) Poisson‟s ratio 

Exx ,Eyy Ezz Gyz ,Gxz νzy ,νzx νxy 

(5,5) 6 3.38 A
 

12.63 608.30 0.21 0.11 0.54 

B
 

11.53 607.96 0.23 0.12 0.55 

Error% 8.71 0.06 9.52 9.09 1.85 

C 24.65 624.70 40.53 0.26 0.95 

Difference%* 95.17 2.69 25880 225.0 126.19 

         

(10,10) 9.3 6.58 A
 

11.2 502.66 0.35 0.18 0.71 

B
 

10.76 501.05 0.44 0.2 0.76 

Error% 3.93 0.32 25.7 11.11 7.04 

C 16.49 515.04 96.38 0.28 0.98 

Difference% 47.23 2.46 30990 55.55 38.02 

         

(15,15) 12.6 9.83 A 5.72 409.11 0.34 0.21 0.87 

B
 

5.69 408.19 0.34 0.23 0.89 

Error% 0.52 0.22 0 9.52 2.30 

C 6.34 419.13 40.67 0.28 0.99 

Difference%
 

10.84 2.44 11862 40 13.79 

         

(20, 20) 15.6 13.09 A 3.13 355.46 0.36 0.22 0.95 

B 3 354.49 0.33 0.24 0.94 

Error% 4.15 0.27 8.33 9.09 1.05 

C 1.61 389.45 36.37 0.28 0.99 

Difference% 48.56 9.56 7806.5 27.27 4.21 

*Difference in percentile between A and C. 
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6.5.3 The interphase 

The vdW gap thickness (h), the density of the dense interphase (
i

 ) and the bulk PVC 

density (
o

 ) of different NRVEs are compared in Table  6.3, showing that the average vdW 

gap thickness is 2.65 Å less than the graphite sheet distance of 3.4 Å which is used in some 

works (e.g., [52]). It can be seen that the bulk density (
o

 ) also varies with the SWCNT 

dimension, although the variation is rather small. This is due to the small size of an NRVE. 

The variation will vanish if the NRVE is large enough.  

Table ‎6.3 Variation of the dense interphase density with SWCNT dimension. 

SWCNT 

type 

h  

(Å) 

i
  

(g.cm
-3

) 

o
  

(g.cm
-3

) 

(5, 5) 2.62 1.86 1.39 

(10, 10) 2.72 1.87 1.42 

(15, 15) 2.77 1.80 1.41 

(20, 20) 2.51 1.82 1.40 

Average 2.65 1.84 1.40 

    

MWCNT 2.65 1.86 1.39 

The results show that the thickness of the vdW gap and the density of the dense interphase 

of the MWCNT-PVC composite are almost the same as those of the SWCNT-PVC 

composites, indicating that the internal walls of an MWCNT have a negligible contribution 

to the formation of the dense interphase. Even though the interphase atoms are within the 
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range of cutting radius of the MWCNT internal walls, their effect on the interphase is weak 

due to their distance from the internal matrix surface. 

 

(a) 

 

(b) 

Fig. ‎6.8 Elastic constants of PVC against density: (a)‎Young’s‎modulus,‎and‎(b)‎Poisson’s‎ratio. 
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To obtain the elastic properties of the dense interphase, we approximated the density as the 

only state variable and assume that the mechanical properties of the interphase are 

isotropic. To do so, the cell dimensions of the PVC scheme (Fig.  4.3b) are reduced stepwise 

and equilibrated by MD simulation for 0.1 ns at each step. The mechanical properties of 

PVC at different densities are calculated using the method described in Section  4.4. The 

variation of the Young‟s modulus and Poisson‟s ratio of PVC with the density are shown in 

Fig.  6.8a and Fig.  6.8b respectively. According to Table  6.3, the average density of the 

dense interphase region is 1.84 g.cm
-3

. Thus the Young‟s modulus and Poisson‟s ratio 

obtained from Fig.  6.8 are 17 Gpa and 0.4 respectively.  

6.5.4 The comparison between the three-phase model and MM simulation 

The three-phase model established above can now be employed for a continuum- 

mechanics analysis. We resort to FE analysis using the FE three-phase model shown in Fig. 

 6.9a. To manifest the influence of the dense interphase, a two-phase model was generated 

in which the dense interphase layer was eliminated as shown in Fig.  6.9b. Furthermore, to 

explore the influence of the vdW gap interphase, both three-phase and two-phase models 

are re-examined by substituting the ESF with the equivalent free-standing SWCNTs with 

the properties from Table  6.2. ANSYS was employed to carry out a three-dimensional 

analysis to obtain the overall elastic constants of a SWCNT-PMC. The present study used 

ANSYS Workbench to generate initial FE models with the same dimensions of the 

corresponding atomic NRVEs. They were then transferred to ANSYS APDL. With the 

script files developed, the stiffness matrix was determined as follows. A small normal strain 

(0.2%) was applied on one face of the model while the other faces were kept fixed in their 
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normal direction and free in the other two directions. The total normal force of each face 

was then calculated from their involved nodes. The average normal stresses were then 

calculated by dividing the total normal reaction force to the related area. The stiffness 

matrix components were subsequently determined based on stress-strain relation 

( 3,1,  jC
jiji

 ). The shear modulus was determined in the ANSYS Workbench by 

applying a pure shear. To avoid the lag effect in the case of Gzx,= Gzy , the length of the FE 

model in the principal direction of ESF was increased while an aspect ratio of 10 was 

reached for ESF. 

  
(a) (b) 

Fig. ‎6.9 Two FE models: (a) three-phase model, and (b) two-phase model. 

The results of four different NRVEs with different SWCNT inclusions are summarized in 

Table  6.4, where the “MM” rows show transversely isotropic elastic constants of the 

NRVEs from MM simulation. The FE results are obtained from four different cases. The 

indices “3P” and “2P” refer to the three-phase and the two-phase models with and without 

the dense PVC interface respectively. The indices “ESF” or “FS” indicate the elastic 
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properties of either the ESF or the free-standing SWCNT used for the central solid fibre. It 

is noted that the three-phase model with both ESF and the dense PVC interface can well 

predict the stiffness matrix of the composite with errors of less than 10%. The results of 

two-phase schemes (FE-2P-ESF and FE-2P-FS) exhibit significant discrepancies for 

transverse Young‟s modulus and shear modulus, indicating the significance of the dense 

interphase. It is noted that the composite model becomes less stiff if the dense interphase is 

not considered. In contrast, using the elastic properties of a free-standing SWCNT in the 

three-phase scheme (FE-3P-FS) leads to the larger stiffness. These exhibit the opposite 

effects of the vdW interaction on the SWCNT and the PVC interphase. It makes the ESF 

less stiff than the free-standing SWCNT but the PVC interphase stiffer than the PVC 

matrix. For the case of SWCNT (5, 5), the results from the FE-2P-FS model seem to be 

very close to those of the FE-3P-ESF model and MM simulation, owing to the cancelling of 

the two opposite effects of vdW interaction and dense interphase. Except for the case of 

SWCNT (5, 5), the errors in calculating the transverse Young‟s modulus and the shear 

modulus increase with the diameter of the SWCNT, if either the dense-interface is ignored 

or the elastic properties of the free-standing SWCNT are used. The error in calculating the 

shear modulus is the most prominent. It is noted that we have assumed that the dense 

interphase region is a homogeneous material however the modelling above could be 

modified to be more precise if the material in the interphase region were treated as a 

functionally gradient material (FGM).  
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Table ‎6.4 Molecular mechanics and FE results for elastic constants of different NRVEs.  

   Elastic modules (GPa) Poisson‟s ratio 

SWCNT 

type 

NRVE 

dimensions 

(nm)  

Exx , 

Eyy Ezz 

Gyz , 

Gzx 

νzy , 

νzx νxy 

(5, 5) 3.68×3.56×2.38 MM 4.73 57.75 1.54 0.35 0.48 

FE-3P-ESF
 

4.94 57.24 1.45 0.32 0.47 

Error%  4.44 0.88 5.84 8.57 2.08 

FE-2P-ESF
 

4.39 55.68 0.46 0.29 0.52 

Error% 7.19 3.58 70.13 17.14 8.33 

FE-3P-FS 5.11 58.64 506.1 0.33 0.48 

Error% 8.03 1.54 4.22 5.71 0 

FE-2P-FS
 

4.45 56.98 1.56 0.32 0.49 

Error% 5.91 1.33 1.30 8.57 2.08 

      

(10, 10) 3.78×3.78×2.37 MM 5.7 100.23 1.51 0.3 0.55 

FE-3P-ESF 5.78 100.09 1.51 0.3 0.53 

Error% 1.40 0.14 0 0 3.63 

FE-2P-ESF 4.78 98.12 1.06 0.28 0.54 

Error% 16.14 2.10 29.80 6.67 1.82 

FE-3P-FS 6.05 103.23 2.11 0.33 0.51 

Error% 6.14 2.99 39.7 8.95 7.27 

FE-2P-FS
 

4.96 100.86 1.80 0.32 0.52 

Error% 12.98 0.63 19.20 6.67 4.45 
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Table 6.4 (Continue) 

(15, 15) 3.87×4.25×2.37 MM 5.4 127.12 1.57 0.31 0.65 

FE-3P-ESF 5.59 128.46 1.53 0.3 0.62 

Error% 3.52 1.05 2.55 3.22 4.61 

FE-2P-ESF 4.51 126.24 0.94 0.28 0.62 

Error% 16.48 0.69 40.13 9.68 4.61 

FE-3P-FS 5.75 131.80 2.49 0.32 0.63 

Error% 6.48 3.68 58.60 3.22 3.07 

FE-2P-FS
 

4.62 129.61 2.13 0.31 0.62 

Error% 14.44 1.96 35.66 0 4.61 

      

(20, 20) 4.38×4.42×2.37 MM 4.57 143.44 1.14 0.29 0.71 

FE-3P-ESF 4.77 144.47 1.21 0.29 0.72 

Error% 4.38 0.72 6.14 0 1.41 

FE-2P-ESF 3.76 142.18 0.7 0.28 0.72 

Error% 17.72 0.87 38.59 3.45 1.41 

FE-3P-FS 4.17 158.24 2.79 0.32 0.78 

Error% 8.75 10.31 144.74 10.35 9.86 

  FE-2P-FS
 

3.17 155.98 2.15 0.31 0.77 

  Error% 30.63 8.74 88.59 6.89 8.45 
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6.6 Conclusions 

This chapter has developed a new technique to characterize non-bonded CNT-PMCs. The 

NRVE of the nano-composite system has been successfully modelled by integrating three 

phases, the equivalent solid fibre to mimic the CNT under the van der Waals forces, the 

dense interphase PVC with properly determined thickness and density, and the bulk matrix. 

Two methods have been established to determine the elastic properties of the equivalent 

solid fibre from the atomistic NRVE and the CNT-cluster. The study has concluded that the 

average density of the interphase can be used as a parameter to determine the mechanical 

properties of the dense PVC region. Using MM results, the method has been examined in a 

continuum-based three-phase model with the FE method. The model predictions show a 

good agreement with the atomistic results. The investigation has also concluded that the 

CNT diameter has a negligible effect on the equilibrium thickness of vdW gap interphase 

and on the density, thickness and mechanical properties of the dense interphase, and the 

same equilibrium thickness of the vdW gap. The internal walls of MWCNTs have a 

negligible effect on the interphase. However, ignoring either the vdW interaction region or 

the interphase matrix layer can bring about misleading results.  
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Chapter 7  

Characterizing and modelling the waviness and 

alignment of CNTs and the effect on their 

composites 

This chapter is based on: ―A New Method for Characterizing and Modeling the 

Waviness and Alignment of Carbon Nanotubes in 

Composites‖ by Saeed Herasati and Liangchi Zhang, 

Composites Science and Technology; Volume 100, 2014, 

Pages 136-142. 

 

 

 

7.1 Introduction 

Due to the low bending stiffness and exceptionally high aspect ratio of CNTs, they are 

highly wavy in a matrix [8, 9, 23, 153] which can effectively reduce the stiffness of CNT-

PMCs [20, 21, 40, 154-160]. Extensive investigations have been carried out to characterize 

the waviness morphology and understand the waviness effect of the CNTs on the elastic 

properties of composites. In most of them however, CNTs have been treated as uniform 

fibres of a sinusoidal wavy shape [21, 84, 154, 166] or with a simple bow wavy shape [156, 

159] which is not consistent with real morphology of the wavy CNTs.  

This chapter aims to develop a novel method to characterize the waviness of CNTs, to 

construct the wavy CNT-PMCs, and to study the effects of waviness and alignment of 

CNTs on the elastic properties of their composites. The micrograph images of CNTs in 

composites will be used to characterize the CNT waviness. An algorithm will be developed 

to efficiently construct an RVE containing a wavy CNT. Then a mechanics model will be 
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established to carry out the engineering-scale (i.e., macroscopic scale) analysis of the 

elastic properties of CNT-composites. The proposed model will be verified with 

experimental results. 

7.2 Modelling of wavy CNTs 

Each wavy CNT is generated as a cord including a sequence of 3D small straight segments. 

The total number of segments (Ns) is a function of the CNT volume fraction and its external 

diameter. For each wavy CNT, a set of points (Pi) on their neutral line is generated. The 

initial point (P0) of the first segment is selected randomly on one of the boundary planes of 

the cubic composite RVE. The direction of the first segment is selected randomly. The 

method to generate the segments is shown schematically in Fig.  7.1. The essential 

parameters are defined in Table  7.1. 

 

Fig. ‎7.1 The schematic diagram of the random walking chains. 
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Table ‎7.1 Definitions of the algorithm parameters 

Parameter Description/Definition 

Lx , Ly , Lz Dimensions of the cubic RVE in x, y and z directions which are defined 

as input values 

Pi A set of points on neutral line of wavy CNTs 

P0 Initial point of the first segment 

max Waviness angle which is the maximum angle of the cone as shown in 

Fig.  7.1 

ds Walking distance or length of a chain segment 

f The volume fraction of CNTs 

LCmin The minimum length of a CNT cord 

dmin The minimum distance between two cords 

JCmax The maximum number of iterations to find a way through other CNTs 

Ns The total number of segments required to reach the desired volume 

fraction 

Pi,j The coordinate vectors of the i
th

 point on the j
th

 cord 

Si,j The relative coordinate vector between two points on a cord (Pi,j - Pi-1,j) 

i The deflection angle of i
th

 segment which is generated with a standard 

normal distribution in the range of (-max, max) 

i The rotational angle of i
th

 segment around the cone axis that is generated 

with a uniform distribution in the range of (0, 2)  

Each new point is generated on the base of a right circular cone. The apex of the cone is 

located at the end point of the last segment (Pi-1) and the axis of the cone is coincident with 

the orientation of that segment. The length of the generatix line is equal to the walking step 

(ds). The angle of deflection (i) and the rotational angle (i) are assigned randomly. To 

avoid close contact of the CNTs, the distance of each new generated point from the 

previously generated points is calculated to make sure that it is more than the minimum 
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predefined distance (dmin). Otherwise, the algorithm will keep searching a path throughout 

the chains until such condition is reached. If this path cannot be identified in certain 

iterations (JCmax), the current chain is discarded and a new chain will be established. To 

reduce the shear lag effects, a minimum chain length is defined (LCmin) in the algorithm as a 

constraint. The algorithm is described in more detail in Fig.  7.2. It is implemented using a 

MATLAB code to generate the end points of the segments of a wavy CNT. This provides 

the input data for a standard FE code, such as ANSYS, to perform the required stress 

analysis.  

 

Fig. ‎7.2 The algorithm flowchart for generating endpoints of segments of wavy cords in a cubic RVE. 
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7.3 Validation of technique with experimental results 

The modelling method and its associated algorithm developed above can be validated by 

the experimental data available in the literature. Qian et al. [9] dispersed MWCNTs 

homogeneously through a PS matrix with a weight percentage of 1% (equivalent to a 

volume fraction of 0.487 %). They produced thin film samples with randomly oriented in-

plane CNTs. Thus, such a thin film can be appropriated as a lamina with in-plane (2D) 

distribution of the CNTs. Fig.  7.3a shows a TEM image of a sample thin film containing 

CNTs [9].  

7.3.1 Data scanning 

To analyse the waviness in a more consistent manner, the CNTs with approximately the 

same diameter of 30 nm were chosen, which is equal to the average diameter of the CNTs 

of the nano-composite sample used in the experiment of Qian et al. [9]. The waviness data 

points of Fig.  7.3b were collected with the aid of the Plot Digitizer software. Our 

investigation showed that the short walking distance (ds) can increase the acquisition error, 

while the long walking distance cannot capture sharp curvatures. We found that the best 

walking distance is equal to the CNT diameter. Therefore, ds =30 nm was selected to 

characterize the waviness of CNTs. 
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(a) (b) 
 

Fig. ‎7.3 Waviness characterization of the CNTs with a diameter of 30 nm, (a) original image, and (b) 

selected datapoints. 

7.3.2 Data analysis 

Since the CNTs are assumed to have a 2D (in-plane) distribution, the deflection angle of 

each segment () is equal to the angle between the orientation of two sequential segments. 

The deflection angles of all the segments were analysed with a MATLAB code. Because 

the rotational angle () around the cone axis is in the range of (0, 2), the sign of the 

deflection angle () is not important. Thus, the absolute value of  for each segment can be 

calculated and mirrored to the negative side, giving rise to the symmetric histogram shown 

in Fig.  7.4. This histogram demonstrates that the deflection angle () has a normal 

distribution which validates our assumption in the algorithm (Fig.  7.2). The maximum 

deflection angle or waviness angle of the CNTs in the examined composite is max= 25
º
 as 



Chapter 7 Characterizing and modeling the waviness and alignment of CNTs and the effect on their composites 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 124 - 

shown in Fig.  7.4. Although the target walking distance is ds = 30 nm, there was some 

scattering in the data acquisition which led to an average ds = 35 nm. Fig.  7.4 is based on 

740 data points of Fig.  7.3b. An error analysis showed that 300 points could provide 

sufficiently accurate results, indicating that an analysis on a few CNTs would provide an 

acceptable representation of the CNT waviness in a composite. 

 

Fig. ‎7.4 Histogram of the deflection angle from the scanned data. 

7.3.3 Constructing wavy CNTs 

In order to perform a stress analysis, the RVE of the composite can now be generated using 

the values of ds and max obtained above. To understand the effects of waviness and 

alignment of CNTs, different CNT distribution schemes of aligned (1D-Schemes), in-plane 

(2D-Schemes) and spatial (3D-Schemes) CNTs with different waviness angles are 

constructed, as shown in Fig.  7.5 to Fig.  7.8.  
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(a) (b) (c) 

Fig. ‎7.5 The 1D-Scheme samples including aligned CNTs with the CNT volume fraction of 0.5 and 

waviness angles of (a) max= 0
º
, (b) max= 25

º
, and (c) max= 55

º
. 

 

Fig. ‎7.6 Local RVE defined to generate 1D-Scheme samples. 

Fig.  7.5 shows three 1D-Schemes with different waviness angles. To construct such 

schemes, the same procedure in Fig.  7.2 was applied. After assigning the first point of each 

CNT (P0,j), the local RVE dimensions for this particular CNT in X and Y directions are 

constrained to a narrow cube with the same length of RVE in the Z direction and four 

planes at x0±Δx/2 and y0±Δy/2, as shown in Fig.  7.6. The values of Δx and Δy depend on 
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the average maximum amplitude of the aligned CNTs which could be measured from the 

micrograph images [221]. In the present study Δx = Δy = 200 nm were used, because they 

are close to the maximum amplitude of the wavy CNTs in the experimental characterization 

of Qian et al.[9]. 

Front 

view 

  

  

Top 

view 

  

(a) 

 

(b) 

 

(c) 

 
Fig. ‎7.7 Front and top views of the 2D-Scheme samples with the CNT volume fraction of 0.5 and 

waviness angles of (a) max= 0
º
, (b) max= 25

º
, and (c) max= 55

º
. 

Similarly, the procedure explained for generating the 1D-Scheme samples could be applied 

for generating the 2D-Scheme samples. In this scenario, however, the local RVE is 

constrained only in the Z-direction with z0 ± Δz/2 planes and Δz = 200 nm. The two other 

dimensions (x and y) are consistent with the global RVE. Fig.  7.7 shows the front and top 

views of three 2D-Scheme samples with a restricted fluctuation in the Z-direction. 
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The 3D-Scheme samples can be generated following the algorithm of Fig.  7.2. In the 3D 

case, however, the CNTs are not constrained within local RVEs. Fig.  7.8 shows three 

samples with a specific volume fraction and waviness angles of CNTs. 

  

(a) (b) (c) 

Fig. ‎7.8 The 3D-Scheme samples with the CNT volume fraction of 0.5 and waviness angles of 

(a) max= 0
º
, (b) max= 25

º
, and (c) max= 55

º
. 

The characterization of the waviness angle discussed above was from an in-plane 

distribution of CNTs (Fig.  7.3). As elucidated previously, however, most of the CNT-PMCs 

have 3D distributions of CNTs in a composite. Hence, specific attention is required to 

determine their waviness angles. To this end, a 5 μm cubic RVE includes a 3D distribution 

of CNTs with the waviness angle of max = 25º and the volume fraction of 1% was 

constructed by the developed algorithm, as shown in Fig.  7.9a. Since the maximum depth 

to detect the sub-surface CNTs with the voltage-contrast SEM was 250 nm [168], CNTs 

included in a thin layer of RVE of 250 nm in thickness were projected onto a plane (Fig. 
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 7.9b), showing some short and long CNT segments. Our investigation revealed that most of 

the short segments are those from the out-of-plane CNTs while the long segments are 

mostly the in-plane CNTs. To use the technique developed above for quantifying the 3D 

waviness angle, we can select long segments to represent the in-plane CNTs.  

  
(a) (b) 

Fig. ‎7.9 (a) An algorithm-generated cubic RVE with the CNT volume fraction of 1%, max of 25º and 

side‎length‎of‎5‎μm,‎and‎(b)‎the‎top‎view‎of‎a‎thin‎layer‎from‎the‎upper‎region‎of‎the‎RVE. 

 

Fig. ‎7.10 Histogram of  of the long CNT segments from Fig. ‎7.9b. 
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The equivalent histogram of Fig.  7.9b was obtained, as shown in Fig.  7.10. Although a few 

angles are around 40º, the overall trend of the histogram shows that the graph ends at θ = 

25º which is the same as the original θmax. This result shows that θmax can be extracted from 

the long CNT segments associated with the thin sub-surface layer. 

7.3.4 Accuracy analysis 

Fig.  7.11a shows the 2D-Scheme sample with max= 25
º
 and volume fraction of 0.5%, 

constructed by the algorithm developed. From the figure it can be seen that the result is 

similar to the original TEM image of Fig.  7.11b. 

  

(a) (b) 

Fig. ‎7.11 A comparison of an algorithm-generated 2D-Scheme sample with the experimentally observed 

CNT distribution (CNT volume fraction = 0.5% and max= 25º). (a) the algorithm-generated RVE, and 

(b) the TEM image [9]. 

Fig.  7.12a to Fig.  7.12c show the distributions of two key angles of a 3D-Scheme sample 

with max = 25º and CNT volume fraction of 0.5%. The corresponding normal probability 
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(Fig.  7.12b) shows a linear trend of . Fig.  7.10c demonstrates that the algorithm generates 

an appropriate uniform distribution of the rotational angle () in the range of 0 to 2π.  

 
 

 

 

(a) (b) 

 

(c) 

Fig. ‎7.12 Distribution of the algorithm-generated angles of a 3D-Scheme sample with max= 25º. (a) 

histogram of , (b) normal probability of , and (c) histogram of . 

It is noted that the initial deflection angles () have a normal distribution. In the generation 

process, the algorithm rejects some deflection angles to avoid a close contact of CNTs. 

Because of this, one may imagine that the final histogram may not have a normal 
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distribution of . However, the trend of the accepted  by the algorithm in Fig.  7.12b 

demonstrates a normal distribution, showing that the rejection process of the algorithm will 

not change the distribution of . 

7.4 Stress analysis using FE 

The RVE established above enables us to carry out an efficient 3D stress analysis using a 

conventional FE technique (e.g., using a commercially available FE code, ANSYS). This 

will allow a convenient characterization of the macroscopic elastic properties of a CNT-

PMC. In the present study, the ANSYS Workbench was utilized to generate the initial FE 

models. The models were then transferred to ANSYS APDL to gain the script file for the 

stress analysis. In the present case study, the CNTs had a diameter of 30nm; thus the effect 

of the CNT-matrix interphase on the macroscopic Young‟s modulus of the CNT-PMC 

could be ignored without causing any noticeable error according to Ref. [145].  

7.4.1 Mesh generation 

For the simplicity of the FE meshing but without losing the generality, it is assumed that a 

CNT can be regarded as a solid fibre of a square cross-section (called a CNT-fibre hereafter 

for convenience). The mechanical properties of a CNT-fibre are the same as the CNT. The 

cross-section of the CNT-fibre was determined in such a way that it gave rise to the same 

volume fraction of the CNTs in the composite. The wavy CNT-fibres could then be easily 

meshed using the 20-node brick element (Solid 186) in ANSYS, as shown in Fig.  7.13a. 

The matrix, however, was meshed with the 10-node tetrahedron elements (Solid 187), as 

demonstrated in Fig.  7.13b. Each CNT-fibre could be meshed as a sequence of brick 
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elements. A sensitivity test on the mesh size showed that finer meshes have a negligible 

influence (less than 3%) on the overall results.  

  

(a) (b) 

Fig. ‎7.13 Sample mesh generation of (a) 3D distribution of CNTs, and (b) matrix. 

7.4.2 Local coordinates of CNT-fibre elements 

 In the majority of the previous studies in the literature, CNTs have been treated as an 

isotropic material (e.g. Ref. [84, 85]). Nevertheless, CNTs have been found to have 

transversely isotropic properties [86, 222] as we do in this study. Thus, a coordinate system 

of a CNT-fibre must follow the direction of a CNT in each point. A script file can be 

developed to adjust the principal axis of the local coordinate system of each element 

parallel to the neutral axis of the CNT-fibre. A sample wavy CNT-fibre and the 

corresponding local coordinates of each element are shown in Fig.  7.14. 
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Fig. ‎7.14 The local coordinate system of each element is oriented to be tangent to the neutral axis of a 

CNT-fibre. 

7.4.3 Stress-strain analysis 

With the script files developed, the stiffness matrix is determined. A small normal strain of 

0.2% was applied on one face of the RVE while the other faces were kept fixed in their 

normal directions and free in their other two directions. The total normal force of each face 

was calculated from their nodes involved. The average normal stresses were then calculated 

by dividing the total normal reaction force to the related area. The stiffness matrix 

components were subsequently determined based on the stress-strain relation, i.e.  

3,1,  jC
jiji

 , Eq.  7.1 

where i
 , ij

C  and j
  are normal stress, stiffness matrix and strain components 

respectively. The elastic moduli were then calculated based on the stiffness matrix relations 
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in Appendix 1. For the FE stress analysis, we used the isotropic elastic properties of the 

blank PS matrix from the work of Qian et al.[9], i.e., Em=1190 MPa with the Poisson‟s 

ratio of m=0.38. Assuming that the length of nanotube is bigger than 1 m, the 

transversely isotropic properties of an MWCNT of diameter 30 nm was obtained with the 

method proposed by Shen et al. [86], which gave rise to the elastic properties of Ezz = 1.1 

TPa, Exx = Eyy = 14 GPa, Gzx = Gzy = 190 GPa, zx = zx = 0.13 and xy = 0.91. It is noted that 

regards to the big diameter of the studied MWCNT, MM is not a suitable tool for 

calculating its elastic properties. Therefore, in this study the analytical method based on the 

work of Shen et al. [86] was applied. 

7.5 Results and discussion 

The variations of the longitudinal elastic modulus (Exx = Eyy) and transverse elastic modulus 

(Ezz) of the 2D-Scheme composites with max are shown in Fig.  7.15. It can be seen that 

these moduli decrease with increasing the max. When max changes in the range of 5º to 

40º, the moduli vary almost linearly. After max goes beyond 50º, the Young‟s moduli in 

both the longitudinal and transverse directions approach their steady values. 

The error scales denoted in the figure are the results of four samples. It can be seen that at a 

low waviness the longitudinal Young‟s moduli have a bigger standard deviation because of 

the small dimension of the RVEs and the low percentage of the CNTs in the composites. 

This indicates that if the CNTs are straight, adding little more CNTs in a direction can 

significantly increase the stiffness of the composite in that direction. This effect will 

become weaker if the number of the CNTs is increased at a higher volume fraction. Under a 
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higher waviness angle, the elements of each CNT-fibre are scattered in a wide range of 

directions. Thus, statistically the composite will become quasi-isotropic. As a result, the 

moduli have lower standard deviations. 

The vertical dashed line in Fig.  7.15 shows the Young‟s modulus of a composite includes 

the CNT-fibre of waviness angle max = 25º and volume fraction = 0.5% (the same as in the 

experiment done by Qian et al. [9]). It is clear that the prediction of the model presented in 

this study for longitudinal Young‟s modulus (Ec = 1.41Em = 1680 ±96 MPa) is in excellent 

agreement with the experimental measurement (Ec = 1.42Em= 1690 ±130 MPa). This shows 

that the proposed method in this chapter provides very accurate predictions. 

 

Fig. ‎7.15 The‎relative‎Young’s‎moduli‎of‎the‎composite‎to‎the‎matrix‎with‎different‎waviness‎angles‎

(max) (volume fraction = 0.5%; 2D-Scheme). 

The effect of CNT alignment on the variation of the relative longitudinal Young‟s modulus 

is demonstrated in Fig.  7.16 (the CNT volume fraction of 0.5%). It is shown that the CNT 

alignment has a remarkable effect on the modulus in the whole range of waviness angles. 
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For example, the dashed line on the waviness angle of 25º, which is the same as the 

experimental work of Qian et al. [9], shows an improvement of 21% when the CNTs have a 

3D distribution (3D-Scheme). This improvement jumps to 41% if the CNTs have an in-

plane distribution (2D-Scheme). If the CNTs are fully aligned (1D-Scheme), a significant 

improvement of 110% (more than five times that for the 3D-Scheme) is achieved. The 

above comparison demonstrates that at the same waviness angle, the alignment of CNTs 

can significantly enhance the Young‟s modulus of their composites. 

 

Fig. ‎7.16 Effect of CNT-alignment on the variation of EC/EM with the CNT waviness angle. 

The upper limit of the relative longitudinal Young‟s modulus of the CNT-PMC with 

aligned straight CNTs (i.e., 1D-Scheme at max=0) can be obtained from the rule of 

mixture, i.e, 

MCNTCNTMMC
EEEE   , Eq.  7.2 
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in which M
 and CNT

  are the volume fractions of the matrix and CNTs respectively, and 

ECNT is the longitudinal Young‟s modulus of the CNTs. With the aligned straight CNTs, 

Eq.  7.2 gives EC/EM = 5.6, which is greater than our model prediction of 3.8. A major cause 

of this discrepancy is due to the fact that the present modelling imitates the experimental 

micrograph images (e.g. Ref. [221]) in which the CNTs were aligned randomly rather than 

absolutely straight along the Z-axis, and allowed to have a misalignment in their local RVE 

which reduces the EC.  

7.6 Conclusions 

This chapter has developed an innovative technique to characterize the waviness of CNTs 

in composites and to study the effect of waviness and alignment of CNTs on the 

macroscopic elastic properties of CNT-PMCs. The concept of CNT waviness angle has 

been introduced and an efficient algorithm has been established to construct wavy CNTs 

for 1D, 2D and 3D CNT-PMCs. The RVEs generated were implemented in a commercially 

available FE code for characterizing the macroscopic properties of CNT-PMCs. A 

comparison with the experimental results shows that the method can accurately predict the 

elastic properties of CNT-PMCs. The analysis also concludes that the waviness of the 

CNTs influences the stiffness significantly. However, compared to the waviness, the CNT 

alignment is a more superior parameter affecting the elastic properties of the composite. 



 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 138 - 

  

CChhaapptteerr  88  

  



Chapter 8 The effect of interphase on the macroscopic elastic properties of non-bonded SWCNT-PMCs 

Saeed Herasati, PhD Thesis, The University of New South Wales  - 139 - 

Chapter 8  

The effect of interphase on the macroscopic elastic 

properties of non-bonded SWCNT-PMCs 

 

8.1 Introduction 

The interphase of a CNT-matrix plays an important role in determining macroscopic 

properties of the composite. In the case of a non-bonded SWCNT-PMC, there are two 

distinct interphases: the vdW gap interphase and the dense interphase. In Chapter 6, a 

comprehensive atomistic NRVE for characterizing SWCNT-PVC composites was 

developed. The atomistic NRVE was capable of accommodating the coupled contribution 

of all phases associated with a CNT-PMC unit: the matrix, the dense interphase, the vdW 

gap and the SWCNT. The vdW gap and the SWCNT were regarded as an ESF. The elastic 

properties of each phase was then characterized by atomistic simulation and implemented 

within a three-phase continuum-based FE model. Compare to the atomistic NRVE, the 

three-phase model does not only reduce the computational cost but also give a flexibility to 

calculate the elastic properties of NRVE with a desired size. Our investigation showed that 

the NRVEs have transversely isotropic properties and that the vdW gap interphase is softer 

but the dense interphase is stiffer than the bulk matrix. It was concluded that ignoring an 

interphase region would bring about erroneous predictions of the elastic parameters of the 

NRVE, particularly its transverse Young‟s modulus and the out-of-plane shear modulus. 

However, the results were limited to a special case with straight SWCNTs. In reality, 

nevertheless, CNTs in a composite are highly wavy because of their flexibility and 
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extremely high aspect ratio of length to diameter [9, 153]. Moreover, in Chapter 7, a 

technique for characterizing the waviness of CNTs, together with an algorithm to generate 

wavy CNTs consistent with experimental observations was proposed. The method was 

verified by experiment and can be considered reliable for studying the effect of SWCNT 

waviness. 

This chapter will develop a multiscale method to explore the impact and contribution of 

each of the interphases outlined above on the overall elastic properties of non-bonded, 

randomly wavy SWCNT-PMCs. Aligned and 3D distributed SWCNTs with different 

waviness angles will be constructed and implemented in an FE platform for stress analysis.   

8.2 Multiscale modelling 

The primary strategy of the multiscale modelling is illustrated in Fig.  8.1. The basic 

element is the atomistic NRVE (A-NRVE) which was characterized in Chapter 6. In a 

CNT-PMC, the volume fraction of CNTs is always low, rarely above 20%. It is therefore 

rational to assume, when the CNTs are dispersed well in the composite in manufacturing, 

that each CNT is surrounded fully by the matrix, and that the distance between individual 

CNTs is much larger than the thickness of an individual CNT-matrix interphase. Hence, the 

contact between CNTs and that between CNT-matrix interphases does not need to be 

considered in the modelling. As a result, A-NRVE under a PBC must be big enough to 

avoid any artificial effect of interphase or CNT contacts. To reduce a close contact between 

wavy CNTs in micro-scale, the cross-section area of NRVE is reduced as much as possible. 

To do so, the minimum NRVE dimension can be confined by the external diameter of the 
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dense interphase layer and treated by the three-phase FE model that was explained in 

Chapter 6 as illustrated in Fig.  8.1, called 3P-NRVE. When this 3P-NRVE is applied to a 

greater scale analysis, the characterization can be treated as a homogeneous solid NRVE 

(S-NRVE). In this way, the calculation will be efficient but the lower scale effects 

(atomistic and interphase) are already included.  

 

Fig. ‎8.1 A schematic diagram of the multiscale modelling strategy for characterizing SWCNT-PMCs 

from the atomistic scale NRVE to the micro-scale MRVE. The MRVE is ready to be used for an 

efficient FE analysis but with all the atomistic and interphase effects counted. 
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A series of S-NRVEs can be assembled to build up a randomly wavy SWCNT-fibre, as 

illustrated in Fig.  8.1. A micro scale representative volume element (MRVE) can therefore 

be obtained by assembling such SWCNT-fibres with the surrounding PVC matrix. Such an 

MRVE is ready to be used for an efficient FE analysis but with all the atomistic and 

interphase effects counted.  

8.2.1 Elastic properties of S-NVRE  

The elastic properties of S-NRVE can be obtained by transferring those of 3P-NRVE which 

includes three phases: the ESF, the dense interphase and the bulk matrix, as illustrated in 

Fig.  8.1. To explore the diameter effect on the properties of the 3P-NRVE, a variety of 

SWCNTs, with typical diameters ranging from 6.76 Å of SWCNT (5, 5) to 26.18 Å of 

SWCNT (20, 20), were used to construct the corresponding 3P-NRVEs. It has been shown 

that the dense interphase of PVC has a thickness of 3 Å, Young‟s modulus of 17 GPa, and 

Poisson‟s ratio of 0.40. The Young‟s modulus and Poisson‟s ratio of the bulk PVC are 3.6 

GPa and 0.38, respectively. The overall elastic properties of 3P-NRVE can therefore be 

obtained by a 3D FE analysis developed in Chapter 6. This gives rise to the five elastic 

moduli of the corresponding S-NRVE, as listed in Table  8.1. Rows A to D represent the 

schemes of: (A) all phases included, (B) vdW gap excluded, (C) dense interphase excluded, 

and (D) both dense interphase and vdW gap excluded. 
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Table ‎8.1 Elastic properties of transversely isotropic 3P-NRVEs containing SWCNTs of different 

diameters 

SWCNT Ro (Å) Cross section (Å
 2
)  

Elastic modules (GPa) 

Poisson‟s 

ratio 

Exx ,Eyy Ezz Gyz ,Gxz νzy ,νzx νxy 

(5,5) 6 1818 

(A)
 

11.27 221.33 1.97 0.29 0.58 

(B)
 

15.54 233.02 4.24 0.33 0.65 

(C)
 

5.91 214.87 0.75 0.25 0.49 

(D)
 

6.96 226.90 2.40 0.30 0.52 

         

(10,10) 9.3 24.624.6 

(A) 10.11 231.63 1.74 0.29 0.66 

(B) 12.61 237.82 5.05 0.32 0.73 

(C) 6.10 226.97 0.79 0.27 0.57 

(D) 7.04 233.24 3.05 0.31 0.59 

         

Table 8.1 (Continue) 

(15,15) 12.6 31.231.2 

(A) 6.96 214.66 1.53 0.30 0.78 

(B) 7.43 220.22 5.74 0.32 0.85 

(C) 4.83 210.91 0.65 0.28 0.69 

(D) 5.09 216.51 3.56 0.30 0.74 

         

(20,20) 15.6 37.237.2 

(A) 5.10 200.66 1.40 0.30 0.79 

(B) 4.34 219.94 5.88 0.32 0.86 

(C) 3.57 197.47 0.62 0.28 0.78 

(D) 2.80 216.78 3.68 0.30 0.85 

      
 

(A): all phases included; (B): vdW gap excluded; (C): dense interphase excluded; (D): both 

dense interphase and vdW gap excluded 

8.2.2 Elastic properties of MRVE 

The wavy SWCNT-fibres could be generated based on the algorithm developed in Chapter 

7. In this chapter ds = 3 nm is used. The wavy SWCNT-fibres are then assembled with the 

PVC matrix in a cubic MRVE. A sensitivity analysis showed that the overall elastic 

properties of MRVE change with the variation of its dimensions (due to shear lag effect), 
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but converge when the dimensions reach about 100 times those of the S-NRVE side length. 

The FE models for stress analysis are then generated with the aid of the commercial 

ANSYS Workbench. Since the S-NRVE elements have transversely isotropic properties, 

the local coordinate system of each element must be directed in parallel with the neutral 

axis of the CNT cord with the script file developed. 

To study the interphase effect under different waviness angles, SWCNT (10, 10) is selected 

because this size is typical in the synthesized SWCNTs. However, when studying the 

interphase effect with varying SWCNT diameter, the waviness angle is fixed. To explore 

the role of CNT alignment, both aligned SWCNTs, denoted as the 1D-Scheme for 

convenience of discussion, and randomly distributed in three-dimensional directions, 

denoted as the 3D-Scheme, are investigated with a fixed volume fraction of 0.5% but a 

variety of waviness angles (e.g. Fig.  8.2). 1D-Scheme models are generated with the 

algorithm, that explained in Section  7.3.3. In this study, the local RVEs for the 1D-Scheme 

fibres are limited to Δx = Δy = 20 Å. 

The stiffness matrix components of an MRVE are determined based on the FE method that 

was explained in Section  7.4.3. The elastic properties of the bulk PVC from our previous 

atomistic simulation in Chapter 4 and the experimental results available [214] are Em=3.6 

GPa and m=0.38 [215]. The elastic properties of the S-NRVEs of different schemes are 

listed in Table  8.1.  
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1D 

 

3D 

 
                        (a)                                 (b)                                          (c) 

Fig. ‎8.2 1D and 3D-Schemes of SWCNT-PMCs with a volume fraction of 0.5% and waviness angles of 

(a) max= 0
º
, (b) max= 30

º
, and (c) max= 50

º
. 

8.3 Results and discussion 

Fig.  8.3a shows the variation of the relative Young‟s modulus (Ec/Em) of the CNT-PMC 

using the 3D-Scheme with SWCNT (10, 10). Each point in the figure is an average of three 

samples. The results show that the Young‟s modulus will be overestimated if the effect of 

vdW gap interphase is ignored but will be underestimated if the dense interphase effect is 

neglected. When both the vdW gap and dense interphases are ignored, the results approach 

those including all phases. This indicates that with SWCNT (10, 10), the overall influence 

of the interphases as a whole is insignificant. However, Fig.8.3b demonstrates that when 
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the diameter is greater than SWCNT (10, 10), the discrepancy of overall interphase effect 

becomes greater. A closer look to the Fig.8.3b, shows that the upper and lower bonds, that 

are case B and C respectively, approach together with increasing SWCNT diameter and 

suppose to converge to the case A, include all phases, after a certain big diameter of CNTs 

beyond the range of our study. This is consistent with the findings of Wang et al. [145] and 

Odegard et al. [142]. They claimed that the effect of interphase on the elastic properties of a 

nano-composite reduces and will vanish eventually when the diameter reaches to a certain 

big diameter that is 20 nm and 200 nm as claimed with Odegard et al. and Wang et al. 

respectively. Fig.  8.3b also shows that SWCNT diameter has a big influence on the 

composite properties. 

Fig.  8.3 shows that when the volume fraction of SWCNTs is a constant, the macroscopic 

Young‟s modulus of a CNT-PMC decreases with increasing the waviness and CNT 

diameter. This is consistent with the results of Tsai et al.[31]. In other words, with a given 

CNT concentration and waviness angle, in the range of SWCNT diameter studied, smaller 

SWCNTs are more superior reinforcing fillers. However, it should be noted that a smaller 

SWCNT is more easily bent to make its waviness angle larger, and in turn reduce the 

stiffness. 
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(a) (b) 

Fig. ‎8.3 The‎Young’s‎moduli‎of CNT-PMCs, Ec, normalised by that of the PVC matrix, EM, (a) with 

SWCNT(10,10), and (b) with a verity of SWCNTs from SWCNT (5, 5) to (15, 15) under a given max= 

30
º
. The SWCNT volume fraction is 0.5%. 

Fig.  8.4a presents the variation of the longitudinal Ec/Em of the composite with aligned 

SWCNT (10, 10), that is a 1D-Scheme. It shows that both the vdW gap and the dense 

interphases can be ignored without a remarkable effect on the overall longitudinal Young‟s 

modulus of the composite. Figure 4b illustrates that the result above is consistent in the 

whole range of SWCNT diameters examined. Moreover, the results in Fig.  8.3 and Fig.  8.4 

show that with the same volume fraction, aligned SWCNTs can reinforce the matrix five 

times that of the randomly distributed ones in the SWCNT alignment direction. 
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(a) 

 

(b) 

Fig. ‎8.4 The‎relative‎Young’s‎modulus‎of‎the‎composite‎with‎aligned‎SWCNTs.‎(a)‎using‎

SWCNT(10,10) but varying max, and (b) using max= 30
º
 but varying SWCNT diameters. 

Fig.  8.5a shows the effect of waviness angle on the transverse Ec/Em of composites with 

aligned SWCNT (10, 10). It can be seen that when the waviness angle is small, Scheme (A) 

consideration (i.e., all interphases included) brings about a greater Young‟s modulus than 

the Scheme (D) consideration (without an interphase). The discrepancy vanishes as the 

waviness angle increases. It is a fact that an SWCNT has small deflection stiffness and a 

high aspect ratio of length to diameter. Hence, an SWCNT in a composite normally has a 

high waviness angle [9, 153]. This seems to indicate that the interphase effect on the 

transverse modulus is negligible in the case of SWCNT (10, 10). Fig.  8.5b shows that for 

SWCNTs of a diameter smaller than (10, 10), the interphase plays an important role on the 

transverse modulus. The smaller the diameter, the greater the interphase effect becomes. It 

must be pointed out further that the present study focuses on non-bonded SWCNT-PMCs 

only. When chemical bond takes place between functionalized CNTs and matrices, such as 

those discussed by [19, 174], the mechanical properties of the interphases will change. In 
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this case, the effects of interphases, waviness and alignment on the macroscopic behaviour 

of an SWCNT-PMC will also be altered. This will need to be studied further. 

 

 

 

(a) 

 

(b) 

Fig. ‎8.5 Variation‎of‎the‎relative‎transverse‎Young’s‎modulus‎of‎composites‎with‎aligned‎SWCNTs.‎(a)‎

with SWCNT (10, 10), and (b) with the change of SWCNT diameters. 

8.4 Conclusion 

This chapter has investigated the effects of SWCNT-matrix interphases, SWCNT 

alignment, and SWCNT waviness on the macroscopic elastic properties of SWCNT-PMCs. 

A truly multiscale characterization method has been applied to enable an efficient 

continuum-mechanics analysis involving atomistic effects of the materials. The influential 

factors studied include the vdW gap, the dense interphase, the waviness of SWCNTs and 

the nanotube diameter. The study concludes that ignoring the contribution of the vdW gap 

will overestimate the macroscopic Young‟s modulus of an SWCNT-PMC, but that 

neglecting the role of the dense interphase will underestimate the modulus. Ignoring the 

interphase does not alter the longitudinal Young‟s modulus of aligned SWCNT-PMCs. In 

the case of 3D-schemes, the bigger the SWCNT diameter, the greater the effect of 
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interphase. With a given volume fraction of SWCNTs, aligned ones can reinforce the 

matrix five times that of the randomly distributed ones. 
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Chapter 9  

Conclusion and future directions 

9.1 Concluding remarks 

This dissertation has developed a numerical multiscale strategy to extract elastic properties 

of non-bonded SWCNT-PMCs. The contributions were reflected in five chapters and the 

following conclusions can be drawn from each chapter. 

9.1.1 Characterization of composite constituents (Chapters4 and 5) 

The constituents include the polymer matrix and the SWCNTs are characterized in two 

chapters. In Chapter 4, a procedure was proposed to characterize the elastic properties of 

polymers and the conditions under which MM give acceptable results were discussed. 

Using MD simulation, the effect of molecular morphology and the CNT additives on the 

glass transition temperature of polymers were considered. The results showed that MD with 

COMPASS force field can give rise to acceptable results for physical properties such as 

density, glass transition temperature and coefficient of thermal expansion; and that the 

stress analysis based on MM analysis well predicts the elastic constants of glassy polymers. 

Nevertheless, it fails for soft polymers such as PE. The study concluded that the crystalline 

part of semi-crystalline polymers is significantly effective on the Tg and should not be 

ignored in atomistic simulations.  

In Chapter 5, using MM simulation, all five independent elastic properties of free-standing 

armchair SWCNT and SWCNT-clusters were evaluated. The collapse pressure of SWCNT-
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clusters and the effect of hydrostatic pressure on their elastic properties were explored. The 

results showed that the collapse pressure of SWCNT-clusters varies exponentially with 

increasing the SWCNT diameter. The hydrostatic pressure increases all elastic quantities of 

SWCNT-clusters, except the transverse Young‟s modulus, which is not monotonic and 

remains almost constant in a critical SWCNT diameter. The out-of-plane shear modulus is 

almost constant for different SWCNT diameters and is the most influenced elastic property 

by hydrostatic pressure. The study concludes that the out-off-plane Poisson‟s ratio of free-

standing SWCNTs for all ranges of diameters of SWCNTs is close to 1. 

9.1.2 Elastic properties of NRVE (Chapter 6) 

Using SWCNT-reinforced PVC as an example, in Chapter 6, the atomistic system of CNT 

and polymer were integrated as an NRVE and equilibrated with the aid of MD then 

characterized with MM simulation. The NRVE of the SWCNT-PVC system was modelled 

as an assemblage of three phases, ESF mimicking the SWCNT under the vdW forces, the 

dense interphase PVC of appropriate thickness and density, and the bulk PVC matrix. Two 

methods were proposed to extract the elastic properties of the ESF from the atomistic 

NRVE and the CNT-cluster. This chapter presented a new technique to characterize 

interphase regions. Using atomistic simulations, the thickness and the average density of 

the dense interphase matrix were determined and its elastic properties were characterized as 

a function of density. The method was examined in a continuum-based three-phase model 

developed with the aid of MM and FE method. The predictions of the continuum-based 

model showing a good agreement with the atomistic results verifies that the interphase 

properties of amorphous matrix in CNT-PMCs could be approximated as a function of 
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density. The results showed that the effect of CNT diameter and internal walls of 

MWCNTs on the density and thickness of the dense interphase is negligible. 

9.1.3 Waviness of CNTs (Chapter 7) 

In Chapter 7, a technique was developed for characterizing and modelling the waviness of 

CNTs in a composite. A reference waviness angle was introduced and quantified through 

micrograph images. An algorithm was developed to construct corresponding wavy CNTs 

embedded in a cubic matrix. The generated models were implemented in FE to extract the 

elastic properties. The study concluded that the developed technique can predict elastic 

properties of wavy CNT-PMCs accurately, and that the waviness of CNTs can greatly 

reduce the elastic properties of CNT-PMCs, meanwhile, CNT alignment is a greater 

parameter affecting the elastic properties of CNT-PMCs. The study showed that even a thin 

sub-surface image of a CNT-PMC, with a 3D distribution of wavy CNTs, is sufficient to 

characterize their waviness angle. 

9.1.4 The effect of interphase (Chapter 8) 

In Chapter 8, the impact of interphase, the diameter and the waviness of SWCNTs on the 

overall elastic properties of SWCNT-PMCs were studied through a multiscale modelling. 

The wavy SWCNTs with the interphase were implemented in an FE cubic MRVE. The 

overall elastic properties were then extracted in a three-dimensional FE analysis. The 

results conclude that excluding each interphase region gives rise to magnificent 

discrepancy. However, due to the opposite effect of two interphase regions, ignoring both 
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interphases does not alter the longitudinal Young‟s modulus of aligned SWCNT-PMCs and 

the Young‟s modulus of 3D-Schemes for the diameters smaller than SWCNT (10, 10). The 

results show that with a given volume fraction of SWCNTs, aligned ones can reinforce the 

matrix five times that of the 3D-distributed ones. 

9.2 Future directions 

The results of this thesis shed light on some unclear issues regarding to the modelling of the 

elastic properties of CNT-PMCs, however, also open up new horizons in this field.   

9.2.1 The effect of large deformation on the overall elastic properties of 

SWCNT-PMCs 

The results of Chapter 5 illustrated that the elastic properties of the SWCNT-clusters is a 

function of hydrostatic pressure. Moreover, the results of Chapter 6 showed that the ESF 

could be characterized as a CNT-cluster under a specific hydrostatic pressure. Thus in one 

sense, ESF is similar to CNT-clusters and their elastic properties vary under a hydrostatic 

pressure or a large strain. Consequently, any dynamic or static load leading to a large 

deformation can change the elastic properties of CNT inclusions and their composites. The 

influence of this phenomenon on the macroscopic elastic properties needs further study. 

9.2.2 Analytical solution for the elastic properties of ESF 

In Chapter 6, the elastic properties of ESF were obtained numerically which is the only part 

of the proposed three-phase model that still dependent on the atomistic simulation. There 
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are some analytical models to characterize elastic properties of free-standing SWCNTs 

analytically, however, the analytical solution for the elastic properties of the ESF has not 

been developed yet and needs further studies.  

9.2.3 The efficiency of MWCNTs vs. SWCNTs 

This thesis concluded that, the waviness of CNTs could reduce the overall elastic properties 

of CNT-PMCs. Regarding to the higher bending stiffness of MWCNTs, compared to 

SWCNTs, they are more resistant against bending. However, the waviness and overall 

elastic properties of CNT-PMCs is affected by a variety of parameters giving rise to two 

substantial questions: (1) with the same method of production, which CNT brings about a 

smaller waviness? and (2) with the same volume fraction, regarding their waviness, which 

CNT is more efficient to reinforce a matrix?  

9.2.4 Close contact of CNTs 

In this study, a low concentration of CNTs without any close contact was considered. A 

more general case includes close contact of CNTs with overlapped interphases. The effect 

of close contact on the interphase region, and consequently on the overall elastic properties 

of CNT-PMCs needs more detailed discussion. 
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Appendix 

Appendix 1. Stiffness matrix  

The stiffness matrix for orthotropic materials, has 9 independent parameters as 
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Eq. A1. 1 

The elastic constants for orthotropic materials, could be obtained from compliance matrix 

which is the inverse of the stiffness matrix  
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Eq. A1. 2 

Transversely isotropic materials have five independent parameters as  
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Eq. A1. 3 

Elastic constants are easily obtained from the compliance matrix includes longitudinal and 

transverse Young‟s moduli (Ezz, Exx), in-plane and out-off-plane Poisson‟s ratio (zx, xy) 
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and out-of-plane shear modulus (Gzx). The relation below gives a direct answer for five 

elastic constants. 
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Eq. A1. 4 

Finally, the stiffness matrix for isotropic materials has only two independent parameters of 

Young‟s modulus E and Poisson‟s ratio v, 
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Eq. A1. 5 

Appendix 2. Energy terms of COMPASS force field  

A general expression of valence energy includes five terms of bond stretching (
bond

E ), 

valance angle bending (
bend

E ), dihedral angle torsion (
torsion

E ), inversion which is also 

known as out-of-plane interactions (
oop

E ), and Urey-Bradlay term representing the 

interactions between two atoms that are bonded to a common atom (
UB

E ). A schematic 

diagram of the first four terms of valance energy is shown in Fig. A. 1. 

UBoopbendanglebondvalance
EEEEEE   Eq. A2. 1 
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Fig. A. 1 Valance atomic interactions (a) stretching, (b) angle bending, (c) angle torsion, and (d) 

inversion. 

The cross-coupling terms are dependent on the number and connectivity of the atoms that 

are involved in the functions. Cross-coupling includes the following seven terms: stretch-

stretch interaction between two adjacent bonds (
bondbond

E


); stretch-bend (
bendbond

E


); bend-

bend interactions (
bendangle

E


); stretch-torsion interactions between a dihedral angle and one 

of its end bonds (
bendbondend

E
_

); and its middle bond (
bendbondend

E
_

); bend-torsion 

interactions between a dihedral angle and one of its valence angles (
bendangle

E


); and bend-

bend-torsion interactions between a dihedral angle and its two valence angles 

(
torsionbendbend

E


). 
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 Eq. A2. 2 

The non-bonded energy involves, van der Waals (
vdW

E ), electrostatic (
Coulomb

E ) and 

hydrogen bonds (
bondH

E


). 

bondHCoulombvdWbondnon
EEEE


  Eq. A2. 3 

The energy components explained in Eq. A2. 1 to Eq. A2. 3 can be expanded in Eq. A2. 4 

to Eq. A2. 16. 
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