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Abstract

Localised polynomial approximations on the sphere have a variety of applications
in areas such as signal processing, geomathematics and cosmology. Filtering is a
simple and effective way of constructing a localised polynomial approximation. In
this thesis we investigate the localisation properties of filtered polynomial approx-
imations on the sphere. Using filtered polynomial kernels and a special numerical
integration (quadrature) rule we construct a fully discrete needlet approximation.

The localisation of the filtered approximation can be seen from the localisation
properties of its convolution kernel. We investigate the localisation of the filtered
Jacobi kernel, which includes the convolution kernel for filtered approximation on
the sphere as a particular example. We prove the precise relation between the filter
smoothness and the decay rate of the corresponding filtered Jacobi kernel over local
and global regions.

The difference in localisation properties between Fourier and filtered approxim-
ations can be illustrated by their Riemann localisation. We show that the Riemann
localisation property holds for the Fourier-Laplace partial sum for sufficiently smooth
functions on the two-dimensional sphere, but does not hold for spheres of higher di-
mensions. We then prove that the filtered approximation with sufficiently smooth
filter has the Riemann localisation property for spheres of any dimensions.

Filtered convolution kernels with a special filter become spherical needlets,
which are highly localised zonal polynomials on the sphere with centres at the nodes
of a suitable quadrature rule. The original semidiscrete spherical needlet approx-
imation has coefficients defined by inner product integrals. We use an appropriate
quadrature rule to construct a fully discrete version. We prove that the fully dis-
crete spherical needlet approximation is equivalent to filtered hyperinterpolation,
that is to a filtered Fourier-Laplace partial sum with inner products replaced by
appropriate quadrature sums. From this we establish error bounds for the fully
discrete needlet approximation of functions in Sobolev spaces on the sphere. The
power of the needlet approximation for local approximation is shown by numerical
experiments that use low-level needlets globally together with high-level needlets in

a local region.
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Notation

(f, Q)Lz(sd)
Z(d, ()
Yim

fém

The largest integer < x

The smallest integer > x

Set of natural numbers {1,2,3,...}

Set of real numbers (—oo, +00)

Set of nonnegative real numbers [0, +00)

a(T) ~ b(T) means limy_,, o a(T)/b(T) =

a(T) =4 b(T) means ;' b(T) < a(T) < ¢, b(T) for some constant c,
a(T) = O, (b(T)) means |a(T")| < ca|b(T)| holds for all T' > Tj for some
constants ¢, > 0 and Ty € R,

a(T) = o(b(T)) means that limy_, o a(T)/b(T) =0

ng = X%uz = Up — Upy1, XZW = XZ(X’; Yu), k=2,3,...
Gamma function

Closure of the set of points where the function ¢ is non-zero

Extended binomial coefficient % fora € Rand k € Z
Real (d + 1)-dimensional Euclidean space

Unit sphere of R%*+1

Spherical cap with centre x and radius 6

Area of the unit sphere S¢

Area of spherical cap C (x, 6)

Laplace-Beltrami operator on S%

Space of all real-valued continuous functions on S¢

Normalised Lebesgue measure on S?

Real-valued L, space on S¢

Space of all real-valued spherical harmonics of exact degree ¢ on S?
Space of all real-valued spherical polynomials of degree at most v on S?
Sobolev space of order s embedded in L, (S?)

Sobolev space of order s embedded in Ly(S?)

Inner product [y, f(x)g(x) doy(x) for f,g € La(S%)

Dimension of the space H,(S%)

Real-valued spherical harmonic of degree ¢/, m =1,...,Z(d,?)

Fourier coefficient for f € L;(S9)



Partial sum of Fourier series of order L on S%

Fourier convolution kernel for V; (or generalised Dirichlet kernel)
Filtered approximation of degree L with filter g on S¢
Filtered convolution kernel for V;

Fourier local convolution for V2

Filtered local convolution for V;

Quadrature rule on the sphere with /N points

Order j needlets, k =1,..., N;

Semidiscrete needlet approximation of degree L

Fully discrete needlet approximation of degree L
Level-j contribution for discrete needlets

Jacobi weight for a, f > —1

L, space on [—1, 1] for Jacobi weight w, g

Partial sum of Fourier series of order L for w, g

Fourier convolution kernel for Véa’ﬁ )

Filtered approximation for w, g
Filtered Jacobi kernel for VL(’C;”Q )
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Chapter 1

Introduction

Approximation of functions on the sphere is an important topic in geoscience and
astronomy. Choosing an appropriate approximation method is critical to reducing
errors in geophysical models and thus to enhancing approximation accuracy and
efficiency.

A widely used method is approximation by Fourier-Laplace expansions — the
counterpart to the Fourier expansion in an Euclidean space, see [3, 19, 22, 33]. The
partial sum of a Fourier-Laplace series is globally supported on the sphere. This
lack of localisation is, however, sometimes a deficiency.

In this thesis we study how to improve the localisation of the Fourier-Laplace
expansion. We are then led to construct a filtered polynomial approzimation.

A filtered polynomial approximation is a constructive approximation method
exploiting filters. Because of their excellent localisation properties and their poly-
nomial structure, the filtered spherical polynomials have wide applications in areas
such as signal processing [38], geography [22, 26, 65, 66] and cosmology [40, 58, 76].

Before we describe the filtered approximation we need some definitions. Let
L,(S%) be the L, space on S* with respect to the normalised Lebesgue measure
0. When p = 2, Ly(S%) is a Hilbert space with inner product (f, Q)LQ(Sd) =
Jsa F(x)g(x) dog(x) for f,g € Ly(S?). Given £ > 0 let Z(d, () be the dimension
of the space Hy(S?) of all spherical harmonics of exact degree ¢. Let {Y;,, : { =
0,1,..., m=1,...,Z(d,£)} be an orthonormal basis for Ly(S?), where the spher-
ical harmonics Yy, € H,(S?). Given a function f € L;(S%) the Fourier-Laplace

partial sum (or the partial sum of the Fourier-Laplace series) of degree L € Ny is
L —~
V%) =D > fumYem(),
=0 m=1

where ﬁm is the Fourier coefficient for f: fo,, := (f, }/g,m)L2 (59
1



2 Chapter 1  Introduction

A typical filter function ¢ is a continuous compactly supported function on

R, :=[0,400) satisfying g is constant on [0, a], i.e. it takes the form

gty =4" bl (1.0.1)
0, t€[2,+0)

for some constant ¢ > 0 and some a € (0,2). We note that ¢ is allowed to be zero,
which case has an important application in Chapter 5.
Given a filter g, a filtered approzimation for f uses the g to modify the Fourier

coeflicients:

g (é) fonYem(x), [ €La(SY, x € §7. (1.0.2)

In Chapters 3 and 4 we prove that this filtered approximation enhances the
localisation of the Fourier-Laplace partial sum.

Chapter 3 focuses on the localisation of the convolution kernel v, , of the filtered
approximation V; .. We prove asymptotic expansions and localised upper bounds
of the filtered Jacobi kernel, which takes the filtered convolution kernel v; , on the
sphere as a specific example. These results show precise relationships between the
asymptotic order of L of vy , and the smoothness of the filter g.

In Chapter 4 we study the localisation of the filtered approximation. The well
known Riemann-Lebesgue lemma (see, for example, [69, Theorem 1.4, p. 80]) states
that the Lth Fourier coefficient of an integrable function on the circle S* approaches
zero as L approaches co. As a direct consequence (as explained in Chapter 4), the
Riemann localisation property holds, meaning that for an integrable 2m-periodic
function f that vanishes on an open interval, the Lth partial sum of the Fourier
series approaches zero as L approaches oo at every point of that open interval.
An equivalent statement is that the Fourier local convolution of an integrable 27-
periodic function on the circle (where the local convolution at 6 is the convolution of
the Lth Dirichlet kernel with the function modified by replacing by zero its values
in a neighbourhood of #) approaches zero as the degree of the Dirichlet kernel
approaches oo.

We extend the notion of Riemann localisation to the Fourier-Laplace partial
sum and to the filtered approximation on S¢ for d > 2. We prove that the Fourier-
Laplace partial sum V; has the Riemann localisation property only for sufficiently
smooth functions on S? and does not have the Riemann localisation property for S¢
with d > 3. We then prove the filtered approximation V; , always has the Riemann

localisation property whenever the filter g is sufficiently smooth.
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In Chapter 5 we consider the localised polynomial frame on the sphere. Nar-
cowich et al. [51, 52| proved that when a filter h satisfies h(t) = 0 for ¢t €
[0,1/2] U [2,+00), (i.e. the filter g in (1.0.1) with @ = 1/2 and ¢ = 0) and
h(t)> + h(2t)> = 1 for t € [1/2,1], the filtered convolution kernels can form a
localised tight frame for L,(S?) — the spherical needlets.

We exploit quadrature (numerical integration) rules to construct a fully discrete
approximation by spherical needlets. Using the localisation of the filtered kernels,

we prove the convergence order of the discrete needlet approximation.

1.1 Key new results

We state the main new results of the thesis as follows.

Asymptotic and local properties of filtered kernels

Given a, 8 > —1, let Pe(a’ﬁ ) (t) be the Jacobi polynomial of degree ¢. The filtered

Jacobi kernel is defined in terms of Jacobi polynomials by
@ - € a, -1 «, [e]
vy (5 =g (z) () PP () P 0, st e [-1,1],
=0

where M, e(a”B ) is the normalisation constant.
In Chapter 3 we study the relationship between the localisation of a filtered
Jacobi kernel and the smoothness of its filter. We prove that for a filter g satisfying

(i) g(t) = cfort € [0,1] with ¢ > 0; ¢(t) =0 for t > 2;

(1.1.1)
(ii) g € C"(Ry); gl € C*H3([1,2]),

(a,8)

the corresponding filtered Jacobi kernel vy / (1, cos ) has the following asymptotic

expansion for 6 € [cL™!, 7w — cL71:

vy (1,6080) = Capn(0) L7072 (w1 (0) cos 61(6) + ui2(0) sim b1 (0)

+ t,e,3(6) cos @, (0) + wna(0) sin g, (0) + (sind) ™" Onpgn (L)),
(1.1.2)

where ¢, 5..(0), usi(0), i = 1,2,3,4 and ¢1(0), ¢ () are explicitly given and the
big O notation a;, = O, (by) means that there exists a constant ¢ depending only
on « such that |ar| < c|br|. (See Theorem 3.2.11.)



4 1.1  Key new results

We also prove a localised upper bound of the filtered Jacobi kernel
v(Lg (cos @, cos @) for 0, ¢ € [0, 7]:
CL—(n—maX{a,B}—&-l)

(L 1+|0 ¢Dmax{aﬂ}+ﬁ+ (L 1+COS )HllIl{Oéﬁ}"F
(1.1.3)

]v(ﬁf) (cos®, cos ¢)| <

where the constant ¢ depends only on «, 5, g and k. (See Theorem 3.3.3.)

This improves the bounds obtained by Petrushev and Xu [57, Eq. 2.2] and
Mhaskar [46, Theorem 3.1].

Let wap(t) == (1 — t)%(1 + t)? be the Jacobi weight for a, 3 > —1 and let
Li(wap) := Li([—1,1],wa ) be the L; space on [—1, 1] with respect to the weight
Wa,p, and let x4(-) be the indicator function on some set A.

Given a filter g satisfying (1.1.1), using the localised upper bound and the
asymptotic expansion of v )(1 t), we prove that the L;(w, g)-norm of

U(Lagﬁ)(l, IX[-1,q(+) s equlvalent to a constant when a = 1 and has the asymptotic

order L=(v=22) when a < 1. (See Theorems 3.4.1 and 3.4.2 in Section 3.4.1.)

In Section 3.5 we give an explicit construction for the filter satisfying (1.1.1)
using piecewise polynomials with any given smoothness x. Using these filters, we
verify by the numerical experiments in Section 3.6 the results of Section 3.4.1.

The convolution kernel of the filtered approximation on the sphere is a special
example of the filtered Jacobi kernel. The filtered convolution kernel on the sphere

thus inherits all the localisation properties from the latter.

Riemann localisation on the sphere

d—2 d— (=2 d=
(5 750

Given d > 2, let PV (1) := P, (t)/P!
polynomial of degree ¢. Using the addtion theorem [50]

(1) be the normalised Jacobi

Z(d,0)
an VYem(y) = Z(d, )PV (x - ),

(1.0.2) can be written as a convolution

Vi) i [ o, 9)(9) dey)

with the filtered (convolution) kernel

vt =3 g (%) Z(d, ()P (). (1.1.4)
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Given § > 0 let C(x,8) := {y € S : x -y > cosd} be a spherical cap with
centre x and radius 6. The Riemann localisation of the Fourier-Laplace partial sum

V¥ can be characterised by a local convolution

VI (fix) = / o (x - y)f(y) doa(y).
S4\C(x,5)

The concept of local convolution also applies to the filtered approximation V;, .

The local convolution for the filtered approximation V; , is defined by
Vi) = [ o6 i) dety). S L), xe "
SA\C(x,6

Let W (S%) C L,(S?) be a Sobolev space with smoothness s > 0. We say the
Fourier-Laplace partial sum Vi (or the filtered approximation V, ;) has the Riemann
localisation property if there exists a dp > 0 such that for each 0 < ¢ < §y the L,-
norm of its local convolution Vi (f) (or Vg:;(f)) decays to zero for all f € W5(S?).

In Section 4.3 we prove that the local convolution for the Fourier-Laplace partial

sum V2 has the following upper bound: for 1 < p < oo and s > 2,

a=3 s
||V[C/l’6<f)||Lp(gd) S clL 2 “f”W;(Sd)a f € Wp<Sd>7 (115)

with the optimal order L. (See Corollary 4.3.4 and Theorem 4.3.6.)

The upper bound (1.1.5) shows that the Fourier-Laplace partial sum V¢ has the
Riemann localisation property for the Sobolev space W;(Sd) with d = 2 and s > 2,
while, since the order L% s sharp, V does not have the Riemann localisation
property when d > 3.

In Section 4.4 we prove that, using the asymptotic expansion (1.1.2) obtained
in Chapter 3, the filtered approximation with a filter g satisfying (1.1.1) improves

the Riemann localisation for VL7g in that for 1 < p < oo and s > 2,
45 C(k_dyB s
||VL,g (f)“]Lp(gd) S cL ( 2+2)Hf”W;(Sd)7 f € Wp<Sd)

Thus, when the filter g is sufficiently smooth the filtered approximation V;

has the Riemann localisation property for W;(Sd) for spheres of all dimensions.

Fully discrete spherical needlet approximations

The classical continuous wavelets represent a complicated function by projecting
it onto different levels of a decomposition of the L, function space on the sphere.
A projection, often called “a detail of the function”, becomes small rapidly as the
level increases. This multilevel decomposition proves very useful in solving many

problems.



6 1.1  Key new results

Narcowich et al. in recent work [51, 52] showed that the details of the spherical
wavelets may be further broken up into still finer details, which are highly localised

in space. This new decomposition of a spherical function is said to be a needlet

decomposition.
Given N > 1,for k=1,..., N, let x; be N nodes on S% and let wj;, > 0 be the
corresponding weights. The set {(wg,xx) : £ = 1,..., N} is a positive quadrature

(numerical integration) rule exact for polynomials of degree up to v for some v > 0

1f

where P, (S?) is the set of all spherlcal polynomials of degree < v.

Spherical needlets [51, 52| are filtered kernels with a filter h (satisfying h(t) =0

for t € [0,1/2] U [2,+00) and h(t)* + h(2t)> = 1 for t € [1/2,1]) associated with a
quadrature rule. For j =0,1,..., we define the needlet quadrature

{(wjk,Xjk)Ik:L...,Nj}, wjk>0,k:1,...,Nj,

exact for polynomials of degree up to 2/t — 1.

(1.1.6)

Using (1.1.4) and letting vy, :=1for 0 < T < 1, a needlet ¢y, k =1,..., N;

of order j with needlet filter h and needlet quadrature (1.1.6) is then defined by
Yik(x) == Jwj UQj,17h(X X)) (1.1.7)
Narcowich et al. [51, 52] proved that {¢;, : k =1,...,N;,7 =0,1,...} forms

a localised tight frame for Ly(S9), i.e. D772, S Uik) s |2 = IF11F,sa) for all
[ € La(S but ¥, Yy for j # j' or k # k' are not necessarily orthogonal. Using

this frame, they then defined the semidiscrete needlet approximation

Vieed(fix) = ZZ (fh) g0 Yn(x),  x €S

21<L k=1

The semidiscrete needlet approximation V ¢®d(f) has an approximation order
L= for f in Sobolev space H*(S?) C Ly(S?%) with some s > 0:

17 = Vi ()| o < ¢ LI

Needlet approximation in its original form is however not suitable for direct

]H[S(Sd)‘ (118)

implementation as its needlet coefficients are integrals. In Chapter 5 we use an
additional quadrature rule Qy = {(W,,y;) : i = 1,..., N} with W; > 0 to discretise
the needlet coefficient (f, %k)]LQ(Sd):

(f ¢jk Lo (S¢) / f ¢]k de ZW f YZ z) = (f7 g)QN
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Let C'(S?) be the space of continuous functions on S?. We then define the discrete

needlet approrimation of degree L by

VLn?\c}d fﬂ Z Z f %k QNw]k:( ), f S C(Sd), X € Sd.

2i<L k=1

When s > d/2, H*(S?) is continuously embedded into C'(S?). Let Qn be exact
for polynomials of degree up to 3L — 1. We prove that given 0 < € < s — d/2 the

discrete needlet approximation Vi‘fj@d( f) has an approximation order L=(=5-9 for

f e (S, cf. (1.1.8):

1f = VES (Dl yery < e L7727 |11

(See Theorems 5.3.3 and 5.3.5.)

The theory is illustrated numerically for the approximation of a function of

Hs gd)7 f E HS<Sd)

known smoothness, using symmetric spherical designs [80] (for both the needlet
quadrature and the inner product quadrature). The power of the needlet approxim-
ation for local approximation is shown by a numerical experiment that uses low-level

needlets globally together with high-level needlets in a local region. (See Section 5.4.)

Finally, we mention that work from or related to this thesis has been submitted

or is in preparation to be submitted:

e Y. G. Wang, I. H. Sloan and R. S. Womersley. Asymptotic and local prop-
erties of filtered polynomial kernels — the dependence on filter smoothness.
(Preprint) (I have 50% contribution in this paper, including writing the main
body of the paper, proving the main results and carrying on numerical exper-

iments.)

e Y. G. Wang, I. H. Sloan and R. S. Womersley. Riemann localisation on the
sphere. (Preprint) (I have 50% contribution in this paper, including writing
the main body of the paper, estimating the bounds for the Fourier and filtered

local convolutions.)

e Y. G. Wang, Q. T. Le Gia, 1. H. Sloan and R. S. Womersley. Fully discrete
needlet approximation on the sphere. arXiv:1502.05806 [math.NA]. (Submit-
ted) (I have 50% contribution in this paper, including writing the main body
of the paper, proving the main results and doing numerical experiments in
Section 5.)

e J. S. Brauchart, J. Dick, E. B. Saff, I. H. Sloan, Y. G. Wang and R. S. Womers-

ley. Covering of spheres by spherical caps and worst-case error for equal weight
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cubature in Sobolev spaces. arXiv:1407.8311 [math.NA]. (Submitted) (I help
to prove the main results of Sections 2, 4 and 6. I only use the filtered Bessel
kernel on the sphere defined in this paper for Chapter 5 in the thesis. Other

parts of the paper are not included in the thesis.)

All these papers can be downloaded from my website

http://web.maths.unsw.edu.au/~yuguangwang/

1.2 Notation

We use a := b (or a =: b) to mean that a is defined by b (or b is defined by a). Let F
be a Borel set in R or R4 or S? with d > 1. Given a positive integer k, let C*(E)
be the space of k times continuously differentiable functions on E. Let C(E) denote
the collection of all continuous functions on E. We let C*(a,b) := C*((a,b)) for an
open interval (a,b) for brevity. For f € C*([a,b]), k = 0,1,..., we denote the left
and right limits by

fPat) = Jim fO@), fO0-) = lim f(),

t—a+ t—b—

where the use of the notation implies the existence of the limits. For a function g
from a set X to R, let supp g be the support of g, the closure of the set of points

where ¢ is non-zero:

supp g := {x € X : g(z) # 0}.

Let a(T),b(T) be two sequences (when T € Z, ) or functions (when 7' € R, )
of T. We denote by a(T) =<, b(T) if there is a real constant ¢, > 0 depending
only on « such that ¢ b(T) < a(T) < ¢ b(T) and by a(T) < b(T) if no confusion
arises. We denote by a(T") ~ b(T) if limr_, o, a(T)/b(T) = 1. The big O notation
a(T) = O, (b(T')) means there exists a constant ¢, > 0 and Ty € R, depending only
on « such that |a(T)| < ¢,|b(T)| for all T > Tj. The little-o notation a(T") = o(b(T))
means that limy_, o a(T)/b(T) = 0.

The finite forward differences of a sequence u, are defined recursively by

- — —- - =
. 1, . k., . k—1
A[d@ = Aguf = Up — Upya, AEUg = Ag(Aé Ug), ]{?—2,3,

We will use the asymptotic expansion of the Gamma function, as follows. Given
a,b € R, see [54, Eq. 5.11.13, Eq. 5.11.15],

I'(L+a)

— 7a-b a—b—1
T ~ L Oun (L), (1.2.1)
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The ceiling function [z] is the smallest integer at least x and the floor function |z |

is the largest integer at most x. For integer £ > 0 and real a > k, let

Cﬁ al@—1)-(a—k+1) T(a+1)

k

k! [(a— k)T (k+1)

be the extended binomial coefficient. We use “L” as a non-negative integer and “1"
as a positive real number. We define 0= Z(oz, B) =+ %B“ as the shift of £, and
E::L—l—%ﬁJr1 andz::L—l—%ﬁH as the shifts of L.






Chapter 2

Function spaces and filtered

operators

In this chapter we give the definitions of function spaces on spheres and for Jacobi
weights, and give the definitions of Fourier and filtered approximations on these
spaces and study the basic properties of these approximations and of their convolu-

tion kernels.

2.1 Spherical harmonics and zonal functions

For d > 1, let R¥! be the real (d + 1)-dimensional Euclidean space with inner
product x -y for x,y € R*! and Euclidean norm |x| := /x-x. Let S¢ := {x €
R : |x| = 1} denote the unit sphere of R*!. The sphere S* forms a compact

metric space, with the metric being the geodesic distance
dist(x,y) := arccos(x - y), x,y € S

The area of S% is
27T d;l
F(L)

2

89 =

(2.1.1)
Let 04 be the normalised Lebesgue measure on S¢ so that

/Sd dog(x) = 1.

Let C(x,0) := {y € S*: x-y > cosf} denote a spherical cap with centre x and
radius 0 € (0,7]. The area of the cap is

IC( |Sd|/ dog(x) = S 1|/ (sin§)*~' d =<, 6% (2.1.2)
C(x,0)
11
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A real-valued spherical harmonic of degree ¢ on S? is the restriction to S of
a real-valued homogeneous and harmonic polynomial of total degree ¢ defined on
R Let H,(S?) denote the set of all spherical harmonics of exact degree £ on S%.
The dimension of the linear space H,(S%) is

T(0+d—1)

Z(d, ) == (20 +d — UW = (04 1), (2.1.3)

where the asymptotic estimate uses [54, Eq. 5.11.12]. Let A* be the Laplace-
Beltrami operator on S?. Each member of H,(S?) is an eigenfunction of the negative

Laplace-Beltrami operator —A* on the sphere S?, with eigenvalue
A=A =00+ d—1). (2.1.4)

A zonal function is a function K : S% x S? — R that depends only on the inner
product of the arguments, i.e. K(x,y) = g(x-y), X,y € S¢, for some function
g:[—1,1 — R. Let Pg(a”g)(t), —1 <t <1, be the Jacobi polynomial of degree ¢
for a,, 5 > —1. We will use the value of Pe(a’ﬂ)(l), see [70, Eq. 4.1.1, p. 58]: given
a, > —1,

P (1) = (“f‘). (2.1.5)

Given d > 2, we denote the normalised Legendre (or Gegenbauer) for ST C R4

polynomial by

d—2 d—2 (d*? d—2
2 k)

PV () = P77 )P T, (2.1.6)

Note that Pe(g) (t) is the Legendre polynomial Py(t). Then Pg(dﬂ)(x -y) for fixed
y € S%is a zonal spherical harmonic of degree ¢. From [70, Theorem 7.32.1, p. 168],

P (x-y)| < 1. (2.1.7)

Let {Ye1,...,Ye 20} be an orthonormal basis for Ho(S?) with ¢ > 0. Tt
satisfies the addition theorem, see for example [50, p. 9-10],

> Vim () Yem(y) = 2(d, )PV (x - y). (2.1.8)

2.2 L, spaces on the sphere

All functions considered in this thesis are real-valued. For 1 < p < oo let Lp(Sd) =

L,(S% a4) be the real L,-function space on S? with respect to o4 on S%, endowed
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with the LL,-norm

1/p
oo = { [ 1£00Paoita} -, feLy(6h, 1<,

1fllLasty = sup [f(x)],  f € Lo(S") NC(SY).

x€Sd

For p = 2, Ly(S%) forms a Hilbert space with inner product
Fon = [ 16000 dou(x).  f.g € La(S")

The linear span of H,(S%), ¢ = 0,1,...,v forms the space P,(S%) of spherical
polynomials of degree up to v. Since each pair H,(S?), Hey(S?) for £ > ¢/ > 0 is
[Ly-orthogonal, it follows that P,(S?) is the direct sum of H,(S%), i.e. P,(S%) =
D,_o He(S?). The direct sum P2, He(S?) is then dense in L,(S%) for 1 < p < oo,
see e.g. [78, Ch.1].

By the addition theorem, see (2.1.8), and the orthogonality of Y} ,,, the zonal

functions Pg(dﬂ) and Pg(,dﬂ) satisty
Z(d 0P (x-y), =1,

0, (40
(2.2.1)

(2. 0PV - ), 20, OP )y ) = {

Lo (S%)

Let v(x -y) and g(x -y) be two zonal functions of the form
vix y) =Y aZ(d0) PV (x ), glxoy) = b Z(d ) PV (x - y).
=0 =0

Then (2.2.1) gives, for x, z € S¢,

[e.9]

(v(x),9(z ), @0 = /de(X-Y) g(z-y) dog(y) =Y _acbe Z(d, () P (x - 2).
= (2.2.2)
2.3 Sobolev spaces on the sphere
Let s € R.. We define
B = (14 A)*/2 = (14 0)°, (2.3.1)

where ), is given by (2.1.4). Note that b5 = o™ For ¢ > 0, m =
1,...,Z(d, ), let

ﬁm = <f7 Yv@,m)]@(gd) = /%d f(X)}/@,m<X> dO’d(X)
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be the Fourier coefficients of f € L{(S%).
The generalised Sobolev space WS(Sd) with s > 0 may be defined as the set of
all functions f € L,(S?) satisfying >_,°, b(S foj’f) j/;ng,m € L,(S?%). The Sobolev

space W;(Sd) is a Banach space with norm

/]

0o Z(d,0)
. (s) >
W;(Sd) = H sz Z fémn,mHL (Sd)' (232)
(=0 m=1 P

Given s > 0, an equivalent definition of the Sobolev space is, see e.g. [78, Defini-
tion 4.3.3, p. 172],

Wi(S?) = {g € L,(S) : (—A")*?g € L,(S%)} (2.3.3)

with norm Hf”w;(sd) = || fll, sy + H(_A*)S/QfH]LP(Sd)-
We have the following two embedding lemmas for W(S?), see [4, Section 2.7]
and [37] and also [31, Eq. 14, p. 420]. Given x € Ny, let C*(S?) denote the set of all

K times continuously differentiable functions on S%.

Lemma 2.3.1 (Continuous embedding into C*(S%)). Let d > 2, 1 < p < co and
€ No. The Sobolev space WE(S?) is continuously embedded into C*(S?) if s >
k+d/p.

Lemma 2.3.2. Letd > 2. For0<s<s <ooand1l <p<yp < o0, W;;(Sd) 18
continuously embedded into W5(S?).

2.4 Reproducing kernel Hilbert spaces

When p = 2, the Sobolev space W? (Sd) becomes a reproducing kernel Hilbert space.
For brevity, we write H*(S%) := Ws(Sd) The inner product in H*(S?) is defined by

oo Z(d,0)

f g Hs (S4) = Z Z bg%) f@m gfm'

£=0 m=1

By (2.3.2) and Ly-orthogonality of the Y;,,, the Sobolev norm on H?*(S%) can be

written as
20 1/2

1/ e sy = Z bfs)mmf : (2.4.1)

=0 1

QQ..

3
I

For s > d/2, each H*(S?) has associated with it a unique kernel K)(x,y)
satisfying, see e.g. [12, Section 2.4], for x € S and f € H*(S9),

KO(x,) e B(SY, (KD (x)) o0 = F). (2.4.2)
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From (2.4.2), we have

(K9, Ky, ) ooy = KV (x,y), x,y €8 (2.4.3)

The kernel K®)(x,y) is said to be the reproducing kernel. It is moreover a zonal

kernel, taking the explicit form

oo Z(d,0)

EOxy) = 00 2(d, ) PV (xy) =30 b2 Vi (%) Yin(y). (2.4.4)

=0 (=0 m=1

2.5 Jacobi weighted spaces and filtered Jacobi ker-

nels

The Jacobi weight function w, g(t) for o, 5 > —1 is
wap(t) = (1—8)*(1+1)7, —-1<t<1L (2.5.1)

Given 1 < p < o0, let Ly(wa ) = L,([—1, 1], wa ) be the L, function space with

respect to the positive measure w, g(t)d¢. It forms a Banach space with the L,-norm

1 1/p
T ( [ oPuas(o dt) |

The space La(w, ) is a Hilbert space with inner product

1
(fa g)aﬁ = (fa g)Lg(waﬂ) = /_1 f(t)g(t) waﬁ(t) dta fa g € L2(waﬂ)'

The Jacobi polynomials Pg(a’ﬁ ) (t),£=0,1,... form a complete orthogonal basis for
the space La(w, 5). We adopt the normalisation of [70, Eq. 4.3.3, p. 68]:

1
(P pe) = [P 0wt = 0 O, (252

where dy is the Kronecker delta and

2078 T(l+a+ 1)L+ 8+1)

MR = .
¢ 2€0+a+B+1Tl+ 1)l +a+F+1)

(2.5.3)

The Lth partial sum of the Fourier series (or the Lth Fourier(-Jacobi) partial
sum) for f € L;(wq,p) is given by
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-~

where f({) is the ¢th Fourier coefficient given by

1

7w aB)\ 2 plas
G (f, (2) 7 >> .
a,B
Thus the Fourier partial sum can be written as

VD (1) = (0,02, (2.5.4)

b
a,B

in which U(LO‘”B ) (t,s) is the (generalised) Dirichlet kernel (the “Fourier” kernel)

L

1
N s) = 3 (M07) R R ) 25
=0

Definition 2.5.1. A continuous compactly supported function g : Ry — Ry is said

to be a filter with truncation constant b for b € (0,400) if b is the largest member

of supp g.
Remark. In this thesis, we always let b = 2.

The filtered approximation with a filter g (with b = 2) for the Jacobi weight
Wy, 1s the polynomial of degree at most 2L — 1 defined by

> 0\ ~ “3 (a
v = Yo ) fo (ue?) R0

=0
N B
=0
= (1O7w) (2.5.6)
where the filtered kernel U(LC;,B ) (t,s) takes the form [57, (1.2), p. 558]
21 I
00 = X0 (1) ()RR (2s)
=0

2.6 Filtered approximations and kernels on the

sphere
The projection onto H,(S?) for f € Ly(S?) is
Yo(f5x) = Y{(fi%) = (F(-), Z(d, P (x - ), 0

= |, I&Zz 0P (x - y) dog(y). (2.6.1)
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The Fourier convolution of order L for f € L;(S?), (or the Fourier-Laplace partial
sum of order L for f) can be written as the sum of the first L + 1 projections Y ,(f)

VE(fix) = Y, (fix), xeS (2.6.2)

£=0

By (2.6.1),
VE(S%) = (FO), 0L () ea) = /Sd v (x - y)f(y) doa(y).

where the Fourier convolution kernel (or generalised Dirichlet kernel) v¢(x - y) is a

zonal kernel (i.e. it depends only on x - y) given by
L
vix-y) =Y Z(d, 0P (x y). (2.6.3)
=0

The Fourier convolution kernel v§(¢), ¢t € [—1,1], in (2.6.3) is a constant multiple of
v ®P(1,t) with v = 8 = (d — 2)/2 in (2.5.5):

Lemma 2.6.1. Letd > 2 and L > 0. Then

N R (W)) (2.6.4)

d—2 d—2 _
Proof. Using (2.6.3) and (2.1.6) with (2.1.3) and P, 2 " 2 (1) = (*77°), see (2.1.5),

gives

d—2 d—2
)

)i(2€+d—1)F(£+d—1)P£( .52 .

r(t+9)

d—2 d—2 d—2

Using (2.5.3) with P, 2 "2 /(1) = (“*72) and (2.5.5) then gives

r é) L d=2 d—2\~1 (42 42, (4=2 d=2)
UL(’f):\/%F(é)E <M£2 2) P, 22 ()P, 2 2 (1)
2 (=0
INE d—2 d—2
2 ( 2 2 )
=7 v (1,1)
o

This gives the first equality of (2.6.4). The second equality of (2.6.4) is by (2.1.1).
[
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Definition 2.6.2. A filtered kernel on S* with filter g is, for T € R,

1, 0<T <1,

ig(%) 2(d.0) PV (x-y), T2

(2.6.5)

UT,g(X ’ Y) = U%g(x ’ Y) =

We may define a filtered approzimation V. , on L, (S%), T > 0 as an integral operator
with the filtered kernel vy, (x - y).

Definition 2.6.3. A filtered (polynomial) approzimation with filter g for f € Li(S%)
15
V(i) = Vi, (£53) = (oo () = [ T80, 03) doty). (260

Note that for 7" < 1 this is just the integral of f.

Using projections, the filtered approximation can be written as, cf. (2.6.2),

Vi (%) Zg( )Yzf, x).

Using (2.6.5) and (2.1.6) with (2.1.5) gives

oy = Y0 () 20,000

_r(g)"o 0\ 20+d—-1)I{l+d—1) (&2 2
-t 20 (7) N

It is a constant multiple of the filtered Jacobi kernel in (2.5.7), cf. Lemma 2.6.1.

=0

Lemma 2.6.4. Letd > 2 and L € Z. Then

é d—2 d—
0uy) = VA

2) T gy = T (1,0), (2.6.7)

()
The proof of Lemma 2.6.4 is similar to that of Lemma 2.6.1.
For a filter g and s > 0, the filtered Bessel kernel [11, Eq. 5.1] is

1, 0<T<1,

(8) (o . ._ a
UT,g(X Y) = Zb ( ) d @) d+1 (X . y), T>1, (2.6.8 )

where b\*) is given by (2.3.1). And let

vy (X y) = vpy(x - y), (2.6.8b)

Let K)(x-y) be the reproducing kernel for H*(S%) with s > 0, see (2.4.4). Applying

(2.2.2) to K®(x -y) and véf’lg) (x-y), s >0, gives the following lemma, which we

will use in the proof of Lemma 5.5.4
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Lemma 2.6.5. Letd > 2, s >0, s >0 and g be a filter. Then forT € R,

s s’ 25+5'
y K¥(x-y) v(Ty)(z y) dog(y) = U(T’; )(x -z), x,z¢€S%

19






Chapter 3

Asymptotic and local properties of
filtered Jacobi kernels

3.1 Introduction

In this chapter we study the “local decay” of filtered polynomial kernels, and in
particular study the dependence of the local decay on the smoothness of the filter.
Our results improve upon those of Petrushev and Xu [57], and are sharp in the sense
that for one special choice of the free variable in the kernel the upper bounds are
achieved by an exact asymptotic expression for the kernel.

We are interested in the “local” properties of this kernel, and of variants of
the kernel obtained by “filtering”. As in [57], by “local” behaviour we mean the
behaviour of the kernel véa’ﬁ )(s,t) when s # t and L — oco. The Dirichlet kernel
(2.5.5) has poor local behaviour, in that, as we shall see in Lemma 3.7.1, for s # ¢
the kernel does not approach zero as L. — oo. It has even worse global behaviour,
in that

VElerinocinn = s, [ 170 9)] was(s)ds = 00 as L oo
(see Lemma 3.7.2). As is well known, this implies that the partial sum Véa”g )( fi)
of the Fourier series is not uniformly convergent to f for all continuous functions f.

One way of improving both the local and global behaviour of the kernel is to

modify the Fourier partial sum by the inclusion of an appropriate filter. We use a

filter function g defined on R, = [0, +00) with the properties

1, 0<t<1
t) = LT T 3.1.1
10 {O, = (3.1

and with g not yet specified on the interval (1,2).
21
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The Fourier kernel is a special extreme case of the filtered kernel: if ¢(t) is the
indicator function x[o 1] then the filtered kernel in (2.5.7) reduces to the Lth Fourier
kernel. Usually, however, we prefer filters that have some smoothness, in the sense
of belonging to C*(R,) for some x > 0.

The norm of the filtered approximation Véz’ﬂ )( f;t) as an integral operator on

C[-1,1] is

HV HC[ 1L1]—=Cl-1,1] _rlngaél/ |UL 7 (t, 5)|wa,s(s) ds.

Under appropriate conditions (a sufficient condition is that k > a — %, see The-

2 )
g’ﬁ ) reproduces

polynomials p(t) on [—1, 1] with degree up to L, i.e. V]ff);m( ) =p, degp < L, we

orem 4.3) the operator norm of VL(?;’ is uniformly bounded. Since V}

see that the uniform error satisfies

HVLaﬂ) ch[ 11 HVL&B) (f=P)=(f - P>HC[—171]

< (1 + HVL(?;B)||C[71,1HC[71,1}> If = PHC[fl,l}'

From this it follows that the error in V (0,5 )( f) is within a constant factor of the Lth
best polynomial approximation.

In this thesis, however, our interest is not in the global approximation proper-
ties but rather in the local (or off- diagonal) behaviour of the kernel. We know from
Lemma 3.7.1 that Fourier kernels vL ) (t,s) on [—1,1] x [—1, 1] have poor localised
performance and shall see in this chapter that the filtered kernel has a remarkable
localisation property. It is then natural to ask what features of the filter function de-
termine this local behaviour. The following result (a restatement of Theorems 3.2.7,
3.3.1 and 3.3.3) gives a localised upper bound for UL )( s) which shows that the
localisation improves when smoothness of the kernel increases.

Main theorem Given k be a non-negative integer, let g be a filter function
with the following properties:

(i) g € C"(Ry);

(i) g(t) =c fort e |0,1] with some ¢ > 0;
(iii) gl € C2([1,2);

(iv) g(t) =0 fort> 2.

1) Let a, 8 > —1/2. For 0 < 0,¢ < m, see Theorem 3.3.5,

c L—(m—max{a,ﬁ}—f—%)

|U(LC;5) (cos ¢, cos ) ‘ < )mm{ﬂ pEnl

(3.1.2)

(L1 + ¢ — Gl)max{a’B}Jr”Jrg (L' +cos &2
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2) Let a, B > —1. For the special case ¢ =0, see Theorem 3.3.1,

¢ [~(r—at3)

‘v(ﬁf)(l,cos 0)| < (3.1.3)

(L—1 + sin g)aﬂﬁg (L‘1 + cos g)BJF% ’

8) Let o, B > —1/2. If glpy € C*3([1,2]), we obtain the following asymptotic

expansion for U(Lf’ﬁ)(l, cosf), see Theorem 3.2.7,

o ) Caera(9)
1)27;8)(1, cosf) = L~rat3) % (t1(0) cos @r(0) + s, 2(0) sin ¢, (0)

Fty,,3(0) cos @1 (0) + wea(0) sindp(6) + o(1) + (sind) 'O (L)),

where the constants in 1), 2) and in the error terms in 3) depend only on «, 3
and g, and ¢r(0), ¢r(0) and u,.;(0) (i =1,...,4) are known explicitly.

The case 3) of the main theorem provides an asymptotic estimate of the filtered
kernel in the special case ¢ = 0, which means the order L~(=a+3) of the upper bound
in (3.1.3) is sharp.

Petrushev and Xu proved an upper bound for vff )(1, cosf) [57, Eq. 2.2, p. 569]
and U(Lf’ﬁ)(cos ¢,cos0) [57, Eq. 2.14, p. 565]. For positive integer &, if g € C*(R,),

(e,8) L~(rma=8-2)
v (1, cos 0)| < cH(L_l g 0<6<m,
and for 0 < ¢,0 <7
. L
‘Uéﬁ;ﬁ)(cos ¢, cos )| < ¢ (3.1.4)

a \/@a,ﬁ(LS cos ) \/{EQHB(L; cosO)(L~1 + 9)%—204—25—3’

where W, 5(L;t) == (1 —t + L72)2+Y2(1 ¢ 4 L72)A+1/2,

Mhaskar [46, Theorem 3.1, p. 249] provided a similar upper bound on v(LCff ) (t,s).
Given a filter g that is a x times iterated integral of a function of bounded variation,
for every ¢y € [—1,1] and n > 0, there exists a constant ¢, , such that for |t —¢| <
/2, |s —to| >,

!v(ﬁ‘f) (t,s)] < ctom L (rma=h=2) (3.1.5)

For a simple comparison, we let « = f§ = 0. For 0 < e < |0 — ¢| < m — ¢,
(3.1.4) and (3.1.5) give U(L?’O)(cos 0,cos¢) = O, (L~"Y) and Ug),zyo)(COS 6,cos¢p) =
O, (L*(”*Q)) respectively, while 1) of the main theorem provides U(LO’;]O) (cos B, cos @) =
O (L-0+D),

Let Ly (wa,g) = Li([—1,1],wa,) be the L; space with respect to the measure
We,5(t) dt with Li-norm || - |1, (w, ). In Theorems 3.4.1 and 3.4.2, we prove that for
—-1<a<b<, Hv(ﬁf)(l, )X (@b () l|Ls (wa,g) 18 equivalent to a constant independent
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of L when b = 1 and is equivalent to L~ ("2=2) when b < 1. This in turn illustrates

the upper bound of (3.1.3) is optimal.

(«

The reason why the operator core v A )(1, t) is of interest is two-fold. First, the

upper bound for the filtered kernel is rea;igily obtained from the integral representa-
tion of v(LO;’B)(S, t) by U(Lff)(l, t) (see Theorem 3.3.3). Second, Ugif)(l, t) is a constant
multiple of the convolution kernel of the filtered operator on a class of two-point ho-
mogeneous spaces, see [13, 77]. As is well known, the filtered operator with adequate
smoothness has bounded uniform norm, see [64] for C* filters, [52, 67] for C* filters.
Theorem 3.4.2 shows that a sufficient condition on filter smoothness is k > a —1/2,
weaker than the requirements in the previous papers. Work, such as [13, 20, 36, 48],
dealing with approximation on the sphere, shed light on the localisation properties
of filtered kernels, and showed interesting connections and applications of the local-
isation result to the approximation on two-point homogeneous spaces [13] and the
decomposition of Triebel-Lizorkin spaces on the sphere [51]. These papers proved
the localised upper bounds for filtered kernels with the underlying assumption that
the filter is C*°. A more recent paper by Sloan and Womersley [68] constructed a
discrete filtered convolution on the sphere, which was proved the uniform bounded-
ness, and by numerical experiments illustrated localised approximation features of
the discrete filtered operator. Different from the technical methods in [13, 57, 56],
in this thesis, we make extensive use of the asymptotic properties of filtered kernels,

which were essential in achieving the sharp bounds on the filtered kernel.

The chapter is organised as follows. Our main theorem above is contained in

Section 3.2 and Section 3.3. Section 3.2 gives asymptotic expansions of the filtered

kernel Uéoff )( 1,t). The asymptotic result implies the sharp localised upper bound on
U(L‘Zﬂ )( 1,t) given in Section 3.3.1. This upper bound will help to prove a localised up-

per bound of the filtered kernel vj(f‘f) (s,t) of Section 3.3.2. In Section 3.4.1, we apply

the results of Section 3.2 to prove tight upper and lower bounds of the L (w, o )-norm

of U(LO,‘;B )

(1,-). Section 3.4.2 explores under what conditions the filtered operator is
bounded using the estimate of Section 3.4.1. In Section 3.5 filters with prescribed
smoothness are constructed using polynomial interpolation. In Section 3.6 numer-
ical examples for the L (w, g)-norm of U(LLZB )(1, “)Xa,p(+) are shown to support the
theory. Section 3.7 proves the estimate for the Fourier-Jacobi kernel U(La’ﬁ ) (t,s) for

t,s € [—1,1].
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3.2 Asymptotic expansions of filtered Jacobi ker-

nels

In this section we derive an asymptotic expansion for the filtered Jacobi kernel. We
need the following asymptotic expansion for Jacobi polynomials from [70, Eq. 8.21.18,
p. 197-198].

Lemma 3.2.1. Given «, 8 such that o > —1, f > —1, there exists a constant ¢ > 0
such that forcl~' <0 <m—cl71, 0 >1,

P (cos ) = 177 mg5(6) (cos wa(00) + (sin 0) 'O4 4 (€’I)> : (3.2.1)
where
C:="0(a,B) =0+ (a+B+1)/2 (3.2.2a)
N A A
Map(0) =772 | sin 5 cos , (3.2.2b)
wal2) =2 — % - % (3.2.2¢)
N1 N1
For a sequence uy, let Aj up := Aj(ug) := uy — upyy denote the first order

forward difference of u, and for ¢ > 2, the ith order forward difference is defined
recursively by X;(ug) = K% (Z)}_l(w)) We also write

B (5)-o(5)

Let uy, vy be two sequences. Then

— —
A} (u@ l/g) = (A; Ug) Vy + Upy1 (A; I/g). (323)

Given a filter g and a, 8 > —1, let Ax(T,t) for Tt > 0 be defined recursively
by

t t+1
(7)o (7). b
A(T,t) = W (T A (Tt + 1) . (3.2.4)

U+a+B+k 20t+1)+a+p+k

Lemma 3.2.2. Given k € Z,, for L —k < { < 2L,

k
Ap(L, ) = Z R@Qk-kﬁ)(@ Aj 9<E>7 (3.2.5a)

=1
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where Rg? (0), k—1<j <2k—2, is a rational function of { with degree* deg R(fj) <
—j and

R(*kj)(é) = Ok (g_j> g Rgv()kq)(g) =27kl Oa.8.k (f_k) . (3.2.5b)
Proof. By definition (3.2.4),
. Ak—l(L7 6) Ak—l(La E)
AL, €) = <2€+2r+k 20+ 1) +2r+k
N Ap_1(L, ) AL+ 1)

20+ 1)+2r+k 20+1)+2r+k
1 2 -1

2042+ k42 (2£+2r+k * Af) Ay (L, 0)

In addition, let &,(£) := AL, Then for k > 1,

¢
An(L, €) = 8,,(6) - - 8,(0) (g(z)> . (3.2.6)
Using induction with (3.2.6) and (3.2.3) gives (3.2.5a). O

For a filter g satisfying (3.1.1), the asymptotic expansion of the filtered kernel
vy, , depends on the following estimates of Ay (L, ().

Lemma 3.2.3. Let g be a filter satisfying the following properties: for somer € Z.,
(i) glan € C7(1,2);

(ii) g be bounded in (1,2).

Then for 1 <k <r,

AL ) =0 (L7 ) L+1<e<2L k-1, (3.2.7)
where the constant in the big O term depends only on k, g and r.

-
Proof. The proof is by combining Lemma 3.2.2 with the upper bound on A} g(%)
For g € C*(R;) and 0 < i < k < k, we have by induction the following integral

representation of the finite difference
1 1
= (! I N
Since g is bounded in (1,2), for L+ 1< ¢ < 2L —k — 1,

Bia(f)| <ot

This with (3.2.5) together gives (3.2.7). O

*Let R(t) be a rational polynomial taking the form R(t) = p(t)/q(t), where p(t) and ¢(t) are
polynomials with ¢ # 0. The degree of R(t) is deg(R) := deg(p) — deg(q).
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For ¢ near L or 2L, Ag(L,¥) has the following asymptotic expansions.

Lemma 3.2.4. Let g be a filter satisfying the following properties: ¢(t) = c for
t € [0,1] with ¢ > 0, supp g C [0,2] and for some r € Z,

(i) g€CrR,);

(i) glag € C™1(L.2).

Then for L — k < { <L,

9" (4) .

Ak(L,g) = L_(H-‘rk)(]_ —+ O(l))m L—0k

+ O (L7t | (3.2.8a)
and for 2L — k < ¢ < 2L —1,
(k+1)(o__
g (2 ) By —(k
22k—1(x + 1)!>‘2L7Z71,k + O (L ( HCH)) . (3.2.8b)

where the constants in the big O terms depend only on k, k and g, and

AR(L,0) = L™ (1 + (1))

S v

o= Y ()eru-orn x= Y () enu-v-n g2
j=1 M =0 M

Proof. We apply the asymptotic estimates of Kzg(%) att=1andt = 2to (3.2.5a)

of Lemma 3.2.2, as follows.

Since g € C*(R,) and supp ¢ = [1,2], ¢ (1) = ¢®(2) =0 for 1 < k < &.
Then Taylor’s formula gives the following expansion, see e.g. [63, Eq. 5.15, p. 110].
For positive integer k and ¢ = L + 1,..., L + k, letting r, := ¢ — L, there exists
O<0g<%§%suchthat

o(5)-20-)

) (1 K AR (14 0,) /rp\ st
_ oy "y Y U(E) M_e(_e>
AR AN it U CES Y
(k+1) k+1
B gL+ 60p) re\st
=g(1) + TSN <L> : (3.2.10)
This gives that for ¢ < L + k,
— 12 14 (+1
Ngl=)=gl=)—-g(—) = H, L™"D 2.11
29(L> 9<L) g( i ) 0 ; (3 a)
where
(0, (<L-1,
(k+1)
g1+ 0r41)
_ (=1
HK,N = (Ii—f— 1)‘ ’ '
g(’f“)(l + 94) (re)m-&-l _ g(n-i-l)(l + 9@+1) (TZ+1)H+1 P L
\ CE] , ey .

(3.2.11b)
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Forg>2(+q—1<L+k,

-1

1) 3 (50(0) -5 (7)ol

7

q—1 _1
=> (q , )(—1)2' Hyyi L~0HD), (3.2.11c)

where we used Agg (&) =0for (+i<L—1.
For s > 1, 0 <v <s—1, by (3.2.11), letting (;) =0 for s < j,

ngg (Z> (L—v)= § <S - 1) (_1)jHL_V+jL—(H+1)

PR
s—v—1 s 1
— [~ (k+1) (._ ) _ 1)ty
Z iew)CD
(n+1)<1+0 )( N+l (n+1)<1+9 ) )( ) )n—f—l
w9 L+5) (o) g Ltj+1) \TL+j+1
(k+1)!
rk+1
+ L*(n+1) s—1 (_1 I/_g( )(1 + HL—H)
v (k4 1)!
L6t X (/s —1 s—1 ,
=_ —1Y (1 10, e+l
<m+1>!Z Kjw) ' <j+u—1>] U Oeg) (ress)
—(k+1) S
BRCES] Z ( ) G —v)™ g (A + 0045, (3.2.12)

where 0 < 04—, < =+ and the second and last equations used the transform
j" = j + v. This with the assumption (ii) about g gives

ng (_> (L—v)= L*(n+l)(1 i 0(1)) Q(HH)(H-)

7 W”S’ SZLOSI/SS—L
K ! ’

(3.2.13)

where \j | = Z;:VH (j)(—l)j(j — )t
For ¢ < 2L — 1, let r;, :== ¢ — 2L. Similar to the derivation of (3.2.10), there

exists some 6, € (%, 0) such that

(9= (5"

Then
(k+1) 2 0!
, (_1>n+19 (é +‘|‘1>2L 1)7 (=L 1,
Z)zg (—) = [~(tD) '
L gED@ O = g D@4 0 )0

(5 + 1) !
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%
Thus for s > 1, 0 < v < s, noting that A®g (E) (2L—1—-v)=0forj>v+1,

Ss—

Reg () eL-1-v)= Z (7w Ry
e (S5

gt (2 + 0/2L—1—1/+j)(T/2L—1—y+j)(n+1) —g"t 2+ 95L—u+j)(réL—u+j>(H+1)

L

VRS

>(2L—1—y)

X

(k+1)!
s—1 v KA1 9" (2 + 05 )
+< v )( =1 (k+1)!
Lt & s—1 s—1 )
= — 1) gt (9 / Y™, et
|5 ()| e s s
L~ Q- (s e K1 (k1) /
= E =D (G —v=1)""g (2+ 92L—1—u+j)> (3.2.14)
(k+1)! J
T =0

_>
where —2 < 6, , . < 0. We thus get the asymptotic estimate of Ajg(

¢ near 2L, cf. (3.2.13):

L) for

gt (2—) <

K,sg <_> 2L—-1—-v)= L—(n+1)(1 + 0(1)) W Ao >1,0<v<s,

L

where X, =377 (3)(=1)7(j —v — D).
-

For L—k+1</{¢<L-—1, by (3.2.13), the summand Rgc()%flfi)(é) A, g<%>

when ¢ = k in (3.2.5a) has a lower order than other terms. We thus split the sum

in (3.2.5a) into two parts: the summand with ¢ = k and the sum of the remaining

terms (with 1 <4 <k — 1) and apply (3.2.11)-(3.2.13) to Lemma 3.2.2 to get

= L~ (1 4 0(1))

k—1
Ay(L, 0) = Rgg()k—l)(g) Af g(z) + Z Rgf()%_l_i)(g) Al g(f)
i=1
(k+1)(o9__
(e 9"(2=) 3w (s
=L +k)(1 + 0(1))m)‘%4—m + Ohng (L ( +k+1)) ’

thus completing the proof. O
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- -

If ("1 2) is bounded on (1,2) then A%g (+) (L—v) and A¥g (+) (2L—1-v)
are both bounded by order L=*+1)  This implies the following upper bound of
Ai(L, ) for ¢ near L or 2L.

Corollary 3.2.5. Let g be a filter satisfying the following properties: g(t) = c for
t € [0,1] with ¢ > 0, supp g C [0, 2] and for some k € Z,,

(i) g€ C"(Ry);

(i) glas € O (1,2);

(i) gtV (1 2) is bounded on (1,2).

Then given k € Z for ¢ € [L —k,L|U[2L — k,2L — 1],

Ap(L,0) = O (L70)
where the constant in the big O term depends only on k, k and g.

When the filter g is smoother on [1,2], the little “0”’s in the expansions of
Lemma 3.2.4 become big O’s.

Lemma 3.2.6. Let g be a filter satisfying the following properties: g(t) = ¢ for
t € [0,1] with ¢ > 0, supp g C [0,2] and for some k € Z,,

(i) g€ C"(Ry);

(ii) gluz € C*(1,2]);

(iti) glaz) € C*2(1,2) and g2 9 is bounded on (1,2).

Then given k € Z for L—k </{< L,

_(,.H_k)g(mrl)(l_f')

AL ) = L 2 (ki + 1)!

)‘szé,k + O (L—(H+I€+1)) :
and for 2L — k < < 2L —1,

AL, 1) = [0 _92) O (LD
k( ) ) 22k_1(/§—|—1)! 2Lf€fl,k+ ( )7

where A}, X, are given by (3.2.9) and the constants in the big O terms depend

V,S

only on k, k and g.

Proof. Since glp2 € C*V([1,2]) and g | ) is bounded in (1,2), letting ry :=
(- L,

(k) 1 K (k+1) 1 k41
S A OO (%) L9y (%) 4 O, (£704)

CESVAN (k1) \L
(k+1) k41
g TI(H) rre\st _(
BRANCESY (7)) + O (L742).
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Let s € Z,. Similar to the derivation of (3.2.13), the asymptotic expansion of
_>s 4 :
Ajg(1) for £ near L is
N . (k+1) 1
Ag (Z) (L —v) = L=+ (g—ww + O (L-l)) L 0<v<s—1,

(r+1)!
(3.2.17a)
where \j | is given by (3.2.9). And for £ near 2L, cf. (3.2.15),

. (k+1)
e - g (2=) 3w
Reg(2) o1 = e (P70 Lo 1), 0<vss
u(;)er-1-v N 0, (7)) 0 s
(3.2.17b)
where X;s is given by (3.2.9). The rest of the proof is similar to that of Lemma 3.2.4.
O

Theorem 3.2.7. Let o, 3 > —1 and let g be a filter satisfying the following proper-
ties: g(t) = c fort € [0,1] with ¢ > 0, supp g C [0,2] and for some k € Z,

(1) g€ C*(Ry);

(i) gloz € CH(1,2);

(iii) g"*+3|(1.2) is bounded on (1,2).

Then for ¢ L=t < 0 <71 —c L™ with some ¢ > 0,

1) Capesa(®) :
(rarty m (u,i,l(ﬁ) cos ¢r,(0) + u,2(0) sin ¢, (6)

+ 115(0) €08 B (0) + tna(0) sin G (0) + 0(1) + (s00) " O gy (L)),

U(Li’]ﬁ)(l,cos@) =L

where . o
.9\ —a—k—3 0\ —B—5
oW (6) = (Sm 5) ’ (COS 5) ’
Bk 20+8+1, /r T(a + 1)
K+2
w1 (0) = g (14) Z Af i3 cos(if)
B
Uy 2(0) = g (14) Z Af rgsin(i (3.2.18)
K42
ug3(f) = 20%3 g (x+D) (2 Z )\Z i3 €0s(i0)
n+2

U a(0) = 90+ dan) (2—) Z XZHS sin(i6),

where A}, 3 and XZH?, are given by (3.2.9), and wu,1(0) can be written as an al-
gebraic polynomial of cos@ of precise degree k + 1 and its initial coefficient is
(=1)"g"+D(14), and

61(0) == (L+52)0— &, ,(0) == (ﬁ —1+52)0 - &,

wherez::LjL%M cmdé\[j::ZLjL%ﬁ+2 and & = g 4 %
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Proof. From [70, Eq. 4.5.3, p. 71],

i( M) P (1) P )

7=0
_E:%+a+ﬁ+1 IF'G+a+5+1) P@m@
2045+ T+ B+ 1D (a+1)

1 re+a+p+2) (at1,8)
S 20T (a+ DI (U +B+1) ¢

(t). (3.2.19)

This and repeated use of summation by parts in (2.5.5) give

(a,8) B 1 > é (2£+Oz+ﬂ+ 1)F(€+a+5+ 1) (a,8)
vty (1) = gasarira 5 1) 29 <L) L((+5+1) B
1 > Tl+a+k+B8+1) (arrp

20T (o + 1) &
(3.2.20)

where Ag(L, () is defined recursively by [36, (4.11)—(4.12), p. 372-373],

Au(Lt) = g(%)_g(¥> k=1,

Ak_l(L,t) N Ak—l(L7t —‘l_ 1)
A+a+k+p 2t+D)+a+k+ 3

and since g(t) = 1 for ¢ € [0,1] and supp g = [0,2], the support of Ag(L,t) is
[L —k+1,2L — 1]. By Lemma 3.2.1 and adopting its notation,

1 @+&+k+5+UPmM@

CHR)
vy (1,cos6) = 2 BT (o + 1) ZAkLE L(+p5+1) ¢

(cos®)

Fl+a+k+p5+1)
E:AkLg T+p5+1)
x (7272 (sin )~ (a+k)_% (cos g)_ﬁ_% (COSWCV-HC(ZQ) + (sinf) ' Ou g (é_l)>
~ (sin g)_a_k_i (cos g)_ﬂ_%

20+A+1 /7 (a + 1)

X ( z_: ax(L, ) Coswa+k(@0) + (sin @) Oup ( Z_: |ak(L,£)|Z_1)>

2a+5+1F CL’ +1

(=L—k+1 t=L—k+1

= O (0) (Tey + (sin0) I p) (3.2.21)

where

~ a+k+p5+1
+—

Ci=0a+kpB):=1¢ 5 : (3.2.22a)
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and
F'l+a+k+8+1) ~2
L,0):= Ax(L, ¢ (2, 3.2.22h
) 7&71’»‘7% 0 757%
Ol L (0) == (sin 5) (cos ;) (3.2.22¢)

2008+ /r T (e + 1)

To estimate ;1 in (3.2.21), we apply Lemmas 3.2.3 and 3.2.4 with k = r = k+3.
The asymptotic expansion of Ax(L,¢) in Lemma 3.2.4 with (1.2.1) together gives
the estimate of a,13(L,¢) for £ near L and 2L, as follows. For L — (k+3) < ¢ < L,

(k+1)
axsa(L ) = L7 (L 0(1) 5 5 S5 A ters + O (L),
(3.2.23a)
For 2L — (k+3) < ¢ < 2L —1,
g"tl(e2-) <

Gusa(L ) = LD (14 o(1) Wopitrs + O (L)

250+ (1o 4 1)]
(3.2.23D)

For L </{¢<2L—-1—(k+3), by (3.2.7) of Lemma 3.2.3 with (1.2.1),
tnis(L,0) = O (L*“*a*%)) , (3.2.23¢)

where the constants in the big O’s in (3.2.23) depend only on «a, 3, g and .
With k& = k + 3, (3.2.21)—(3.2.23) together give

L-1 2L—1—(r+3) 2L—1 R
Livsn = + + Z Apr3(L, 0) COS Watpt3(00)
{=L—(Kk+2) (=L (=2L—1—(k+2)
L-1 2L—1 R .
= Z + Z At3(L, 0) oS Wartk+3(00) + Onpgr (L‘(“_O‘+E)> ,

{=L—(k+2) (=2L—1—(k+2)
(3.2.24a)

Similarly, for I,.;39 in (3.2.21), using Lemma 3.2.3 and (1.2.1) again,

2L-1

lLii32=0 Z w3 (L, €) Z_1| = Oa g <L_(“_°‘+%)> ) (3.2.24b)
(=L—(r+2)

Applying (3.2.24) and (3.2.23) to (3.2.21), where k := k + 3, gives

ofy (L cos 0) = LD (14 0(1)) Cfl) ya6) (b + (sin0) ™ Oag (L)),
(3.2.25)
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where C’éﬁ «+3(0) is given by (3.2.22c) and

b, :=
(r+1) L1 (k1) (9 2L-1
9" (14) Z gt (2—) —x ~
1 + Aor o CoS W (0)
K+3 L—t,r+3 K—o Z 2L—f—1,k+3 a+r+3
A T Pl 27705 (5 1) ey T e
H+1 1+ K+2 ~ .
2n+3 li + 1 ! Z )\z ,K+3 COS Wa+k+3 ((L + KTH - Z)9>
(H+1 2 K42 N
T 1 Z Nrers C0ntnss (2L — 1+ =2 = i)9) | (3.2.26)

where the second equality uses the substitution £ = L —i and (f—\i)(oz—i— K+3,0) =
L+ KTH — ¢ for the first sum where we used (3.2.22a) and uses the substitution
¢ =2L—1—1¢and (2Lf1\— i)a+r+3,8) = ﬁ—l%—’%z — i for the second sum,
WhereZ::L—k%ﬂ+2 and 2L = 2L—|—%ﬁ+2.

Let & = 23 4 T and let ¢p () := warnrs((L + £52)0) = (L + £22)0 — ¢,
and ¢, (0) := watnys((2L—142)0) = (2L —1+5E2)0— &, where we used (3.2.2¢).
Then

COS Watrt3 <(Z + 52 2)9) = cos(i0) cos ¢1,(0) + sin(if) sin ¢, (6)
COS Wart k13 ((ﬁ — 14 52— Z)@) = cos(if) cos ¢, (6) + sin(if) sin ¢, (),
where we used (3.2.2¢) again. Using this with (3.2.26), we may rewrite (3.2.25) as

U(Loff)(l, cos 6)

C(l)

) 7 _
— [~(r—a+}) #Jj—(li' <u,{71(9) cos ¢, (0) + ur2(0) sin @ (0) + u, 3(0) cos ¢ (6)

+ U a(0) sin g (0) + o(1) + (5in0) ' Ou.p4.x (L_1)>;

where
K+2
U1 (0) = gt (1) Z A g cos(i
Ii+2
Ue2(0) 1= g™ (14) D " AF, |y sin(if)
i=1
Kk+2
Ups(0) = 203D (2—) Y RTL cos(if)
i=0
Kk+2
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By the property of Chebyshev polynomial, i.e. cos(¢0) = Ty(cosf), u,1(0) =
Uy1(cosf) is an algebraic polynomial of cosf of degree k + 1. The degree k + 1 of

u,.1(0) is precise as the initial coefficient of u, () is
Q(KH)(H‘))\T,HS = _9(H1)(1+))‘Z+2,n+3 = (1) gt (1),

where we used (3.2.9) and the relationship A+ X\ = > =0 (j) (=1)i(j—v)* =0
for integers s, v, k satisfying 0 < v <s—1, 0<k+1<s—1and s+ k is odd, thus
completing the proof of the theorem. n

We need the following lemma from [70, Eq. 4.1.3, p. 59].
Lemma 3.2.8. Let o, > —1. For { > 0,
POty = (1) PPV (), —1<t<1.

The symmetric formula for Jacobi polynomials in Lemma 3.2.8 implies the

following symmetric formulas for filtered kernels and filtered operators.

Lemma 3.2.9. Let o, f > —1. For =1 <t,s <1 and f € L,(wa.3),

Uj(:aﬂ) (t,s) = UJ(LB O‘)( t,—s). (3.2.27a)
U(Lg )(t 5) = U(L%a)(—t, —s). (3.2.27b)
VL(?;, (f7 t) _ Véi’a)(f(_), _t) (3227(3)

Proof. The formulas (3.2.27a) and (3.2.27b) for the Fourier and filtered kernels come
from their definitions (2.5.5) and (2.5.7) with Lemma 3.2.8 and Méa’ﬁ) = Méﬁ’a).
For (3.2.27¢), the definition (2.5.6) and (3.2.27b) give

O‘B)ft / f(s ts)wag()ds
f( )y (=, —8)wap(s) ds
3 A S a(s)ds = V() ),

where the third equality used integration by substitution and we g(—s) = ws.a($).
[l

Lemma 3.2.9 with Theorem 3.2.7 gives the following asymptotic expansion of
U(Lagﬁ)( 1, cosf).
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Corollary 3.2.10. With the assumptions and notation of Theorem 3.2.7, for cL™1 <
0 <m—cL™! with some ¢ > 0,

« —(k—pB—1 C(I())cn (0) .
oy (1 cos ) = L7 08) SRR (s (6) 08 01.(6) + 1ca(0) sin 61(9)

+ Uy 3(0) cos p (0) + up4(0) sindy () + o(1) + (sind) 'O (L_l)),
where the constant in the big O depends only on «, B, g and k.

We note that the little “0” in Theorem 3.2.7 can be replaced by O (L™!) if,
further, g**3)(t) is right and left continuous at ¢t = 1 and t = 2 respectively. We

state this case in the following theorem.

Theorem 3.2.11. Let o, 8 > —1 and let g be a filter satisfying the following prop-
erties: g(t) = ¢ fort € [0,1] with ¢ > 0, supp g C [0,2] and for some r € Z,

(i) g€ CH(RJr);

(i1) glnz € CH([1,2).

Then for ¢ L™ < 0 <7 — ¢ L™! with some ¢ > 0,

oW (9)
a, —(k—a+L a,fB,Kk 1
vty (1, cos 0) = L™t +2)# j—l)' (tr1(0) cos ¢1() + t2(8) sin 1, (6)

+ y, 3(0) cos @1 (0) + uea(0) sing,(6) + (sing) " O (L71)),
where the constant in the big O term depends only on o, 3,q and k.

Remark. The condition (ii) can be replaced by a weaker one: (ii)” g|p2 € C*1([1,2])
and gla2) € C*3(1,2), and g9y and g 3|12 are bounded on (1,2).

Proof. The proof is similar to that of Theorem 3.2.7. The difference lies in that we
use Lemma 3.2.6 instead of Lemma 3.2.4 to get, cf. (3.2.23): For L—(k+3) < { < L,

(s+1)(1
_ 7—(k—a+d) g ( +) K —(k—a+2)
an+3<L7€) =1L 2 2n+3(/£ + 1)!)\L—Z,K+3 + O(L 2 ’
and for 2L — (k +3) < (< 2L —1,
g th(2—) <

—(k—a+1 —(k—a+t3
r3(L, 0) = L~ ot2) Aop—o-1x+3 T O (L ( +2)>;

2505 (5 4+ 1)!
where the constants in the big O terms depend only on «, 3, k, g and k. O]

3.3 Localised upper bounds

This section estimates a sharp upper bound of filtered Jacobi kernel U(chﬂ )(1, cosf).

This then implies a localised upper bound of the kernel v(Lof )(cos ¢,cos0).
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3.3.1 Sharp upper bounds — special case

The following theorem shows a localised upper bound of the filtered kernel v(Loff ) (1, cos6).

Theorem 3.3.1. Let o, 3 > —1 and let g be a filter satisfying the following proper-
ties: g(t) = ¢ for t € [0,1] with ¢ > 0, supp g C [0,2] and for some k € Z,

(1) g€ C"(Ry);

(i1) glaz) € C"*(1,2);

(iii) gt V|12 and g1 9y are bounded on (1,2).

Let ¢ be the constant in Lemma 3.2.1. Then, forcL™' <0 <7 —cL™!,

v(chf)(l,cos 0) < co o tDa (cos g)_ﬂ_§ L (smety) (1+ (sind)"'L7"). (3.3.1)

And the following localised inequality holds for 0 < 6 < m,

o) [~ (s—at})

}U(L(ZB)(LCOS 0)| < (3.3.2)

>a+ﬁ+g ( )B+%'

(L—1 + sin g L1 + cos g

Here the constants ¢ in (3.3.1) and ¢® in (3.3.2) depend only on o, 3, g and k.

Remark. The upper bound of the filtered kernel v(Loff)(l, cos @) proved by Petrushev
and Xu [57, Eq. 2.2, p. 560] may be written as

N O L2a+2 ’ 0< 9 < L—l)
v(L ’ﬁ)(l, cosf) = ( ) - (3.3.3)
g O (L—(n—a—6—2))’ 0<e< 0 < T,
where a > B > —1/2. Theorem 3.5.1 shows that for a > —1, > —1/2,
O (L**2), 0<o<L7Y
U(Laf)(l,cos f)=<2 O <L_(“_a_%)) , 0<e<O<7m—e¢, (3.3.4)

O (L_(“_a_ﬁ)) , m—e<O0<m,

where the constants in the big O terms in (3.3.3) and (3.3.4) depend only on €, «, 5,
g and K.

This shows that the order of our upper bound for U(LC’!’B)(LCOS 0) with 0 > 0 is
strictly lower than (3.3.3). The asymptotic expansion in Theorem 3.2.7 implies that
the order of L in (3.3.2) is optimal.
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Proof of Theorem 3.3.1. We adopt the notation of (3.2.18). Using (3.2.21) with
k:= Kk + 2 gives

vg’zﬂ)(l, cosf)

(sin 8) D72 (cos £) 7072
a 20+8+1 73 (o + 1) *
2L—-1 2L—-1
> tia(L, ) 05 Warria(00) + (50 0) 7 Oug | D apsa(L, )] 17
{=L—(Kk+1) l=L—(k+1)

= CS’;’HJ&(Q) ([,{_;,_271 + (Sin 9)_1[,{_,_272) s

where ij}gk(e) and ag(L,?) are given by (3.2.22). Applying Lemma 3.2.3 and
Corollary 3.2.5 to a,42(L, ¢) with (1.2.1) gives

1 L — 1) <?¢<L-1,
Oa,ﬁ,g,n <L_(K_a+§)> ) (K i ) -

Oa,8.9.4 (L*(”*‘”%)) , L<(<2L—-1-(k+2).
This gives
2L—1 ~
Lnta1 = Z rr2(L, €) o8 Wy ri2(l0) = Oap g (L*(’“O‘*ﬁ))
{=L—(k+1)
and
2L—1
- 3
Lit2n = Z |anra(L, ) €7 = Oupgm (L*(”*O“rg)) .
{=L—(k+1)

Then (3.3.1) follows by

Kk+2
1) mee —a—(k+2)—1 0\—hP—3
Cocﬂ,/wr?(e) < 2a+ﬁ+1p(a + 1) 4 ( =2 (COS 5) :.

For (3.3.2), when cL™! < 0 < m—cL™* (3.3.2) follows from (3.3.1). We now need
to prove the upper bound of vﬁ-fff)(l,cos O)for0<O<cLlandm—cL <0<
For the first case 0 < 0 < ¢ L', from (3.2.20) with k = k + 2,

1 oo

(ratm+2+45+1) patnizg
2a+,3+11"<a_|_ 1)

L'(l+p+1) ¢

o I
v (1) = Aia(L, 0) (

(t).
(3.3.5)

=0
Lemma 3.2.3 and Corollary 3.2.5 (with k£ = k + 2) give

— </(< L —
Oa,ﬁ,g,n (L—(25+2)) , L (I{ + 1) — 4 — L 17
Awta(L, €) = 2L —1—(k+1)<0<2L—1; (3.3.6)
Oupgr (L™ L<l<2L—1—(k+2).
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Also, by [70, Eq. 7.32.5, p. 169], for r, f > —1,
PZ(T’B)(COS 0)=0,5(), 0<O<cL"
We then have for 0 < 0 < ¢ L7t

i (1, cos )|

201

1 Pl+a+r+24+8+1), arni2p)
< A o(L 0 J2 , 0
~ 20+ﬁ+1r(a+ 1) Z | +2( )| F(€+ﬂ+ 1) | ) (COS )|

{=L—(k+1)
L-1 20—1
< Cafg.nr + [~ (2r42) patrt2 patr+2
(=L—(r+1) (=2L—1—(r+1)
2L—1—(k+2)
+ Z L*(2“+3)€0¢+H+2€a+n+2
=L

< apgn L7 (3.3.7)

For 7 — ¢ L™! < 0 < 7, applying Lemma 3.2.8 to P77 (1) in (3.3.5) gives

(7 )(1 Ccos 0)
S Tl ath+2+B8+1) (a2
Apia(L,0) P, 0
2a+ﬂ+1r (a+1) ;0: +2( T(0+3+1) (cos0)
= T(l+a+r+24+B+1) (sarntia)
2a+,3+1r Q +1 ZAKJJ L f (€+ B+ 1) P (COS(ﬂ' - 9))
=0
(3.3.8)
Then (3.3.6) and (3.3.8) with (1.2.1) give for 0 <7 —60 < c L™,
|U(Lojf)(1, cos 6)]
9-(atp+y) 3] T(l+a+r+2+8+1)
<z Anro(L, 0 plPatrt2) By
STern o Ml O D e o )
{=L—(k+1)
L-1 2L-1
< Cofgn Z + Z [, (26+2) patrt2 B
(=L—(k+1) 0=2L—1—(k+1)
2L—1—(r+2)
+ [~ (2k+3) patrt2 pB
(=L
S Ca,B,9,k LCH_ﬁ_H- (339)

Using
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and (3.3.1), (3.3.7) and (3.3.9), we have for given 0 < e < T,

—(k—a+1)
10 (1, cos )| < cL - 0<O<m—e
L7 ? 0 Oz-‘rl{—l—é Y 9
(L_l + sin 5) 2
and
¢ [~(r=a+3)

|vff)(1, cosf)| <

19 6 S 9 S ﬂ-’
(L—1 + cos g)ﬁ+§

where the constants of the error terms depend only on €, a, 8, g and k. Let € := 7/2,
then

o o K Li(ﬁiOH»l)
01, cos 0)] < pe B . 0<h<n
(L' +sin ) 2 (L' +cost) ?
thus completing the proof. O

Theorem 3.3.1 implies the following upper bound for U(La’;a)(l, cosf) with o >
—1/2.

Corollary 3.3.2. Let « > —1/2 and let g be a filter satisfying the following prop-
erties: g(t) = ¢ fort € [0,1] with ¢ > 0, supp g C [0,2] and for some k € Z,

(Z) g €< CR(RJr);

(1) glaz) € C"2(1,2);

(iti) gtV 2 and g1 are bounded on (1,2).

Then for 6 € [0, ],

|0{*) (1, cos 0)| < ¢ L (3.3.10)
v cos —_— 3.
Lg 5 — (14 LO)~+2
where the constant depends only on «, g and k.
Proof. By Theorem 3.3.1,
o [~(rmot3)
[0f) (1, cos )] < s
(L= + sin g)ﬁ Tz (L= + cos g)a 2
o L2ot?
< Coug . (3.3.11)

(1 + Lsin g)'{ﬁ (1 + Lsin g)O‘J“% (L—l + cos g)a+§
>

. . 9 0
Using sin 5 + cos 5

1
AN
<1 + L sin §>

= L'+ sine—i—cosg +Lsin€cos€ a+%> i "
B 2 2 22 — V2 '

This with (3.3.11) together gives (3.3.10). O

\/Ai for 6 € [0, 7] gives

V]
7 N
t~

L

+

@)

@)

n
N D
N——

o}
"
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3.3.2 Sharp upper bounds — general case

Theorem 3.3.1 with Koornwinder’s formula [39] gives the following upper bound for
the filtered kernel v(LO;’B )(cos 0, cos ).

Theorem 3.3.3. Let o, > —1/2 and let g be a filter satisfying the following
properties: g(t) = ¢ fort € [0,1] with ¢ > 0, supp g C [0,2] and for some k € Z,,
(i) g€ C"(Ry);

(i) gla2) € C*(1,2);

(iti) gt |12 and g1 9y are bounded on (1,2).

Then for 0 <0,¢ <,

c Lf(nfmax{a,,ﬁ}Jrl)

(L L+ |9 ¢|)max{a Phents (L 1+ cos 92¢)mm{a Bte
(3.3.12)

|U(LO;’B)(COS 0, cos 9)| <

where the constant ¢ depending on o, 3, g and K.

Remark. Let ¢ be the constant in (3.3.2). We may take the constant in (3.3.12)

as ¢ = @ where
: max{c,B},min{c,B8}?

2c¢/rT(u+1)
FGo+ P(u—g0+5)

cq(f’z)) = u>v>—1/2.

The inequality (3.3.12) implies that for o, B > —1/2,
]v(ﬁf)(cos 0,c089)| < Capgn L2200 0<0, ¢ <. (3.3.13)

Proof of Theorem 3.3.3. (i) We first consider the case when o« > § > —1/2. From
39, Eq. 3.1, Eq. 3.2, Eq. 3.7, p. 129-130]

PP () P —ca/g// B (Z(t, 5:r,0p)) dm @D (r ), (3.3.14)

where

Z(t,s;r,0) = (1+t)(1+5) + %(1 —t)(1 — s)r* +rvV1 — 2V/1 — s2cosy — 1,

(3.3.15a)
dm©@0) () = (1 = r?)* 77120 (gin )2 dr dy, (3.3.15h)
and
20 (o + 1
S (a4 1) (3.3.16)

G CEDRCED)
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is the constant normalising the measure m(®#)(r, 1), i.e.

T 1
oy /0 /O dm! > (r,¢) = 1.

By the definition of (2.5.7), we thus have

( t s —caﬁ/ / U(Lagﬂ) 1, Z(t,s;r,1)) dm @5 (1 1), (3.3.17)

Let cosu := Z(cosf,cosp;r,p) for 0 < 6,0 <mand 0 <r <1,0<v¢ <. By
(3.3.15a),

1—cosu=1-[3(1+cosf)(1+ cos¢)+ 3(1 — cos)(1 — cos ¢)r?

+7rv1 — cos20y/1 — cos? pcosyp — 1

:2(sin%)2+2(sing)2(sm ) (1 —17%) +sinfsing (1 — rcosp)
9 (sip =

therefore
u> 10— (3.3.18)
On the other hand,
w2 Lt+cosu oy 1 9
(cos %)™ = 5 =2 [1(1+ cos6)(1 + cosp) + 1(1 — cos ) (1 — cos @)r

+7rv1 — cos? /1 — cos? ¢ cos w]

= (cos & cos %5)2 + r*(sin £ sin ¢) +2(r cos ) (sin & cos £) (cos sin £).
Using this and
|2(r cos ) (sin § cos &) (cos ‘5 sin £ ) | < (rsingsin g \/ | cos ¢|) +(cos & cos 2 \/ | COS’Q/)|)

gives

(cos%)2 > (1 —|cost|)(cos § cos £ ) +73(1 —|cos¢|)(singsin§)2
> 1r? (1 — | cos) (0089 ¢) > 1(rsine cos %)2. (3.3.19)
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By (3.3.18), (3.3.19) and (3.3.2) of Theorem 3.3.1 with (3.3.15b) and (3.3.16)

|U(Laf) (cos B, cos @)

<Ca5/ / |v°‘ﬂ) 1, cosu)| dm(®® (r, 1)

@ [~(r—a+1)
<o f [ e )
L 1+sm a“ 2 (L*1 + cos 9) 2
2(6+2)C( )C((x,)ﬁL (v=at3 / / ) 284 (5in )28 dr dy)
ﬂ+2 T51n¢)ﬂ+2

<
(L= + |0 — ¢|)a+ﬁ+ (L' + cos 552
C£¥3/)3 L—(H Oé+2)
(L7116 — ¢))* ™3 (L1 + cos 252) "2

(3.3.20)

where the constant c(a}; is

— r2)0=B=1p28+1 (sin 1)) 28 dr dop

B _ 9B+ ) / / (1
a,B T 51
(rsing)” "2
=20 he, [ (1) ar [ emar v
0 0

_othe__ 2T(e+1) L1 >
VIT(a=pT(B+3) 2 F(a—%ﬁ+%) L(38+1)
Dyl (a+1)

FGEA+DT(a—38+1)

where c( ) is given by (3.3.16) and B(-, ) is the Beta function
(ii) For —1/2 < o < f3, applying (3.2.27b) of Lemma 3.2.9 to (3.3.20) of case

(i) gives

—0),cos(m — ¢))]

< C(ﬁ%)a L_(H_ﬁ'i'%)

— a l .
(L7410 = 6])" 3 (L1 + cos %52)""2

‘U(LCZB)(COS 0,cos ¢)| = ’U(L%a)(cos(ﬁ

(iii) For —1/2 < o = 8. By [54, Eq.18.7.1, Eq.18.17.5],

P (cos ) PL (cos ¢)

_0(7)/ / P(aa a )(cosé’cosgb—|—sinesin¢cos¢)(sin1/1)2 di,

(M= Lth _ This with (2.5.7) gives

where Co = m

()
VLg

s 1
(cos B, cos p) = ¢ / / v(LO;O‘) (cos 6 cos ¢ + sin @ sin ¢ cos ) (sin ) dap.
o Jo
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Let cosu := cosf cos ¢ + sinfsin ¢ costp. Similar to (3.3.18) and (3.3.19) we
can prove u > |0 — ¢|, and
(Cos %)2 = (cos 5 COS 5)2 + (sin g sin %)2 + 2 COS’QD(Sin g cos g) (cos %5 sin ¢)
1
2

2
> (1 — | cos w|) (cos %)2 > i(sinw coS %)2.
Then, using (3.3.2) again,
\U(LO;Q) (cosf,cosp)| < ¢ /0 |U(LC’ZO‘) (1, cos @ cos ¢ + sin @ sin ¢ cos )| (sin ¥)**dyp
cg)c(Q) L—(n—a—i—%) /7r (sin w)2o¢
"

— a+n+g a+%
(L7 +16 = ¢l) L—l—l—\/iisinwcos%)

dy

- 204—&-%0((17)0(2) L—(K—OH—%) /'TI'( . w)a—%dz/}
< — sin
(L7110 = g1)"""*3 (L7 4 cos 252)™% o
- 085) L—(H—OH‘%)
a (L~1+ |0 — ¢|)a+,§+g (L—1 + cos 0—T¢)a+§
where
® .- 2Vl (o +21) — ®
« 1 3 a,a)
(I (za+1))
thus completing the proof. O

3.4 Norms of filtered kernels and operators

This section estimates the L;(w,g)-norms of the filtered kernel and the filtered
operator using the localised upper bounds obtained in Sections 3.2 and 3.3.

We will prove the following estimates for the filtered kernel in Theorems 3.4.1
and 3.4.2 below. Let a, 8 > —1 and let g be a filter satisfying the following proper-
ties: g(t) = c for t € [0, 1] with ¢ > 0, supp g C [0, 2] and for some k € Z,

(i) g€ C(Ry);

(i) gl € C3([1, 2));
(iii) gV (14) #£ 0.
Then

1 —-1<a<b=1,k>a—3

(a,3) . . - ) — ) 29
HUL,g (1, )X[a,b]( )H]L1(wa,5) -~ { L—(F»—OH-%)’ l<a<b<l (341)
Substituting the condition (ii) by (ii’): glp2 € C*2([1,2]), we will still have

for -1<a<b=1land k>a-—1, ||U(LO;§)(1, ')X[a:b}(')HLl(ww) = 1.
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Under the condition of (ii’) in place of (ii), the asymptotical equivalence of
(3.4.1) for b < 1 however is not proved. The conditions (i) and (iii) guarantee that
the filter g has up to xth derivative on R, while the condition (ii) ensures that the
(k + 3)th difference of g(¢/L) with respect to ¢ is bounded by ¢/L*3.

The estimate (3.4.1) for b = 1 implies the boundedness of the corresponding

filtered operator:
”VL(,O;ﬁ) HLP—>LZ, < Ca By

which is stated and proved in Theorem 3.4.3.

3.4.1 Weighted L;-norms of filtered kernels

Theorem 3.4.1. Let o, 5 > —1 and let g be a filter satisfying the following proper-
ties: g(t) = ¢ for t € [0,1] with ¢ > 0, supp g C [0,2] and for some k € Z,

(i) g€ C"(Ry);

(it) glp2 € C*H([1,2));

(iii) gt (14) #£ 0.

Then for —1 <a <b<1,

“ o T —(k—a+i
o5y (L)X Ol = L7072, (3.4.2)
where the constants depend only on a,b, o, 3, g and kK.

Proof. Let ¢y := arccos(b) and ¢o := arccos(a). We use Theorem 3.3.1 to estimate
the upper bound of (3.4.2). Let ¢ be the constant given in Lemma 3.2.1. Then there
exists a positive integer L; such that 0 < cL ' < ¢y <O <m—cL ' forall L > L;.
By (3.3.1) of Theorem 3.3.1, adopting its notation,

r—cL™1
/ |U(LC;'8) (cos0)|wa, (1, cos ) siné do

m—cL™! 1
<c / o (r+2)=3 (cos g)_5_5L_(’"‘_°‘+%) (1+ (sin)~'L71)
é1

x Q0tA+l (sin g)QaH (cos g)2ﬂ+1 do

1 m—cL 1 3 l
< ¢ [Trmats) / 0%~ 2 (cos %)[”2 de
1

2

-1 moek™ a—Kk—2 9\6—3
+L / 0 2(cos ) 2 deo

< ¢ L mata), (3.4.3)
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where the constant ¢ depends only on «, 3, ¢,k and b, and when —1 < 8 < —1/2
the third inequality uses

m—cL™! ﬁ—l T—¢1 51 ) )
/ (cos 2) 2d9§/ (2)*3d0 < c L-0+H) < L},

-1

Form—cL ' <6<, by (3.3.2),

2

™ cL™1
/ |U(L°‘f)(1, c0s 0)|wa g(cos @) sin@ df < ¢ L5 / (sin Q)Q’BH de
m—cL~1 , 0

< e LoD <y, LT,
(3.4.4)

This and (3.4.3) proves the upper bound in (3.4.2).
We use Theorem 3.2.7 to prove the lower bound. Let ¢ := (¢1 + ¢2)/2, then
there exists a positive integer Lo such that for L > Ly, c L™ < ¢y < ¢pg < m—c L1,

where c is the same constant of Lemma 3.2.1. By Theorem 3.2.7 for ¢ L™! < ¢, <
0<¢g<m—cL 1,

O(l) ()
, —(k—a+1 a,p,K .
Ué’gﬂ)(l, cosf) = L (k—at3) 2~+3ﬁ(,{+j—_1)! (u,{’l(e) cos ¢1,(0) + uw2(0) sin ¢r,(6)

+ Uy 3(0) cos o1 (0) + upa(6) sindy (0) + o(1) + (sind) 'O (L_l)).

Then,

ol
Hv(ﬁf)(l, ')X[avbl<'>HL1(wa,ﬁ) > /¢ |v(ch;B)(1,cos€)|waﬁ(cos 6)sin 6 do

%o 1)
_ 7 ptard Capnes®) 0 0 0) sin ¢, (0 0) cos ¢y (6
1 I3k 1 1)1 |tt,1(6) €08 D1, (0) + 1,2(0) sin G, (0) + 1 3() cos o, (6)

+u,4(0) sin ¢, (6) + o(1) + (sin§) 'O (L‘1)| atB+1 (sin g)2a+1 (cos g)2ﬁ+1 a0

Laf/fr% $o . gya—n—3 o\ B+
e /mD(a+ 1) (k + 1) / (sin3) (cos 5)""* Jur,1(0) cos ¢r.(0)

é1
+ Uy2(0) sin ¢ (0) + wy3(0) cos @ (6) +uya(f) sindp(6) + o(1) + (sinf) 'O (L7')|df
Lors .
T P § o (I+o(1)+0(LY), (3.4.5)

where the constant in the big O depends only on a,b, o, 8, g and x, and u, () are
given by (3.2.18).

In the following, we prove [ is not less than a positive constant independent of

L. There exists some positive constant ¢; depending only on a, b, «, 8, g and x such
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%o
I> cl/ 1,1 (0) cos o1, (0) + uy2(0) sin ¢, (6)
+,3(0) cos o (0) + uea(f)sing,(0)] db.  (3.4.6)

Since u,;(0), i = 1,2,3,4 are bounded, there exists a constant ¢, depending
only on g and s such that for ¢; <60 < ¢,

‘u,{,l(@) 08 ¢r,(0) + uk2(0) sin ¢ (0) + u, 3(0) cos &, (0) + Uy 4(0) sin g_zSL(Q)‘ < ¢o,

This with (3.4.6) gives

ol
1> [ e (0) cos dr,(8) + up0(0) sin o1, (6)
b1
e 5(8) €08 By (8) + () sin 6, (6)]” 6
— C_l(jl + 1), (3.4.7)
Co
where
1 4 oo 9 1 b0 9

I = 5; 1 (uni(0))” do > 2/, (us1(6))” 6 > 0, (3.4.8)

where the last inequality in (3.4.8) is due to that w, () is an algebraic polynomial

of cos @ with non-zero initial coefficient (—1)%g"+1(14), and

I, = /¢0 |:<u/€,1(0>>2 — (U,{72(9))2 COS (2¢L(9)) + (uﬁ73(9))2 — <UN74(9))2 coS (25[/(9))
o

2 2
+ Uy 1 (0) g 2(0) sin (26L(6)) + s 3(0) e 4(0 ) sin (2¢L(9))
+ (w1 (0) i 3(0) + e 2(0) s 4(6)) cos (¢, ¢1(0))
+ (U1 (0)u,3(0) — une2(0)ur,a(6)) cos (¢L( ) + ¢L(9))
+ (1,1 ()4 (0) + w2 (0)u3(0)) sin (¢1,(0) + ¢1.(0))

+ (U1 (0)14(0) — e,2(0)upe3(0)) sin (¢1,(6) — oL (0))

1

By Riemann-Lesbegue lemma and taking accounting of ¢, () + ¢() < L6
and 2¢;(0),2¢.(0) < L6, we have I, — 0 as L — +oo. This with (3.4.8), (3.4.7)
and (3.4.5) together gives

oty (L Xt Oy, ) = € L7042,

where the constant ¢ depends only on a, b, «, 8, g and k, thus completing the proof.
m
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Remark. From the proof, we see that g"*V(1+) # 0 is an indispensable condition
for the lower bound in Theorem 3.4.1. We also require gl 9 € C*3([1,2]) in the
theorem to achieve the lower bound. This condition may be weakened to g|p g €
C*2([1,2]) as we will see in Theorem 3.4.2 below.

Theorem 3.4.2. Let o, 5 > —1 and let g be a filter satisfying the following proper-
ties: g(t) = c fort € [0,1] with ¢ > 0, supp g C [0,2] and for some k € Z,

(i) g€ CH(RJr);

(1) glp € C*F2([1,2]);

(iti) k> o — 3.

Then for —1 <a <1,
a, -
[ NAIO] AP (3.4.9)
where the constants in the equalities depend only on a,«, B, g and k.

Remark. The condition (ii) can be substituted by an alternative one: (ii') gla 2 €
C"2(1,2) and ¢tV 2) and g9 are bounded on (1,2).

Proof. We only prove the upper bound for a = —1. We split the integral into three

parts, as follows.

(aﬁ)
oz (L)l

cL—1 r—cL™1
— (/ / / ) ‘UL (1 cos ) |wa5 cosf) sin 6 df
T—cL—1

=L+ L+

For the first term I, (3.3.2) in Theorem 3.3.1 gives
cL™1! cL~1! o1
I, = / {U(Laf)(l, cos )| wa,s(cos ) sin 06 < cL20‘+2/ (sin %) g < CaB,g.-
0 0
We use (3.3.1) in Theorem 3.3.1 to prove the upper bound of I5.

m—cL™1
L= / |,UE/O;B) (17 COS 9) ‘waﬁ(COS 9) sin 6 df
cL—1

z r—cL™1
c </2 +/ )0‘0‘_(““)_%(008 ) 73 [-lemath)
cL—1 Z

(1+ (sin@)"'L™") wq,g(cos @) sin 6 db,

where the first integral is bounded by

o [~(r—at}) ( / T ogen3ag 4L / Cogond d9> < Cagm
cL—1 L1
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and the second integral is bounded by

r—clL 1 1 m—cL™! 1
¢ [~(rmot3) (/ (cos g)ﬁ+§ do+ L7t / (cos g>5,§ d9>

s

2

< ¢ Ltmots), (3.4.10)

Then I, < ¢ L_(”_‘”%), where the constant ¢ depends only on «, 3, g and k.

By (3.4.4), Iy < ¢ L~(""**3) This with estimates of [; and I, and & > a — 1

gives the upper bound in (3.4.9).
The lower bound of (3.4.9) when a = —1 follows from the orthogonality of
Jacobi polynomials: By the definition of (2.5.7) and (2.5.2),

1
oy ) 2 \/ ofly (1L twa p(t) dt| = 1. (3.4.11)

This implies the lower bound of (3.4.9) when —1 < a < 1, as follows. Let

¢9 := arccos(a).

(B (1, . : 1D (1 cos 0) sin 6 do
HUL,g (1, )X[“’”()Hml(wa,ﬁ) ; {thq (1, cos 0)|wq,5(cos 0) sin

™ m—cL ™1 T
) </ : </ <) )) 075”1, 05 ) [, 5(cos 0) sin € d6
0 2 T—cL—1

= [3+[4+[5.

By (3.4.11), I3 > 1. Similar to the derivation of the upper bound of the second
integral of Iy, see (3.4.10), Iy < ¢ L=(+=2+3) and by (3.3.2), I5 < ¢ L~ (rmotg)=(6+3)
where the constants ¢ depend only on a, b, a, 8, g and k. Both of I, and I5 tend to
zero as L — +o00. Thus,

vai;ﬂ)(la ')X[a,l](')H]Ll(wa,ﬁ) > 1/2, L — +oo.

3.4.2 L,-norms of filtered operators

In this section, we give a sufficient condition that guarantees the boundedness of
the filtered operator VL(?;’B )in (2.5.6), using the estimates of Theorem 3.4.2 in Sec-
tion 3.4.1.

Let o, 5 > —1 and 1 < p < co. We denote by L,(w, 3) = L,([—1, 1], wa ) the

L, space with respect to positive measure w, g(t) dt. It forms a Banach space with

1 1/p
the Ly-norm || f[L, (w, 4) = (f_l | f(t)|Pwa,p(t) dt)



50 3.4  Norms of filtered kernels and operators

The following theorem shows that VL(?;’ﬂ )is a strong (p, p)-type operator when
the filter ¢ is sufficiently smooth.

Theorem 3.4.3. Let a > > —1/2 and 1 < p < oo, and let g be a filter satisfying
the following properties: g(t) = ¢ for t € [0,1] with ¢ > 0, supp g C [0,2] and for
some Kk € Ly,

(i) g€ C"(Ry);

(i) glnz € C™3([1,2]);

(i) k> o — 3.

Then for f € L,(waz),

a,B8
IVES” (Dl < NF ) (3.4.12)
where the constant ¢ depends only on «, B, filter g and k.

Remark. The condition (ii) can be substituted by an alternative one: (ii') gla o) €
C™*2(1,2) and gtV 2 and g9 are bounded on (1,2).

To prove the boundedness of VL(?;’B ), we need the representation for its filtered
kernel using the translation operator. Gasper [29, 28| shows that for « > § > —1
and a + [ > —1, there exists a unique Borel measure uii’ﬁ )(z) on [—1,1] such that

for ¢ > 0,
1
Pg(a’ﬁ) (t)PK(a’ﬂ)(S) _ / Pe(aﬂ)(l)Pe(mB) (Z) dﬂgiﬁ)('z)' (3413)

-1

Let 1 < p < oo. Gasper [28] defined the translation operator by

1
Iymﬁw:[ﬂvmwﬁwxfemew

It satisfies the following properties, see [28, 21]:

o Commutativity.

(T (f),9), , = (£, TCD(g))..,. (3.4.14)
e Strong (p,p)-type. For —1 < s <1 and f € L,(waz3),

TPy < s 1Ly a0)-

The convolution is defined by, see [28],

(f % 9)(s) = ( *as 9)(5) = (TL"(),9),, 5+ [+9 € Lp(wayp)- (3.4.15)

It satisfies the Young’s inequality for a > g > —1/2:

1 % 9l (o 5) < NIy wa o 1911Ls (0o p)- (3.4.16)
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Lemma 3.4.4. Let « > > —1 and o+ 8 > —1 and let g be a filter. Then for
feLly(wap) and s € [-1,1],

Vi (fis) = (Fooi (1) (s): (3.4.17)
Proof. By (3.4.13) and (2.5.5),
1
viny (1, 8) = / ) (2 A ) = 1 (v ). (34a8)

Then the corresponding filtered operator has the following convolution representa-
tion. For f € L,(wa,p),

) /f Ot 5) wap(t) dt
/ FO T (o (1, )5 ) wapt) dt

- / TOD(f:8) o (1, 1) was(t)
= (£l ->) (5),

where the second equality uses (3.4.18), the third equality uses (3.4.14) and the last
equality uses (3.4.15). O

Theorem 3.4.5. Let a > > —1 and o+ 3 > —1, and let g be a filter. Then for
f € Lp(waw@));

(a,8) (aﬂ
HVL:Q ||]Lp(waﬁ) — ||fH]Lp(wa ﬁ)“v ")H]Ll(wa,ﬁ)' (3419)
Proof. Applying Young’s inequality (3.4.16) to (3.4.17) in Lemma 3.4.4 gives (3.4.19).
[

Proof of Theorem 3.4.53. For a > 3 > —1/2, the inequality (3.4.12) follows by The-
orems 3.4.5 and 3.4.2. O

3.5 Construction of filters

In this section, we construct filters with given smoothness using piecewise polyno-
mials.
Suppose we want to construct a filter ¢ satisfying g € C*(R,) for some x > 0

and xp,1] < 9 < Xjo,2- Let p(t) be a polynomial of t. We define g(t) as
1, 0<t<I,

g(t) =19 pt), 1<t<?2, (3.5.1)
0, t>2.
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To guarantee the smoothness of g, we only need to make sure that g is x times
continuously differentiable at the transition points t = 1 and t = 2. Taking account

of the smoothness constraint of p(¢) at ¢t = 1, we can write

2k+1
pt) =1+ Y ai(t—1), (3.5.2)
1=Kk+1
where the coefficients a;, ©+ = k + 1,...,2k + 1 are determined by the smoothness

constraint at t = 2, i.e. ¢?(2) =0 fori=0,1,...,x. This gives the linear system
of Q; .
Ma = b, (3.5.3)

where

K+
M = Mgiiyxesry = (mij),  mi; = (/i+]' —(i- 1))’

a= (a1, a0e1) , b=(=1,0,...,0)7.

The coefficient matrix M is

1 1 1
() () )
e
()Y ()

Let {q;(j) : 4,5 =1,2,...,5+ 1} be a set of (k + 1)? integers defined by

an(j) =1, j=1,...,k+1,

()=S0 _qaa(k), i=2...,5+1, j=1,... Kk+1

Solving the linear system (3.5.3) we obtain the coeflicients a; for (3.5.2) given re-
cursively by
{ g1 = (—1)" ey (5 + 1),
Uepi = (—D)qi(k +1), i=rr—1,... 1.

We list in Table 3.1 and show in Figure 3.1 the explicit formula and pictures
for piecewise polynomial filters go,11 € C*(R,) satisfying (3.5.1) with smoothness
k =1,...,6. The cubic filter g3 was constructed earlier in [24]. There exist other
constructions of filters, such as piecewise quadratic polynomial filter g, € C*(R,)
[67, Section 5.2, p. 550], sine filter g4, € C*(R;) [1, Eq. 2.21, p. 1519] and C-
exponential filter [20, p. 269]. The first two which will be used in numerical tests
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K ‘ degree ‘ glp.2(t)

1 3 1+ [=34+2(t— 1)t —1)°

2 5 1+ [-104+15(t — 1) — 6(t — 1)*] (t — 1)
3|7 1+ [-35+84(t— 1) — 70(t — 1)> +20(t — 1)*] (¢t — 1)*

1+ [—126 + 420(t — 1) — 540(¢ — 1)* 4 315(t — 1) —

41 9
70(t—1)*] (t —1)°
5|11 1+ [—462 + 1980(t — 1) — 3465(t — 1)> + 3080(t — 1)*—
1386(t — 1)* 4+ 252(t — 1)°] (¢ — 1)°
6l 13 |1t [—1716 + 9009(t — 1) — 20020(t — 1)* + 24024(¢ — 1)*—

16380(¢ — 1)* + 6006(¢ — 1)° — 924(¢t — 1)° + 3432(t — 1)7] (¢t — 1)"

Table 3.1: Piecewise polynomial filters gox+1, Kk =1,...,6

below are given by

1, 0<t<l,

1—2(t—1)2 1<t<3/2
gz(t) = 9

2(2 — )2, 3/2<t<2,

0, t>2

\

(1, 0<t<l,
gsin(t) :== 1 (sin (gt))2, 1<t<?2,

L0, t>2.

3.6 Numerical examples

This section gives the numerical results for the L;(w, g)-norm of the filtered kernel

v(LOjf)(l,t)X[_l,a](t) for three pairs of o, 3: a = 0;: =1, 06=0; a = 3,
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[ = 1. For each pair, the corresponding kernel U(La

3.6 Numerical examples

\ “ \ | \
\ A R

(a) Cubic filter, g3 (b) Quintic filter, g5 (c) Degree 7 filter, g7

\ \ | \

AN N N

(d) Degree 9 filter, go (e) Degree 11 filter, g11  (f) Degree 13 filter, g13

Figure 3.1: Filters gox+1, K = 1,...,6, using piecewise polynomials

B)
g

(1,%) is equivalent to a filtered

convolution kernel for a two-point homogeneous space, see [13] for details:

Example (i) a = 8 = %, corresponding to the unit sphere S¢ in R, d > 2;

Example (ii) a = 1,8 = 0, corresponding to the complex projective space
PY(C);
Example (iii) @ = 3,8 = 1, corresponding to the quaternion projective space
P3(H).

We choose the following filters for the above examples.

Example (i): Piecewise polynomial filters gs, g5, g with k = 1,2,3 and sine
filter gy, with Kk = 1;

Example (ii): Piecewise polynomial filters g¢o, g3, g5, g7 with k = 1,1,2,3
respectively, de la Vallée Poussin filter gy with x = 0 and sine filter g, with
k=1

Example (iii): Piecewise polynomial filters g5, g7, go, g11, ¢13 with x =
2,3,4,5,6.
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We use the trapezoidal rule with 10% nodes to approximate the L;(w,,g)-norm
of the filtered kernel:

||v%ff><1,~>><[-1,a]<->||ma,3>:/ vty (1 8) wap(s) ds. (36.1)

Figure 3.2 shows the L;(w, g)-norm of v(;‘f)(l, )X[-1,4 () With a =1 and a =
0.8 for examples (i)—(iii), where the degree of the filtered kernel is taken as high
as 100. We fit the second half of data for each filtered kernel to illustrate the
convergence order.

The first column of Figure 3.2 shows that the L;(w,g)-norm with a = 1 is
equivalent to a constant when x > o — 1/2 and diverges when x < a — 1/2. The
second column of Figure 3.2 shows that the L;(w, g)-norm with a = 0.8 increases
or decreases at order close to Kk — o + 1/2, which is consistent with Theorems 3.4.1
and 3.4.2. It thus illustrates that k > a — 1/2 may be an optimal condition for

Theorem 3.4.2.

3.7 Fourier-Jacobi kernels and operators

(azﬁ)(

Lemma 3.7.1 below shows how the filtered kernel v; "’ (t, s) behaves as L — oo for

a given pair of ¢, s € [—1,1].

Lemma 3.7.1. Let o, 3> —1/2 and L := L + WBE2 Using ma,p(0) and wa(z) as
defined in (3.2.2b) and (3.2.2c¢) respectively, the following estimates for U(La’ﬁ)(cos ¢, cosb)
hold:

(1) For ¢ =0,
—(a+f+1)
) 2

1 -

vy (1, cosB) F(a—l—l)x
L2et? F(a1+2) (1+0 (L_l)) ) 6 =0,
L2 mgq 5(6) <coswa+1(29) + (sinf)tO (L’1)> , cL'< <7 —cL7
Lo (S (14 0 (L7Y)), 0.

(3.7.1)
(ii) For cL™' < 0 # ¢ <7 —cL™!, letting £ := ar + /2,

01 (cos ¢, cos 6)

o,5(0)ma, -
= 2a$+1ﬁ(<co)srg fiqf))s ) (Sln 22 sin(L(0 — ¢)) + sin 52 sm( 0+¢)—¢)

+ ((sin6) ™ + (sing) ™) O g (L—1)>. (3.7.2)
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3.7

Fourier-Jacobi kernels and operators
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Example (i) witha =0, a=1 Example (i) with « =0, a = 0.8
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Example (iii) with a =3, a=1

Example (iii) with a =3, a = 0.8

Figure 3.2: LL;(w, g)-norms of filtered kernels in (3.6.1) for Examples (i), (ii), (iii)
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(iii) For cL™' <0 =¢ <7 —cL™!,

vgx’ﬂ)(cos 0,cosf) =L ma+1,ﬁ;;+(g)+7zla,ﬁ(9) (sind + (sin@) 'O (L7)).

(v) For 0 = ¢ =,

9—(atpB+1) .
rGenrey L TOE)):

vt D(=1,-1) = 12+

Here the constants in the big O’s depend only on «, (.
Proof. For 0,¢ € [0, 7], let s := cos@ and t := cos ¢.
(i) By (3.2.19),
L -1
= > (M) PP )P )
=0

1 DNL+a+8+2) (a+1,8)
S 20t o+ DL+ B+1) &

(s). (3.7.3)

For s = —1,i.e. # = 7, by Lemma 3.2.8 and [70, Eq. 4.1.1, p. 58], Péaﬂ’ﬂ)(—l) =
(—1)EPPD (1) = (=1)% (“+7). This with (1.2.1) and (3.7.3) gives

9—(a+B+1)

(a,8) _
v =) = S G E D

(_1)LLa+ﬁ+1 (1 + O (Lfl)) )

For cL™ < 0 < m—cL™" (s = cosf), applying Lemma 3.2.1 (adopting its
notation) to Péaﬂ’ﬂ)(s) in (3.7.3) gives, letting L := L + atftz

2—(a+5+1)
—
Ia+1)

1

v(LO‘”B)(l, cosf) = +5ma+1,,8(9)(008 wa+1(ze> + (sing) 'O (L_l))7

where the constant in the big O term depends only on o and £.

(i) From [70, Eq. 4.5.2, p. 71],

=8 D(L+2)T(L+a+B+2)
2L+ a+ 42T (L+a+ )L+ 5+1)
L PP 0P () = PP 0P )
t—s
2@ T(L4+T(L+a+B8+42) L
S 2L+a+B4+2T(L+a+ )I(L+B+1)t—s

vt 5) =

(3.7.4)

Applying Lemma 3.2.1 to the Jacobi polynomials of I in (3.7.4) gives, letting

L= [+ %2t (3.7.5)
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LI+ 1) mas(0)mas(9)

= (L
X (cos wa L +1) qb) cos wa(lAﬁ) — Cos wa(EQS) coS wa((z + 1)9)
((sing)™" + (sing)~")O ([71))

~ ~1/2

= (L(L + 1))

_|_

M (8)00) (s + ((sn.9) ™+ (sin0) ™) O (L)), (3.7.6)

where we used (sinf) 'L~ < ¢, p.

We use trigonometric identities to rewrite ;1 in (3.7.6) as

I, = %[Cos(wa(zqﬁ +¢) — wa(ZH)) + cos(wa(ng +¢) + wa(ZQ))}
— %[Cos(wa@@ — wa (LA + 0)) + Cos(wa([j(b) + wa (L6 + 0))].

Rearranging this equation and using trigonometric identities again gives

I = %[cos(wa@(é +¢) — wa(fﬁ)) — cos(wa(Lgf)) — wo(LO + ) )]
+ 1fcos (wa(Zgb +¢) + wa(LQ)) — cos (wa(Lgb) + wa (L6 + 0))].
= sin M sm((f +3)(0—9) + sin 2 sm((L + )0+ ¢) =),

where £ := am + 7/2 and we used (3.2.2). This with (3.7.6) and (3.7.4) together
gives (3.7.2), on noting L = L + 1/2.

(iii) For cL™' <@ # ¢ <7 —cL™! (t = cosp, s = cosf), we rewrite (3.7.4) as

2-(@+h)  T(L+2)T(L+a+B+2)
2L+a+p+2T(L+a+DI(L+F+1)

P(a B)(t) _ P(a B)(s) . N P(O«ﬁ)@) _ p(aﬁ)(S)
x ( P () = P ()t -

( )(t s) =

Taking its limit as ¢ — s and using [70, Eq. 4.21.7, p. 63| give

2=(+h)  T(L+2)T(L+a+ +2)
2L+ a+p+2T(L+a+1)I(L+B8+1)

X 3L+ a+B+2) P () P s) = UL+ a+ 8+ )P () P ()
(3.7.7)

v (s, ) =

We denote the terms in the square brackets in (3.7.7) by l. Applying Lemma 3.2.1
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to I gives, cf. (3.7.6),

L=3(1+ 0 (L) (L + 1)) mas1p41(0)ma s(0)

<( inwa (LA + ) + (sinh) 'O (L71)) (cos wa(LO) + (sinf) 'O (L)
— (coswa(LO+0) + (sin) O (L)) (sinwa(LO) + (sin) 0 (L)) )

= 3 Ma+1,6+1(0)Mas(0)
X <sin Wa (L6 + 0) cos wa (L) — coswa (L + 6) sinwy (L) + (sin6) 'O (L_l))
= 1 May1,811(0)map(0) (sind + (sinf) 'O (L71)),

where L is given by (3.7.5) and we used (3.2.2¢). This with (3.7.7) and (1.2.1) gives
a L : N _
U(L ”8)(Cos 0,cosf) = Wmaﬂﬁﬂ(@)maﬁw) (sind + (sin@) 'O (L71)).

(iv) Using (3.2.27a) and (3.7.1) when 6 = 0 gives

(0.5) (5.00 27D s -
o (=1, -1) = v (1,1) = (6+DN5+%L (1+0(L™),
thus completing the proof. O

The following lemma shows the unboundedness of the Fourier convolution Véa”g )

for the space of continuous functions on [—1,1].
Lemma 3.7.2. Given o > —1/2 and § > —1, Véa”g) is unbounded on C[—1,1].

Proof. By (3.7.3),

1
Hvéa,ﬁ)HC[*l,l]ﬁC[*l,l] S / |U(Laﬁ)(tv $)|wa,s(s) ds

—1<t<1

/|v (1, 8)|wa,s(s) ds

IN(L+a+p+2) (a+1,8)
P ’ o d
/;%W“Na+UHL+ﬁ+D‘L (8)hwa,s(s) ds

1
> cop LT [ PP (9))(1 = 5)* ds
-1
> Cap L7 — +o0,

where the penultimate inequality uses [70, Eq. 7.34.1, p. 172-173]. ]






Chapter 4

Riemann localisation on the

sphere

4.1 Introduction

This chapter studies Riemann localisation for Fourier-Laplace partial sums and
filtered approximations on S?. We define the Fourier local convolution on S and
obtain tight upper and lower bounds for the L,-norm of the Fourier local convolu-
tion for functions in Sobolev spaces. This shows that Riemann localisation holds
for the Fourier-Laplace partial sum for sufficiently smooth functions on S?, but does
not hold for spheres S? with d > 2. We then define the local convolution for a
filtered approximation on S? and obtain an upper bound for the L,-norm of the
filtered local convolution for functions in Sobolev spaces. This implies that the
filtered approximation with a sufficiently smooth filter removes the restriction on
dimensions.

In more detail, for the circle S!, the partial sum of the Fourier series (or the

Fourier partial sum) of order L > 1 for f € L;(S') may be written as

Vi(f:0) = Vi(f:0) = — / 00— ) f(0) dp = = / " 0(6)(0— 6) do,

2m 2 J_ .
where
_sin((L +1/2)9)
o sin(¢/2)
is the Dirichlet kernel of order L, and 6 € (—, 7.
For 0 < 0 < m, let U(#;6) := {¢ € (—m,7|] : cos(¢p —0) > cosd} be a
neighbourhood of 6 with angular radius ¢ > 0. Let

v} () = v’ (6) = v2(0) (1 — xv(06)(9)) .
61
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where x4 is the indicator function for the set A. The Lth local convolution of
f € ]L’l (Sl) is

V0= VG =g | o 0)f(0)do
— 5 [ e —o)a (111

Thus the Lth local convolution of f at # is precisely the partial sum at 6 of the
Fourier series of the modified function obtained by replacing the value of f by zero
in the open set U(#; ). The Riemann localisation principle on the circle can then be
restated as an assertion that the local convolution of an integrable function decays

to zero as L — oo,

Llim V2(f;0)=0 V0¢€ (—m nl. (4.1.2)
—o0

The convergence to zero of (4.1.2) is a simple consequence of the Riemann-

Lebesgue lemma. This can be seen by writing

VEUF0) = o= [ (Asale) cos(Lo) + Baalo)sin(Le) do. (4.1.3)

2 J .

where

As50(9) == f(0 — O)X[—rm\U0:5)(D),
Bsg(9) = f(0 — @) cot(¢/2)X[—r.m\U(0:6) (®)-

Both terms in (4.1.3) approach zero as L — oo since Agg, Bsg are in Ly (S!).
A more precise estimate than (4.1.2) was proved by Telyakovskii [74, Theorem 1,
p. 184], as follows.

Lemma 4.1.1. For f € Ly(S"), let ag := = ["_f(¢) dp. Then, for 0 <6 <,

Wﬂﬁ0ﬂ§§<%$+uqﬁL4hdw>, for all 6 € (=, 7], (4.1.4)

where ¢ is an absolute constant and

oty = s [ 15G+0) - ()] dz

|p|<n J —m

15 the 1Ly modulus of continuity of f.
For f € L,(S') with 1 < p < oo, this gives
ViAo < & (Mt 5 10) (4.1.5)
L Lp(SY) = § L ’ Li(sh) ) - o

Since the modulus of continuity w(f, L_l)]Ll(Sl) converges to zero as L — oo, the

right-hand side of (4.1.5) converges to zero. As limy o [V (f)|l, @) = 0 holds for
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each f € L,(S'), we say that the Fourier convolution (Fourier partial sum) V; has
the Riemann localisation property for L,(S").
Lemma 4.1.1 was stated earlier by Hille and Klein [34], but with a proof that

was unfortunately incorrect.

4.1.1 Fourier case

By analogy to the case of the circle, we define the Fourier local convolution of order
L for f € Ly(S%) by

Vi (f5%) 22/ vi(x-y)f(y)doa(y), xS (4.1.6)
59\C (3.5)

In particular, when § = 0, VLd “ reduces to the Fourier convolution Vi, discussed in
Section 2.6.

For 1 < p < oo, we say the Fourier convolution V¢ has the Riemann localisation
property for a subset X of L, if there exists a dy > 0 such that for each 0 < d < dy

the LL,-norm of its local convolution VLd ’5( f) decays to zero for all f € X, ie. if

lim [V (f)|l, @0 =0, fe€X.

L—oo

The approximation behaviour of the Fourier local convolution is characterised by
the following theorems, which are proved as Theorem 4.3.3, Corollary 4.3.4 and
Theorem 4.3.6 respectively.

Theorem (L, upper bound for S%). Let d be an integer and p,d be real numbers
satisfyingd > 2, 1 <p < oo and 0 < § < w. For* f € L,(S%) and positive integer

L, there exists a constant ¢ depending only on d, p and § such that

d—1

Vi ()l ey < € L% (L7 s + @ L8y o) (4.1.7)
where w (f, )y, sa) is the L,(S%)-modulus of continuity of f, see (4.3.3) below.
We have the following upper bound for a sufficiently smooth function f.

Corollary (Upper bound for sufficiently smooth f). Let d > 2, 1 < p < o0,
0<d<mands>2. Then, for f € W5(S?) and L > 1,

HVLdﬁ(f)HLP(Sd) < CL%HfHW;(gd)y (4.1.8)

where the constant ¢ depends only on d,p, s and §.

*For p = 00, f € Loo(S%) N C(S?).
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For d = 2, the upper bound (4.1.8) implies that the Fourier convolution V? has
the Riemann localisation property for W#(S?) with s > 2. However, (4.1.8) gives
no such assurance for W;(Sd) for d > 3. The following lower bound tells us that in
general the Riemann localisation property does not hold for the Fourier convolution
when d > 3. Let 1 be the constant function on S¢ satisfying 1(x) = 1, x € S°.

Theorem (A lower bound for S%). Letd > 2,1 <p < oo and 0 < § < n/2. Then

there exists a subsequence VLdf such that for ¢ > 1,

a—3

5
HVLd[ (1)HLP(Sd) >cL,? (4.1.9)

where the constant ¢ depends only on d and §.

Since the constant function 1 is in any W;(Sd), d>21<p<ooands >0,
the lower bound in (4.1.9) shows that the Fourier convolution does not have the
Riemann localisation property for W;(Sd) when d > 3. Moreover, this lower bound
implies that the upper bound of (4.1.8) cannot be improved for W5(S?) with s > 2.

We also give the following upper bound on the Sobolev norm of the Fourier

local convolution, see Theorem 4.3.5.

Theorem (Upper bounds for Sobolev norm). Letd > 2,1 <p < oo and0 < < 7.
Then, for f € W5(S%),

d—1

Hvlflﬁ(f)”wz(gd) < cL = <L_1||f||W;(Sd) + w(fa L_%)W;(Sd)> )

and for f € Wit?(S7),

d,5 a-3 *
IV ()l ony < € L7 (o + 18" Flhwgion)
where the constants ¢ depend only on d, p, s and 9.

The upper bound (4.1.8) with d = 2 and p = oo shows that for f € W?_(S%) with
s > 2, the Fourier partial sum VZ(f) converges pointwise to zero almost everywhere
in any open subset on which f vanishes. Many authors have studied the localisation
principle in a pointwise sense. For Euclidean spaces and other manifolds, including
spheres, hyperbolic spaces and flat tori, see [9, 14, 15, 16, 59, 60, 61, 72, 71, 73].
In this thesis, we provide precise estimates for the Fourier local convolution on S%.
This implies that the localisation principle for Fourier partial sums holds for S? but
not for higher dimensional spheres, as pointed out by Brandolini and Colzani, see
[9, p. 441-442).

Localisation properties are critical in multiresolution analysis on the sphere.

Many authors have investigated localisation from a variety of aspects, see e.g. [2,
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5, 23, 25, 52, 65]. The Riemann localisation property of the Fourier-Laplace partial
sum for W;(S2) implies that the multiscale approximation converges to the solution
of the local downward continuation problem, see [23, 30]. The estimation of the
Fourier local convolution also plays a role in the “missing observation” problem, see
[44, Section 10.5] and [6].

An easier question, which we discuss in Section 4.6, is estimating the operator
norm of the Fourier local convolution. Let w, o(t) := (1 —*)® with o := (d — 2)/2.
We denote by L;(w,o) the L; space of all integrable functions with respect to the
measure w, o(t)dt on [—1,1]. As an operator on L, (S?), the Fourier local convolution
has its operator norm upper bounded by the LL;(w, o)-norm of its Dirichlet kernel,
and so does not rely on any cancellation effect. Given d > 2 and 1 < p < oo, we

show in Lemma 4.6.1 that the operator norm of Vf’a on L,(S?) is

HVLCL(SHLP%LP S Cd H’U% X[—1,cos 9] ”]Ll(wa,a), (4110)

where || - ||, (wa.) 15 the norm of Lj(wq,a). The Li(wq,q)-norm of the kernel has the

Wa,

following exact order, see Lemma 4.6.2,
108 X ey < L7, —1<a<b<1. (4.1.11)
This contrasts with the result on the circle, for which, see e.g. [82, Eq. 12.3, p. 67],

log(L), 0=60<§¢ <m,

v ' =
lor Xpo.01lLas1) { 1, 0<0<0<n.

Note that the operator norm result in (4.1.10) and (4.1.11) gives merely

IV D, oy < ca L7 11 £y,

which is larger than the right hand side of (4.1.8) by a factor of L. This difference
comes from the fact that the operator norm does not benefit from a cancellation
effect. This effect, established in Lemma 4.2.5, is one of the vital factors in the
proof of the Riemann localisation property. It is interesting to note that the result
for the operator norm is not strong enough for application to the local downward
continuation problem [30] with d = 2.

The proof of the Riemann localisation property for the Fourier convolution in
Section 4.3 relies on two key elements. One is an asymptotic estimate of the Dirichlet
kernel v¢(t) in Section 4.2.2. The other is the effect of cancellation in the Fourier

local convolution, discussed in Section 4.2.3.
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4.1.2 Filtered case

Let g be a filter function satisfying that g(¢) is a constant for ¢ € [0, 1] and suppg C
[0,2] and let V7 , be the filtered approximation defined by Definition 2.6.3. The

filtered local convolution Vl‘i ’3 for the filtered approximation V}  is given by

Vi) = [ e i) dady), x e

Theorem (L, upper bound for S). Let d > 2,1 <p<oo and 0 < <7, and let
g be a filter satisfying the following properties for some k € Z. .

(i) g € C"(Ry);

(i) gl 2 € C*F3([1,2]).

Then, for f € L,(S?) and positive integer L,

d,6 C(k—dy3 _ _1
HVL,g<f)H1Lp(Sd) <cLtmEt) (L Il + w(f, L Q)Lp(gd)> )
where the constant ¢ depends only on d, p, d and g.

We have a better upper bound for smoother functions.

Corollary (Upper bound for sufficiently smooth f). Let d > 2, 1 < p < oo and
0 <d <, and let g be a filter satisfying the following properties for some k € Z..
(1) g € C*(R4);

(ii) g2 € C*3([1,2]).

Then, for f € W5(S?) with s > 2,

d,é (k4B
IVES (Dl o0 < € L7722 fllwggo.
where the constant ¢ depends only on d, p, s, 6 and g.

We see from this corollary that for an arbitrary dimensional sphere, the filtered
local convolution would converge to zero if its filter function is sufficiently smooth.
This improves the upper bound of the Fourier local convolution and thus improves
the Riemann localisation of the Fourier convolution (the Fourier-Laplace partial
sum).

This chapter is organised as follows. Section 4.2 contains the estimates of the
generalised Dirichlet kernels for Jacobi weights, and the cancellation lemma. In
Section 4.3 we use the results of Section 4.2 to prove the upper and lower bounds
for the Fourier local convolution for functions in L, spaces and Sobolev spaces on
S?. In Section 4.4 we prove an upper bound of the filtered local convolution for
functions in L, spaces and Sobolev spaces on S?. Section 4.5 gives the proofs of
the results in Section 4.2. An estimate of the operator norm of the Fourier local

convolution is given in Section 4.6.
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4.2 Dirichlet kernels for Jacobi weights

The characterisation of the Riemann localisation property on the sphere relies on
two key elements. One is the asymptotic estimates of the Dirichlet kernel v¢(¢) and
of the filtered kernel vy (). The other is the effect of cancellation on the local

convolution, discussed in Section 4.2.3.

4.2.1 Asymptotic expansions for Jacobi polynomials

We shall need the estimates of the (generalised) Dirichlet kernel expanded in terms
of Jacobi polynomials.
Our estimate is based on the following asymptotic expansion for Jacobi poly-

nomials.

Lemma 4.2.1. Let o, > —1/2, a =8> -4 and c 7' <0 <7 — € withe > 0
and some constant ¢ > 0 and let ¢, Ma3(0) and w,(z) be given by (3.2.2). Then for
0>,

P (cos0) = 177 my 5(0) (4.2.1)
% [coswa(18) + 17 FOU0,0) + O (1767 ) + Oy (6‘20‘2)] ,

where
FU(.0) := F2(0) cos was (1) — 0‘7 cos wa (70), (4.2.2)
2 _ 2 4 2 1
F(Z)(é’) = p-a tang @ cot 0, (4.2.2b)
@B 4 2
wo) =24 ot d), wla)=] OTE OTE g
ulo) = — (6% 5 Vo) = .4.4C
2 b _'_ %’ & 2 %’

where (x) := x — | x| denotes the fractional part of a real number x.

Remark. For o > 1/2, the condition ‘o — 3 > —4” may be weakened to ‘o — >
—4 —2 L% - aJ 7 see the proof of Lemma 4.2.1. Also, we observe that u(a) < —1
and V(o) > 1.

Lemma 4.2.1 is a corollary of Frenzen and Wong’s expansion of the Jacobi
polynomial in terms of the Bessel functions, see [27, Main Theorem, p. 980]. The
jump of V(«) at @ = 1/2 in (4.2.2¢) is due to the jump of the power of € in the

remainder of the expansion. See the proof of Lemma 4.2.1 in Section 4.5.1 for details.
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4.2.2 Asymptotic expansions for Dirichlet kernels

With the help of Lemma 4.2.1, we may prove Lemmas 4.2.2 and 4.2.3 below, which
show how the generalised Dirichlet kernel "U(La’ﬂ )( 1, s) behaves as L — +00. We prove
both one-term and two-term asymptotic expansions of the generalised Dirichlet
kernel U(La’ﬁ )(1, s). The one-term expansions are utilised to prove the upper bounds
on the Fourier local convolution, while the two-term expansion plays an important
role in the estimate of the lower bound. Adopting the notation of (3.2.2) and (4.2.2),

we have

Lemma 4.2.2. Let « > —1/2, 5> —1/2 and 0 < § < 7. For L € Z,, we denote
by
L:=L+(a+8+2)/2. (4.2.3)
Then there exists a constant ¢V depending only on «, B such that:
i) For (VL™ <0 < 1/2,
(a,8) 2-(e+5+D) Toti T -1 -1
vy (1, cos0) = Tlatl) L2 mg4q 5(0) (coswaH(L 0) + (sinf) ' Oap (L )> .
(4.2.4a)
i) For /2 < <7 —c VLY letting 0 :==m — 0,

9—(at+p+1) Ta+l L / = Y] .
mL 2(=1)"mgas1(0) (Coswg(L 0') 4+ (sin€) 'O (L )) ,

(4.2.4b)
where the constants in the error terms of (4.2.4a) and (4.2.4b) depend only on «, (.

v (1, cos ) =

Lemma 4.2.3. i) Let a, f > —1/2 satisfying o — > =5, and 0 < e < 7/2. Then,
for AL <h<7—k¢

1

9—(a+B+1) _
otz Ma+1,8 (‘9)

R
['a+1)
% |08 war1 (L 0) + LTEC)(L,0) + O (LTOTVGHHD) 1 O, 5 (L-29-2)] ,

0P (1, cos ) =

where

FC(YS};(E,Q) = F? (6) cos wa2(L0),

a+1,8
where Fﬁzw(ﬁ) is given by (4.2.2b).
ii) Let o, 3 > —1/2 satisfying B —a > —3 and let ¢ < 6 < 7 — cWL™Y with
0<e<m/2, and 0 :=m —0. Then

(1)t - /
e T L% mg i (6) (4.2.5)

x [cosws(L ) + L FHE0) + Ocs (LTD07D) + O (L2072

v®P(1, cos ) =
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where

FUM(L,0) = F2.,(0) coswy i (LY). (4.2.6)

The proofs of Lemmas 4.2.2 and 4.2.3 are given in Section 4.5.2.
Note that Lemmas 4.2.2 and 4.2.3 do not describe the approximation behaviour
of U(La”B ) (1, cos f) near the two ends of the interval [0, 7]. This is given by the following

lemma. The proof is again given in Section 4.5.2.

Lemma 4.2.4. For o, 3 > —1/2, adopting the notation of Lemma 4.2.2,
i) for 0 <0 <ML,

V(1 cos ) = O 5(L2*F?), (4.2.7a)
i) form —cWL™1 <0 <,
i (1, cos ) = O 5(LOTFH). (4.2.7b)

Using Lemma 2.6.1, we can obtain the estimates for v¢(t) corresponding to
Lemmas 4.2.2-4.2.4.

4.2.3 Cancellation effect

Guided by the proof of the lemma in [34], we will obtain the following key lemma
which leads to the cancellation effect of the local convolution. For a sequence {ay :
0=0,1,...}, let Xg ay := ag—ayps1 be the forward difference of a,. We will frequently
use the method of summation by parts: for sequences ay, by, £ > 0, let By := ZE b

j=0"7>
then,

L L—-1
%
Zagbg = Z(Agag)Bg + arBy,.
£=0 =0

We state the cancellation lemma as follows. A proof is given in Section 4.5.3.

Lemma 4.2.5. Let f € C[0, 7] and m be a continuously differentiable function on
(0, 7] and AL(0) := A(0; L, c1,co,c3) := (1 L + ¢2)0 + ¢35, ¢1 > 0. Assume that there
exists a sequence of subintervals [ar,,b] C [0, 7], with ar, € (0,b) and suprez, ar, < b,

such that for some v € R,
m(f) >0 and ‘%m(@)‘ < c¢max{07,1} forall 0 € [ar,b]

with ¢ and v independent of L. Then there ezists a partition of |ar,b]: ar < ¢f <
%
P <--- < @), <bwhere Ly < L and A;¢; < L', i=0,1,..., Ly such that

b
/ F(0)m(0) sin(AL(0)) de‘ (4.2.8)

ST RGN+ 1G]+ () + 1F(@n)l]
k=1

<JdL!
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where ¢ is a constant independent of L.

4.3 Fourier local convolutions on the sphere

We focus in this section on the proofs of the main theorems for the Fourier case.
The upper bound (4.1.7) and the lower bound (4.1.9) are proved in Theorem 4.3.3
and in Theorem 4.3.6 respectively. The upper bound of the theorem comes from the
combined effects of the cancellation in the Fourier local convolution (Lemma 4.2.5)
and the asymptotic behaviour of the generalised Dirichlet kernel (the one-term ex-
pansions, see Lemma 4.2.2).

We shall make repeated use of T, (f;x), the translation operator for f € 1L;(S%),

given by, see e.g. [78, Section 2.4, p. 57|,
1

Ty(fix) = T30 = s | @) didy) 0<0<m
. (4.3.1)

where the oy is the measure on {y : x -y = cosf#}. And we denote by Tj,(f;x) :=

To(d)( f;x) := f(x). Thus the translation of x is just the average of f over lines
of constant latitude with respect to x as a pole. Note that for any zonal kernel

vel, <[—1, 1], wa—2 B) we can write
2 7 2

/sd v(x-y)f(y) dog(y) = |S|S—d|1| OW v(cos @) Tp(f;x) (sin§)?~* do. (4.3.2)

4.3.1 Preliminaries

Let B be a Banach space embedded in LL;(S?). The modulus of continuity of f € B
is defined by

5 O<u<m. (4.3.3)

o (fiy = sw [If = Tyl1)

Since Hf — TG(f)HL 1) 0as 6 — 0" for 1 < p < oo, see e.g. [8, p. 227,
Lemma 4.2.2],
w(fiu)y, gy =0, u— 0" (4.3.4)

Let A* denote the Laplace-Beltrami operator on S¢. The K-functional of order
2 on S? is defined by

K (f, )y o0 = it {|f = @l o0 + 1Al en 0 € WASH}.  (4.3.5)

The K-functional and the modulus of continuity for L,(S?) are equivalent, see
e.g. [78, Theorem 5.1.2, p. 194], [7, Eq. 5.2, p. 95]:

K (f, 92)M(Sd) <w(f,0)p, ., 0<O<m, (4.3.6)
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for f € L,(S?%), 1 < p < oo, where the constants in the inequalities depend only on
d and p.
Another key factor in the proof is an estimate for the translation operator. The

(d)

translation 7," is a strong (p, p)-type operator with operator norm 1, see e.g. [78,

Theorem 2.4.1, p. 57|, [8, Eq. 2.4.11, p. 237|, i.e. for 1 < p < oo,

|7, =1, 0<f<m. (4.3.7)

HL,,—>LP
We need the following upper bound for the difference between two translation op-

erators.

Lemma 4.3.1. Let d > 2 and 1 < p < oo. For any f € L,(S?), there exists a
constant ¢ such that for 0,¢ >0 and 0 + ¢ < 7/2,

d d
17520 = T2 (D) ooy < e (£ V0RITD),
where the constant ¢ depends only on d and p.

Remark. This upper bound is a generalisation of Theorem 5.1 of [7], where the

result is proved for the case when 6 = 0.
Proof of Lemma 4.3.1. From (4.3.6), we only need to prove

1Th46(f) = Ty(f)llL,st) < cap K (f, (20 + ¢))p, (s0)
For a spherical cap C (x,u) C S¢, let B, be the spherical cap average

(fx):—|cxu|/xu y) dog(y),

where |C (x, u) | is the measure of the cap C (x, u).
By the relation between the spherical cap average and the translation operator
on the sphere, see [8, Eq. 4.2.14, p. 238],

. |C X, u * . 2(qd
g R CAISER R A
we have for each x € S? and ¢ € WQ(Sd)
b+o ]C X, U) .
Ty, (05 x) — Ty(p; %) \Sd 7/ (muw d 1 B, (A*p;x) du.

From (2.1.2) and || By||z,—z, = 1, see e.g. [78, Theorem 2.4.2, p. 59], [8, Eq. 4.2.4,
p. 236], for 1 < p < oo we have

0+¢
||T9+¢>( ) Te( )HJLp(Sd |Sd 1|/ Smud 1HB A* H]Lp(Sd) du

0+¢
<ol [ udu

< ¢y (204 0)o | A |, gy (4.3.8)
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By (4.3.7) we obtain for f € L,(S%) and any ¢ € W2(S?),

”T0+¢(f) - Te(f)HJLp(Sd) = ’|T9+¢(f — ) =Tp(f — ) + T9+¢(80) - To(SO)Hle(Sd)

<2 f — ol @ + ¢ (20 + )¢ || A%

e

which with an optimal choice of ¢ gives, with new constants ¢4 and ¢4,

1To+6(f) = To(N)llL,sey < ca K(f, 020 + )y, (s0)

< CapWw <f’ m)mp(sd)'

This completes the proof. n

From Lemma 4.3.1, we may prove that T,(f;x) is a continuous function of ¢
given f € C'(S?) and x € S%

Lemma 4.3.2. Let f € C(S%) and x € S? with d > 2. Then T,(f;x) is a continuous

function of 8 on [0, .
Proof. Given 6 € [0, 7], let ¢ € [0, 7] satisfying 6 + ¢ € [0, 71]. Lemma 4.3.1 gives for
feas?)

HTO-i-zb(f) - TG(f)Hc(gd) S cw (f: V ¢(29 + ¢>)C(

By (4.3.4), the right-hand side of the above inequality converges to zero as ¢ — 07.
Thus, when ¢ — 07"

sd)

|T6+¢(f§ X) — Te(fﬂ()‘ < HT9+¢(f) - Ta(f)Hc(Sd) — 0.

Hence T,(f;x) is continuous at 6. O

4.3.2 Upper bounds

Theorem 4.3.3. Let d be an integer and p,d be real numbers satisfying d > 2,
1<p<ooand0<§<m. Forfel,(S?,

5 a1 [ _ _1
Hvii <f)H]Lp(Sd) S cL™> (L 1||f||]]-4p(Sd) + w(f’L Z)LP(Sd)) ) (439)
where the constant ¢ depends only on d, p and 6.
The proof of Theorem 4.3.3 is given later in this section.

Remark. From Theorem 4.3.3, if f is a Lipschitz function, then

d—2 _1
IV (D ltyen < caps LT (L3 o +¢7), d 22 (4.3.10)
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If f € W2(SY), then

_1 - -1
w(f, L 2)Lp(gd) =<K (f.L )]Lp(Sd)
=Ty, yz(f) = flli,se) < cap LA Fll, s,

where the first equivalence is from (4.3.6), the second is by [7, Theorem 5.1, p. 94/
and the last inequality is by (4.3.8) with 6 =0 and ¢ = L~z. Hence,

va75<f)HLp(Sd) < Cips L% (||f||1Lp(Sd) + ||A*f||1Lp(Sd)) , d>2. (4.3.11)

Since Wr(S?) € W5(S?) for 0 < s < r < oo and by (4.3.11), we have the
following upper bound for the Fourier local convolutions with sufficiently smooth

functions.

Corollary 4.3.4. Let s > 2. Under the same conditions as Theorem 4.53.3, for
f e Wy(s?),

d—3
2

HVEM(f)H]LP(Sd) <clL'® 1S s sy (4.3.12)

where the constant ¢ depends only on d, p, s and 9.

Remark. The corollary implies that the Fourier convolution has the Riemann loc-
alisation property for W;(SQ) and s > 2. For higher dimensional spheres S% with
d > 3, however, the Fourier convolution does not have the Riemann localisation

property in general, as will be shown in Theorem 4.3.6.

That the translation operator commutes with the Laplace-Beltrami operator
enables us to replace the L,-norms in inequalities (4.3.9) and (4.3.11) by Sobolev

norms.

Theorem 4.3.5. Under the same conditions as Theorem 4.3.3, for f € W;(Sd),

d—1

Vi ()l gy < € L (L7171

1
W (S9) wy(s) T w(f,L Q)W;(Sd)) :

For f € Wst2(S7),

V2 (£)]

=3 .
et < LT (I hgisny + 1A Flhyeay) -

Here, the constants ¢ depend only on d, p, s and §.

We only give the proof of Theorem 4.3.3. The proof of the first part of The-

orem 4.3.5 is similar.
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Proof of Theorem 4.5.3. Let x € S¢. Then by (4.3.2) we have

VI (fix) = / v (x - y) f(y) douly)
ww&&

_ |Sd 1|

S UL(COSQ) (@) (f:x)(sin 6)** d6.

Splitting the integral, we have

£l

|S- 1‘Vd5(f X) = /; T,(f;x) v¥(cos ) (sin§)*" db

= (/f —|—/T7T> T,(f;x) vi(cos ) (sinf)? " df

For I (f;x), applying (4.2.4a) of Lemma 4.2.2 with a = = % and hence [ =
L+ g, and by Lemma 2.6.1, we have

2—(d—1)

[1(f;x):/62 T,(f;x )WH)L[(smg)—d‘z“(cosg)—dz‘lSm(a(e,L))Hod,(5 (2]

2
x (sin#)?~* dg

LT B ) d=3 =1 -
= (&) /5 Ty(fix)(sing) * (cosg) * sin(@ (0, L)) 0 + | fllLyse) Ous (L)
L%
= gy 15 + e Oas (L7 (43.14)
where
u(0,L):=u(9,L;d):=(L+4%)0—Lir (4.3.15)

and we used

/5 T,(fi%) <sm9>“de's / Ty(f1:%) (sin0)" 46 = | flloan.  (43.16)

Next, we make use of Lemma 4.2.5 to estimate the L,-norm of I ;(f). Since
Lemma 4.2.5 is valid only for a continuous function, we need to use the density of

the continuous space in L, space. For € > 0, there exists fE C(S?) such that

||J7— flle, s < e (4.3.17)

fix) is a Continuous function of @ on [0, 7] given x € S%.
d—3

By Lemma 4.3.2, T,(f
Since my(0) := (sin%) = (cos ) 2 and its derivative are bounded over [0, /2],
by Lemma 4.2.5 with f(0) = T,(f:x), m(0) = my(0), A(#) =u(0,L), ar, = ¢ and
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b = m/2, there exists a constant ¢, and a partition of [0, 7/2]: § < ¢y < ¢} < --- <
%
¢}, <m/2where Ly < L and A;¢) < L7', i=0,1,...,L; — 1 such that

1a(Fi)] = | / T,(F: x) ma (0) sin(ii (6, L)) d6 (4.3.18)
< g L7 (Z\A Ty ( (fix)] + T, (f: x)| + [Ty, 1(J7;X)|+\T'Ll(f;x)|>-

Since T}, in L, (S?) is bounded with norm 1, see (4.3.7),

IT,(f) — Ty(llL, ) = IT,(f — I, sy < If - fll, s < e (4.3.19a)

and

| RTy (F) = BaTo (Dl oo = 1T, (F = 1) = Ty (F= Dl
<2\ = Fllo, s < 26 (4.3.19Db)

Also, by (4.3.19a),

111 (f) — L ()l

jus

d—3

< /52 IT(F) = T()llyo) (sin ) = (cos )= |sin( (6. L)) do

< ¢q €. (4.3.19¢)
By (4.3.19) and (4.3.18), we have
[ 711 ()lL, s < ||Il,1(}v)||Lp(sd) +eqe
Li-2
<cqs L7 (Z HA T' ”Lp(Sd) + ||T¢ (f )”]LP(S‘i) + ||T¢/L1_1(f)||mp(sd) + T, /Ll(f)HLp(sd)>
+cq€
L1—-2
<cqs L7 (Z |A k;T I, sey + ||T¢ (L, s + ||T¢/L1_1(f)||mp(sd) + ||T¢/Ll(f)||Lp(sd)>
+ Cas Lt (2L1 — 1) €+ cq €.

Taking account of L < Ly, cg5 L™ (2L; — 1) € < ¢45 €. We then force € — 07 to

obtain
111,1 ()|l s9) (4.3.20)

L2
<cas L7 (Z ||AkT’ M, s + ||T¢ (L, s + ||T¢/L1_1(f)||ILp(Sd) + [T, /Ll(f)HLp(sd)) -
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— —
Applying Lemma 4.3.1 to ||A,T ;C(f)”]]_‘p(gd) of the above and with A, ¢! < L™

1=20,1,...,L; — 1, we have

L1-2

17000 < cas 1 (Z & (£ Ghen + ) s — )

k=1

Ly (

s + 3||f||ILp(Sd))
~ _1
< caps (L7 1 oty +(F,L78)y )

which with (4.3.14) gives

d—1 _ _1
11 ()L, s < caps L2 <L A, +w(f, L 2)Lp(gd)) : (4.3.21)

This finishes the estimate of I;.
We have an analogous proof for I5. Let kq be a positive integer (independent of
L) such that & = & (L) := (kom + S22 7) /(L + %) > WL~ for all positive integers

L, where ¢V is the constant in Lemmas 4.2.2 and 4.2.4 with a = 3 = %. Then,

™

L(f;x) = /7T T,(f;x) vi(cos ) (sinh)? " df

2

i

T—&o T
/ +/ > T,(f;x) v} (cos ) (sin§)*' do
m—Eo

jus
2

For Iy,1(f;x), applying (4.2.4b) of Lemma 4.2.2 with the substitution ¢’ = 7= — ¢
and by Lemma 2.6.1, cf. (4.3.14),

La(fix) = / O (Fx)ut (cos ) (sin ) df

™

»

(-DEL%
(4

d—3

U Ty (im0 (s ) T (cos ) T sina (0.1) + )

o

L0, (L) / T ()| (sin ) T 6|, (4.3.23)
o

where w (6, L) is given by (4.3.15). The first integral in (4.3.23) may be estimated

in a similar way to I 1, but with the difference that the end point &, depends on L,
a—1 d—3

as follows. Let my(0) := (sin) * (cos%) ? then

d _
’@mg(e)’ <emax {91}, 0<0<n/2 (4.3.24)
Let f(x) be given by (4.3.17). We may apply Lemma 4.2.5 with f(6) = Te(f; —X),
m(0) = mo(6), A(0) = w(9,L) + 2, [ar,b] = [&,7/2] and v = %2, to the first
integral of (4.3.23). Then there exists a constant ¢; and a partition of [y, 7/2]:
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%
fo <& <& <---<&, <m/2where Ly < Land A < L', i=0,1,...,Ly—1
such that

d—3

[ 0 d) = (o) 5 s 0.2) + 9
o

Lo—2 " "
<el (Zm,ﬂw )| + Ty, (: x>|+|T§/Lz_1<f;—x>|+|T€/L2<f;—x>|>,

Using the argument of the estimate for ||111(f)||r,se), Wwe can prove, cf. (4.3.20),

| [ it sins) T (cos ) sni 6,1+ ) a0
&o

Ly (8%)

Lo—2
<cqL (Z ||AkT§k M, s + HTgO( M, s + HTg’LTl(f)“]Lp(Sd) + ||Tg'L2 (f)H]Lp(Sd)>

which with Lemma 4.3.1 gives

- d—3
Ty( 2 g) % sin(u(0,L)+ %) do
H/go o( (sin & ) (0052) sin(u (0, L) + %) L
Lo—2
<ecg L7t (; w (f? \/(f;cﬂ + &) (&g — gz))Lp(sd) + 3||f||JLp(Sd)>
S Cd,p < 1Hf”]Lp Sd +W(f7 )IL (Sd)> (4325)
By (4.3.7), the second integral of (4.3.23) is bounded by
| / (=) (sin$) = 06|, <l ion
&o
This, (4.3.25) and (4.3.23) together give
[ 12,1 (f) |, (st) < Cap L% <L71”f||]Lp(Sd) + w(f, Lig)mp(gd)) : (4.3.26)

For I55(f), using (4.2.7b) of Lemma 4.2.4 with o = 8 = 452, we have

[o2(f)llL,s < Cd,p/ " ||T9(f§')HLP(Sd)Ld_l(Sin@)d_l dg
-1
< cap L7l s0)- (4.3.27)
The synthesis of (4.3.27), (4.3.26), (4.3.22), (4.3.21) and (4.3.13) gives (4.3.9). O

4.3.3 Lower bounds

In this section, we show a lower bound of the LL,-norm of the Fourier local convolution
for a constant function on the sphere S% d > 2. This lower bound matches the
upper bound of the Fourier local convolution for Sobolev space W;(Sd) with s > 2,
see Corollary 4.3.4. It thus establishes that the upper bound for the Fourier local

convolution for these Sobolev spaces is optimal.
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Theorem 4.3.6. Let d > 2, 1 < p < o0 and 0 < § < w/2. Then there exists a
subsequence VLde’é such that for £ > 1,

|

where the constant ¢ depends only on d and §.

V(1) >cL,? (4.3.28)

Lyp(8)

Proof. Let x € S%. Then
Vi) = [ 1yl y) doty)
S9\C(x,6)

_ s
|S4]

|Sd_1’ r—cM -1 ™
- =g (/ —1—/ i ) v (cos @) (sin §)*~' d
) r—c) =1

|Sd_1| r—cM -1
7 v} (cos)(sinf)?" df + Oy (L71),

where ¢ is the constant from Lemmas 4.2.3 and 4.2.4, and the last line uses

L(cos 0)(sin§)?' dg

Lemma 2.6.1 and (4.2.7b) of Lemma 4.2.4. Using Lemma 2.6.1 again gives
r—cM -1 d—2 ﬁ)
V0 (1;x) = / vp 2 2 (1,cos0) (sinf) 1 do+ Oy (L71).
6

We now apply (4.2.5) of Lemma 4.2.3 ii) with o = # = %2 and hence L=1L+ d
and then take the substitution #’ = m — 6. Then

=i L7 /C Ma2 g(@) [cos Wa2 (LO)
+ LY, o (L,0) + O (LTF0073)) 4+ 04 (L7207%)] (sin )" a6 + O (L)
2

d—3

- LD [T ) o con((L4 0 S0

)
+L1/ (sin )7 (cos §) 7 FiLh s (L 0) d0+(9d5< *))
c) -1 2
)
#0u(L) [ 7 sin ) feos )5 o] + 04 (7). (4.3.20
-1

where 1(%2) < —1.

Since f;l_)i,l 0-2(sin ) (cos )5 df = O, (\/E) for d > 2, (4.3.29) becomes

Vgﬁw:g—;@za 1+ T 1+ s (1705) 4 04 (178)] + 04 (1)
:\/(7_:1{)(;)L2[11+Z—112+0d5( ‘)+Od( )] (4.3.30)
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where

T—4
I = / (sin Q)%(COS 9)% cos((L + £)0 — ) do,

(1)1 2 2

d—3

T—8
I, = / (sin g)%(COS g) 2 th%)z a2 (L,0) do.
A, T

We will prove in the remaining part that || is lower bounded by ¢ s L[l for a
subsequence L, of L and that I, = o(1) (so L™'I, is a higher order term than 1),
while the two big O terms have smaller asymptotic orders. Thus, I; is the dominant
term. By (4.2.6) of Lemma 4.2.3,

(1)1 2 2

)
I = / (sin )T (cos §) T FE, ,(0) sin((L + 2)0 — Tir) do.

Since the function (sin g)%(cos g)?FQ 4(0)isin Ly (0,7 — 9) for d > 2, we may

apply the Riemann-Lebesgue lemma to I5. Thus

I,—0 as L — . (4.3.31)

For I; of (4.3.30), let By(0) := (sin g)%(cos #)"2". Using integration by parts,

T—4
I = / By(0) cos((L + $)0 — Fr) do

(-1

1
=7 +§l {Bl(ﬂ —9) sin((L+ g)(ﬁ —5) — %W)
— B(cWL™ sin((L + g)c(l)L—l _ %W)
T—0
+/ Bi(@)sin((L_Fg)g_%ﬁ) 10
-1
1 1
L+ 11— 0u(17H) ~1ia]. (4.3.32)

Since B{(#) is in L1(0, 7 — 0), the Riemann-Lebesgue lemma gives
Lo =0 as L — oo. (4.3.33)
For 1171 of (4332),

11,1 = B1(7T — (5) SlIl((L + g)(ﬂ' - 6) - %ﬂ')

[

= (—1)L+1(Sing)%(cos g)% sin ((L + %l>5 o %ﬂ') '
Hence,
[l = sin )% (cos ) T foin (L + Do —52m)| (439
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Let & be a positive real number in (0, 7/4) and let ¢¢ :=sin§ > 0. We want

sin((L + £)0 — %W)‘ > ce.

This is equivalent to that (L+ )8 — “r must be in the interval (kr +¢, km+m —¢)

for some integer k. That is, L must fall into the interval Z := (ax + §, aj + ”T_g)

| e P d . s om—2€ .
—5*— — 5. Since the length of 7}, is *5= > 1, there exists at least one

positive integer in Z for k being sufficiently large. Taking account of (4.3.34), we

with a :=

have that there exists a subsequence L, of Z, such that

542 5)%

[T11] = (sin §) 2 (cos 5

sin ((Lg + g)5 — %W)‘ > cape >0, (>1.

This together with (4.3.33), (4.3.32), (4.3.31) and (4.3.30) gives
d—3
‘Vfléd(l;x)) >cas L,? .
That is, for ¢ > 1,
d,s 4=3
Hsz <1)||]Lp(sd) > cagLy®

4.4 Filtered local convolutions on the sphere

This section proves the upper bound of the filtered local convolution on the sphere.
The proof relies on the cancellation lemma and the asymptotic expansion of the
filtered kernel of Section 4.2. Recall that the filtered approximation V; , on S?is a

convolution with a filtered kernel v, ,(x -y), see Definitions 2.6.2 and 2.6.3,

VialFi) 1= [ v, 9)f) douly), S €LLy(8%), x "

Since the filtered convolution kernel vy (t), =1 <t <1, is a constant multiple

d-2 d-2
of the filtered Jacobi kernel ’Ué; "2 7(1,t), see Lemma 2.6.4, we are able to use the

asymptotic expansion of the latter to prove the upper bound of VLd ’5( f).

Theorem 4.4.1. Letd > 2,0 < <mand1 <p < oo and let g be a filter satisfying
the following properties for some k € Z. .

(1) g € C*(Ry);

(i) gl € C2(11,2)

Then, for f € L,(S%),

”ng(f)ump(sd) <L et (LilufH]Lp(Sd) + w(/, Li%)Lp(Sd)> ; (4.4.1)

where the constant ¢ depends only on d, g, Kk, 6 and p.
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Using similar argument to the remark of Theorem 4.3.3 and Corollary 4.3.4

gives the following upper bound of Vgﬁ( f) for a smoother function f on S%.

Corollary 4.4.2. Letd>2, 0<d <7, 1 <p<ooands>2 andlet g be a filter
satisfying the following properties for some k € 7, .

(1) g € C*(Ry);

(i) g € C3(11.2).

Then | € W5(S7),

Vi ()l oy < ¢ L0221

W;(Sd)7

where the constant ¢ depends only on d, g, k, 6, p and s.

Remark. Compared to Theorem 4.5.5 and Corollary 4.5.4, Theorem 4.4.1 and Co-
rollary 4.4.2 show that the (Riemann) localisation of the Fourier convolution is

improved by filtering the Fourier coefficients and that the convergence rate of the

filtered local convolution depends on the smoothness of the filter function.

The commutativity between the translation and Laplace-Beltrami operator im-
plies the upper bound of the Sobolev norm of the filtered local convolution, as

follows.

Theorem 4.4.3. Letd >2,0<d<m, 1 <p<ooands >0 and let g be a filter
satisfying the following properties for some k € 7. .

(i) g € C*(Ry);

(i) g, € CH(1L,2)).

Then for f € W5(S?),

Vi (D)
and for f € Wit?(S%), s > 0,
Vs ()]

where the constants ¢ depend only on d, g, k, 6, p and s.

(g3 _
e LD (L ]

_1
ws(sd) t w(f, L 2)W;(Sd)> ’

—(k—24 5 _ _ N
Ws (S) < cL (r=5+3) <L 1”f“W§(Sd) + L 1HA fHWZS,(Sd)) R

We only prove Theorem 4.4.1. The proof of Theorem 4.4.3 is similar to those
of Theorem 4.4.1 and Corollary 4.4.2.

Proof of Theorem 4.4.1. For x € S, by (4.3.2),

V0 = [0 )() oty
ST [T (a@) ol
57 UL’g(COSQ)Te (f;x)(sin )~ d6.
)




82 4.4  Filtered local convolutions on the sphere

We split the integral, using Lemma 2.6.4,

VLd;S (f;x) (/ / )Te f;x) U(Ld: =) (1 cosf) (sin§)*' dé

= (L(f;x) + L(f;%)). (4.4.2)
We let
() = C%,%,wz(@) Uei(0) (sin@)T Y, i=1,2,3,4, (4.4.3)

where C& a2 H+3(9) and wu,;(f) are given by (3.2.18). By Theorem 3.2.11 with

a = := (d — 2)/2 and adopting its notation, we have

™

Li(f;x) :/52 Ty(f;x)vp 5 2 )(1,(3089) (sin @)1 do

3 —(k=3+3) -
= /5 To(f; X)m(ﬁh(e) cos ¢r,(0) + ma(0) sin ¢r,(0) + ms(0) cos ¢, (0)
+ my(0) SinaL(H) + (sin 9)_1 Ok (L_l)) dé
—(k=5+3) 3
::;;%AIHN{A'<ﬂ*ﬁX>mﬂ®cw¢LW>+Tuﬁx>mxmsm¢m@
T (%) 13(6) cos 6,.(0) + Ty(f;) ia(0) sin 6, () ) 6

1ot O (7))

L-(=5+3)
—. 23 (m 4 1)1 <f1,1(f;x) + Lio(f;x) + Lis(fix) + L a(f; %)
+ 1l s) Odgins (L_1)>7 (4.4.4)

where we used (4.3.16).
Similar to the proof of (4.3.21), using Lemma 4.2.5 and the density of the

continuous space into L, space on the sphere would give for i = 1,2, 3,4,

||I17i(f)||Lp(Sd) < Cd,g,k,6,p (L_leH]Lp(Sd) +w (f7 L_l)]Lp(Sd)> . (445)
This with (4.4.4) gives
C(_d3 _ _
ML Dy < € L5 (L fll 00+ @ (L) o ) (4.4.6)

where the constant ¢ depends only on d, g, k,0 and p.
Let ¢ be the constant of Theorem 3.2.11 where a = 8 := (d — 2)/2. We split

the integral of I5(f;x) into two parts, as follows.

r—cL™1 T d—2 d—
L(f;x) = (/ +/ ) Ty(f;x) v(Lj’Tﬁ(l,cosQ) (sin @) do
m—cL—1
=: [

21(f1%) + La(f;x). (4.4.7)
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For I 5(f;x), using Corollary 3.3.2 with o := (d — 2)/2 gives

T

H22(f)llz, 67 < Cd,p/ I T5(f)llyga) L7 (sin 0)~" do

m—cL—1

< Cdp L) HfH]Lp(Sd)- (4.4.8)
For I51(f;x), using Theorem 3.2.11 again, cf. (4.4.4),

I (f;%)

r—cL™1 d—2 d—2
_ / T,(f%) 04T (1, cos ) (sin 6)* 6

[V

I~ (v=5+3)
©2e 3 (K 4 1)! {

T () 7ia(0) cos 6..(0) + Ty( f:) ia(0) sin 6,(0) ) 6

[ () ma(0) s 00(0) + Ty 155) fa(0)sin 10

jus
2

1o O ()]

I~ (r=5+3)
=! 3 1 1)1 <12,1,1(f; xX) + Io1o(fix) + Lo 3(fi%x) + Io14(f; %)
+ 1Ly sty Odgn (L‘l)), (4.4.9)

where m;(0), i = 1,2, 3,4, are given by (4.4.3) and we used (4.3.16).
Similar to the estimate for the integrals of (4.3.23),

||127117:(f)||]Lp(Sd) < Cd,g,kx <L_1Hf||Lp(Sd) +w (f7 L_l)]Lp(Sd)>7 1= ]-) 27 37 4.

This with (4.4.9) gives

(d a3y [ _
12,1 ()ll, ) < Cagmp L (e=3+3) (L leHJLp(sd) +Tw (f7 L I)LP(Sd)>7

thus completing the proof. n

4.5 Proofs

This section proves the lemmas in Section 4.2.

4.5.1 Proofs for Section 4.2.1

Proof of Lemma 4.2.1. Recall £ := { + (o + 3+ 1)/2. For the proof of (4.2.1), we

make use of the expansion of the Jacobi polynomial in terms of Bessel functions,
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see [27, Main Theorem, p. 980]: Given a positive integer n, and given a > —1/2,
a—pF>-"2nanda+>—-1for0<f <7 —e¢

1/2
(o.B) _ F(E +a+ ]-) 0 . —a -8
P (cos ) = T+ D) " (sin )™ (cos )

(ZA Jorvi ge) 0“%94?‘”)) : (4.5.1)

with arbitrary given 0 < € < 7, where

a+2, n=2,
aq =
a, n # 2,

and the coefficient Ag(0) satisfies Ax(0) € C*[0,7) for 1 < k <n — 1 and, see [27,
Corollary 1, p. 980],

_ 2 _ 12
Ao(0) =1, Ai(8) == (&--) 1 —bootd o”—p tang. (4.5.2)

4 20 4

The following asymptotic expansion of the Bessel function with a fixed real v holds
as z — 400, see [54, Eq. 10.17.1-10.17.3]:

2 : - ng - 02j+1
J,(2) ~ (E) (cos wy(z Z 22] —sinw,(z Z 229“ ,
J= J=
(4.5.3)
where
42_12 42_2”'42_2'_12

S /

Let ¢y > 0 be a fixed constant. Taking account of the upper bound of the Bessel
functions [54, Eq. 10.41.1, Eq. 10.41.4}, i.e

J,(2)=0,(1), v>-1/2, 2> c, (4.5.4)
we then have by (4.5.3) that for all z > ¢,

J(2) =0 (ﬁ) , (4.5.52)

J(z) = \/g (z_% cosw,(z) + O (z_%>> , (4.5.5Db)
Ju(z) = \/g (z_% cosw,(z) — z_%al(u) sinw,(2) + O <z_g>> : (4.5.5¢)

where the constants in the three big O terms depend only on v and cy.
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When a < 1/2, we take n = 2 in (4.5.1). For the Bessel functions Ja+k(?9),
k = 0,1, we apply (4.5.5¢) when k = 0 and (4.5.5b) when k = 1, then for ¢ /~! <
0<m—e (thus?ﬁzc),

PZ(O"B) (cos®)

T(l+a+1)( 0\ e, 48
B re+1) (siné’) (sm§) (COS)

~

X {AO(Q)\/?Al ((2(9)_% cos wa(z\é’) — (EQ)_%al(oz) sinwa(@) + O, ((2(9)_%>>

A

+ Al(e)\/gA ((2\9)_% cos (JJa-i-l(ZQ) + O ((Z@)_%» +0770 (Z_2> }

X [cos wa (00) + Z’IFC%(H) €08 Wap1 (10) + O 5 (A*29*2> 10, <Zf2+(%+a)9a+%)] 7
(4.5.6)
where by (4.5.2), Fo(fg(ﬁ) is given by

Fg;(@) cos waﬂ(@) = _AGar(a) sin wa(@) + A (0) cos waﬂ(@)

(52—042 0 4a®—-1
= n
4 2

cot 0) COS W11 (29), (4.5.7)

and (4.5.1) and (4.5.4) require « > —1/2, a4+ > —1 and a — § > —4. Using [54,
Eq. 5.11.13, Eq. 5.11.15], i.e.

e
we have
(7 4+ e=8-1 1 1 N ~ —~
F% i;n - F((;: —ﬁ++ 1)> - {1 - o @_2)] 0
This with (4.5.6) gives
P (cos§) = 2 (sin g)fa*é (cos g)fﬁf% [ (4.5.10)

 [cos1al@) + FIECYE.0) + Oy (£2072) + O (2404045 |

where

-~

Fo(tlg(l?, 0) = Fa(zg(G) COS Wq 11 (00) — % Ccos wa(@). (4.5.11)

When a > 1/2, we take n = n, := |5 +a| +2 > 3 in (4.5.1). For the Bessel
functions Jaﬂg(l?@), 0 <k <n-—1, we apply (4.5.5¢) when k& = 0 and (4.5.5b)
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when k£ = 1, and use the upper bound (4.5.5a) when 2 < k < n — 1. Then for
cl 1 <0< 7m—e¢

Pg( ?(cos )
T(l+28=111) /g \? _
L Gl b, ( ) (sin %)™ (cos ?) 7
I‘(g_|_—a—2/3— +1) \sind

l\')

x Ao(e)\/gi ((Z@)—%coswa(?e)—(ge)—%al(oo sin wo (00) + O, ((ee) ))
+A1<9)\/§A1 (@)% coswna(B8) + 0. () )

Applying (4.5.9) and rearranging the terms in the square brackets give, cf. (4.5.6),
(4.5.10),

P (cos 0)
2

=" [1 — O;—BZ_I + Oap (Z—Qﬂ X 772 (sin g)_a_% (cos )™ 3

X [Z_%_O‘H_% cos wa (00) + Z_%_O‘Q_%FOEQ%(G) oS way1(00) + Ou <€ 3_0‘9_%>

i« [cosin (8) + TELL 0.0 + Ous (2072) 4 Ou (1724 1),

where F (9) and F (6 6) are given by (4.5.7) and (4.5.11) respectively, and in this
case (4.5.1) and (4.5.4) require > —1/2, a+ 3> -land o —f > =2 |1 +a| — 4.
This completes the proof. O

4.5.2 Proofs for Section 4.2.2

Proof of Lemma 4.2.2. By (2.5.5) and [70, Eq. 4.5.3, p. 71], for —1 < s <1,

oL = 30 () RN )P

L
=0

1 F(L + o+ ﬂ + 2) P(a+1”8)
208+ 1 (o + 1)I(L+ B3+ 1) ©

(s).  (4.5.12)
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Then, the estimate in (4.2.4a) of v\ (1, cos ) for (DL~ < § < 1/2 follows from
Lemma 3.2.1. For 7/2 < § <7 — ¢WL!, using [70, Eq. 4.1.3, p. 59]

PL(W’)(—Z) _ (_1>Lp£77:’7)(z)’ —1<2<1,v,n>-1 (4.5.13)

with (4.5.12) gives

(@,8) 1 I (L a ﬁ 2) L p(B,a+1) /
1 0) = —-1)~P 0 4.5.14
vr ( , COS ) 2064‘6"'1 F(Oz 1)F([ 6 1)( ) L (COS )’ ( )

where ¢ := 7w — 0. By (4.5.8) with ( = L = L + *42 4 = ¢48 apd ¢ = —o48-2

HL+a+ﬂ+2):zM11_(a+Uﬂ

I(L+B8+1) 2

it 0., (p?)} — I 14 0us (L7
(4.5.15)
Applying Lemma 3.2.1 to Péﬁ’aﬂ)(cos ') of (4.5.14) and by (4.5.15), we have

v®?(1, cos 0)

= 2y Lots (1+ O (L7Y)) maasi(0) (cosw (LO') + (sin @) 'O (L’1)>
[(a+1) % ol 8 o8
= 2y L2 mg i (0) (cosw (LO') + (sin @) 'O (L’1)> :
T(a+1) ot ’ o’
This completes the proof. O

Proof of Lemma 4.2.3. i) Let a, 8 > —1/2 and « — f > =5, ie. (a+1)— 5> —4.
To estimate v(La’ﬂ)(l,cos 6), we use (4.5.12) and then apply (4.2.1) of Lemma 4.2.1
to Pg(aﬂ’ﬁ)(cos 0). Then for (V¢! < 0 < 7 — ¢, also using (4.5.15) ,
o—(a+p+1) _ 1 .
[1 L (et 1B

v\ (1, cos 0) = Tatl) Lot L'+ 0, (L_Z)] X L2 ma1,6(0)

x| c0swas1 (L0) + L L, 5(L, 0) + Oc (LHHIG7HD) 1 Oy g (L72072)]

«

9—(a+B+1) ~ il
= Tlag1) Mers(®) L7

x [cos Wast (£0) + LUFEN(E,0) + O (LHOVE7D) 4O, 4 (L‘20‘2)} ,

where u(a+ 1) < —1 and V(a4 1) > 1, and by (4.2.2),

1 - -
w cos wa1(LO) + F(i)w(L, 0)

«

FO(L,0) =

_ (2
- Fa—l—lﬂ

(0) cos w2 (LO).

i) Let B > —1/2and B —(a+1) > —4 (ie. f—a > —-3)and ¥ =7 —0 €
(cML71 7m — ¢€). In this case, we make use of (4.5.14) and then apply (4.2.1) of
Lemma 4.2.1 to P{%*™(cos #').
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Also by (4.5.15), we have

v (1, cos 6)

_ (_1)L2*(a+5+1) Ea+1 - (a + 1)5
I'(a+1) 2

<L
X [coswﬂ(ze')—i—L ED (T,0) + O (L“ 9’”“) ( 29'*2)]

L7 4+ Oup (L™ )] L7 mgan(0)

(_1)L2—(a+,3+1) 1
=TTy L msan(®)

x |coswa(L8) + L FNL,0) + Ocs (LO07) 4 Ony (L7207%)]

where by (4.2.2),

(a+1)8

FY(L,0) = FY (L,@’)+Tcoswﬁ(’i(9’)

B,a+1

= F) (') coswpyi (LO).
This completes the proof. O

Proof of Lemma 4.2.4. For arbitrary real 7, n, Szeg6 [70, Theorem 7.32.2; p. 169

shows

Py’n)(cos 0) =0 (L"), 0<0<cL", (4.5.16)

where the constant depends only on v and 7. The upper bound of (4.2.7a) follows
from (4.5.12) and (4.5.16), and (4.2.7b) is proved by (4.5.14) and (4.5.16). O

4.5.3 Proof for Section 4.2.3

Proof of Lemma 4.2.5. We may construct the partition as follows. Let

¢o == ar, Q1 = fffz—lii, ko := E(‘IL(CIL+ C2) +C3)J +1,
¢k = ¢1+(k_1)tln k:27"'7L17 ¢L1+1 = b’
tr = 61L+C2 Ly = \;M - ko " 1J .

™

Then Ap(¢p) = (k+ko—1)mfor 1 <k <Ly —1and Ar(¢1) — Ar(go) € (0, 7] and
Ap(ér,+1) — Ap(or,) € [0,7). Thus ap, = ¢g < ¢1 < -++ < ¢p, < ¢dp,+1 = bis a
partition of [ar, b] such that sin(Af(6)) in each subinterval [¢y, ¢r41], k =0,1,..., Ly
has the constant sign and has different signs in every pair of adjacent subintervals.
The assumption that sup; ¢y, ar < bimplies that L, < L and Kkgzﬁk = L~ for each
k=0,1,...,L;.

’



Chapter 4 Riemann localisation on the sphere 89

For each subinterval [¢y, ¢ry1], k= 0,1, ..., L1, applying the first integral mean

value theorem, we have that there exists ¢} € (¢x, ¢r+1) such that

b
/ f(@)m(0)sin(AL(0)) db

Pr41
=3 f(6l) / m(9) sin(A (6)) 0

OLi+1

b1
s /¢ m(6) sin(AL(6)) A6 + £(,) / m(9) sin(Ay(6)) o

oL,

K F(6) Z / P (6) sin(AL(6)) 46

Dj+1
(@, Z / )sin(Ag(0)) do

dLi+1

¢1
+f(¢6)/¢ m(0) sin(Ag(6)) d + f(gb’Ll)/ m(6)sin(A(9)) d, (4.5.17)

0 oL,
where the last equality used summation by parts. Let ¥y (6) = 0 + (k — 1),
1 <k < Ly. Then 9x(¢1) = ¢. Grouping (4.5.17) by pairs, keeping in mind that
sin(Af(6)) has the opposite sign in [¢a;_1, ¢o;] to in [¢o;, doja] for j =1,..., [E2],
then

/ F(0)m(8) sin(AL (6)) df

Li1-2

®2
=Y Esleh) {Z [ 1(0)) = iy 0)) sin(4,0))

- P2
(k) / mwk(e))sm(AL(e))de]

|5 ]
+f(¢21_1){ >

J=1

P2
/ (m(th251(0)) — m(ths;(9))) sin(AL(9)) B

2
Fn(Ly— 1) / m(tbr, 1(0)) sin(AL(6)) de]

drLi+1

b1
s / m(6) sin(AL(8)) 46 + £(d,) /¢ m(6) sin( AL (9)) o,

Ly

where

1, if kis odd,
v (k) = { 0

if k is even.
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When ¢ < 0 < ¢o, fOI'jzl,..., LMJ,

[m(1a;-1(8)) — m(2;(0))]
< [ max ]m’(gzﬁ +2(j — 1)tL)]} |z/12j(€) — ng,1(9)|

$1<P<dattr
j Y
¢ ¢1<g1<%z$}2{+m{max{(¢+ 2(5 — 1)tL)7> 1}} tr < c L 'max { (E) ,1} )
For v <0,
6) sin(A(9)) d@)
L1-2 ng j v
sc Z|Akf¢k|< l(z) tL-I—tL)
7j=1
+HF (6o ( Z (L) )+l +tL|f<¢'Ll>|]
L1—2
<™ |30 Rl + -l 150 + \f(%ﬂ] L (4s9)
For v > 0,
0) sin(A( ))d@]
Li-2 5]
<c ZIA F(6) (ZL it )
LLB ]
FIR@L DI X0 L7 tn) + 1l (6] + ter<¢'Ll>|]
j=1
L1-2
<cL™ Z Ry F( W)l + (D)l + 1F ()] + \f(qul)y] : (4.5.19)

The constants ¢ in (4.5.18) and (4.5.19) are independent of L, thus completing the
proof of (4.2.8). O

4.6 Norms of Fourier local convolutions and their

kernels

This section establishes the estimate of the operator norm for the Fourier local

convolution as noted in the introduction. As a convolution operator VLd ’5, defined
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by (4.1.6), has the following upper bound on its operator norm: Given 1 < p < 0o
and f € LL,(S%),

HVLdﬁ(f)HLp(sd) < ¢4 L%”fH]LP(Sd)- (4.6.1)

The bound (4.6.1) is a consequence of the following lemmas.

Lemma 4.6.1. Let d > 2 be an integer, d € R, 0 < d < w/2 and let o := (d —2)/2.
The operator norm of VLM on ]Lp(Sd) 15 upper bounded by

d,b d
”VL HLP—>LP < ¢ HUL X[*LcostﬂHLl(wa,a)' (4.6.2)
Proof. By (4.3.2) and (4.3.7),
d,5 |Sd_1‘ " . d . d—1
Vi Do = T | |, TolFi)eileosO)(sind) 5" ag
" . ndel
< [Ty [ 0k (cost)](sin0)'s" ao
5
< cq | flle, s 1VE X(=1,c058] L1 (wara)-
This completes the proof. O

The essential order of the right-hand side of (4.6.2) is L%, proved below.

Lemma 4.6.2. Letd > 2 and a:= (d —2)/2 and —1 < a <b < 1. Then,

d—1
2

H/Ug X[aab}HLl(wa,a) = L 9

where the constants in the inequalities depend only on a, b and d.

Proof. The proof of the upper bound comes from Lemmas 4.2.2 and 4.2.4. We give
only the proof of the lower bound. Let a := cosfs, b := cos#; with 0 < 6; < 0y < 7.
For 0 < 0 < 0y <7/2, (6 +05)/2 > ¢V L~" when L is sufficiently large. Then by
Lemma 2.6.1 and (4.2.4a),
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d ’Sd‘ ’ (o) d—1
HUL X[a,b]HM(wa,a) = |Sd,1| ) ‘UL 7 (LCOS 9)’ (SIHQ) o de
1

0
> L% / 2 o2 % }cos ((L + g) 0 — %ﬂ)‘ (sin @)~ do
(01+62)/2
02
d-3

—cy L2 022 (sin @)t do

(01+02)/2

i [ d d+1 =3
ZCBLQ/ lcos (L +9)6 — )| 6 — ¢, L5
(

91+92)/2
[ 1 oL + d)f — &L _
203L% +COS(< +d) 2 W> d9—64L%
(61-+62)/2 2
d—1 92 — 01 1 d—3
> o L - — ey L
e ( 1 oL + d> Cat?
>c L5 (4.6.3)

for L large enough.
For /2 < 0; < 0y <m 7 — (6 +63)/2 > cVL™! when L is sufficiently large.
Then by (4.2.4b) as L — 400, cf. (4.6.3),

S [ (o
HU% X[a,b]HlLl(wa,a) = |Sd_1| |U(L )
01

1,cos0)| (sinf)4t do
( )| (

T—01
zCSLdzl/ o O s (L9) 0~ 2417
mT—\0U1 2

-2

% (sin@)4 db

Njw

0~

—0,
(61+62)/2

x (sin @) df — cg L /

d—1

>clL 2.

For 0 < 0, < /2 < 0, < 7, we can obtain the same lower bound by splitting the
integral (over [0y, 05]) into two parts. Hence for —1 <a <b <1,

d—1
[vf Xiad L1 (wan) = ¢ L2,

where ¢ depends only on a, b and d. This completes the proof of the lower bound. [



Chapter 5

Fully discrete needlet

approximations on the sphere

5.1 Introduction

In this chapter, we introduce a discrete spherical needlet approximation scheme by
using spherical quadrature rules to approximate the inner product integrals and
establish its approximation error for functions in Sobolev spaces on the sphere.
Numerical experiments are carried out for this fully discrete version of the spherical
needlet approximation.

Given N > 1, for k = 1,..., N, let x; be N nodes on S¢ and let w, > 0 be
corresponding weights. The set {(wg,xx) : kK = 1,..., N} is a positive quadrature
(numerical integration) rule exact for polynomials of degree up to v for some v > 0
if

/Sd p(x) doy(x) = Zwk p(xg), forallpe I[DV(Sd).

Spherical needlets [51, 52] are a type of localised polynomial on the sphere

associated with a quadrature rule and a filter. Let R := [0, 400).

We now define a needlet, following [51] who used a C*(R ) filter and [52]. Let
the needlet filter h be a filter with truncation constant 2 and specified smoothness

k > 1 (see Figure 5.1 in Section 5.4 for an example with k = 5) satisfying

h e C*(R,), supph=][1/2,2]; (5.1.1a)
h(t) +h(2t)2 =1 if t € [1/2,1]. (5.1.1b)

Condition (5.1.1b) is equivalent, given (5.1.1a), to the following partition of unity
93
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property for h?,
Zh(—.) —1, t>1.
2J
=0
For 7 =0,1,..., we define the (spherical) needlet quadrature

{(wjk,xjk) Zkzl,...,Nj}, Wik > 0, kzl,...,Nj, (512&)
exact for polynomials of degree up to 2/t — 1. (5.1.2b)

A (spherical) needlet 1, k =1,..., N; of order j with needlet filter h and needlet
quadrature (5.1.2) is then defined by

Uin(X) = Wik Vai1 (X - X)), (5.1.3a)
v Wok

or equivalently, 1o (x)

Vik(x) = V/wji

> l
h(zj_l) Z(d, 0) PV (x - x5,), if j > 1. (5.1.3b)
=0
From (5.1.1a) we see that ;) is a polynomial of degree 2/ — 1. It is a band-limited
polynomial, so that t;; is Le-orthogonal to all polynomials of degree < 2972,
For f € LLy(S?), the original (spherical) needlet approzimation with filter h and

needlet quadrature (5.1.2) is defined (see [51]) by

N;
VEed(fix) = Z Z (f, %‘k)u(gd) ir(x), x € st (5.14)

2 <, k=1
Note that V2°*d( f; x) is a polynomial of degree at most L—1 since v, is a polynomial
of degree 2/ — 1, and that V**d(f;x) is constant for L between consecutive powers
of 2. We shall call (f, k), sq) the semidiscrete (spherical) needlet coefficient and
Vpeed(f:.) the semidiscrete (spherical) needlet approzimation to distinguish them
from their fully discrete equivalents which we shall now introduce.

The discrete (spherical) needlet approxzimation is defined by discretising the

inner-product integral

Py = [ 1) 0nly) douty)

with another quadrature rule. For v > 0 and N > 1, the discretisation quadrature

rule is

On:=Qw,N)={(W,,y;):i=1,...,N}, W;>0,i=1,...,N, (5.1.5a)
exact for polynomials of degree up to v. (5.1.5b)
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Let C(S?) be the space of continuous functions on S?. For f,g € C(S?), given Qy

we define the discrete inner product by

The discrete (spherical) needlet coefficient of f for Qn and ¥, is (f, k) oy -
We then define the discrete needlet approximation of degree L by

Nj
VESUEx) =)0 (frtbie) oy ¥in(x), x €% (5.1.6)

2i<L k=1
Let h be a needlet filter with x > d + 1 and let H*(S?) C Ly(S?) with s > 0
be a Sobolev space on S¢. In Theorem 5.3.5, we prove as a special case that for
v=3L—-1,ie. Qy=Q(N,3L —1), the Ly error using the approximation (5.1.6)
for f € H*(S) and s > d/2 has the convergence order L~¢"279) for any fixed

0<e<s—d/2 ie.

£ = VES ()l 0y < ¢ L0727 |1 ]

mea, f € H(SY),

where the constant ¢ depends only on d, s, €, h and . This contrasts with the corres-

ponding result for semidiscrete needlet approximation, see [51] and Theorem 5.2.12:

Hf - VLneed(f)H]LQ(Sd) < CL_SHfHHS(Sd)'

Thus discretisation of the needlet approximation causes a loss of order of approx-
imation for f in a Sobolev space. The loss of order in the fully discrete case seems
inevitable, given that the approximation (5.1.6) needs point values of f, and hence
needs f € H*(S?) with s satisfying the embedding condition s > d/2 to ensure the
continuity of f. The semidiscrete approximation, in contrast, does not require the
continuity of f, and does not need s > d/2.

In Sections 5.2 and 5.3 we establish the connection to wavelets, and prove that
the needlet approximation is equivalent to a filtered approximation and that the
discrete needlet approximation is equivalent to filtered hyperinterpolation [68] — a
fully discrete version of the filtered approximation. These connections draw atten-
tion to the fact that the discrete needlet approximation considered in the present
thesis is not of itself new: what we have done is to express the filtered hyperinter-
polation approximation in terms of a frame {1} of the polynomial space where
the frame has strong localisation properties. The benefit will become apparent,
however, if we take advantage of the local nature of the approximation to carry out

local refinement. We make a preliminary study of local refinement of this kind in
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a numerical experiment in Section 5.4, though in this thesis we do not develop the
local theory. Rather, our main emphasis in this chapter is on establishing the neces-
sary theoretical tools for the discrete needlet approximation, on demonstrating the
precise relationship between the various approximations, and on obtaining a global
error analysis for f in Sobolev spaces.

We note that Mhaskar [45, 47] proposed a full-discrete filtered polynomial ap-
proximation which is equivalent to filtered hyperinterpolation. A central assumption
in [45, 47], in addition to polynomial exactness, is that a Marcinkiewicz-Zygmund
(M-Z) inequality is satisfied. Quadrature rules with positive weights and polyno-
mial exactness automatically satisfy an M-Z inequality (see Dai [18, Theorem 2.1]
and Mhaskar [47, Theorem 3.3]). However, neither decomposition of wavelets into
needlets nor numerical implementation were studied in [45, 47].

The chapter is organised as follows. Section 5.2 studies the semidiscrete needlet
approximation and its L, approximation errors for f in Sobolev spaces on S, and its
connection with the filtered approximation and continuous wavelets. In Section 5.3,
we discuss the fully discrete needlet approximation and prove its approximation
error for f € H*(S?) and exploit its relation to the filtered hyperinterpolation ap-
proximation and discrete wavelets. In Section 5.4, we give numerical examples of
needlets and then some numerical experiments. Sections 5.5.1 and 5.5.2 give the

proofs for the results in Sections 5.2 and 5.3 respectively.

5.2 Filtered operators, needlets and wavelets

In this section, we study the properties of the filtered kernel, needlets and wavelets,

and their relationships.

5.2.1 Semidiscrete needlets and continuous wavelets

We now point out the relation between spherical needlets and spherical wavelet de-
compositions. Let h be a needlet filter satisfying (5.1.1). Obviously the semidiscrete
needlet approximation (5.1.4) can be written, for f € L;(S?) and x € S¢, as

need Zu fX

<L

where U;(f) is the contribution to the semidiscrete needlet approximation for level
J:
N;

Z foin) La(S9) Vi (x). (5.2.1)

k=1

<
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In the language of wavelets, we may consider U;(f;x) to be the level-j “detail” of
the approximation V2ed(f).

Needlets have a close relation to filtered polynomial approximations. At the
heart of this relationship is the following expression, due to [51], and stated formally
in Theorem 5.2.9 below: if 1;;, denotes the needlets of order j > 0 with needlet filter
h and needlet quadrature (5.1.2), then

D () Yir(y) = vy (- y), (5.2.2)

in which the filter on the right-hand side, it should be noted, is h?, the square of the
needlet filter. This means that the level-j contribution to the semidiscrete needlet

approximation can be written, using (5.2.1), as

Ui(f;x) = » f(x) Vgi—1 p2 (x-y) dog(y).

To obtain the full semidiscrete needlet approximation we need to sum over j.

For this purpose we introduce a new filter H related to the needlet filter h:

1 0<t<1
H(t) := ’ - ’ (5.2.3)
h(t)?, t>1,
and use the property
¢ T2
H<2—J> _ Zoh<5> L t>1, JeZ,, (5.2.4)
]:

which is an easy consequence of (5.1.1). We note that this implies H € C*(R.) given
h € C*(R4). It then follows that Z}]:o Vgj1 2 (X y) = Vgyoy p(x-y), J=0,1,...,

and as a result the semidiscrete needlet approximation can be expressed as
VEed(fix) = ) vy (- y) douly)
S

with J := [log,(L)].

5.2.2 Filtered operators and their kernels

Recall the definition (2.6.5) of a filtered kernel. The convolution of two filtered

kernels is also a filtered kernel. In particular, we have

Proposition 5.2.1. Let d > 2 and let g be a filter. Then for T >0 and x,z € S¢,

(vng(x ), vag(Z : '))Lg(sd) = /Sd ’UT79(X -y) vag(z cy)dog(y) = Up g2 (x-z). (5.2.5)
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Proof. For 0 < T < 1, by (2.6.5), both sides of (5.2.5) equal 1. We now prove
(5.2.5) for T > 1. By (2.6.5) and (2.2.2),

)
_ <ig<%) Z(d, t) P (x - -),ig(?) 2(d, ) P (z- -))

=0 £'=0 Lo (S%)
— ()2 (d+1)
=>"9(7) 2(d.0 PV (x-2) = vy o(x - 2),
=0
thus completing the proof. O

When the filter is sufficiently smooth, the filtered kernel is strongly localised.
This is shown in the following theorem proved by Narcowich et al. [52, Theorem 3.5,
p. 584]. For integer k > 0, let C*(Ry) be the set of all x times continuously

differentiable functions on R, .

Theorem 5.2.2 ([52]). Let g be a filter in C*(R,) with 1 < k < 0o such that g(t)

is a constant in [0, a| for some a > 0. Then

d
<t ey
(1+T6)~

where the constant ¢ depends only on d, g and k.

vy, (cos6)| (5.2.6)

We give an alternative proof of Theorem 5.2.2 in Section 5.5.1, using different

techniques.

Remark. Dai and Xu [19, Lemma 2.6.7, p. 48] proved (5.2.6) for g € C3*T1(R,).
Brown and Dai [13, Eq. 3.5, p. 409] and Narcowich et al. [51, Theorem 2.2, p. 533]
proved that for g € C*(R.), (5.2.6) holds for all positive integers k.

From Theorem 5.2.2, we may prove the boundedness of the L;-norm of the
filtered kernel, see [52, Corollary 3.6, p. 584]:

Theorem 5.2.3 ([52]). Let g be a filter in C*(R) with k > d+ 1 such that g(t) is

a constant in [0, a| for some a > 0. Then
HUT,g(X ’ ')HLl(gd) < Cigr, XE Sd, T>0.

For completeness, we give the proof of Theorem 5.2.3 in Section 5.5.1.

Applying the convolution inequality of [8, Eq. 1.14, p. 207-208] to (2.6.6) gives

HVT,g(f)”]LP(Sd) < HUT,g(X ’ ')H]Ll(gd)”fH]Lp(Sd)'

Thus by Theorem 5.2.3, the operator norm of the filtered approximation V., on

L,(S%) is bounded for g satisfying the condition of Theorem 5.2.2:
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Corollary 5.2.4. Let g satisfy the condition of Theorem 5.2.2 and let 1 < p < oo.
Then the filtered approzimation Vi, on LL,(S%) is an operator of strong type (p,p),

1.€.

Vrglle, 1, < cagn T 20,

For L € Zy, the L, error of best approximation of order L for f € L,(S?) is
defined by E(f), := EL(f)]Lp(Sd) = infpep, o) | f — p||L,,(sd)-

For given f € L;(S?%) and p € [1,00], EL(f), is a non-increasing sequence. Since
Uiz Pe(S?) is dense in LL,(S?), the error of best approximation converges to zero as
L — oo, ie. limy o Er(f), =0, for f € L,(S?).

The error of best approximation for functions in a Sobolev space has the fol-

lowing upper bound, see [37] and also [49, p. 1662].

Lemma 5.2.5 ([37, 49]). Letd > 2, s > 0 and 1 < p < co. For L > 1 and
f e wy(s?),
Er(f)p <c L7 |If|

where the constant ¢ depends only on d, p and s.

W (S9)5

The filtered approximation V,  has a near-best approximation error for suffi-
ciently smooth H in the sense of being within a constant factor of a best approxim-

ation error, as shown by the following lemma.

Theorem 5.2.6. Let d > 2 and 1 < p < oo and let H be the filter given by (5.2.3)
with h € C*(R,) and k > d + 1. Then for f € L,(S?) and L > 1,

||f - VL,H(f)”]Lp(Sd) <c EL(f)pv (527)
where the constant ¢ depends only on d, H and k.
The proof of Theorem 5.2.6 is given in Section 5.5.1.

Remark. The estimate (5.2.7) is a generalisation of the results of Rustamov [64,
Lemma 3.1, p. 316] and Sloan [67]. Rustamov proved (5.2.7) for H € C*(Ry) and
1 < p < oo while Sloan showed (5.2.7) for p = oo, f € C(S%) and H € C*H(R,),

and even for certain piecewise polynomial filters H belonging to C4—1(R,).

Lemma 5.2.5 and Theorem 5.2.6 give the error of the filtered approximation for

Sobolev spaces:

Corollary 5.2.7. With the assumptions of Theorem 5.2.6, for f € W5(S?) with
s>0and L >1,

Hf - VL,H(f)H]Lp(Sd) <cL™ Hf”Wf,(Sd)a

where the constant ¢ depends only on d, p, s, H and k.
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5.2.3 Semidiscrete needlet approximations

The smoothness of the filter makes the needlet 1 localised. This can be seen from
the following corollary of Theorem 5.2.2, first proved by Narcowich et al. in [52,
Corollary 5.3, p. 592].

Corollary 5.2.8 ([52]). Let h be a needlet filter, satisfying (5.1.1). If h € C*(R,)
with k > 1, then

¢ 294

: €es?, j>0,k=1,...,N;
1+ 2 dist(x, )" o= A

20

[Yi(x)] <
where the constant ¢ depends only on d, h and k.

The following theorem shows, as foreshadowed in (5.2.2), that an appropriate

sum of products of needlets is exactly a filtered kernel. It is implicit in [51].

Theorem 5.2.9 (Needlets and filtered kernel). Let h be a needlet filter, see (5.1.1),
and let H be given by (5.2.3). For j >0 and 1 < k < Nj, let v, be needlets with
filter h and needlet quadrature (5.1.2). Then,

Nj
Z¢]k( ) l/}jk(}’) = 1}21*17h2(x : Y)v .] > Oa (5288“)
k=1

Zi X) Yjn(y) = vyr1 y(x-y), J =0. (5.2.8)

7=0 k=1

For completeness we give a proof.

Proof. For j =0, by (5.1.3a) and (2.6.5),

No
Z%k ) ok(y) =D wor = /Sd dog(z) =1 = vy 2 (x - y).
k=1

For j > 1, using (5.1.3b) and the fact that the filter  has support [1/2,2], we have
(noting h(2) = 0)

N; 271271 v
D () Yarly) = 3 Z <2J 1) (2j,1>
k=1 =0 =
X Zwak Z(d, 0)PY ) (x - x;) Z(d, ) PS ) (y - x1).
(5.2.9)
Since {(wjk,X;x) : k = 1,..., N;} is exact for polynomials of degree 2/t — 1, the

sum Z,’f;l over quadrature points in (5.2.9) is equal to the integral over S¢. Then
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by (2.2.1) and the definition of the filtered kernel, see (2.6.5), the equation (5.2.9)

gives

ijk w]k = Z h(
£=0

This proves (5.2.8a).
For J >0, by (5.2.10) and (5.2.4

Z Z w]k %k =1

) (d, 0) P (x - y) = vy 1 p(x-y). (5.2.10)

~—

, we now have, using h(0) = 0,

[e.e]

S h(5) 26 0P - y)

M“

Jj=0 k=1 j=1 ¢=1
[e%S) J—1 0\2 ”
1)
—1+Y h<§>> Z(d, 0) P (x - y)
(=1 \j=0
=D, H<2H> Z(d, 0PV (x - y).
=0
This completes the proof. n

Theorem 5.2.9 with (2.6.6) leads to the following equivalence of the filtered

approximation with filter H and the semidiscrete needlet approximation (5.1.4).

Theorem 5.2.10. Under the assumption of Theorem 5.2.9, for f € 1L(S%) and
J >0,

<L

J N,
Vorer g (f ZZ (f, Vi) Ly () Yik = Veed(f). (5.2.11)

7=0 k=1
Theorems 5.2.6 and 5.2.10 imply that the semidiscrete needlet approximation

has a near-best approximation error.

Theorem 5.2.11. For L > 1, let V*4(f), see (5.1.4), be the semidiscrete needlet
approzimation with needlets i, see (5.1.3), for filter smoothness k > d+ 1. Then
for f € L,(S?) and L > 1,

Hf Vel H]L 1) S o (v

where the constant ¢ depends only on d, the filter h and k.

Proof. For L > 1, let J := [logy(L)]|, from which follows L/2 < 27 < L, and hence
Vpeed(f) = Vpeed(f). By Theorem 5.2.10, the approximation by the semidiscrete
needlets Vr*d(f) is equivalent to that by filtered approximation V,, , 1 (f). Then
the definition (5.1.4) of VPed(f) and (5.2.7) of Theorem 5.2.6 together with The-

orem 5.2.10 and the non-increasing monotonicity of the sequence E(f), give

Hf need )H]Lp(Sd) _ Hf _ VQJ—l,H(f)HILp(Sd) < CaHxr Eszl(f)p < Cd,hr E[%W (f)p.
]
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Theorem 5.2.11 and Lemma 5.2.5 imply a rate of convergence of the approxim-

ation error of V2d(f) for f in a Sobolev space, as follows.

Theorem 5.2.12. Under the assumption of Theorem 5.2.11, we have for f €
W (S?) with s >0 and L > 1,

17 = V() oy < L0 IF

where the constant ¢ depends only on d, p, s, h and k.

W (s4)

5.3 Discrete needlet approximations

To implement the needlet approximation in a numerical computation, we need to
discretise the continuous inner product (f, k), s in (5.1.4). We make use of
the quadrature rule in (5.1.5) to replace the continuous inner product by a discrete
version. In this section, we estimate the error by the discrete needlet approximation
for the Sobolev space W#(S%), 2 < p < oc.

5.3.1 Discrete needlets and filtered hyperinterpolation

Let 1, be needlets satisfying (5.1.3), and let Qn = Q(N,0) := {(W,,y;) 1 @ =
1,..., N} be a discretisation quadrature rule that is exact for polynomials of degree
up to some /£, yet to be fixed. Applying the quadrature rule Qy to the needlet coeffi-
cient (f, Vi), ga) = Jsa F(¥)¥ji(y)dog(y), we obtain the discrete needlet coefficient

(fs¥ik)on = Z Wi f(yi) Yin(yi)- (5.3.1)

This turns the semidiscrete needlet approximation (5.1.4) into the (fully) discrete

needlet approximation:

Nj
VIS = DD (Fr i) on i (5.3.2)

2<L k=1
In a similar way to the semidiscrete case, cf. (5.2.11) of Theorem 5.2.10, the
discrete needlet approximation (5.3.2) is equivalent to filtered hyperinterpolation,
which we now introduce.
The filtered hyperinterpolation approzimation with a filtered kernel vy , in (2.6.5)
and discretisation quadrature Qu in (5.1.5) is

N
VYC"l,g,N(f;X) = VYC"l,g,N(f;X) = (f> UT,g(' ’ X))QN = Z Wl f(yl) UT,g(y’i ' X)7 T e RJr?
=1

(5.3.3)
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as named by Sloan and Womersley [68]; see also [41] and [35].

Theorem 5.3.1. Let h be a needlet filter given by (5.1.1) and let the filter H be
given by (5.2.3). For f € C(S?%) and J > 0,

J N;j

Vi Lan(f Z (f, i) on Yjx = erJei\Cfi(f) (5.3.4)

7=0 k=1
Remark. Note that in Theorem 5.3.1 we do not yet require the number N of nodes

of the discretisation quadrature to depend on the degree 27 of the discrete needlet

approximation.

Proof. Applying (5.2.8b) of Theorem 5.2.9 to v,,_, ,(yi - x), cf. (5.3.3), and using
(5.3.1), we have

N J Nj
2J1HN f’ :Zwlf(YZ)Z ¢jkYijk
i=1 j=0 k=1
J NJ N J NJ
= Z (Z Yz w]k(Y1 ) w]k ZZ f w]k QNw]k )
J=0 k=1 \i=1 =0 k=1
which gives (5.3.4). O

5.3.2 Error for filtered hyperinterpolation

By Theorem 5.3.1, the discrete needlet approximation, if regarded as a function over
the entire sphere, reduces to the filtered hyperinterpolation approximation. In this
section, we estimate the approximation error of the filtered hyperinterpolation or
discrete needlet approximation for f in Sobolev spaces W;(Sd) with 2 < p < oo and
s >d/p.

By Corollary 5.2.7, the filtered approximation V; 5(f) has the following ap-
proximation error for f € W]“;(Sd) with 1 <p < oo and s> 0:

1f = Ve u(Dlle,en < e L7 [|f]

wssd), S wao(Sd)a (5.3.5)

where the constant ¢ depends only on d, s, filter H and k. We now want error
bounds for Vi ;; .

For that discrete version of the filtered approximation, Le Gia and Mhaskar [41],
and Sloan and Womersley [68] obtained the truncation error (5.3.5) for f € W?_(S9)
with s > 0, as stated in Theorem 5.3.2 below. Given L € Z,, let

Oy :=Q(N,3L—1):={(W,,y;):i=1,2,...,N} (5.3.6)

be a discretisation quadrature exact for polynomials of degree up to 3L — 1.
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Theorem 5.3.2 ([41, 68]). Given a needlet filter h, let Vi \ be the filtered hyper-
interpolation in (5.3.3) with Qn given by (5.3.6) and filter H given by (5.2.3) and
satisfying H € C*(R,) for k > d+ 1. Then, for f € W5_(S?) with s > 0,

Hf - V[C,Z,H,N(f)HLOO(Sd) S cL™ ||f|

where the constant ¢ depends only on d, s, H and k.

Ws_(S9)»

The proof of Theorem 5.3.2 uses the same argument as the proof of (5.3.5),
that is, it uses the fact that Vi, y is bounded on C'(S?) and is thus a near-best
approximation operator for f € C'(S%), and that the upper bound of the error of best
approximation for f € W?_(S?) has convergence order L~%, see Lemma 5.2.5. This
strategy, however, is less effective for p < oo since we do not have the boundedness
of Vi i v in L,y(S?), because point evaluation is not a bounded linear functional in
L,(S%).

In the following theorem, we make use of the localisation of the filtered hyperint-

erpolation approximation to prove that the truncation error of Vf{ u for f € H*(S9)

with s > d/2is O <L*(S*%*E)> for any given 0 < e < s — d/2.

Theorem 5.3.3. Given a needlet filter h, let VLd’H7N be the filtered hyperinterpolation
approximation in (5.3.3) with Qn given by (5.3.6) and filter H given by (5.2.3) and
satisfying H € C*(Ry) for k > d+1, and let s > d/2. Then, given 0 < e < s—d/2,
for f € HE(S9),

1 = VEun (Dl g0 < e L7201

where the constant ¢ depends only on d, s, €, H and k.

Hs (S4) 5

Theorem 5.3.3 will be proved in Section 5.5.2.

Remark. We note that [47, Theorems 3.1 and 3.3] will imply a result of similar

nature to Theorem 5.3.3 but here we offer a more direct proof.

An interpolation argument, see e.g. [75, Chapter 1], with Theorems 5.3.2 and
5.3.3 taken together, then gives the following approximation error of Vi, y(f) for
f e Wi(S?) with p € [2,00] and s > d/p.

Corollary 5.3.4. Let d > 2, 2 < p < oo and s > d/p, and let Vi, y be the
filtered hyperinterpolation approzimation in (5.3.3) with Qn given by (5.3.6) and
filter H given by (5.2.3) and satisfying H € C*(R,) for k > d+ 1. Then, given
0<e<s—d/p, for f € Wi(S?) and L > 1,

1 = VEan (I o < L7727 f]

where the constant ¢ depends only on d, p, s, €, H and k.

W (S9)>
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Corollary 5.3.4 with Theorem 5.3.1 gives the errors for the discrete needlet
approximation of f € W5(S?), 2 < p < oo, as follows.

Theorem 5.3.5 (Error by discrete needlets for W5(S%)). Let d > 2, 2 < p < o0
and s > d/p, and let Vﬁ‘j@d be the discrete needlet approximation given by (5.1.6)
with needlet filter h € C*(R) and k > d+1 and with discretisation quadrature Qn
n (5.3.6). Then, given 0 < e <s—d/p, for f € W;(Sd) and L > 1,

1F = VIS ) ooy < € L7 oo

where the constant ¢ depends only on d, p, s, €, h and k.

5.3.3 Discrete needlets and discrete wavelets

Let Qun be a discretisation quadrature rule given by (5.1.5). The discrete needlet

need

approximation V%" in (5.1.6) can be written, for f € C'(S?) and x € S, as

VESUFix) = ) Upn(f;%) (5.3.7)

21<L

where Uy is the level-j contribution of the discrete needlet approximation defined

by
N

Uin(fix) = (fim)aytbin(x), feC(S),xes” (5.3.8)

k=1

()

Using (5.2.8a) then gives

N

Up(f:%) = (f,Zm k() | = (fremesgex9) = Vi (%),

N on
(5.3.9)
where the filtered kernel v,; , ;,(x - y) is given by (2.6.5).
Using (5.2.8b) and (5.3.9) with (2.6.6) gives the following representation of

filtered hyperinterpolation in terms of U

Theorem 5.3.6. Let d > 2 and let U;n(f) be the level-j contribution of the discrete
needlet approximation in (5.3.7) and let H be the filter given by (5.2.3). Then for

feC(s? and J >0,
J

Vihoa g (F) =) Uin(f)-

J=0

Theorems 5.3.1 and 5.3.6 with (5.3.3) and (5.3.9) imply the following repres-

entation for V“eed.
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Corollary 5.3.7. Let h be a needlet filter given by (5.1.1) and let the filter H be
given by (5.2.3). For f € C(S%) and L > 1,

Nj
VLn,(j\efd(fQX) = Z Z Wi f(yi) Vi1 2 (i - X) = (f7 Vgo—1 g (- X))QN’ (5.3.10)

2i<, i=1

where J := |log,(L)].

The theorem below shows that the L,-norm of U;n(f) decays to zero expo-
nentially with respect to order 5. This means that the different levels of a discrete
needlet approximation have different contributions and U,y (f) thus forms a multi-

level decomposition. We can hence regard U;n(f) as a discrete wavelet transform.

Theorem 5.3.8. Let d > 2 and let Ujn be the level-j contribution of the discrete
needlet approzimation in (5.3.7) and let the needlet filter h satisfy h € C*(Ry) and
k>d+1, andlet 2 <p<oo and s> d/p. Then for 0 <e < s—d/p, fEW;(Sd)
and 7 > 1,

L ()], o < c277C7579 || f]
p(S)

where the constant ¢ depends only on d, p, s, €, h and k.

W (S9)>

Remark. When p = oo, € can be replaced by zero.

Proof of Theorem 5.3.8. Theorem 5.3.6 shows that Uy (f) is the difference of two

filtered hyperinterpolation approximations: for j > 1,

U; (f) = VQOJ{'%,H,N(JC) - VYZ%*?,H,N(f)'

This with Corollary 5.3.4 gives

||ujN(f)||1Lp(gd) < HVQ%‘—I,H,N(JC) - f”Lp(sd) + ”f - ‘/2%_2,H,N(f)H]Lp(Sd)
<2 ]

W (S9)>

where the constant ¢ depends only on d, p, s, €, h and k. O

5.4 Numerical examples

In this section we give a computational strategy for discrete needlet approximation
and show the results of some numerical experiments. For the semidiscrete needlet
case the approximation is not computable, but we are able to infer the error in-
directly by using the Fourier-Laplace series of the test function to evaluate the Ly
error. The last part gives an example of a localised discrete needlet approximation

with high accuracy over a local region.
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5.4.1 Algorithm

Algorithm 5.4.1. Consider computing the discrete needlet approximation Vﬁ@d(f; x})
of order J = |logy(L)| with needlet filter h at a set of points {x} :i=1,...,M}.
The needlet quadrature rules {(wjx,x;;) - k = 1,...,N;} are exact for polynomials

of degree 291t — 1. The major steps are analysis and synthesis.

1. Analysis: Compute the discrete needlet coefficients (f,¢Vr)oy, k=1,...,N;, j
0,...,J using a discretisation quadrature rule Qn = Q(N,3L—1) = {(W;,y;) :i =
1,...,N}.

2. Synthesis: Compute the discrete needlet approximation Z}]:o Zgil(f, Vi) on Yik(X}),
i=1,.... M.

Needlet filters. Here ¢;;(x}) is computed by (5.1.3b) where the normalised Le-
gendre polynomial Pz(dﬂ)(t) is computed by the three-term recurrence formula, see
[54, § 18.9(i)] and the needlet filter may be computed as follows. For construction
of other needlet filters, see e.g. [43, 51].

Given k > 1, let p(t) be a polynomial of degree 2x + 2 of the form

2542

p(t) =Y a(l-t)F telo1], (5.4.1)
k=r+1
where the coefficients a; are uniquely determined real numbers satisfying p(0) = 1
and the ith derivatives of p(t) at t =0 for 1 < i < Kk + 1 are zero. Clearly, p(1) =0
and all the jth derivatives of p(t), 1 < j < k, at t = 1 are zero. Then it can be
shown that
p(t —1), 1<t<

h(t) == ¢ /1—[p2t —1)]?, 1/2<t<1,

0, elsewhere

is a filter h satisfying (5.1.1). This section uses v = 5, where the coefficients in (5.4.1)
are: ag = 924, ay = —4752, ag = 10395, a9 = —12320, a9 = 8316, ay;; = —3024,
a1o = 462, giving the filter h illustrated in Figure 5.1.

Figure 5.2 shows an order-6 needlet with the filter given in Figure 5.1. We see
that it is very localised.
Quadrature rules. We use symmetric spherical designs for integration on S?, as
recently developed by Womersley [80, 81|, for both the needlet quadrature rule and
the discretisation quadrature rule. Let ¢t be a non-negative integer. A symmetric
(if x; is a node so is —x;) spherical t-design is a quadrature rule with equal weights

and exact for all polynomials of degree at most ¢. In these experiments the rules
have 2 L&#J ~ 1?/2 nodes.
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Figure 5.1: Needlet filter h € C°(R,) Figure 5.2: An order-6 needlet with a C°-
needlet filter
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Cost of algorithm. Using a symmetric spherical ¢-design, a needlet quadrature

rule for level j has N; = 2%*! nodes, giving a total of ijo N; ~ § x 2% nodes

for all J levels as the symmetric spherical t-designs are not nested. Similarly, a
2 x 2%/
nodes. Thus the analysis step to evaluate the needlet coefficients requires % x 22/ N

discretisation quadrature rule exact up to degree 3 x 2/ — 1 has N ~

evaluations of f. The synthesis step only involves a weighted sum of the needlets
evaluated at M (possibly very large) points. At high levels the number of needlets
is large, for example when J =6, L = 64, N; = 8130 and N = 18338.

5.4.2 Needlet approximations for the entire sphere

This section illustrates the discrete needlet approximation of a function f that is a
linear combination of scaled Wendland radial basis functions on S?, see [79]. The
advantage of this choice is that the Wendland functions have varying smoothness,

and belong to known Sobolev spaces.

Let (r)4 := max{r,0} for » € R. The original Wendland functions are [79]

(1 T)?H k = O,

(1 —r)idr+1), k=1,

() == { (1 — r)% (3512 + 18 + 3)/3, —
(1 —7r)%(32r + 25r* 4+ 8r + 1), k=3,

(1= 7)10(429r" + 450r° 4 210r* + 50r 4+ 5)/5, k = 4.
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N 4

Figure 5.3: The test function fo

The normalised (equal area) Wendland functions as defined in [17] are

(3k +3)0(k + 1)
20(k+1)

oulr) = ou(5). b= . k>0

The Wendland functions scaled this way have the property of converging pointwise
to a Gaussian as k — oo, see Chernih et al. [17]. Thus as k increases the main
change is to the smoothness of f. We write ¢(r) := ¢y (r) for brevity if no confusion
arises.

Let z; := (1,0,0), zo := (—1,0,0), z3 := (0,1,0), z4 := (0,—1,0), z5 := (0,0, 1),
z¢ := (0,0, —1) be six points on S? and define [42]

6

Fx) = fu(x) = > érllz —x[), k>0, (5.4.2)

i=1
where | - | is the Euclidean distance.

Narcowich and Ward [53] and Le Gia, Sloan and Wendland [42] proved that
fr € H*2(S?). Figure 5.3 shows the picture of f,, which belongs to Hz (S?). The
function f; has limited smoothness at the centres z;, and at the boundary of each
cap with centre z;. These features make f; relatively difficult to approximate in
these regions, especially for small k.

L, approximation error. We show the L, errors when using V¢ and by Vﬁej\e,d.
For VE‘}@d( f) we compute its Ly error by discretising the squared Lo-norm by a
quadrature rule. We cannot compute the Ly error for V2®d(f) in this way as we
do not have access to exact integrals for the inner products. As the test function in
(5.4.2) is a linear combination of Wendland functions, we are able to approximate
the Ly error of V*d(f) by truncating the Fourier-Laplace expansion and using the

known Fourier coefficients of Wendland functions.
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We make use of the Fourier-Laplace coefficients of f to compute the LLs-error
of the semidiscrete needlet approximation over the entire sphere, as follows. By
Theorem 5.2.10 and the definition of the filtered approximation, see (2.6.5) and
(2.6.6), and the addition theorem, see (2.1.8), the Fourier coefficients of Vieed(f)
are H(¢/L) Jfom- Then the Parseval’s identity gives

oo 2041
nee 2 N
||f - VL d(f)||L2 S2) Z Z 1- % |f€m|2. (543)
{=L+1m=1
We expand ¢(+/2 — 2t) in terms of Py(t):

V2220 =36, (20 + 1) Py(t),

=0

where Py(t) is the Legendre polynomial of degree ¢ and

%/1 G(V2—20)Pi(t)dt, > 0. (5.4.4)

Using the addition theorem again,

o(|z; —x|) = ¢ (\/2 —27;- x) = Zag (20 + 1)Py(z; - x)
(=0
oo 20+1

—ZZqﬁgnmzznm( ),

=0 m=1

which with (5.4.2) gives

J/C\ (f Yvﬁm ]LQSd ¢£Zyﬁm

This with (5.4.3) and the addition theorem together gives

so 2041 2
[f = VEed( )HIQLQ(Sd): 2, 2 (1-H (7)) 2 (ZYM Z>
(=L+1m=1
= > (1-H(%) ) || ZZ (20 +1)Py(z; - z;), (5.4.5)
(=L+1 i=1 i=1

where we use the Gauss-Legendre rule to compute the one-dimensional integral
(5.4.4) for ¢ to the desired accuracy.

Figure 5.4a shows the Ly-error of the semidiscrete needlet approximation VEeed( f;)
for k = 0,1,2,3,4, where we used the filter h of Figure 5.1, with H then given by
(5.2.4), and the degree of semidiscrete needlet approximationis L =27, J =1,...,6,
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Figure 5.4: Ls-errors for needlet approximations of test functions f; using Wendland
functions of different smoothness k

and the truncation degree ¢ in (5.4.5) is taken as high as 500. The slight fluctuation
of the LLy-errors of the semidiscrete needlet approximation for f, is partly due to the
truncation error for the Fourier coefficients of ¢4.

Either (5.3.10) and (2.6.5), or the needlet decomposition (5.1.6) can be used
to compute the fully discrete needlet approximation V%4(f). Some discussion of
efficient implementation can be found in [35]. We then approximate the Ly error by

a quadrature rule {(@Z, x;):i=1,... ,N}, as follows.
Vi) = 1y = [ JVER 230 = F00 doat)

~ Z @ (VP (fixi) — f(x0))”. (5.4.6)

Figure 5.4b shows the corresponding Ls-error for the discrete needlet approxim-
ation V%% (fx), where we used the same needlet filter, and used symmetric spherical
designs for both needlets and discretisation, and the degree of discrete needlet ap-
proximation is L = 27, J = 1,...,6. We used a symmetric spherical 275-design
(with N = 37952 nodes and equal weights w; = 1/ N ) to approximate the integral
in (5.4.6).

For each k, the ILo-errors of the semidiscrete and fully discrete needlet ap-
proximations converge at almost the same order (with respect to degree L). This
suggests that the theoretical result for the discrete needlet approximation may be
improved. The figure also shows that the convergence order becomes higher as the

smoothness of f increases, which is consistent with the theory.
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Figure 5.5: Centres of needlets at Figure 5.6: Absolute errors of a loc-
level 4 (larger points) and level 6 alised discrete needlet approximation
(smaller points) for a localised discrete for fo with all needlets at levels < 4
needlet approximation and localised needlets at levels 5,6

5.4.3 Local approximations by discrete needlets

In the following example, we show the approximation error using discrete needlets
for f5 given by (5.4.2), using all needlets at low levels and needlets with centres in
a small region at high levels.

In general, let X be a compact set of S?. We define the localised discrete needlet

approzimation for f € C(S?) by

¢ Jo

ZUjN(f;X)7 x € SN\X,
=0

ey (X f3%) o=

Jo
S U+ S (fb)oytin(x), x € X,
7=0

= XjkEX
\ Jo+1<i<J

where U;n(f;x), given by (5.3.8), is the level-j contribution of the discrete needlet
approximation. The idea is that on the compact set X we seek a more refined
needlet approximation — that is, we “zoom-in” on the set X.
Let X := C(zs3,7), the spherical cap with centre z3 := (0, 1,0) and radius 7.
Figure 5.6 shows the pointwise absolute error of the localised discrete needlet
approximation
iggg%(c (z3,7/6); f2;x). In the exterior of the cap C (z3,7/6), the approximation
used needlets up to level 4, with the largest absolute error, about 1.2 x 107#, at the
centres z;, © # 3. In the cap, the approximation is a combination of needlets at the

low levels 0 to 4 with those at high levels 5 and 6.
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We observe that the localised discrete needlet approximation has good approx-
imation near the centre of the local region but with less computational cost since
the levels 5 and 6 used only a fraction of the full set of needlets, approximately
|C (z3,7)|/|S?| = (1 — cos(r))/2 (about 6.7% when r = 7/6). This localisation is an
efficient way of constructing a discrete needlet approximation for a specific region.

Figure 5.5 shows the centres of the needlets for level 4 (larger points) and
those in the cap C(z3,7/6) for level 6 (smaller points) of the localised discrete
needlet approximation @g?g(c (z3,7/6) ; f2;x). The smaller points illustrate where
the high levels of the localised discrete needlet approximation focused. At level 6,
the needlet quadrature used the symmetric spherical 63-design, which has totally
8130 nodes over the sphere and 544 nodes in the cap. The localised discrete needlet
approximation at this level used only needlets with centres at these 544 nodes for

the local region.

5.5 Proofs

In this section we give the proofs for Sections 5.2 and 5.3.

5.5.1 Proofs for Section 5.2

In the proof of Theorem 5.2.2 we use the following lemma to bound Ay (T, ¢), where

ORCO

A (T, A (T 0+ 1)
20+2r+k 20+ 1)+2r + &

AT, €) = (5.5.1)

=2.3,...

Note that Ay (T, ¢) vanishes for ¢ < [aT'| — k, because of the assumed constancy of

g on [0,a]. This is a crucial property for establishing the following lemma.

Lemma 5.5.1. Let g satisfy the condition of Theorem 5.2.2 with Ty = [aT'| and
Ty = |UT'|, where b is the largest member of supp g, and with T' sufficiently large
that 0 < Ty — k < Ty. Let Ap(T, () be defined by (5.5.1). Then for an arbitrary

positive integer k < K,
AT, ) =0 (T"D) | Ty —k<l<Ty, (5.5.2)
where the constant in the big O depends only on d, k, g and k.

- —
Proof. For a sequence uy, let A} u, := Aj}(ug) := up — upy1 denote the first order

forward difference of u,, and for ¢ > 2, let the ith order forward difference be
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—. 1/ Vi
defined recursively by Aj(ug) := A}(A} ' (ur)). We now prove the estimate in

(5.5.2), making use of the obvious identity
- - -
A} (Ug l/g) = (A% Ug) vy + Up+1 (A% Vg). (553)

By (5.5.1), for k > 2

A_1(T, 0) Ap_1(T, 0)
Ap(T, ) = -
(T, 4) <2€+2r+k 20+ 1) +2r +k

A (10 A (T 0+ 1)
20+1)+2r+k 20+1)+2r+k

1 2 —
T W+ k12 (2£+ kT A‘}) Aea (T, 0) =2 61(0) (Ae1 (T, 0)).

In addition, let §,(¢) := AL, Then for k > 1,

1
A, =aue)ai0 (o) ) (554
By induction using (5.5.3) and (5.5.4), Ay with k£ > 1 can be written as
i —= (L
A(T,0) = Z R_k-1-4)(€) A} 9(T)a (5.5.5)
i=1

where R_;({), k—1 < j < 2k—2, is a rational function of ¢ with degree* deg(R_;) <

—4 and hence
R_j(0) = Ogy (7). (5.5.6)

For g € C"(R,) and 0 < i < k < K, we have by induction the following integral

—
representation of the finite difference A, g(%):

1

—. / T T . Yl
gl Z) = QN . .
A£g<T> /0 duy /0 g (T+u1+ —i—uz) du;.

Since g(i) is bounded, for T} — k < £ < T, Xﬂ](%) ’ < cCig T—*. This together with
(5.5.5) and (5.5.6) gives (5.5.2), on noting that ¢ < 7" in (5.5.2). O

Proof of Theorem 5.2.2. In this proof, let r := (d—2)/2, T := [aT"] and T3 := [bT].
We only need to consider T sufficiently large to ensure that 0 < T} — k < T5. Let

*Let R(t) be a rational polynomial taking the form R(t) = p(t)/q(t), where p(t) and ¢(t) are
polynomials with ¢ # 0. The degree of R(t) is deg(R) := deg(p) — deg(q).
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PE(O‘”B) (), t € [-1,1], be the Jacobi polynomial of degree ¢ for o, 5 > —1. From [70,
Eq. 4.5.3, p. 71],

i 2] +a+ 6+ 1)T(j +a+5+1)P(a,ﬂ)(t) _ F(£+a+6+2)P(a+1,ﬂ)(t)7

LG+p+1) T+p+1) °

Jj=

(5.5.7)
and by [70, Eq. 4.1.1, p. 58], Pe(a’ﬁ)(l) = (Mf‘). Then we find using (2.1.3) and
(2.1.6) that

vy, (cos ) = Zg(%) Z(d, ) Pg(dﬂ)(cos 0)

_ r(g)ig(£> (204 2r + DI(0 +2r + 1)

(r,r)
P 0
Tl +7r+1) ¢ (cos0)

I4) < DU+2r+h+1)  pns
=2 N AT (F(€+r+1) )PZ(JF’)(COSO), (5.5.8)

where the last equality uses (5.5.7) and summation by parts x times, and A, (7T, ¢)
is given by (5.5.1).

From [70, Eq. 7.32.5, Eq. 4.1.3] or [19, Eq. B.1.7, p. 416], for arbitrary «, 3 >
—1,

CaB (2

(014 0)*T2(0~1 41 — g)F+s

Applying Lemma 5.5.1 with (5.5.8) and (5.5.9) gives (bearing in mind that
r=(d—2)/2)

|P£(a’ﬂ)(cos 9)| < 0<60<m. (5.5.9)

T3 _1

{2
vp (cos )| < cq AT, 0)| 077 x n -
| T,g( )| = Ud, ez;_n| ( )| (£,1+9)T+R+§(€71+7T_9)T+§

T —(2k— dy 3
T (2k—1) (3tr—%
< Cdgn Z d=1-
gzﬂlm(ﬁl—l—@)”“r (€1+7T—9)2

From this and T} < T < T, together with T, — Ty < T, for 6 € [0, 7/2] we have

I T5+5-3 T4
oraleosO < case 3, TN GEm T S can
while for 6 € [7/2, 7],
T, Td
[ug 4(cos B)] < cag,n Z T2 <y TR Cdg'{(—l——TO)""

(=T —

The estimates for the above two cases imply (5.2.6), thus completing the proof. [J
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Proof of Theorem 5.2.3. We only need to prove the result for 7" > 1. Using the

property of a zonal kernel, for x € S¢,

Sd 1
[vr,y(x- ‘)Hml(sd) =/ |vry(x - y)| dou(y) = 7] ‘/ v, (cos B)|(sin 6)*" df

N |Sgd\1 | ( / /1 ;) |v7,4(cos0)|(sin0)*"" g (5.5.10)

By (5.2.6),
cT?, 0<60<1/T,
o (cos0)] < T 9" 1)T<6<m.

where the constants depend only on d, g and . This estimate with (5.5.10) gives

1/T g
d nd—1 d—k nd—k—1
o7y (%l gy < cag </0 70" do + /1/TT 0 d9> 7

where since k > d + 1, both integrals are bounded independently of 7', thus com-
pleting the proof. m

Proof of Theorem 5.2.6. The strategy for proving (5.2.7) of Theorem 5.2.6 is similar
to that in [64]. Since H(t) = 1 for t € [0, 1], we have
VL,H(p; X) = (pv UL,H(X ’ ‘))Lg(Sd) = p(X),

and hence, from Corollary 5.2.4,

||f - VL,H(f)H]Lp(Sd) =|f-p— VL,H(f —p)”Lp(sd)
< (1+ HVL,HHLP—HLP)HJC = Pl
< cau |If = pllL, s

which holds for all p € P (S?%), thus completing the proof. H

5.5.2 Proofs for Section 5.3

The following lemma, from [62, Lemma 1], [32, Lemma 2] and [10, Lemma 3.2],
states that if a positive quadrature rule on S? is exact for polynomials of degree up
to 2L then the sum of the weights corresponding to quadrature points in a cap of

radius at least m/(20L) is bounded by a constant multiple of the area of the cap.

Lemma 5.5.2. Let {(W;,y;):i=1,2,...,N} be a positive quadrature rule exact

for the polynomials of degree up to 2L. Then, given 0 € |52, 7], for all x € S,

ST W < elC(x,6).

1<i<N
y; €C(x,0)

20L°
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Given s’ > 0, let Ay, £ > 1, be a real sequence satisfying
Caw = Y| A 25T < o0, (5.5.11)
>1
Lemma 5.5.3. Given L > 0, let {(W;,y;) :i=1,2,..., N} be a positive quadrature
rule exact for the polynomials of degree up to 2L. Let g be a filter in C*(Ry) with

1 < Kk < oo such that g(t) is a constant in [0,a] for some a > 0, and let A, satisfy
(5.5.11) with s > 0. Then,

N N 00
Iy = ’Z Z Wi Wy Z Ag Z(d, 0) P D (y; - ya) Vo (Yi yir)

i=1 i'=1 {=L+1

0 (L—25’> ,

where the constant in the big O term depends only on d, s', g and k.

Proof. From Theorem 5.2.2,

N N 0o
Iy < ZZVVz Wi Z |Ae| Z(d, £) |UL,g(yi "yir)

=1 /=1 (=L+1
>~ A i/ . r
(=L+1 i=1 i'—1 (1 + L dist(ys, yw))
LYW, Wy y
< CgonCqe L2 = Chon Cao L TS 5.5.12
(g . 2121 T+ Ldist(y,yn))T or ™ v (5:512)

where ¢4 is given by (5.5.11) and we used (2.1.7) and (2.1.3) in the first and
second inequalities respectively. We now show that the double sum I}, is bounded

independently of N, i.e. I} = Oq, (1). To show this, we split I}, into two sums:

I*—EN W, > + > LWy I+ 13
N ‘ - = Ay1tino,
i=1 1<i/<N 1<i/<N (1 + L dlSt(Yi’a YZ)>
dist(y,7,¥3)< 501 so <dist(y;/,y;)<m
(5.5.13)

and prove that both of I§ ; and I}, are bounded. For I}, using Lemma 5.5.2,

N N
Li<cn ) Wi Y Wol?<can ) Wi |C(yigp)| L

i=1 1<i/<N i=1

yi/€C<yi,20LL>
N
Cean S WL = oy,
=1

where the third inequality used (2.1.2). For Iy, in (5.5.13) we use

N N
Iny LY Wi Y Wedist(yr,y) " = L% Y W, fi. (5.5.14)

i=1 1<i/<N =1
25 <dist(y,7,y;) <™
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We follow the argument of Brauchart and Hesse [10, p. 57-59] to estimate f;. For
1<i<N,let
Fi(0):= > Wy, 0[] (5.5.15)

1<i/<N
50 <dist(y,/,y4)<0
Then Fj(f) is a non-decreasing function of 6 on [577, 7| satisfying Fj(7/20L) = 0

and, by ZZJLI Wiy =1, Fy(m) < 1. Hence f; can be written as a Stieltjes integral,

fi= 2. Wi dist<yif,yz-)‘”:/ 0" dF;(0).
1<i/<N ﬁ
2()LL<diSt(yi/ ,yi)gr

By integration by parts,
fi=Fi(m)m " + /<a/7r Fi(6)6~ "1 do. (5.5.16)

20L

Applying Lemma 5.5.2 to F;(#) in (5.5.15) and using (2.1.2), we have

Fi(0) < Z Wi < cq IC(yi,0)] < ca 6.

1<i/<N
v;1€C(y;,0)

This with |F;(7)| <1 and (5.5.16) gives, usingd — x — 1 < —1,

FEm b [ 60— O (1),

20L

which together with (5.5.14) gives Iy, < cq, L7 SV W, L4 = ¢y, Equation
(5.5.12) now gives the desired result. ]

Lemmas 2.6.5 and 5.5.3 imply the following estimate for the ILy-error between

filtered approximation and filtered hyperinterpolation.

Lemma 5.5.4. With the assumptions of Theorem 5.3.3,

(s—d_¢
Ve () = Vil < € L7075 llson. (5.5.17)
where the constant ¢ depends only on d, s, €, H and k.
Proof. For f € H*(S?), we can write f(x) = (f, K®)(- 'X))Hs(sd)’ giving

VN = [ (5K 0) 0y v ) doa),

Sd

N
VLd,H,N(f)(Y) = Z Wi (fa K(s)<' : Yi))Hs(Sd) UL,H(Yz’ "y,
i=1
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and hence
VL,H(f)(y) - Vg,H,N(f)(Y)

= (f,/SdK(S)( x)ug, (X y) dou(x ZWK(S yi) v (Yi Y)>

Hs (S4)

Applying the Cauchy-Schwarz inequality, we obtain

‘VL,H(f)(Y) - ijl,H,N(f)(Y)‘ < || f]

e (st) Bs,r,un(Y), (5.5.18)

where

K@ (--x)vp g (x-y)doa(x ZWK”( yi) v (Vi y)‘

=1

Bs,L,H,N(Y) =

H Sd HS(Sd).

Hence using reproducing kernel property, see (2.4.3),

Buaans @) = [ [ KO0 %) 0009 v 5) doutx) doutx)

N
-2 /d Z Wi K(s)(Yi - X) UL,H(X y) UL,H(Yi y) dog(x)
8% =1

N N
+ Z Z Wi Wi K9(y; - y) vra(Yi ¥) v a(ye - y)-

1=1 ¢/=1

This together with Proposition 5.2.1 gives
/ |Buran ()| doay) = / KO %) vy, ya(x - %) doa(x) do(x')
sd Jgd

N
- 2/ Z W; K9 (y; - x) vy, g2 (X - yi) doa(x)
8¢ =1

N N
+D Y Wi Wy K (yi - yir) vp e (i - o).
1=1 ¢/=1

(5.5.19)

Applying Lemma 2.6.5 to the two integrals of (5.5.19) gives

|Bs,L,H,N(Y) |2 doa(y)

Sd
N N
_2ZWULH2 )+ZZ i Wi KU Yi*Yir) vy 2 (Yi- yi)

N N
SN W Wy KOy - yi) vy e (yi - yir) — v (1), (5.5.20)

i=1 ¢/=1
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where U(LQ‘;),Q (yi - yi) is given by (2.6.8) and the second equality used Zf\;l W, =1.
Let Kf)(x y) = S0, bE_QS) Z(d, ) Pe(dﬂ)(x -y) be the first (L + 1)-term
truncation of K®)(x -y). Then Kés) (x - y) is a polynomial of degree L and the

remainder is
EO(x y)— K (x-y)= > 0> Z(d.0) P V(x-y).
(=L+1

Since the filtered kernel v; »(y;-y«) is a polynomial of y; (and also y;) of degree
up to 2L — 1 and the discretisation quadrature rule Qy is exact for polynomials of

degree up to 3L — 1,

ZZWW K (yiyi)vg ga(yicye) /Sd SdKS)(y Y)vp g2 (Y y)doa(y)doa(y’).

=1 i'=1

We can hence rewrite (5.5.20) as

/ ‘BSLHN dUd( )

= ZZVVZ Wi <K(S)(Yi Yir) — K( )(Yz Yi’)) UL,H2(Yz‘ “Yi)

i=1 i'=1

= Sl — SQ, (5521)

where we used Lemma 2.6.5 again. Applying Lemma 5.5.3 with s’ = s— 2 —¢ > 0,
Ay = bg_%) and g = H? gives

d

S =0 (L*(sw*)) , (5.5.22)

where the constant in the big O depends only on d, s, ¢, H and k. Applying (2.2.2),

Sy becomes

2L—-1

Sp= H(%>2b§ < N u 2(d0) < cqp L9,

{=L+1 {=L+1

where the last inequality used (2.1.3) and (2.3.1). This with (5.5.22) and (5.5.21)

gives
2 Co(s—d_¢
1Bs . m.n117 50 = /d\Bs,LH,N(Y)\ doa(y) = Od,se.tin <L 2o ))- (5.5.23)
S

Taking the Ly-norm of both sides of (5.5.18) and by (5.5.23), we arrive at (5.5.17).
[
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Proof of Theorem 5.3.3. For f € H*(S?) with s > d/2, by Corollary 5.2.7 and
Lemma 5.5.4

Hf - V[fl,H,N(f)}}LQ(Sd) S Hf - VL,H(f)H]LQ(Sd) + HVL,H(f> - VI(iH,N(f)||L2(Sd)

< e L7 f ey + ¢ L7279 e o,

thus completing the proof. O
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